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LAPLACE ASYMPTOTICS FOR
GENERALIZED K.P.P. EQUATION

JEAN-PHILIPPE ROUQUES

ABSTRACT. Consider a one dimensional non linear reaction-diffusion
equation (KPP equation) with non-homogeneous second order term,
discontinuous initial condition and small parameter. For points ahead
of the Freidlin-KPP front, the solution tends to 0, and we obtain sharp
asymptotics (i.e. non logarithmic). Our study follows the work of Ben
Arous and Rouault who solved this problem in the homogeneous case.
Our proof is probabilistic, and is based on the Feynman-Kac formula
and the large deviation principle satisfied by the related diffusions.
We use the Laplace method on Wiener space. The main difficulties
come from the non-linearity and the possibility for the endpoint of
the optimal path to lie on the boundary of the support of the initial
condition.

1. INTRODUCTION

The purpose of this paper is to obtain precise (i.e. non logarithmic) asymp-
totics of u®(T', x) for certain values of (T, z), where u*(7T, z) is the solution
of generalized KPP equation

a_io_Zx 2ua @US — r(uf

u®(0,2) = 1{36 <0}
where ¢ is a non-negative C® function such that there exists & > 0 satisfying
c(e) Sk (L+2]), (@) <k (1+27), (1.2)

o is C?, with bounded derivatives, such that there exists M > m > 0
satisfying
m < o(z) <M, (1.3)

r is a one-to-one C'! increasing function from [0, 1] to [0, 1].

Our study follows the work of Ben Arous and Rouault (1993) who solved
this problem when o =1 and r(u) = u.
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226 JEAN-PHILIPPE ROUQUES

The Feynman-Kac formula gives an equivalent form of (1.1), that is

1 /7
w (T, 2) = El{X% <0} exp€—2/0 (XL —r@ (T —s,XZ))] ds (1.4)

where X¢ is the diffusion solution of the stochastic differential equation
Xi=ax+¢ fot o(X7)dW;. According to the large deviation principle satisfied
by the laws of (X¢).50, the limit of £? In E[f(X°) expe™ 2 F(X*)] exists for
many continuous functionals f and F. By adapting this technique, Freidlin
(1985 and 1990) derived the asymptotics of In u® (T, z) (the difficulty coming
from the «® in the expectation of (1.4)). He proved the existence of a non-
positive function V*(1', ) such that

i) if V*(T,2) <0, then &*In u®(T,2) — V*(T, )

ii) if (7, z) is in the interior of {V™ = 0}, then w*(7T,z) — 1.
This makes clear the propagation of a wave front: (¢,z) is ahead (resp.
behind) of the front if u®(¢,2) — 0 (resp. u(¢t,z) — 1).

In order to get precise asymptotics of E[f(X°)expe™?F(X?)], one can
use the Laplace method on Wiener space (see Doss (1980), Azencott (1980-
81), Ben Arous (1988)) under the standard hypothesis: the maximum of
F—Ton{y| f(¥) # 0}, where I is the action functional of (X%).5¢, is
attained at a unique path ¢, and this maximum is non-degenerate. When f
is not continuous at ¢, new techniques are required (see Azencott (1985)).
We will use them since the initial condition 1j_ ¢) is discontinuous at 0.

However, precise asymptotics of u®(¢,z) cannot be obtained by using
directly Laplace method because of the presence of u in the expectation of
(1.4), presence related to the non-linearity of (1.1). Nevertheless, u®(t, )
approaches 0 with exponential speed ahead of the front. Thus, if the path
s = X7_,(w) stays ahead of the front, we can neglect most of its contribu-
tion; i.e. for all t < T and o > 0,

exp—gi2 i c(Xi(w))r(uw (T —s,X;(w))) ds = O(exp—g).

T
1
More precisely, only exp = /T e (X5 (w))r(uw (T —s,X;(w))) ds con-

tributes (a €]0, 1[; T'—<* and T define a boundary layer, see Ben Arous and
Rouault (1993)).

But what happens for other w? Under the Laplace method usual hy-
pothesis, only paths X¢(w) close to the optimal path ¢ really contribute.
So, if we want to approximate the case where the paths s — X7 _ (w) stay
ahead of the front, we will assume that ¢ stays, in reversed time, ahead of
the front (i.e. Vs € [0,7] V*(T — s,¢5) < 0). This hypothesis is close
to condition (N) of Freidlin (see Freidlin (1985 p. 408), and Freidlin (1990)
where one can find several examples where this condition is satisfied). A
recent result of Barles and Souganidis (1994) concerning the asymptotics of
£21n (1 —u(t, w)) behind the front might enable us to carry the proof to the
end without this hypothesis.

In section 2, we state our main results, give connections with branching
diffusions and summarize the proof, which starts in section 3 where we
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ASYMPTOTICS FOR K.P.P. EQUATION 227

carry out the Laplace method. We prove in section 4 that only a boundary
layer can contribute. In section 5, we construct diffusion bridges using the
Skorokhod integral. In section 6, we study the contribution of the non-linear
part and end the proof in section 7.

2. RESULTS
Let T €]0,4+oc[ and z € R. H, stands for the Cameron-Martin space

T
{:[0,T] = R | o = x, v absolutely Continuous,/ zb? ds < oo}.
0

If fis a continuous function on [0,77], we let || f|| = supg<i<t | f(¥)].

If f is continuous on [a, b], we let || f||% = sup,<,<p | £ ()]

0(1),0(e) ... and positive constants denoted ”cst” are all universal, i.e. may
only depend on o, ¢, r,T and =z.

2.1. THE LINEAR PROBLEM

We introduce the linear problem related to (1.1)

2

o = = o?(z) 03,0° + LZC) ve
2 € (2.1)

ve(0,2) = 1{36 <0}

Precise asymptotics of v¢ will help computing the ones of u® since u® < v*®
(consequence of the maximum principle or of the Feynman-Kac formula).
Let

According to the Feynman-Kac formula,
B -2 B
v (T7$):E1{X%§O} expe”© F(X°). (2.2)

The laws of (X)) <7 satisfy a large deviation principle with action functional

T .
1) =5 [ és(w) ds it v,

= +oo otherwise,

where S = 072, Therefore, liH(l) g2 Inv¥(T,z) = V(T,z), where
e—

V(T,2) = sup{F () = [()) | ¢ € H,, 7 <0},

We will obtain asymptotics of v*(7,z) under the Laplace method usual
hypothesis:

(H1) the maximum in V(T z) is attained at a unique path ¢;
(H2) ¢ is a non-degenerate maximum.
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228 JEAN-PHILIPPE ROUQUES

Let R=F —1. Forvy € H, and h € Hy,
, T 1y, ; .
R (¢)h = /0 [C (¢s) + §¢SS (¢s) + ¢55(¢5)]h5d3 - ¢TS(¢T)hT (23)
Therefore, (H1) yields:

() + %@25'(99) + @#S(¢) =0 (Euler equation)

—¢r >0
o1 ¢r =0 (complementary slackness)
R'(Lp)h = —@TS(QDT)hT for h € Hg. (24)

The case ¢ < 0 can be reduced to a problem without constraint and the
result is known (see Azencott (1980-81) and Ben Arous (1988)). We will
hence study the case @7 = 0.

REMARK 2.1. (2.4) has a geometrical interpretation: since R attains its
maximum on F = {¢ | ¥y < 0} on the boundary of F, its gradient at ¢
and the outwardly normal of F in ¢ are positively linked.

We will now focus on the meaning of (H2). We have:

T
1. . .
R"(¢).h* = /0 [ (¢s) + 59@%”(%) + ¢85 (ps)]hods — ¢r.S'(0)h7 — (h, h)

T
where (, ) is the scalar product defined on Hy by (h, h) = / h2S(ps)ds.

0
We will say that ¢ is a non-degenerate maximum if there exists A > 0
such that
R"(¢).h* < =X {h,h) for all b € Hy. (2.5)

Introduce now A, the self-adjoint Hilbert-Schmidt operator on Hy defined
by

T
() = [ (o) + 58" o) + 8.5 (@allibds - GrSO)AE. (26)

Since A is self-adjoint and compact, there exists a basis (f,)n>1 of eigenvec-
tors of A, orthonormal with respect to (, ). Define (A,),>1 the correspond-
ing eigenvalues, A\; being the largest one. Condition (2.5) is thus equivalent
to

A < 1. (2.7)
We now define a gaussian process and its corresponding bridge by
t
~ Jo o les)ds
T
Jo o*(#s) ds

By extending definition (2.6) to continuous functions h on [0,77], we define

g1(t) = /Ota(@s) dWs, ¢} (t) = g1(t) g (T)t<T. (2.8)

K(h) = %<Ah, By forall he C[0,T). (2.9)
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ASYMPTOTICS FOR K.P.P. EQUATION 229

Finally, let p = —p7a~2(0).
THEOREM 2.2. Assume (H1), (H2) (ie. (2.5) or (2.7)), o7 = 0 and
—¢r > 0. Then

v (T,z) =[Are +o(e)] exp[e 2 V(T z)]

where Ay =p~ (27 /T o2 (ps)ds) "7 Eexp K (g2).
REMARKS 2.3. 1) If L,OOT < 0, by directly using the Laplace method, we get
v (T, 2) = [Eexp K(g1) + o(1)] exp[e > V(T 2)].
ii) If o7 =0 and —¢p7p = 0, it is easy to get (see section 3)
v (T w) = [Elgy () < g} oxp K (g1) + o(1)] exp[e 2 V(T z)].

The previous constants are finite, as a consequence of
LEMMA 2.4, There exists 3 > 0 such that, for all « < j3,

Elexp(1+a) K(g1)] < oo and FElexp (14 «) K(g})] < cc.

Proof. We adapt here a computation of Ben Arous (1988). The equality

(Ah,h) = Z An(h, fo)? can be extended by density to continuous martin-
n=1

gales h such that h(0) = 0 if we let (h, f,) = fo fn S(¢s)dhs. Moreover,

E[<917fn><917fm>]=/0 [0(8)S(05)0(04) fin (5)S (@5) 0 (05) ds = (fu, fin)-

Hence, (g1, f,) are independent, gaussian, centered, reduced. Since A is
defined by restriction to Hy of a continuous quadratic form on C'[0,T7], A is
a trace class operator Hy (see Kuo (1975) th. 4.6 p.83),i.e. >.o2 | [As] < oo.
Hence, for (14 o)Ay < 1, we have

Elexp (1+ o) K(g1)] HE exp

= (det[] — (14 a)A])
A similar computation with the restriction of A to {h € Hy/h(T) = 0}

yields Fexp(l + a)K(g?) < .
a

ESAIM: P&S, JuNE 1997, VoL.1, pp. 225-258



230 JEAN-PHILIPPE ROUQUES

2.2. THE NONLINEAR PROBLEM

Let

t
VATa) = supd ot [ () = GES(e0) ds [V b <0,

0<t<T

Our first hypothesis is
(H3) i) The maximum in V*(T, z) is attained at a unique path ¢,
ii) V*(s,pr_s) < 0 for all s €]0,77,
i) VX(T,2) =V (T, z).
ii) means that the optimal path ¢ runs always ahead of the front. ii) and
iii) are satisfied under condition (N) of Freidlin.
(H3) is equivalent to V*(7', ) < 0 and the set of (¢, ¢) realizing the equality
in V*(T', z) is a singleton of the form (¢, T’). This was proved by Ben Arous
and Rouault (1993) in the case 0 = 1, and it can be extended easily.
(H3) yields @ > 0, o7 =0, —p7 > 0, and ¢(0) — $¢%.5(0) < 0.
We need more than this last inequality to analyse the boundary layer,
ie.
(H4) —¢7 > +/2¢(0)a%(0).
(H4) means that ¢, in reversed time, moves quickly away from the front.
Since (H3) implies V(T', 2) = R(¢), we can select, as a non-degeneracy

hypothesis for the nonlinear problem, that of the linear problem (H2).
Finally, let

+ oo
g(y) = Eexp —c(0) /0 r(a(s,—¢rs+y+ o(0)W,))ds where
Oyt = % a*(0) 92,4+ c(0)a(l — r(w))
W(0,2) =1g, < 0

THEOREM 2.5. Under hypothesis (H2), (H3) and (H4),

u(T,z) = [Aze + o(e)] exp[e 2 V*(T, z)]

0 T
where A, = / g(y) exppy dy (277/ 0'2(995)d8)_% Eexp K(g9).
0

REMARKS 2.6. i) If o = 1, we can weaken the hypothesis on r: ris a
one-to-one increasing continuous function from [0, 1] to [0, 1], C* on ]0, 1],
lim ur'(u) = 0 and

u—

1
r(u)
360 >0 /0 e’ du < +o0. (2.10)

ii) By using transformations * — = —a or ¢ — —z +a, we get similar results
with initial condition f(z) = 1{96 <a)Or flz)= 1{96 > a)-
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ASYMPTOTICS FOR K.P.P. EQUATION 231
We can also treat the case f(z) = 0if 2 > 0, f(z) €]0,1] if < 0 and
f smooth.
Let k =inf{n >1 | f0"(0) # 0}. We have

ut (T, 2) = [ Az "1 o] exp[e ™2 V(T 2)]

Mo 0 ! :
where Ay =~ / y"g(y) exppy dy (277/ o?(ps)ds) ™% Eexp K(g7).
! oo 0

iii) Let us prove that g(y) > 0 for all y, and therefore 45 > 0.
Let a € ]4/2¢(0)c?(0), —¢7[. We have a.s.

dso > 0Vs>sy —¢rs+y+o(0)W, > as.

Since u(s, .) is non increasing (Kolmogorov, Petrovskii and Piscunov(1937)),
we get a.s.

Vs > sg u(s,—prs+y+o(0)Ws) < a(s, as).
Since a > 4/2¢(0)0?(0), we have (see Freidlin (1985)),

. Ina(s,as) 1, a?
Jm = =5y ~*O)

+ oo

Therefore, / r(u(s, —prs+y+ o(0)Ws))ds < oo a.s. and g(y) > 0.
0

2.3. CONNECTION WITH BRANCHING DIFFUSIONS

Let A be a non-negative function on R. Consider the following branching
diffusion:
i) a particle starts from 2 € R, and executes a small diffusion

dX; =co(X;)dW;
ii) its lifetime 7 is given by
P(re [tt+dt] | Xi =y, 7 >1t) = Ny)dt + o(dt)

iii) when it dies, it is replaced by a random number of descendants N
iv) each descendant, starting from where its parent died, repeats i), ii), iii).
All diffusions, lifetimes and number of descendants are independent of one
another.
Let Nf be the number of particles in | — oo, 0] at time .
Then, P,(N; # 0) is the solution of
e? c(x)

ot = = 0 () 2,0 + S f ()
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232 JEAN-PHILIPPE ROUQUES

where ¢(z) = (EN — D)A(z) and f(u) = (EN - 1)7' (1 —u— E(1 - u)N)
Assume P(N =0) =0 and EN > 1. Then f is a KPP type non-linearity,

- F0) = F(1) =0, () >0 forue o1
fe co,1j, f (u) < f'(0) for u €]0,1].
Define r such that f(u) = w(l — r(u)). Then r is increasing continuous

one-to-one from [0,1] to [0, 1], C* on ]0, 1], and ligb ur'(u) = 0.

The additional hypothesis made on r can bg expressed in terms of NV:
- ris C* on [0,1] if and only if E(N?) < oo (easy check).

- (2.10) holds if and only if F(N(log N)'t%) < oo (see Athreya and Ney
(1972) p. 26).

In the homogeneous case (o and ¢ constant), Chauvin and Rouault
(1988, th.1) obtained asymptotics of P,(N; # 0) for (¢, z) in the sub-critical
area (i.e. ahead of the front) under the weaker condition F(Nlog N) < oo.

We can translate our results into branching diffusions language: since
FE.N§ is solution of linear equation (2.1), we get, under hypothesis of th.
2.1 and 2.3, asymptotics for £/, N7 and P,(N7 # 0). For instance, IS;[N7 |
N7 = 0] goes to a finite limit. This means that, when | — oo, 0] is visited at
time 7' (a rare event), the average number of particles in this area is finite.

2.4. SUMMARY OF THE PROOF

Starting with (2.2) and (1.4), we implement the Laplace method (section 3)
which consists in localizing around ¢, applying the Girsanov formula, then
performing a stochastic Taylor expansmn of the diffusion 77 = efo ws +
Z2)dWy of the form Z° = g1 + £2gy + remainder (g1 is gaussian). We get
05 (T, ) ~ viexp[e™> V(T,2)] and u®(T,x) ~ ufexp[e 2 V*(T,z)] where

v = El{Z% S 07 HZEH S p} exp[p(ef_l!h(T) ‘|‘g2(T)) + I((gl)]

w = PElige <o,)|17°| < p}
exp[p (e g1 (T) + 92(T)) + K(g1) — e F.(0, T, 0+ Z°)]

Fut,t ) = / () (u (T = 5,104)) ds.

For v§, we now use the following strategy.

i) We prove vi = EW{(¢1,92) + o(¢) for some U] (lemma 7.1).

ii) We construct a process A independent of g1 (7") such that g; and g¢» can
be expressed in terms of A and ¢;(7") (lemma 5.1).

iii) Therefore vf = EW5(A, ¢1(T)) + o(e) for some W5. We condition on A
and prove that the gaussian integral e ' EW5 (6, g, (T)) goes to a non zero
finite limit (for fixed ¢). This implies v ~ ¢st ¢ (section 7.1).

Concerning the nonlinear problem, we prove in section 4 that we can
neglect F. (0,7 — e ¢+ Z¢) for a €]0, 1], i.e. uf = u5 + o(c) where

B=Plzi <oz <0 (211)
exp[p (71 (T) + ga(1)) + K (g1) = e BT = £, T, 0+ 2°)).
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ASYMPTOTICS FOR K.P.P. EQUATION 233

For u$§, the strategy is close to that used for vf.

i) We condition on o(Z%,s < T — &% Z2) for d €]0, al.

From F.(T — e, T, p+ Z¢) arises a functlonal of Z% conditioned on its final
position Z5 studied in section 6.

ii) We prove u5 = EV5(g1, g2) + o(e) for some U5 (lemma 7.4).

iii) We construct a process A, independent of (g1(T — %), g1(T)) such that
g1 and gy can be expressed in terms of A, and (g;(T — %), ¢:(T)) (lemma
5.3).

iv) Therefore u5 = EW5 (A, g1 (T —<?), g1(T))+o() for some ¥5. We condi-
tion on A, and prove that the gaussian double integral =1 EW5(6, gy (T —2?),
91(T)) goes to a non zero finite limit (for fixed ¢). This implies u§ ~ est ¢
(section 7.2).

3. THE LAPLACE METHOD

Let p > 0. By (H1), (1.2) and large deviation arguments, there exists 7 > 0
such that

P(Xxe V(T,z)—1
US(T7x):E[1{X§“§07HX8_99H Sp}exp%]_l_O[exp (V( 82) )]

Then, we apply the Girsanov formula and get (see Azencott (1980-81) pp
265-266)

UE(T,$) = El{Z% < 07 HZEH < p} exp€_2[F(Lp—|— Za) — G(ZE)] (31)
4+ Olexp e (V(T,z) — 7)]

t
zi == [ oo+ Ziyam,
0
’ 1
G(Zs)z/ P S(ps + Z5)AZ5 + 3 s ds).
0

Z¢ is known to have the following stochastic Taylor expansion (see Azencott
(1980-81) p. 251)

AN g’ go + 21 where (3.2)

¢ ¢
)= [ aleiWe 020 = [ a0, and o) =0 ().
0 0
The remainder T¢ is such that: Jeg,e0 >0 Vp>e>0 Vr>ept
PUZN < p, 2 0] 2 1) < exp—earp. (33)
1

(3.3) yields, for fixed @ > 0 and p < cz ™",

EGSl]lp El{HZaH < p) eXP ace 0% < estla, p, ey, c2).
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234 JEAN-PHILIPPE ROUQUES

REMARK 3.1. Azencott inequalities can sometimes be improved since their
left-hand side members are non-decreasing function of p.
Thus, the previous inequality becomes: Yoo > 0 3Jpq(a) > 0

sup El e exp ae||I'¥]| < o0 (3.4)
L Bz < p)

Let Z° = £g1 + €2¢5. By composition of Taylor expansions, we get

2
_. £ _
Flo+77) = G(Z) = Fp) + F(9)-Z + " (9)-91 = G- + A (3.5)
T
_ —= 1.
where  Ge= [ ¢,[S(0s) + 5" (). Z ‘I' S”(@QS) g1 (s))[d 7 + 599sd5]-
0
The remainder £*A, satisfies (see Azencott (1980-81) p. 271 and remark
3.1)

Va >0 dps(a) >0 sup El{HZaH < p)oxp acglAl <oo (3.6)
e<p<Lpa(a

2/3

¥p > 03es(p) > 09r > es(p) P1Z°]| < p,|A] > 1) < exp——

cs(p)

We transform (3.5) by using (2.9) and (2.3) (which is still meaningful when
h is a continuous martingale on [0,77] such that A(0) = 0). We get

(3.7)

Flo+7°) —G(Z7°) =V(T,2)+ R' (). Z +*K(g1) + <A, (3.8)

We can extend the identity R'(¢).h = phr by density to continuous martin-
gales h such that h(0) = 0. Hence, according to (3.1) and (3.8)

)]El{ZT <0,|7°| < p} eXP[pZ + K(g1) +eA]
+ Olexp e (V(T,z) — )]

V(T

ve (T, z) = exp|

Let v = El{ZT <0,)2° <p}exp[pZT€ + K(g1)]-
LeMMA  3.2. If p is small enough, then

v (T, z) = [v] + o(v]) + o(g)] exp[e™? V(T, z)].

Proof . Let b €]0,1].
It is enough to prove wi = o(c) and wj = o(v]) + o(¢) where

. p78 -
wi = E1{|Aa| > e 7e < 0,127 < ) exp[ + K(g1)][exp(eA,) — 1]

s=F1 p7 K A -1
BTN 2z <077 < pp P H ROl 2
Lemma 2.2, (3.4), (3.6) and Holder inequality yield: Yo €]0, 8] 3ps(ar) > 0

sup El{HZaH< }exp(1+a)[ pel's + K(g1) +¢]AL]] < o0, (3.9)

e<p<Lpa(a
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ASYMPTOTICS FOR K.P.P. EQUATION 235
(see remark 3.1), which implies the very useful result

8<ps<ug)(cy) El{HZaH < p) eXP (1+ a)[—pel'% + K(g1)] < oc. (3.10)

(3.7) and (3.9) yield: for e < p < ,03(%) and €71 > e3(p),

|wi] < E1{€|Aa| > 2120 < p} exp[—pel's + K(g1) + ¢|AL|]

= O(P(A:| > 71 1|27 < p)' 72407 = Ofexp —est =30071),

Let wi = F1 - - explpZoe™? + K + ALl
= Plea <2 75 <0, 177 < py OPP7T (g1) + A
Then, according to (3.7) and (3.9)

|w§| < wi(expe® — 1) and v{ — w = O(exp —cst 6%(b—1))7
and therefore w3 = o(vf) + o(¢).

Let us now deal with the nonlinear problem. Let

- P23 | 1 .
Ui =FElige <27 < p) Pl K (91) = 3 F=(0,T, 0427 (3.11)
LemMA  3.3. If p is small enough, then
us(T, ) = [uf + o(uf) + ofe)] exp[ ™ V(T )].

Proof . If (H1) holds, the proof for the localization is the same. If not, the
large deviation argument is not sufficient any more. Ben Arous and Rouault
(1993, appendix 3) proved that we can neglect the contribution of the other
maxima if ¢ = 1. This proof can be extended easily.
The other computations carried out for v*(7,z) are still valid for
uw? (T, z).
g

4. THE BOUNDARY LAYER

This section concerns the nonlinear problem. Let ¢ € ]0,1[, and T'(¢) =
T—<®. Ben Arous and Rouault (1993) proved that, when o = 1 and r(u) = u,
(H3ii) and (H4) allow us to neglect F.(0,7(¢), ¢+ Z¢) in (3.11). The proof
can be extended easily. We will not deal with it in detail. Let f(n) =

sup |f(y)| for any function f.
lyl<n

LemMMaA 4.1, Let n > 0. Then,

(m)V2E2n) +m)s <y <M~ = u(s,y) < dexp—nse 2.

Proof . We apply the strong Markov property in (1.4) with 7 = inf{u < s |
| Xl > n} O
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LEmMMA 4.2, For p small enough, uj = u§ + o(¢) where

uy = Elrgze < o129 < p} exp[pZre ™ + K(g1) == (T (), T, o+ 7).
(4.1)
Proof . For § > 0, let us define the event

G= (VIR T (T - %) < oo+ 2 < T yoe [r-5,7()] ).
(H4) yields the existence of p,d, n such that, for ¢ small enough,
P((@\ G) O {|X] < p}) = Ofexp —est e72).

Thus, it is sufficient to find an upper bound for

W= Elan (x| < p} 475 < 0,127 < p}
[1— exp—"2FL(0,T(e), o+ Z°)] explp Zpe > + K (g1)]-

According to lemma 4.1, on G,

s
F AT -6T(),¢+2%) <%(n) /a r(dexp—nse™?) ds
€
4 exp —ne 2 te
:525(77)77—1/ () g
4 exp —nbe > U
< Joest e2e(nm)yn~texp —pe=2+e if ris C* on [0, 1] (4.1)
est £2¢(n)n~texp —One"2T if (2.10) holds. ’
(H3ii) yields, on {||X®]| < p} and for s € [0,T — 4],
ut (s, s+ 7°) < exp —cste™?
F(0,T — 6,0+ Z%) < cst r(exp —cste™?)
cst exp —cste™% if ris O on [0,1]
= { est € if (2.13) holds. (4:2)

Actually, the fact that r is non-decreasing and (2.13) imply:
r(exp—e~1) = O(e#) for all p > 0. Therefore, according to (4.1) and (4.2),
F.(0,T(g), o+ Z%) = o(<?), and

w® < ofe) El{HZaH <) exp(—peFET + K(gl)).
We conclude by using (3.10). O
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5. CONSTRUCTION OF DIFFUSION BRIDGES

To understand the asymptotics of v{ and 5, Ben Arous and Rouault ((1993)
pp. 272, 274) introduced the brownian bridge
wo = (WS —sT! WT)0<5<T’ and used independence between WO and

Wr. In this section, we construct “bridges” associated to the non gaussian
diffusion (g1, g2).
For a, A, it > 0, define E(a, A, 1) to be the set of continuous processes
X such that
Vr>0 P(X]>r) <X exp—pre.

Let £ = Ua, A, pt > 0&(a, A ) and Y = —gy(T).
LemMMA 5.1. Construction of a single bridge A
There exists a process A = {G1o, G20, G21}, independent of Y, whose com-
ponents are in £, and there exist G111 and Gag in C[0, T] such that G = g?
and
91 =G+ GuY, g2=G+GnY +GypY?.
T ¢
Proof . Let a; = —(/ Ug(s)ds)_l/ oo(s)ds and Wy = Wy — a;Y for
0 0
t € [0,T]. The gaussian process W is independent of Y.
¢ ¢ ¢
Then, deﬁne/ X dW, :/ XSdWS—Y/ X, da, for X a continuous
0 0 0

and adapted process of L*(2 x [0,T]). We have,
g1 =G0+ GnY, Gio(.) = / UO(S)dst Gu(.) = / oo(s)das
0 0

g2() = /0 1(5)[Gro(s) + G (s)Y]dW,.

Since G119 and G11Y are not adapted to the filtration of W, we cannot
develop this previous expression of g, by linearity. So we use the Sko-
rokhod integral which extends It6 integral and accepts non-adapted inte-

t
grands. / X 0W, stands for the Skorokhod integral of X € dom 4. Define
0

5W5 in the natural way. We have,
gg() = / g1 (S)Glo(s)(SWS —|—/ g1 (S)Gll(S)Y(SWS
0 0

- / o1 (8)Gro ()W, + Y / 01(5)Go () das

0 0

+ [ Yo @G+ [ o106 (5)da.

0

We know that (see for instance Nualart and Pardoux (1988)),

/t YO'l (S)GH(S)(SWS =
0 (5.1)

Y /0 t o1(s)Gy (s)dW, — /0 tal(s)GH(s)DsYds
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where Dy stands for the Malliavin derivative. Since D,Y = —o¢(s), we get
92 = G Y? + G Y + Gy, Gaa () /0 o1(s)Gri(s)das
Gl = [ (G, + [ (sl ()G (s)ds
G () = / 01 (5)Gro(s)da, +/ 1 ()1 (5)3T7.

0 0
Let H,, be the m*® Wiener chaos.
LEMMA 5.2. Let X = (X! ..., X") be a continuous R"-valued process.
Assume

i) (X, W) and Y are independent
i) Vie{l,....,n} Vs € [0,T] X; € Ho @ H,.

Then, (/.XS(SWS, W) and Y are independent.

Lem?ma 5.2. is proved below. Lemma 5.2 with X = oq yields indepen-
dence between (G, W) and Y. Then, with X = (09, 01G10, 01G11), it
yields that (G1o,G20,G21) and Y are independent.

It remains to prove that Gig, G490 and Gy belong to €. For Gg and
Gla1, it 18 a consequence of the stability of & under sum, product, Riemann
and [t6 integration (see Azencott (1980-81) p. 252). For Gy, we just need

to prove [; 01(s)G1o(s)6W, € €. The space € is not stable under Skorokhod
integration, but identity G'1o = g1 — Y G171 and (5.1) allow us to conclude. O
Proof of lemma 5.2. Let us prove that

Ef(/ot X, 0W,, W)h(Y) = Ef(/ot X, 0W,, Wy) Eh(Y)

for t € [0,7] and f,h bounded continuous functions (we only deal with
one-dimensional marginals not to overload the notations).

Let IIP : 0 =tp, < -+- < t,, =t be a sequence of partitions of [0, ¢]
whose meshes go to 0, and let

p—1 Tit1,p

d d -1
Xp = ;kapl[tk,p7tk+1,p[’ Xip = (tk-l-Lp - tk,p) /tk ) Xy du.

We have (see Nualart and Pardoux (1988), prop. 4.3 and remark p. 546)
t t
/ X, (s)0W, — / X 0W,  in L*(Q).
0 0

Therefore, there exists a subsequence of I17 such that this convergence holds
a.s. It yields

¢ ¢
Zy ::/0 X,(s) 5W5—>/0 X, 0W, as.

ESAIM: P&S, JuNE 1997, VoL.1, pp. 225-258



ASYMPTOTICS FOR K.P.P. EQUATION 239

By dominated convergence, it is enough to prove that 7, is independent of
Y.

Since the Malliavin derivative and Riemann integral commute,

it — bey1p
Zy =3 Koy, — Wi —/t Dy Xy pds

k,p

= Yk p(Wtk-I—l,p - WthD)

— (thgrp — thp) " / , Do X duds.
[tk,p? tk-l—l,p]

But Xé € Ho @ H; yields that D, X, is deterministic. Therefore, Z, can be
expressed in terms of (X, W) which is independent of Y. 0

Let V. = (Y.,Y) = (—=g1(T"(2)), —g1(T)) where T'(c) = T — % and
d €10, af.
LeMMA  5.3. Construction of a double bridge A.. There exists a process
A, ={G5, 0<j+k <i <2}, independent of V,, such that:

i)gi= Z G5 YIYF =12

0<jtk<i
ii) If j + k = 1, G%}; is a deterministic C? function on [0,T].
i) Ja, A p>0Ve >0V 0< j+k<i<2 G5 € E(a, A p).

Proof . Define WE, a gaussian process independent of V:

We=W,— b)Y, —a*(t)Y, 0<t<T
T t

aj = _1{t > Tl(g)}(/T’(g) od(s)ds)™! /Tl(g) oo(s)ds
T'(2) inf(,T())
b = af — (/0 Ug(s)ds)_l/o oo(s)ds.

Then, let dW¢ = dW, — Y.db*(s) — Yda®(s). The proof is now similar to
that of lemma 5.1. The only new point is to prove that the processes Gf7;;

=

belong to the same £(a, A, p) for all e. If j +k = 4, it is clear because G7;,
is deterministic and uniformly bounded in . If j + k < ¢, it comes from
Azencott results (see Azencott (1980-81) p. 252). a

Exact expressions of 7, do not matter, except for

00(0) = / oo(s)dIVE. (5.2)

6. THE NON-LINEAR PART CONTRIBUTION
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6.1. RESuULTS

Let o €]0,1 — a[ and ¢°(y, z) given by

1
Ly e —on©xXp——F.(T(e), Ty o+ Z°)| Z5u . = €2, 75 = £y).
(1755, <et =y P 2 FTE) Toot 291 20 5 =%y

(6.1)

In this section, we prove ¢°(y, z) — ¢(y), thus understanding the contribu-
tion of u® in the expectation of (2.11). The key result is lemma 6.1 that
establishes the convergence of u®(e?t,c%z).

If ¢ = 1, the equality between the laws of a brownian motion knowing
its final position and the related bridge makes the computation more simple
(see Ben Arous and Rouault 1993). Our method is based upon the following
classical result (see Fitzsimmons, Pitman and Yor (1993)).

Let (X¢)¢<r be a real Markov process with transition density ps(x,y),
and (F;)i<r be its natural filtration. Let + € R, ¢t < T and Z a r.v.
F;—measurable. Then, for almost every y € R,

EL[Z | X7 =yl por(z,y) = E[Z pe7 (X, y)]- (6.2)

In order to use (6.2) and make u®(c?t,e%z) appear, let Y = 7275 ..
We have

El

§(0.2) = Bllp, exp—l. | Y5, == (63)
t

Yta =y —|—/ U(QOT_EQS + 52Yj)dW5
0

a—2
B.={Y*l5s <7

8a—2

I. = / c(pr_zs +E2YE)r(u(e%s, pr_.2, +2Y7)) ds.
0

1 1

We will prove that, if ze7" is not too large, the conditioning on Y%, , = ze~
€

does not alter the asymptotics. Actually, “tying up” a diffusion Y at time

t on point y; € R does not alter F[¥(Y;, s < ¢')] when ¢ and ' go to +o0,

provided that ¢’ = o(t) and that y; is not too large. Let
0°(v) = Elp, exp—1.] (64)

ProposITION 6.1. Assume 2/3 < d < a < 1. Then
i) For all y, g*(y) = g(y)-
i) Assume z = O(e'™") where v €]0,1+ % — d[. Then, ¢°(y,z) — g°(y) — 0.
We need, in section 7, the following result on the modulus of continuity of
9°(y,2).
PROPOSITION 6.2. Assume r € C''[0,1] (case o non constant).

Assume 2/3 < d < a < 1. Let n > 0 small enough, and b > 0. Then
i) If ly — '] <" and |y|,|y'| <77, then g°(y) — g°(y') = o(1).
ii) If moreover |z—2'| < e and |z, |2'| < c2471 then 9°(y,2)—g°(y', ") =
o(1).
REMARK 6.3. We state propositions 6.1.i and 6.2.i to show that the condi-
tioning has no influence and to make the proofs easier to read.
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6.2. PROOF OF PROPOSITION 6.1.1.

LEMMA 6.4. Let ty > 0. Then u®(%*t,e%x) — u(t, =) uniformly fort €]0,to[
and for x such that e*z — 0.
Proof . Since r € C1]0,1] and lim,_o ur’(u) = 0, there exists a continuous

M i u o

function p on [0, 1]? such that p(u,v) =
—v
Let he(t,z) = u®(*t, %) — a(t, z). Then h#(0,2) = 0 and
2
@M:U(myif+%+ﬁmf

(o?(e*x) — 02(0)) 02, u” (£2t,2%2) + (c(?x) — c(0))a(1 — r(a))
Be(t, w) = c(e?2)[1 = p(a°(t, v), a(t, 2))].

Therefore, the Feynman-Kac formula yields

£ s
he(t, ) = E/ a.(t — s,z 4 o(0)Ws) exp(/ Bo(t — u,z 4 o (0)W,)du)ds.
’ ’ (6.5)

(1.2) implies [B.(t, 2)| < ksupp 432 [1 = p| (1 + &2]z]).

Appendix 8.1 implies: 3C >0 |92, u°(2t,e22)| < C (Vi+t222+13).

(1.2), (1.3) and the previous two bounds allow us to end the proof by
applying to (6.5) a joint dominated convergence in w and s. O

We come back to the proof of proposition 6.1.1.

Define R® such that Y7 =y 4 o(0)W, 4 cR:. Then dR; = ASdW,
where

AL = Ho(proces +27Y5) — 0(0)) = O(s™7) on B, and if s <7l

S

Therefore P(||E¥||5 > e™%; B.) < exp —est ¢! 2072,
Since v < 1 —a < %, there exists ¢ E]% + a, 1[. Hence,

9°(y) = E[1 exp —I.]+ o(1).

—1 _
{IlB=ll§ <=~} N B:

+ oo
Let L = ¢(0) / r(u(s, —prs +y+ o(0)Ws)) ds.
0
Since P({HRSHS_1 < 7%} N B.) — 1, proposition 6.1.i is implied by

Bl petie™? < o5y g, [E¥P(-1) —exp(=L)] > 0.

By dominated convergence, it is enough to prove

1 -1 I.— L 0 a.s. 6.6
el <e=yap e D202 (00

REMARK 6.5. ¢ stands for the general term of a sequence going to 0, thus
avoiding non-countability problems. Th. 2.1 and 2.3 can easily be reduced

to this case.
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Therefore, we can assume w € {||R?||§ < e~} N B. for all e.
For fixed s and ¢ < s71,

V(W) =y —a(0)W,(w)| < e

Hence, by lemma 6.3, c(pr_.25 + 2V (W) r(u®(e?s, pr_o2s + 7Y (W)
goes to ¢(0)r(a(s, —prs+y + o(0)Ws(w))) for all s.

(6.6) will be deduced, provided that we have a dominated convergence
in s. Let

Q ={w|Vd>0 dsp(w) Ve Vs> so(w) |Ys(w)| <ds}.

(8.8) implies P(21) = 1. Hence we assume w € €2y.
By lemma 4.1, for all n > 0,

a(m/2(e(2n)+n)s<a< 6(77)77M_1€_2 = u°(s,z) < 4dexp—ns. (6.7)

(H4) yields the existence of 7 > 0 such that —¢7r > a(n)+/2(¢(21) + 1) + 7.
For s € [0,%7?] and ¢ small enough, [e s pr_2; + o] <

w € Qp implies: Jsp(w) Ve Vs> so(w) |YS(w)| < 7 s.
Hence, according to (6.7), for sp(w) < s <e7? and ¢ small enough,

VI 1) 5 < pr_arse™ + VE() < o)y 1=™?
ut (%5, pr_czs + 7Y (W) < dexp —ips
r(u5(€2s, Op_e2e 4 €2Yj(w))) < r(4exp—ns)

and r € C1[0, 1] or (2.10) yields dominated convergence in s.
6.3. PROOF OF PROPOSITION 6.2.1.

We can define on the same sample space (see remark 6.1.) the diffusions

t

t
Y = y-|-/ o(Pr_c2s+2YEYAW,, Y,° = y’_|_/ o(pr_c2s+2Y,5)dW,.
0 0

Define B! and I’ from Y'¢ as B, and I, were defined from Y< (see (6.3)).
Since |y| <e77, (8.7) yields

G )
2e0—2 )2
9°(y) = 9°(y) = Bl p_exp(=1c) — 1 1 exp(=1])]

= Elp n prlexp(=12) —exp(=1)] + o(1).

2a0—a

P(Q\B.), P(Q\B.) < 2exp — < exp—cste”

LEMMA 6.6. Let pu €]0,inf(b,3a/2 — 1)[. Then

a—2
PUIYE = Y™ > e} n B BL) = o(L).
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Proof . Let Xy = y+0(0)Wy, X{ =y +0(0)W, and p' € Ju,inf(b,3a/2—1)[.
We get
a—2 a—2 f
PV =Y"|l5 2" }nB.nB) < P{[IY* - X[l5 ><"}nB)
a—2 f
+P{IY" - X'll5 =" }nBl).

t
We have Y —X; = / ASdW, where AS = o(pr_.2,462YE)—0(0) = O(e)
0
on B. and if s < £%7%. Hence, (8.7) yields

-2 , I
PHIY® — Xuga > 1N B.) < exp st et =3a

a—2
Let D, = {||[Y* - Y"|§ <e“}nB.NB.. Lemma 6.4 yields
9°(y) — 9°(¥")| < Elp_|I. = I[| + o(1).

On the event D, and if s < £472, then pp_.2, + Y7 and pp_.2, + €2Y5l5
stay in a compact K. Let k1 = supy |¢| and ky = supg |¢|. We get

Ip | = II| < ks gi 2ty

8a—2

T &y / Ir(uS (28, ey + 22V E)) = r(uf (25, @p_c2s + £2Y,%))| ds.
0

Therefore |g°(y) — g% (y')| < k11°(0,2°7%) 4+ o(1) where *(ay,az) =
ElDE/ |r(u5(€2s, PT_e2s+ 52Y:)) — r(u5(52s, OT—_e2s + 52Y515))| ds.

LEMMA 6.7. If 0 < 71 < 79 < 2v; < 2—a, then [f(e77,e772) = o(1),
where o(1) depends only on v, and 72, not on y,y'.
Proof . According to (H4), there exists § > 0 such that

I = —¢r —5(8)\/2(¢(28) + 8) — & > 0.

Let V! = {or_2,e 2 + YE <F(8) M 172, forall s € g7, 2]}

and V2 = {G(8)/2(¢(20) + 8)s < pr_.2,e 2 +Y7, forall s € [, 7]},
(8.7) yields that, for ¢ small enough,

P3s€ [e77,e7"] Y >este™?) <exp—este’??
P3s€ [e77,e7] Y < —ls) <exp—ecste?2 M,

Let C. = r(uf(e%s, pr_z2s + 7Y E))ds. Therefore, lemma 4.1 implies

€—W2

EC, = ElVEI NV Ce+40(1) < /5—% r(4dexp —éds) ds+ o(1) = o(1).
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The same computation for Y's ends the proof of lemma 6.5. O
Now, let v €]0,/2[. By iterating lemma 6.5, we get [°(s77,¢%7%) =
o(1).
It remains to prove [(0,e77) = o(1). Let 7 € ]v/2, n— 3v/2[.
(8.7) yields
PUYEE " > e77) < exp—cst e (6.8)

Define k%(aq, az) by replacing D. by

(Vs <e Y5 <e Ny -y*|;  <s"}nB.nB.

in the definition of [*(aq, as). (6.8) yields [°(0,e77) = k°(0,e77) + o(1).
Appendix 8.1 and r € C[0,1] imply

sup |8xr(u5(€2s,€2x))| =0E™")+ 0(8_7/2|x|).
e’ <s< e

Therefore,

ES(0,e™ ) =k%(0,£")+k%(7,e77) = O(e")+0O (5“_7(5_7—&5_”/25_7)) =o(1).

6.4. PROOF OF PROPOSITION 6.1.11

Together with (6.2), we will use an explicit formula for ¢°, the transition
density of Y°. Let

v(z) = o), oy = o ooy

’ du
Gt x :/ ———,  L(t,.) be the inverse function of G/(t,.
)= [ s L) (t,)
1
C(tv $) = 875G(t7 L(tv $)) - 571(0575 + L(tv $))

= o[y (at L(t2) ™ =300~ = 57 (00 + L{t, )

D(t,2) = —%axC(t,x) _ %c?(t,x) —/ 9,C(t, u)du
0
G(t,x)
H(t,x):/ C(t, u)du
0

B /OQU(a;h(O‘t +o) 7 = ()] - %'Yl(oet + U)>ﬁ

Vula,b) = (1 — u)a+ ub
J(s,t,x,y) =

Elexp(t — s) /0 D(Vu(s,1), Vu(G(s,2), G(t,y)) + Vt — s B, ) du]

where B is a standard brownian bridge defined on another probability space
Q" and E[...] refers to Q' (as well as P(...) later on).
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LEMMA 6.8.

o) 1 J(s,t,x,y)
U5\ 5 Y _\/m (ot +y)
o LG() = Gs, )

2(t—s)

+ H(t,y) — H(s,z)].

Proof . Straightforward extension of lemma 1 p. 268, Dacunha-Castelle and
Florens-Zmirou (1986). a
We will need the following bounds.

LEMMA 6.9.

)3C; >0 Ve |H(t,z) <Cp e (1422

i) 3Cy, >0 Vit,o  D(t,z) < Cye? (14 ]z])

iii) YA > 0 3C5(A) > 0 |ex| < A g%t <e? = |D(t., z.)| < C3(A) 2
Proof . i) We have ||V/|lcc = O(%), [|7"llc = O(e"), and [|||cc < oc.
Hence

|H(t,2)| < este?|x| + cst|/ [y (e +v) — y(a)]do| < este? (1+ 2?).
0

ii) Straightforward.

iii) Let ap = @zc(r(;go). Easy computations yield the successive results:

2L(t.,x.) = Ole), 5204t8 =pit. + O(e*), L(te,z.) = o(0)z[1 4+ O]
Clteyz2) = apea. + O(*Y), 0,0(te, ) = age? + O(¥T%)
0:C (te, ) = estetz. + O, D(t., z.) = O(?).

a
According to (6.2), (6.3) and lemma 6.6, we have
9°(y,2) — g°(y) = Elp_exp(—1.)[J- exp(Ge + H.) — 1] (6.9)
g4 d—2 _ -1 2
G = 2 [(G({f ) 7€ ) _G(Ovy))

— (1= TG ) — G YAL)
H.=H(0,y) - H(ga_27 ca—2)
JS
J. =L
J3
Ji = J(s“‘2,€d_2,Y;a_2,z5_1)

J5 = J(0,e77 y, 227

As we expected, J.exp(G.+ H.) — 1 a.s., and more precisely,
LEMMA  6.10. For nn > 0 small enough, define X, = cz(2-atn) |Y;a_2 |.

i) X. = 0as. and FexpX? -1
i) |G|+ |H.| < a.(1+ X2) a.s. where a, — 0.
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i) J§ = 1 a.s. and J§ — 1.
The proof of this lemma is postponed to the end of the section.
In order to get a dominated convergence, we introduce

Ea =B.N {|Y;a—2| < 8_1}
as well as §°(y) and §°(y, z) defined from ¢g°(y) and ¢°(y, z) by replacing B,
by B..

It can be proved easily that §°(y) — ¢°(y) — 0.
Let us prove that §°(y, z) — ¢°(y, z) — 0. According to lemma 6.7.ii,

1
Ji < Elexp cst ed/ (1+|2le7 + |Y;a_2| + 271 B, |)du] a.s.
0
< explest ¢4t 4 /2710 X (Rlexp [|B|)}] a.s.

(notice that a.s. refers to the arguments of J§,Y¢ _, and X.).

Together with lemma 6.8.ii and iii, it yields, for € small enough,

0<9°(y,2) 7 (y,2) < (J5) ' El Ji exp [ae(1+ X7)]

g > -1
{¥eual 27

< expest €d_1E1{|Yg | >€_1}expﬁg(1—|—X82)
8(1—2 il

where §. — 0. Moreover, P(|Y;a_2| > 7! < exp —est e7°. Hence,

0<¢°(y,2) =G (y,2) < exp(cstasd_1 — cste_“)[E(eprﬁng)]%

and we can conclude by using lemma 6.8.i and @ > 1 — d. o
It remains to prove that §°(y, ) —g° (y) — 0. We introduced B, because

(actually, lemma 6.9.iii below is still valid when z = O(¢'~")). Therefore
|§8(y7 Z) _gs (y)| < |§8 (y7 Z)_E1§8J8 eXP(—]s)H-@E (y)_E1§8J8 eXP(—]s)|-

The second term is smaller than E1{|Y8 < 6_1}|J8 — 1| which goes to 0
a—=2] =
€

according to (6.10).

By (6.10),the first term is smaller than ¢st E|exp(G.+ H.) — 1| which
goes to 0 by lemma 6.8.i and 6.8.ii.
Proof of lemma 6.8. 1) The first part is a consequence of (8.8).

The second part holds since (exp X3)5>0 is uniformly integrable. Actu-
ally

+oo oo
Fexp2X? :/ Plexp2X?2 > y)dy =1 —I—/ P(X. > \/g) exp rdr
0 0
1 + oo r
< 1—|—/ exp rdr—l—/ exp(r — cst—n)dr < est for £ small enough.
0 1 €
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ii) Lemma 6.7.i and |G (¢, )| < m™1|z| yield

|H(e*72, Y — ") < Cy (14 27271X7)
a—d 2 .—2

—d -0 _ _
227G | < T oa=i + est |ze7 Y + est + est (Y;a_2)2 + cst |ze 1Y;a—2|

|Ga| < est [ga—2d+2—2u —I—O(l) _I_3,5%(a—2d—77)-|—1—1/)(8 —|—€a_2d_77X3].
iii) In this proof, we restrict ourselves to the event {e¥Y5_, — 0} (it has

probability 1, see lemma 6.8.i). There exists ¢ such that d > 2¢ > 1 —d.
Define

a—2)

J: = ]E[l{‘ exp(e?™? — ¢

[Bllp <27}
1
/D[Vu(ga_27€d_2)7 Vu(G(€G_2v Y;a—Z)v G(gd_27 g))—l_ gd—? —5“—2Bu]du].
0
Lemma 6.7.ii yields that |J; — J;| is smaller than

] —ey expCo e [Lbm ™ (VEy + 27 1) 247 B3]

1
{IIBllo >
< expested! E[l{HBHé > ome) OXP IBll5]
< exp(este?™ — este™2) = o(1).

We now prove that jf — 1 a.s..
There exists A > 0 such that, a.s. on {||B|ls <7},

e V(G2 Y5 ), G(e% 2, ze™1)) £ /ed=2 — 202B, | < est +2397° < A,
Since 2V, (¢%7%,e97?) < &%, lemma 6.7.iii yields
[T = P(IBl6 < e7°)] < exp(C3(A)e”) — 1,

which yields jf — 1 a.s.. We prove J5 — 1 in the same way.
6.5. PROOF OF PROPOSITION 6.2.1I.
We will need the following results

LEMMA 6.11. Define X, = 2 (2=a+n) |Y;a—2| as in lemma 6.8. Then

i) (exp X2).5¢ is bounded in LY, for all ¢ > 1
i) Go+ H. < a(1+ X?2) where o, — 0
i) J§ <est on {|Y;a_2| <e 1}

iv) J5 > % for ¢ small enough

v) Ji < cstexp X, for e small enough.

All these results remain valid if we replace X.,G.,... by X/, GL, . ...
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Proof . i) and ii) The proofs are similar to that of lemmas 6.8.1 and 6.8.ii.

The fact that y is not fixed but satisfies only |y| < 7" does not alter the
result. iii) There exists ko > 0 such that, on {|Y;a_2| < e7!}, we have

|Vu(G(5“_2,Y;a_2,G(5d_2,ze‘l))| < kg el
According to lemma 6.7.ii and iii, on {|Y;a_2| < e7!}, we have

Ji < P(BJS < ==2) exp Caho + 1)

+ E[l{HBHé > €_d/2} eXp025d(1 +este”! +5d/2_1HBHé)]

= O(1 +exp(est €471 — est e7%)) = O(1).

iv) We use lemma 6.7.iii to find a lower bound for D.
Since [y, |z=7" < 7', on {|[Bllg < =723,

ValG(0,9), G2 22 7)) + 27 1By | < (™ 4 1)t

Therefore: J5 > P(||Bjl§ < e 7% exp[—Cs(m™" + 1) >
v) By lemma 6.7.ii,

DN | =

J < exp Coe(1 + cst Y;a_2 + est|z|e7h) < est exp X..

O
We now prove prop. 6.2.ii., ie ¢°(y,z) — ¢°(v', 2') = o(1).
As B.,1.,G., H., J.,J{ and J§ where defined from Y* and z, we define
B, I ... from Y'® and 2’ (see proof of prop. 6.2.i). Then,

9°(y:2) =97y %) = (6.11)
E[lBgJ8 exp(—I. + G.+ H.) — 1 Jlexp(—=I. + GL + H.)].

We define k% (y, y', z, z') by replacing B. and B! by B.NB. in the right-hand
side member of (6.11). Then,

M=

19°(y,2) = 9°(y', ") = k= (y, ', 2, 2) [ [P(\BL) E1 g _JZ exp 2(Gle+ H.)]
+ [P(\B.) E1 g J2 exp 2(GL+ HL)]2.
(8.7) yields P(Q2\ B.) = o(1) and P(Q\ B:) = o(1). Lemma 6.9.i, ii, iv
and v, yield that ElBgKg exp2(G.+ H.) and ElB/KE2 exp 2(GL+ H.) are
bounded. Therefore, ¢°(y, z) — ¢° (', 2') = k°(y, ¥, Z’, ")+ o(1).

We now fix p in ]0,inf(b, 3a/2—1)[ and define g°(y, v, z, z’) by replacing
B. and B! by B! in (6.11), where

a—2 '
BY = (e —YlE" T < e {Ive ] < eIy S| € <) nBanBL
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Lemma 6.4 yields P(B. N B.N(Q\ BY))

= o(1), and the same computation
as before thus implies &°(y, v, z,2") = ¢°(y, v/,

z,2") +o(1).
It is therefore enough to prove that ¢°(y,y’,z,2') = o(l). Since
n j—1 n
a...a, —ay...a, = Z(H a;)(a; — a%)( H a;), lemma 6.9.iii and iv
=1 =1 =741

yield [¢°(y, ', 2, 2")| < est (gf + g5 + g5 + gi) where
91 = Elgnl|l. - Ilexp(G.+ H.), ¢5= ElpnlexpG. — exp G| exp H.

95 = Elpgn|expH. — exp H|expGL, g] = Elgn|J. - J! exp(GL + H)).

We conclude by proving that, for i = 1 to 4, g7 = o(1).

i=1: We change slightly the proof of E1D5|IE — I'] = o(1) (proof of prop.

6.2.1) by using lemma 6.9.i and ii.

=2: (= b)? — (' — V)| < dsup(lal, |/, ] 161} (Ja — ] + [b — ') yields
[G(e72, 2271) = G0, ) = [G("72, 2'e71) = G(0,y))2 = O(e7477),

In the same way, on B/,

(G 27) = G2 VE, ) — [G #e7) = G2 Y 5y )P

= O™,
Therefore 1B;'|G5 — G'| < " where ' > 0. Hence
g5 = E[lB;’| exp(GL — G.) — 1]exp(G. + H.)] < est (expe“l —1).
i=3: Since
[H (t,2) = H(t,2")] < [|Clla|G (2, 2) = Gty 2")| < m7HICoole — 7],
we have 1B;'|H5 — H!| = O(c") and thus g5 = O(exp(este”) — 1).

i=4: Inequality |D(t,z) — D(t,2")| < cst £*|x — 2’| yields

|J: — J,7| < Jf[exp(est e / 1 Asdu) —1] where AS equals
0
VG2 Y20 G 2271)) = VG2 Y ), Gl )
Let k(g) = exp(est e24¥7=1) — 1. Then
LAy < mH (e ety = LgnlJ§ - Ji°| < k(e)JE.
Similarly, |J5 — J;8| < k(2)J; and gf < est k(e)Eexp(GL + HL) = o(1).
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7. END OF THE PROOF
7.1. THE LINEAR PROBLEM

By lemma 3.1, we have to study
v] = El{Z% <0, HZEH < p} exp[p?T g2 —I—I((gl)].

Let v > 0 small enough. Lemma 5.1 yields the existence of ) =
(Qo,Q1, Ko, K1) independent of Y = —g1 (1) and Q2, K3 € R such that

Zy =eJ2(Y) where J2(y) =~y +£(Qo + Q1y + Qay”)
K(g1) = Ko+ K1Y + K;Y? and Ko = K(g))
P(Q\D.Q) = O(exp —e =)

where D (A1,...,A,) ={|Ai| <77, i=1,...,n}.
LEmMMA 7.1. We have v = v5 + o(e) where

e __ . _9=E i
vy = El{DE(Y7Q)7 _ T < 75 < 0) explpe ™ Zr + K(g1)].

Proof . Let D. = D_(Y,Q,||T¢||) and
vy = El{ﬁ87 7z < 0} exp[ps ™ Z7 + K(g1)]
U5 = El{ﬁ87 75 < 0} explpe 277 + K (g1)]-
Azencott ((1980-81), p. 270) proved that there exists C' > 0 such that
pr>C = P(| 2% < p, IT%]| > r) < exp—C~12/3, (7.1)

(71) and P(HZEH > p) — O(eXp —€_CSt) yleld P(Q\Eg) _ O(eXp _€—cst)‘
Therefore, (3.10) implies v§ = v§ + O(exp —e~*"). Moreover

| U3| < Fl= |1{Za < 0} {7; < 0}| eXp[p€_27§“ + I{(gl)]
S Bl (7] < 3-vy ol T K (g1)]

< est Bl 27y exp(Ko + K1Y + K;Y?).

{(D-(Y,Q), JE(Y)| < e
T 1
Let £ = / 03 (s)ds and K3 = Ky — 2—5 This last expression equals
0
ElDEQHg(Q) exp K,

where

H;(Q \/ﬁ/ —y {|JQ )| S gg_w}exp[l(ly{-[(?)y?]dy
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We need the following lemma whose proof is straightforward.

LEMMA 7.2. On D.Q, the function J? is one-to-one from [—¢~7,¢77] to
an interval I€ which contains [—1,1]. Its inverse function ®2 satisfies

409
du

Vu € I9 |9 (u) + u| <377 and | (u) + 1] < 424727,

Therefore, on D. (), we have

H3(Q) = exp[ K199 (u) + K39 (u)?]d®? (u).

1
—_— 1 _
Ve /13 {lul <7}
Therefore, 1D5QH2E(Q) = O0(e*77) and v; = V5 4 o(c). Finally,the presence
of epr€_27; and (310) yleld @g = U% + O(exp _g—cst)‘ 0
Since (@ and Y are independent, we have v = EngQ Hi(Q) exp K(g?)
where

-
\/27751718(@:/8 L i- Q eXlD[M + Ky + Ksy*]dy
e T <J 2 (y) <03 £

pu - 3Q - 3Q 2 Q
— — 4+ K® + K3® do
/Ig [ 81_W7 0] exp[ c 1% ¢ (u) 3% e (u) ] e (u)

0 dd<
= —5/ , eXP [pv + K189 (cv) + K302 (cv)?] 7 = (ev)dv.
—c u

Finally, joint dominated convergence in w and v ends the proof of th. 2.1:

g
v3 1

0
= — \/2—75/_00 exp pv dv Eexp K (gY).

7.2. THE NONLINEAR PROBLEM

In this section, the proofs of the lemmas are postponed to the end.
By lemmas 3.2 and 4.2, we have to study

uy = Elygze <0177 < p) PPe " Zr + K(g1) = F(T(e), T, 0+ 29)).

In order to apply prop. 6.1 and 6.2, we first condition with respect to
a(75, s <T'(e); Z3) where T'(¢) = T —c% and d €]2/3,a. Let a €]0,1—aq[
and

e __ —277° - e(—2r7e _—1rze

The conditionning yields
LEMMA 7.3. w5 = ui + o(e).

According to the strategy described in section 2.4, we introduce the
following functional of ¢; and ¢,

= El{Da(VmQa)v _52_W S 7; S 07 |7§“’(a)| S €1+d/2—7}

explpe ™ Z7 + K(91)]9° (2 27,2 Z a0y
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where the r.v. ()¢ is defined as follow.

By lemma 5.3, there exists Q. = {Q5, Ry, K, 0 < j+k < 1} inde-
pendent of V. = (YV,Y.) = (—¢1(T),—q1(T"(¢))), and there exists
{Q5), Ry K5y J+k =2} € R? uniformly bounded in ¢ such that:

7;:5MEQ(Y7YE) where M@(y,2) = —y+¢ Z Q?kykzj

0<jT k<2
7;'(5) =eN2(Y,Y.) where N9(y,z) = —2+4¢ Z R?kykzj
0<jT k<2
K(g)= Y EKY/Y" where K§ = K(G5o)

0<jT k<2
P(Q\D.Q.) = O(exp —~ ).

We now have to study uj since

LEMMA 7.4, u§ = uf + o(e).

Since ). and V. are independent, uj = ElDEQaHg(QE) exp K, where

B = e [ o Yt < M9y <0, (8902 <50

exp(pe " ME(y,2) + Y K5u"2) g°(e7 M2 (y, 2), N2(y, 2))
1<iThes

2 2

2 (y—2)
QIOTl(E) 2177:1(5)
t
- T (e —1
Cr)={(w2) | ol el < 7} €= [ otwdu, we=(2m) 75 ek ) 2.
In order to compute this gausssian double integral, we use

LEMMA 7.5. On D.Q., (M2, NR) is a C*°-diffeomorphism from a neigh-
borhood of C(¢77) to a neighborhood of C(1). Let A? = (®9,W¥) be its
inverse function. Then, for all (u,v) € C(1),

JacAC (u,v) =1+ 0(") and |®L (u,v) + u| + |[¥C (u,v) + v| = O(*).

) dy d=

exp(—

Let A, = 5%'(5)' A change of variables yields (see lemma 7.5)

15109 == [ 1_aimr <o <o, oy g e
pu re j e U
eXP(? + Z K502 (u,0)" 02 (u,0)7) g (gvv)

1<j+k<2
e, 2 HQ —_pe 2
exp(— e (;flv(:])) _ ( e (uvv) - e (u,v)) )|JaC Ag(u,v)| du dv
250 25T’(8)

— v
—€M8A5(1+O(€ )) // 1{—8_,)/ §U§07 |U| S As—lgd/2—’7}

exp(pu + Z Kjk(bg (2, A0) UL (s, o)) g (u, Av)

1<jTh<2
pe Av)? o< Av) — 0% Av))?
exp(— = (€UZ U) _ ( 53 (€u7 U) g (€u7 U)) ) du dU.
T!(e) 2€T
28, T'(2)

ESAIM: P&S, JuNE 1997, VoL.1, pp. 225-258



ASYMPTOTICS FOR K.P.P. EQUATION 253

The following lemma will allow us to end the proof of theorem 2.3.
LEMMA 7.6. Let D\ = D_||g1|| N {|Y — Y.| < e¥/*77}. Then,
i) P(Q\D.) = O(exp —c~%") and 1y [KGy — K(g))|=0(") a.s.

ii) There exists €g > 0 such that (exp K§y)-<=, is uniformly integrable.
0

iii) g‘lngQgHg(Qg) — (2775)_% / g(u) exppu du a.s.

iv) There exists Mo > 0 such that for all e, g‘lngQaHg(Qg) < My a.s.
Therefore,

e~ = 5_1E1DEQSH§(Q8) exp K§

= 5_1E1D; A DEQEHSE(QS) exp K§o + O(exp —e~°")

M=

0
/ g(u) exp pu du Eexp K(g9) + o(1).

— 00

= (27§)”
Proof of lemma 7.3. (3.10) and (8.7) yield u5 = r{ + o(c) where

ri = Ely_explps 20 4+ K(g1) — e 2 Fo(T(e), T, 9+ 27)]
Ae={Z7 <0127 <77}

Before conditioning with respect to G. = 0(Z%, s < T'(¢); Z5), we introduce
a G.-measurable r.v. close to pe~>Z+K(g1). Integration by part in (2.6)
yields

K@ﬁﬁéwwmﬂ$%+A¢MmM$@d$

with continuous ¢ and vy. Therefore, K(g1) = x. + x. where s (resp. x.)
corresponds to the integrals on [0,7(¢)] (resp. [17(¢),T]). Hence

p€_27; + K(q1) = p€_2Z% + ke + U, where U, = —pel's + kL.
(7.1) yields that, for A € | — oo, a],
P(|Z°|] < =%, pe|T5| > &) < exp —est 31, (7.2)

Besides, for 17 > 0 small enough, P(|s.| > 2¢") is smaller than

T T
P(l [ #1(s)gi(s)ds| > M)+ P(I [ 92(s)g1(s)a0(s)dWs| > %)
T (2) T'(e)

< P(lg1]| > est e2(A— d)) + P(||gs]| > ™"

T
+P( [ da(s)g1(s)a0(s)dWs| > & flgall < 77)
T'(e)
< exp—este ™ 4 exp —est e 4 exp —est 27T (7.3)

(A<a<1/3and d>2/3). (7.2) and (7.3) with A € ]0, of yield

P(| 77| < &', |U.| > 3¢") = O(exp —e ™). (7.4)
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(7.2) and (7.3) with A = —p yield the existence of ' > 7 such that
P(||Z5|| < ', |U| > 37") = Ofexp —e~ 7). (7.5)
(7.5) imply that, for all ¢ € R,

sup El{HZEH < 51—a} expq|U;| < oo. (7.6)

e<eg

Let r§ = E14_explpe 227 + ke — 2 F(T'(2), T, + Z°)]. Then,
P = rfl < 1y explpe ™77 + K (1)) (exp|U%| - 1)

Therefore, (3.10), (7.4) and (7.6) imply r§ — rf = o(e).

With the same techniques, if we replace in r5 the event A, by {Z7 <
0,112°¢ (&) < gl-o HZEH%(S) <&'=} then the difference is o(e).

Finally, we condition on G.: the Markov property yields that r5 equals

El{Z% <0 HZEH(?I(E) < gl_a}exp[p€_2Z%+Hg]gg(€_2z%,€_1Z%,(8)) + 0(8).

We conclude by proving r§ = uj + o(¢) (same techniques). O
Proof of lemma 7.4. Let

S. = 1D5(V57Qa7 HFEH) exp I((gl)

e __ —2775N e(.—2r7e _—1rze

81 — El{HZgH S 81_0[72:151 S O}SE eXp(peS ZT)g (8 ZT7€ ZTI(E))
S; = El{HZgH S 81_0[72% S O}SE exp(p5—27T)gf(g—2Z%75—1Z%,(5)).

(3.10) and (7.1) yield u§ = s§ + O(exp —¢~°*"). We have

- —=€ -27* 1—7
1D5HFEH|1{2; <0} 1{ZT < 0}| exppe " Zp < exppe

|s5 — s§| < est El{DEY, 75 < €3_W}exp K(g1).

We divide this last expectation into two parts by introducing 1D5Q and
1Q\D5Q (see section 7.1). The first part is o(c) (see proof of lemma 7.2),

and the second one is O(exp —e7%"). Hence s = s5 + o(¢).

Write s§ = s§ 4+ s§ where s5 (resp. s7) corresponds to 1{—52_7 <72

(resp. 1 ). Then s = O(exp —£~*"). Moreover, (8.7) yields

{(-*7"> 77}
P(|Z7 = Z7 o] 2 e1Hd/2=7) < exp —este ™. (7.7)
Since {D,||T?]|, —>™" < Z7 < 0} C {|Z5] < 2:¥77}, inequality (7.7) yields

85 = El{HZEH <elma _o2mv < 7; <0,|75 < 282—W}

1 —
{1251 < 267577 |20 )| < 3614277}
Seexp(pe ™ Z7)g" (672 25,67 L5 ) + 0(e).
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Define st by replacing ga(€_2Z%,€_1Z§,(E)) by 98(5_27;75_17;'(5)) in the
previous expectation. According to proposition 6.2.ii,

e e . _2—8 -
|53 55| < 0(1) El{ZT <0, HZEH < gl_a}exp[@f Zr+ K (91)]-

This last expectation is smaller than vf if e1=2 < p. Therefore, theorem 2.1
yields s§ = s§ + o(¢). Finally, easy computations imply si = uj +o(c). O
Proof of lemma 7.5. On D.Q., for (y,z) € C(e77),

0,M2(y.2) = ~1 +0(=") 9.M2(y,2) = O(=")
9,N2(y.2) = O(=") .N2(y,2) = ~1+ 0.

Let L2 = (M2,NQ). Hence, Jac L9 (y,2) = 1+ O(¢7).  According to
the local inversion theorem, there exists V.2, open neighborhood of C(s77),
such that L2 is a C*°-diffeomorphism from V.2 to LY (V.?). We can choose
V2 simply connected. Thus L2 (V2) is also simply connected. Consider a
closed path whose support is the boundary of C(¢~7). Its image by L2 is
a closed path whose winding number with respect to (0,0) is not zero and
whose intersection with C(1) is empty (easy check). Hence L (V.) contains
C(1). The rest of the proof is straightforward. 0
Proof of lemma 7.6.i. The first part is a consequence of (8.7). According
to (5.2), we have

foo(t) — g7 (t) = (5,—é - ié)Yg - i(Y —Y.) ift<T'(e)
e e &t -
= —iéy—i—gt”g) YY) ift>T
SO g ) 1T,

and [|G5g0 — g3l = O(||ga]| + Y = Y.|) = O(¢*) on DL
(2.11) yields K5y — K(g7) = O(|[(Gi00)® = (99)*|])- Therefore,

1D'JKSO - K(g1)| = O(*7([|Go0 + 4211))

and we conclude by using ||G5e0ll + l931 = O(||91]])- 0
Proof of lemma 7.6.ii. Let 3 given by lemma 2.2.
A conditioning on { Ky, K§, Ky} yields

Eexp(l+4 B)K(g1) = EAcexp(l+ 3)Kgy < o0
2

e j z (y — 2)2
Ao = e // exp(1+ B)( Z KEpykzd) exp(—QET,(E) - ) dy dz.

T
1<j+k<2 0 25T’(s)

Since the deterministic K§,, K1, K3, are bounded uniformly in e,

Zl(jkykzj > —est (22 + |yz| + y?) > —cst (22 4 (y — 2)?).
j+k=2
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It yields

Ao > e // exp(1+ 3) (Kory + Kog2) exp(—est 2* — (y — 2)* (E%,(E))_l)dydz.

If X is a one-dimensional gaussian centered r.v., then FexpAX > 1 for
all A € R. Hence, there exists mg > 0 such that inf, A, > mg a.s., and
sup Fexp(l 4 3)K§, < oc. 0

Proof of lemma 7.6.iii and 7.6.iv. Let v € |1 —d/2+~,1+4 a/2 — d]. Since
lv] < /\E_lasdﬂ_w7 we have A.v = O(g!7%) and prop. 6.1 yields ¢°(u, A.v)
tends to g(u). Assume w € N.D.Q. (countable intersection, see remark
6.1). Assume —¢77 <u <0, 1 <|v| < /\E_ledﬂ_W. Lemma 7.5 yields

| ) K582 (cu, Aev) W2 (cu, Aov)i| < 7

1<) Hh<2
B (B2 (cu, Aov) — U9 (su, Av))? < _1@2
2671(0) -3

P (cu, Aov) — U (cu, Aov))? 1
( € (€u7 U) - € (€u7 U)) — —U2

QET,(E) 2
W (zu, A\.v)?

) 0
28,
and we can conclude easily. O

8. APPENDIX

APPENDIX 8.1. There exists C' > 0 such that, for all ¢, t, z

|0,u° (%, %) < C (712 + 12| 1) (8.1)

|02,uf (%, e%2)| < C (172 4 12?1717,
Proof . A similar result is known if ¢ and ¢ are constant (see Uchiyama
(1978)), and we use the same line of proof. Let f(u) = Lyo<u<iyu(l—r(u)).
Let p¢(z,y) be the transition density of diffusion dX,; = o(X;)dW;.

Then, the following problems 1 and 2 both have a unique solution, and they
coincide.

Problem 1

diu = %O’2($) 2 u+c(x) f(u)if t>0

limou(t,z) = 1{90 <0} uniformly on every compact of R,
u € C12(]0, +oo[ xR, [0, 1])

Problem 2

0 t + oo
uto)= [ o)y / ds [ pis(e e fluls. o)y if ¢ >0

— 00 — 00
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u € C(]0, +oo[ xR, [0, 1])

The proof of this equivalence is known if ¢ is bounded (see Bramson (1982))
and it can be extended when ¢ has, at most, a linear growth by using classical
arguments (Feynman-Kac formula, maximum principle ...). We get

u8(€2t7€2w)=/pt z,y dy+/ dS/ Pi_s (@, y)e(e?y) fuf (s, 2%y))dy

(8.3)
where p? is the transition density of the diffusion dX? = o(c?X2)dW;.

Since ||o|le < oo and sup [|0z0(c%)|lc < 00, Friedman’s estimates
e<eg

yield (see Friedman(1964)): 3Cy,Cy > 0 Ve, t, 2,y

(84)  pile,y) < Co 20 2exp[=Co (0 — y)*(20) 7]
(85)  [0mpi(x.y)| < Cr (2n) 7 exp[-Cy (- y)*(20) 7]
(8.6) |05 (e, y)| < Cr (258) 2 expl-C (o — y)*(20) 7]

Then, we get (8.1) by differentiating (8.3) and applying (8.4).

(8.2) cannot be derived by differentiating twice (8.3) (no dominated
convergence). Let A% and (P7),>0 be the infinitesimal generator and the
semi-group of X*.

Let f2(z) = c(e®z) f(u®(e?s,%2)) and w(t,z) = /t Py fi(x)ds
0

Then, since A® and P/_, commute,

t

ATl (t, 2) = /tAan o )ds_/ Py A° f2(2)ds
+ oo
B __/ ds/ Oylpi-s (2, y)o* ()10, [c(e*y) f (uF(=5,2%y))dy,

(last equality is a consequence of integration by part formula). (8.1), (8.4)
and (8.6) imply |A%w®(t, )] = O(1 + t*2* + >/?). Tt allows us to conclude
since ¢ > m > 0. ad

¢
APPENDIX 8.2. Consider a brownian martingale Z; = « —I—/ A dW, where
0
A satisfies ||Al|l¢° < M a.s. (M € R). Then

(r+az)*

Vr > x| P(|Z]1§ > r) <ex —M—I—ex -
0=T) = 6P STV

8.7
2t M? (87)

Zs 1+ M?
lim sup 12| <1t a.s. (8.8)

sstoo V2Sloglogs © 2

Proof . (8.7) is a classical consequence of Doob inequality. Concerning (8.8),
we copy the proof of the law of iterated logarithm for the brownian motion
(see for instance Revuz and Yor (1991)). a
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