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Abstract : Let G be the semi-direct product of R** and R® and p a
probability measure on G which is absolutely continuous with respect to the
right Haar measure. Let p*" be the n* power of convolution of . Under

quite general assumptions on p, one may prove that there exists p €]0,1]
3/2
such that the sequence of Radon measures (E—n—-p*“)nzl converges weakly to

a non-degenerate measure when n goes to +oo.

Résumé : Soit G le groupe produit semi-direct de R** et de IR? et y une
mesure de probabilité sur G absolument continue par rapport a la mesure de
Haar & droite. On note u** la n**™¢ convolée de u. Sous des hypothéses as-

sez générales sur g, on établit I'existence d’un réel p €]0,1] tel que la suite
n3/2
de mesures de Radon (——p*")n31 converge vaguement vers une mesure non

nulle lorsque n tend vers +o0.

Key words : Random walk, local limit theorem, factorisation, ratio-limit
theorem
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I Introduction

Fix a norm ||.|| on R%,d > 1, and consider the connected group G of transformations

g: R - R*
xr — gr=az+b
where (a,b) € R** x R°.
Let a (resp. b) be the projection from G on IR** (resp. on RR?). Consequently, any
transformation g € G is noted (a(g),b(g)) (or ¢ = (a,b) when there is no mistake) ; for
example, e = (1,0) is the unity in G.
The group G is also the semi-direct product of R** and IR* with the composition law

Vg = (a,b),Vg' = (a',b') € G g¢' = (ad’,ab + ).

Recall that GG is a non unimodular solvable group with exponential growth and let mp
a db . .
. Note that if d = 1, the group G is

be the right Haar measure on G : mp(da db) =
the affine group of the real line.

Let p be a probability measure on G, g*" its n** power of convolution, ji the image of
¢ by the application g = (a,b) — § = (%, E) and 7 the image of y by the application
g+ g1 If X is a Radon measure on JR?, yu* X denotes the Radon measure on JR? defined
by pxA(p)= /G - ¢(g.z) p(dg) A(dz) for any continuous function ¢ with compact

support from IR? into IR. Lastly, 8, is the Dirac measure at the point z.

In the present paper, we prove under suitable hypotheses that the probability u satisfies
a local limit theorem : there exists a sequence (an)n>0 of positive reals, depending only
on the group when p is centered, such that the sequence (o p*")n>o converges weakly
to a non-degenerate measure. This problem has been already tackled by Ph. Bougerol in
([3]) where he established local limit theorems on some solvable groups with exponential
growth, typically the groups NA which occur in the Iwasawa decomposition of a semi-
simple group. The affine group of the real line is the most simple example of such a group.
In this particular case, Ph. Bougerol proved that, for a class R of centered probability
measures p satisfying some invariance properties, the sequence (n%/?u*"),so converges
weakly to a non-degenerate measure on G. His method is roughly the following one : if
satisfies some invariance properties, it can be lifted on the associated semi-simple group
in a measure m, (not necessary bounded) which is bi-invariant under the action of a
maximal and compact sub-group. In a second step, using theory of Guelfand couples, he
showed that the measure m,, satisfies a analogous of the local limit theorem established
in ([2]). The aim of the present paper is to obtained such a local limit theorem when the
measure g does not belong to the class R.



This work is connected to the ones of N.T. Varopoulos, L. Saloff-Coste and T. Coulhon
([12]) where there are some estimations for the heat diffusion kernel on a Lie group that is
not necessary unimodular. There are also closed relations with the study of the asymptotic
behavior of some processes in random environment ([1]) .

We have the

Theorem A
Let p be a probability measure on G satisfying the conditions

Al) p has the density ¢, with respect to the Haar measure mp on G

A2) there exists a > 0 such that /C;(ea:p(alLog a(9)]) + 16(a)|*) u(dg) < +oo

A3) /GLog a(g) p(dg) = 0.

. 1 da
A4) there exist B,q €]1,+o00[ such that/0 “’//R #i(a,b)db - < +o00.

Then, the sequence of finite measures (n3/ 2p*")n20 converges weakly to a non-degenerate
Radon measure vy on G.

Using L. Elie’s results ([5]), one can prove, under additionnal assumptions on u, that the
double equation g * ¥ = v * ¢ = v has one and only one solution (up to a multiplicative
constant) in the space of Radon measure on G ; more, it is possible to obtain the explicit
form of this solution. Using a ratio-limit theorem due to Y. Guivarc’h ([9]), the measure
vg of theorem A may be identified, up to a multiplicative constant. More precisely, we
have the

Theorem B
Suppose that hypotheses of theorem A hold and assume the additionnal conditions

B1) the density ¢, of u is continuous with compact support
B2)¢u(e) > 0
Then, the measure vy of theorem A may be decomposed as follows
da
Vo = (51®A)*(-;®A1)
where A (resp. A1) is, up to a multiplicative constant, the unique Radon measure on R

which satisfies the convolution equation p* A = X\ (resp. T* Ay = Aq).
More, for any positive and continuous function @, # 0, with compact support in G, we



have vo(p) > 0 and
O vo(p)

—)
—3/2 as n +00..

When the probability measure p is not centered (that is Log a(g) p(dg) # 0) we use a
classical method which consists to operate by a relativisation in order to brmg back the
study to the centered case. One can then easily obtain the

Theorem A’
Let o be a probability measure on G satisfying the conditions

Al) p has the density ¢, with respect to the Haar measure mp on G

A'2) there ezists a > 0 such that for anyt € IR /C;(ewp(ilLog(a(g)]) + 16(g))|1*) p(dg) < 4+

A'3) /GLog a(g) p(dg) # 0, p{g€G:a(g) <1} >0 and p{g€eG:a(g)>1}>0.
Then, there exists a unique to € IR and p = p(p) €]0,1[ such that

[ alg)® utdg) = jug, [ alg)* u(dg) = o(w)

More, if there exist ¢ €]1, +oo[ and B €]1—1o, +00|[ such that/ \/ #i(a, b)db — < +oo,

the sequence (—;——y ")a>1 converges weakly to a non-degenerate Radon measure vy on G.

Let us now get briefly the ideas of our approach. Fix a probability space (2, F, P)
and let g, = (ay,b,),n = 1,2,:-- be G-valued independant and identically distributed
random variables of law p defined on (Q,F, P). Note F, the o-algebra generated by
the variables ¢1,¢2,-*,9s. For any n > 1, put G} = ¢1---g» = (A}, B}) ; a direct

calculation gives A} = aja;:---a, and B} = Zalag---ak;lbk. Lastly, introduce the

k=1
variable M,, = maz(0, Log A}, Log A%---,Log A}).
Put A = {g € G : a(g) > 1} and consider the transition kernel P associated with the
couple (p,.A) and defined, for any Borel set B C G, by

Vg€G Pulg,B)= [ Lucnslgh) u(dh)

In the same way, put A' = {g € G/a(g) > 1} and let P4 be the operator associated
with the couple (i, A’). Following Grincevicius’s paper, we are led to what we call the
Grincevicius-Spitzer identity ([8]):

o L a(h) blg) + b(h)
()= 3 [ Phleda) [ PxHe,an) (G, A2

k=0




for any continuous function ¢ with compact support in G. This formula allows to bring
back the study of the asymptotic behavior of the sequence (4*"),>; to the one of the
powers of the operators P4 and Py. It is the first main idea of this paper.

The second main idea relies on the Grenander’s conjecture, proved by Grincevicius in
([8]) on a weaker form : if /G Log a(g) p(dg) = 0 and d = 1, the asymptotic distribution

of the random variable [Log B}| is the same as the asymptotic distribution of M,,. One
may thus expect that the asymptotic behavior of the sequence (g,)n>0 is quite similar to
the one of the sequence (A}, exp(M,))n>0 ; we will justify this in section 3.

Section 2 is devoted to the study of the behavior as n goes to +0co of the sequence
(Log AT, M, )sn>0 and in section 3 we establish theorems A and B.

II A preliminary result

Troughout this section, X;, X; - - - are independant real valued random variables of law p
defined on a probability space (2, F, IP). Let (S,).>0 be the associated random walk on
IR starting from 0 (that is Sp = 0 and S, = X3 + -+- + X, for n > 1) ; the law of S, is
the n** power of convolution p*" of the measure p. Note F,, the o-algebra generated by
the variables X;, X5, -+, Xn,n > 1. Lastly, put M,, = maz(0,5,-:-,5,).

The study of the asymptotic behavior of the variable M,, is very interesting since seemingly
many problems in applied probability theory may be reformulated as questions concerning
this random variable. A few papers have been devoted to this subject ; in the present
section we find the behavior as n goes to +0o of the probability IP[[M,, € [a, S]] N [M, —
S. € [v,6]] where [a,f] x [7,6] C R* x IR*. Following Spitzer’s approach ([11]), we
have to introduce the two following waiting times 7'y and T_ with respect to the filtration
(Fadnz1

T,=inf{n>1:5,>0} and T-=inf{n>1:5, <0}

The variable T, (resp. T-) is classicaly called the first ascending (resp. descending)
ladder epoch of the random walk (S,)n>0 ([11], [6]). We note pr, (resp. pr_) the law of
the variable Sz, (resp. St_).

In the second part of this section, we show that the study of the sequence (M, M,,— S, )n>1
is closely related to the one of the sequences (E[[Ty > n];¢(Sn)])n>1 and (E[T- >
n); ¢(Sn)])n>1 for a suitable bounded Borel function ¢ on IR. The first part of this section
is devoted to the study of these last sequences.



II-a A local limit theorem for a killed random walk on a half
line ‘

In this part, we study the behavior as n goes to +oo of the sequence (E[[T} > n]; o(Sa)])n>1
; the proof goes along the same lines for the sequence (IE[[T_ > n]; ©(S,)])n>1.

Introducing the operator Ho 4o defined by

Vo € R Rpse@(®) = I-co(a) [ U-emai(e +v)e(e +y)p(dy),

we obtain Vn > 1 E[[T} > n];¢(S,)] = P 1co((0). This section is thus devoted to the
asymptotic behavior as n goes to +00 of the n** power of the operator Bo, oo+

The following result is already well known ([10]). The proof given here is quite different
from the classical one and is based on the following idea : we prove, under suitable

+o0
hypotheses on p, that the function z — ) _ p**(¢)2" may be analytically extended on a

n=0
certain neighbourhood of the unit complex disc except the pole 1. So the approximation

of this function around its singularity may be translated into an approximation of its
Taylor coeflicients. We have the
Theorem II.1 Suppose that

i) the law p of the variables X,,n > 1, is absolutely continuous with respect to the
Lebesque measure X on IR.

i1) the characteristic function t — p(t) = E[e"**1] belongs to IL,(IR)
i11) 0? = E[X?] < 400 and E[X;] = 0.
Then, for any continuous function ¢ with compact support on IR™, we have

lim 0 E[T, >n]; o(Sa)] = —

/ R e(z) Ur_ * A_(dz)

where A_ denotes the restriction of the Lebesgue measure on IR~ and Ur_ the o-finite

+00
measure Y _ (p7_)™".

n=0

Proof - Using relations P5(a) and P5(c) in Spitzer’s book, page 181 ([11]) (see also [6],
chap. XVIII), one obtains

400 +o0
Vze € ,|z]<1,Ya>0 ST E(Ty >n]; e =Y E[z™ exp(aSr.)]"

n=0 n=0



40 400 0
andso Y E[Ty >n]; =Y E[exp(aSr )" = /_oo e*® Ur_(dz)

n=0 n=0
(Note that —oo < IE[S7_] < 0 which ensures that the above series converge ([6],[11]).
Consequently, we have

0 0
Va > 0 / ¢ Up *A_(de) = / —e—UT_(d:c)
e45n
- S B>

n=0

Thus, to prove theorem 2.1, it suffices to show that
v . 3/2 a$, 1 e
a>0  lm n E[T} > n]; e*™] = \/——nz_%E[[T+ > n]; ]

Note that E[[Ty > n] ; e***] is the n** Taylor coefficient of the function ¢, defined by

400
Vze € ,lzl <1 u(s) =D 2"E[[T} > n] ; **).

n=0
Recall the Spitzer-identity ([11], P5(c),p.181)

Vz € C ,|z| <1 ¢.(2) =exp(A(z)) with A(z) = -f:o nE [[Sn < 0] ; e*5n].

n=1

By the local limit theorem on IR, one can easily see that ¢, has a continuous extension on
the closed unit complex disc. We will prove that in fact ¢, may be analytically extended
on a neighbourhood of the unit complex disc containing the unit circle except the point 1.
We next translate the behaviour of ¢, around the point 1 into an asymptotic equivalent of
its nt* Taylor coefficient at 0. Since this method is of independant interest, we state it in
the following general lemma, inspired by ([?]), and which may be compared to the classical
Darboux method, or to the Tauberian theorems, although the conditions of validity differ
appreciably.

Lemma I1.2 Let G(2) be analytic in a domain
D, ={z/z#1,|2| < b,larg(z —1)|>6 with p>1 and 0<0< g—}
Assume that |
i) the function \/1—_—_z G(z) is bounded on D, 4
it) there exists C > 0 such that li_{xll VI—-zG(z) =

2
zEDme



Then, the n** Taylor coefficient g,, of G(z) at the origin admits the asymptotic equivalent

%
Gn Nz

as n — +o00o.

Hence, to prove theorem 2.1, we have to extend analytically the function ¢, on a set D, 4.
The Fourier inversion formula leads to

+co
VzeC,lz|l<1 Az) = Ean[[Snﬂ < 0] ; eoSm]

_ :z: / az¢*(n+1)(m)d$
- Z / / pHD(t) et dt) da
- / ha(- )1—p(zt;(t)

1

).
a -+t
This new expression of A’ will allow us to extend analytically the function ¢,. We have
the

where h, denotes the Fourier transform of the function e*® 1)_,.q (i.e. ho(t) =

Lemma I1.3 Let f be an integrable and continuous function on IR. Then, there exist
p>1 and 8 €]0, g—[ such that the function

f(t)

Iy
7 R T=2(0)

is analytic on the region D, 4 defined in lemma 2.2.
To apply lemma 2.2, we shall need the

Lemma IL.4 Let f be an integrable: continuous and bounded function on IR and D,p
the set described in lemma 2.3. We have

lim vI=2 /R 1) (t =if(0)

z—1

2€Dp,0

Setting in lemmas 2.3 and 2.4 f(t) = % p(t) ha(t), we obtain

i VI~ ) = 5 3 BT > nl5 )

ZGDP ']
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Moreover, without loss of generality, one may suppose that the function z — /1 — z ¢! (2)
is bounded on D, (if it is necesssary, one can modify the values of p and #). The claim
follows readily from lemma 2.2 and the well-known relation between the Taylor coefficients
at 0 of ¢, and the ones of ¢/. i

We now prove lemmas 2.2, 2.3 and 2.4.

Proof of lemma 2.2 - The n* Taylor coefficient can be computed using Cauchy’s residue

theorem as
1 /G( ) dz
In = oim Jp e

where the contour I' simply encircles the origihand is inside the domain of analyticity of
the function G. For fixed @ > 6,1 < r < pand 0 < € < r—1, we take the specific contour
(depicted on Fig. 1) T =T, =T, UTL, UT? , defined by

€07 a,r)

Iea = {z/lz=1l=¢larg(z—1)| 2 o}
Tear = {2/lz—12 ¢z <rlarg(z —1)| = o}
i, = {z/lzl =rlarg(z - 1)| 2 a}

Figure 1 - Diagram showing the contour I o »

The function F(z) = G(z) — \/TC;_ is analytic on D,y ; thus, for |2| < 1, we have
-2z
iy 1 d : .
F(z) =) faz" with f.= %n / . F (z);% Note that this last integral does not

n=0



depend on o > 0,7 €]1,p[ and € E]O r—1[. fweput M = sup |[vV'1 — zF(z)|, we obtain

2€D, ¢

1 dz M\/e
— < IV°E
2im /120 Fz) z"+1| - (1-¢entt

1 dz M
_ <
A /1‘ F(z) z"'“l T /1 -1

2
€a

On the other hand, we have

1 dz 1 +00
— [, Fe)mml < = sw WI=3F@)| [ N

2im ta T zEI‘é a,r

< —
< ﬁz:gr:rlx/l zF(2)|.

Thanks to these inequalities, one can prove that nll&l V7 fn = 0. By hypothesis i), for
every § > 0, one can choose r > 1 such that sup |v1—2F(2)| < § ; we thus have for

dt
tcosa|rHt

ZGDP,G
|z—1|<r—1
n>l1 \/_
M. /e M K¢

2K ¢
Let € goes to 0 ; for n large enough, one obtains |f,| < —\/—ﬁ— which gives the expected

convergence.

1 2n ! 1+ ¢(n)
n ith n — = ith =
\/1——; nX_:oa 2" with a Ty Jmn wi n]_{moo €(n) = 0. Putting

everything together, we have thus shown that

Now, we have

gn=fn+Can~

as n — +400.

o
VTN
Proof of lemma 2.3 - The variable X; being centered, we have

0.2
) = 1—- 7::2 + t26(¢)

where § is a bounded and continuous function vanishing at 0. Then 1%
y(t
with z(t) > 0 for t # 0 quite small and hm%-))- = 0. Thus, there exist > 0,p > 1 and

=1+ 2(t) + iy(2)

6 €]0, g[ such that
Vz € Dyp,Vt €] —n,q[ |1 —2p(t)| >0.

10



n_ f(t)

. -n 1 — zp(t)

On the other hand, since p is absolutely continuous with respect to Lebesgue measure on

IR, we have sup |p(t)] <1 ([6]), which ensures that the function z ~» / v ——iﬁg———dt
tith>n [=nale 1 — zp(t)

is analytic on a complex disc of radius p, > 1. The proof of lemma 2.3 is complete. O

It follows immediately that the function z — dt is analytic on D, .

Proof of lemma 2.4 - Let D,y be the set described in lemma 2.2 and recall the local
expansion of (t) around the origin :

B(t) = P(t) + £°6(2)
o?t?

where P(t) =1— 5 and 6 is a continuous function vanishing in 0. It is well known

that é is bounded by 2-02 ([4]). To prove lemma 2.4, we need a series of inequalities.

Key inequalities There ezist Cy,Cq,C; in R** and € in 10,1] such that, for any
€ €]0, e[, € [0,27 — 6] and u € R, we have

2)|1 — (1 + ee**)P(: /€ u)‘ > Cu — 1

€

- i 2,,2
zz)|1 (1+ee )P(\/Eu)lzcz_eau
€ 2
— fo\ A 2,,2
z'z'z')ll (1-!—686 )p(\/Eu)|ZCZ_€702u

) If A is a strictly positive real with IP[|X,| < A] > 0, one can choose C3 > 0 such
;1——1%, Xl—_\/@]’ we have |1 -+ ee€ JP(ve u)‘ > Cau® — 1.

Proof - :) We have

that, for any u € [—

X . o'2u2 .
|1 — (1 +e*)P(Veu)| = ¢—e*+ 5 (1 + ee*)]
2,2
> ((1-¢) - 1)

12) A similar argument gives

|1 — (1 + ee**) P(\/eu)] > o?u? | — o?u?

€ 2 | g ¢ ‘2
2,2
| sin 8| — ea; if |sina| > |siné)|
2 2
| cos 8] — pd 2u otherwise



Inequality ¢i¢) may be obtained combining assertion ¢z) and the following local expansion

1 = 2p(Ve u)| = |1 — 2P(Ve u) — ze"u’§(V/e )|

iv) If one substitute P for p, one obtains

1= (1 +ee*)p(veu) 2 1= p(veu)| - ep(ve )l
> E[l —cosveuX;]—e¢
> Ellyx,<4(l — cosy/e uXy)]—e  with P[X;] < A]>0
> keu? Ellyx,<aXi] — ¢ where k is a positive constant
The four equalities are thus established. O

We are now able to give the proof of the lemma 2.4. Fix A > 0 such that P[|X;| < A] > 0
; since eigf |1 — p(t)| > 0, one may easily see that

Z X

lt124

lim v1I-2z —i@——dt =0.
2=i 124 1 — zp(t)
2€Dp0

A
To find the behaviour of / —f(L?-—dt as z — 1, we shall use the following decompo-
-4 1—2zp(t)
sition A i
[} 2 s+ 0
) 4 1 1 A @)
with I(z) = /_A OG5~ Tp) & 24 )= /_A ot
Setting t = /e u and z =1+ €' with 6 < a < 27 — 0 and using the local Taylor
expansion around 0 of the function p, we obtain

VI=z I(z) = €T (1 + e6™) [ZZ; F(Ve u)u8(vew) (u)du

62

ith ¥(u) = —— . .
Vith ¥ = T @+ (Ve — (1 + o) Plya)
Let us use the "key inequalities”. Put n = maz( -g—, 2~) ; 80, we have
C1’VCs
Yue R,|Jul|>9 Ciu?—-1>1 and Csu’l->1
1

which implies Yu € R, [u| 2 7 ¥ (u) < G — DG = 1)
On the other hand, one can choose ¢y small enough such that
To?%u? S 9’_2_

VCSEo,VUG['“U,ﬂ] 02—6 9 =2

12



Consequently, since f and 6 are bounded and %ir% 6(t) = 0, we obtain, by the dominated

lZTn z—1 Vl"‘z.[( )

zeD 0,0

convergence theorem

To obtain the claim, it suffices to prove

lim vI=z J(z) = "‘/_f(())

zGDp,g

Indeed, replacing z with 1 + e’ in the integral J(z) we have

V1i—2J(z) = e'J_jAN_ —13 ey du.
(1+66ta) — 'o:

By the dominated convergence theorem, this last expression converges as € goes to 0 to

du

the limit f(0) ¢t —s—5——— uniformly on [0, 27 — @]. A direct calculation gives
2 -
/+°° du _ /2
—00 u202 _ eia - o'e"&;l
2
The proof of lemma 2.4 is complete. O

II-b A local limit theorem for the process (M,, M, — S,).>¢ on
R* x Rt

We are now able to state the following theorem concerning the behaviour as n goes to +0o
of the sequence (E[p(M,, M, — Sn)])n>1 Where ¢ is a continuous function with compact
support on Rt x IR*.

Theorem IL.5 Suppose that

i) the law p of the variables X,,,n > 1, is absolutely continuous with respect to the
Lebesgue measure on IR

" i3) the characteristic function t — p(t) = E[e**1] belongs to L(R).

i) o? = E[X?] < +o00 and E[{X;]=0.

13



Then, for any continuous function ¢ with compact support on IR x IR*, we have

lim 7% Elp(MaMa~S2)] = ~= [ [ ole,4) A * U, (dx) Uz (dy)
av2r Jo 0 . + -

n—-+oo
1 +oo  ptoo —
v [ el@) Ur,(da) Ay Tz ()

+oc0
where Ay is the restriction of the Lebesgue measure on RY, Uz, = > (pr,)*" and Uz
n=0

+oo
the image by the map ¢ — —z of the potential Up_ = Z(pT_)*"

n=0

Proof - In his book, F. Spitzer introduces the variable T}, denoting the first time at which
the random walk (Sy).>0 reaches its maximun M, during the first n steps. Recall that
T, is not a stopping time with respect to the filtration (F,)n>1 ; nevertheless, it plays a
crucial role in order to obtain the following identities

Ve ,lz| <1,Va,b>0

Z 2" E[e=*Mn ¢=t(Mn=5n)] = Z 2"E|[T- > n]; e‘“s"])(z 2"E([T, > n] ; "))

n=0 n=0 n=0
400 +00
Y E[[T- >n]; e =Y 7" Ele 5T "
n=0 n=0
= n . L bSny =2 n bSr_1n
Y 2 E[[Ty > n]; ] =Y 2" E[e™™-]
n=0 n=0
+oo 400 ptoo _
So 3 ElemoMn ¢~HMn=5n)] = /0 / =%~ Uy, (dz) Ur. (dy).
n=0 0
Consequently, we have
oo p4o0 1 Feo oM -
L[ e e Ay 1 Ur, (do) U (dy) = = 3 Ble®MnemdMn=50)
@ n=0

400  ptoo _
and /0 /0 e~ ey, (dz) Ay x Ur_(dy) = ZE[C Mo g=8(Mn=5)].

n_O

To prove theorem 2.5, it thus suffices to show that

1 2
lim n3/2E[e-—aM,, e—b(Mn —8n) - E e—aMn -b(Mn—Sn) i
Jm ] = r——( ); [ ]

Using the same method than the one in section 2.1, one introduces the function ¢,

defined by

VZ e C 3 lZl < 1 ¢ab Z z E —aM, e_b(M"—S")]_

n=0

14



We have ¢, b&zol = exp(A(z) + B(2)) (and so ¢/ b(z)+ (A'(z) + B'(2))exp[A(z) + B(2)])
with A(2) = 3 - B[[S, > 0] ; 5] and B(z) = 3. —"JE[[S <0]; &S],

n=1 n=1

Following the proof of theorem 2.1, one may readily see that it is possible to extend
analitically the functions A’ and B’ on a domain

Do ={z/z#1,]2| < p,larg(z—1)| 2 0 with p>1 and 0<6< %}

and that we have

. 1,

im v1—2z¢,,(z) = ( + 3O E([Ty > 7] ; ebS"])(Z E[[T_ > n]; e'“s"])
zéﬁ;e \/_ n=0 n=0
The proof is now complete. O

ITT Proofs of theorems A and B

ITI-a The Spitzer-Grincevicius factorisation

Let us first recall and precise some notations. Let g, = (an,b,),n = 1,2,--- be indepen-

dant and identically distributed random variables of law y. Note F,, the o-algebra gener-

ated by the variables gy,92,++,gn,n > 1. For any n > 1, put G} = ¢; - g, = (A}, B})

; we have A} = a;+:+a, and B} = Z @« * a-1bx. More generally, for any 1 < n < m,
k=1

we will put A7 =@, +:-a, and B = Z @y ap_1br. We also introduce the variables
k=n

Sny M, and T, defined by S, = LogA} and So = 0, M,, = maz(So, S1,-+,Ss) and
T, = inf{0 < k < n/Sk = M,}.

b(g) LONS
a(y) a(g)”’

(@n, bn), n = 1,2,--- are independant and identically distributed random variables of law
n

fion G, we will put G% = Gy -+« G, A} = &1+ 80, B = Y @1+ - dk_a by, S, = LogA, with

In the same way, let ji be the image of u by the application g — (——

Sy =0 and Mn = maa:(S’o, 5’1, oo ,5’,;). Note .7-'n the o-algebra generated by the variables
glvﬁ?a e ,gnin Z L.

Fix two positive functions ¢ and 1, with compact support, defined respectively on R**
and IR®. For technical reasons, we suppose, without loss of generality, that ¢ is con-
tinuously differentiable on JRY. We are interested with the behaviour of the sequence

15



(E[p(An)¥(Bn)])n>1 as n goes to +oo ; following ([8]), we have
Blp(AD$(BN] = 3. BT = Kl ADY(5)]

- iE[[A{“>1]n[A’;>1]n---n[A’,§>1]
k=0
N (AT SN [A < 1] N [Afy, < 15 @(AD)%(BY)]

The last expectation can be simplified as it is clear that the terms A% A’;, .+, A¥ are inde-

pendant of the terms A,’gi}, A,’;ﬁ %41 ; from the equality BY = A% (Z Ak + Z Al +1b )
=1 j=k+1
and by a duality argument, one obtains

Elp(AD$(B})] = S E[Al<1)n[&<1jn-- n[d <1

k=0
N4 <1]n [Ax'iﬁ <IN [Agy, <15

p(~E81 "“ )( ~,f<>:A"‘b + 3 A

j=1 I=k+1

Put A = {g € G : a(g) > 1} and consider the transition kernel P4 associated with the
couple (p,.A) and defined, for any Borel set B C G, by

Vg€ G Pa(9,B) = [ Luns(gh) u(dh).

Let us give the probabilistic interpretation of P4. Put Ty =inf{n >1: G} € A} ; the
random variable T4 is a waiting time with respect to the filtration (F;,),>1 and we have
the following identity

Vn >1 Pji(e,B) = IP[[T4 > n]N[G] € B]].

In the same way, put A’ = {g € G/a(g) > 1} and let P4 be the operator associated with
the couple (fi, A’). Denoting T "4 the waiting time with respect to the filtration (Fo ))n>1
defined by Tw = inf{n >1:G? € A'}, we have

Yn>1 P(e,B) = P[[T4 >n]N[G" € B]].

From the previous expression of IE[p(A})y(B})], we obtain the Spitzer-Grincevicius
factorisation :

Elp(AD(B)] = 3. Tin(or )

where i
hnlip) = [, oS B, dg) P, ),

16



III-b Proof of theorem A

The starting point of the proof is the Spitzer-Grincevicius factorisation. First, thanks to
n—j

the two following lemmas, we are going to control the sum Z It n(,9) for fixed large
kZi41

enough integers ¢ and j.

Lemma III.1 There exists X > 0 and C = C(\, p,9) > 0 such that for any g € G and
any l > 0, we have

oGl piean < 2 oy

By theorem 2.1, the sequence (k*/ /G a(g)'\lsj,(e,dg))kzo is bounded since

[ a(9)*Pli(e, dg) = B[Tw > K] ; ezp(A5y)]
Hence, using lemma 3.1, we obtain for any 0 < k < n

G
k32(n — k)32

a(h), . g) + b(h) .
/G G (a(g))¢( a(g) )Pji(e,dg) P37 *(e,dh) <

Using lemma 3.2, one can thus choose two integers ¢ and 5,0 < ¢ < n — j < n such that
n—j

3/2

the sum n E Iy is quite small as wanted.

k=141

Lemma IIL.2 There exists a constant C > 0 such that, for anyn € IN* and 0 < i <
n —j < n, we have

4 11
n3/2 . < C(-= + —=).
k—zt-:l-l km(" —kp2 = (\/Z \/j)
h b b(h
Next, we look at the behaviour of the integral ./G w(zgg; )¥( (g)az;])( ))Pf‘(e,dh) as |

goes to +o00.

Lemma IIL.3 For any g € G, the sequence

3/2 a(h), , blg) + b(h)
R Pl e LT CL D)

converges to a finite limit as | goes to +oo0.

17



Hence, for any i € IN and any compact K C IR*" X IR, the dominated convergence theorem

yields the existence of a finite limit as n goes to +oo for the sequence (n3/ 2 E Iin(, %, K))n>o
k=0
where

(e, ¥, K) = / 1x(g) ( / tp(a(h

a(yg

oML Pt an)) - Platerdo)

The proof of the existence of a finite limit for the sequence
(n3/2 Z Ik,n(%lﬁaK))nzo
k=n—j

goes along the same line. The only thing we have now to verify is that the indicator
function 1x does not disturb too much the behaviour of the above integrals.
Fix 0 < 6 < 1 ; according to lemma 3.1, we have

i b(g) +b(h), s .
;/QEG :a(g)<6} (/ (a(g) a(g) )P.A (e7dh)) PA/(C, dg)

< C(/\,cp,zb)E k)m E[[Ta > k| 0[Sk < Logd] ; exp(ASy)]

< C\e,9) 687 Z k)s/z E([Tw > K] ; ewp(%gk)]

1

A
<G8 2 ey

k=1

On the other hand, fix B > 0 ; according to lemma 3.1, we have

kz_:l/ {9€Gb(9)>B} (/ (Zéz; b(g)aa;)(h))l’ﬁ“k(e,dh)) Pt (e, dg)

< O, 9) }: )3,2 B([Ta > )N [|Bill 2 B] ; exp(A5:)]

C ,30, 7 & ~
s T Z(n w7 Bl > K5 eop(03) 1Bl

1
= B’V2 E k)3/2k3/2‘

where the last inequality is guaranteed by the following

Lemma IIL.4 There exists ¢ > 0 such that for any 0 < € < ¢

sup PPE[Tae >1; exp(2eS) |Bil] < +oo.
1>1

18



Finally, using the Spitzer-Grincevicius factorisation, we have prove that, for any 7 > 0,
one can find ¢,5 € IV and a compact K C G such that for any n > i + j we have

In*? Elp(AT)(BY)] = n*? Y Ln(o, 9, K) =032 Y Lin(e, 9, K)| < 1.
k=0 k=n—j
On the other hand, we have also proved that the sequence
(n3/2 2 Ik,n(‘Pa ¥, K) + n3/? z Ik,n(‘P, ¥, K))"Zo
k=0 k=n—j

converges as n goes to +00. So (n%/2IE[p(A?)Y(B})])ns0 converges to a finite limit as n
goes to +00. Thus, by a standart argument in Radon measure theory, it readily follows
that the sequence of measures (n®/ 24*™)n>1 weakly converges to a Radon measure v ; the
fact that vy is not degenerated follows from the

Lemma IIL.5 There exist an integer ng and a compact set Ko C G such that

inf n*?%IE[g,---gn € Ko] > 0.

n>'n.o
The proof of theorem A is now complete ; it just remains to establish the different lemmas.

1 1
Proof of lemma 3.1. - Fix p > 1 such that ;+ :1- =1 Foranyg€ Gand ! > 1, we

have

[ P, any

{
b(g) + ) aAy b +b
B ) Al aAl = . dadb
= /]01] EllaA] <10 Nfad; <15 o (g))¢( a0) )] $ulab) —

a i
< a(@) Il [ {f [ 4(ab)db EllaAl <11+ ﬂ[aA'<1],so(aa))]-—
aAlm?
< a0 Il [ (] 50,00 Blleen(vin) < 315 (2101 22

1-1
< a(9)b Il [ {f [ 64(a, )0 5 Bleap(~2eMi ) 90(‘”2))]—— for any € > 0.

Since the support of ¢ is compact in ]0,4+o00[, there exists K = K(¢,¢) > 0 such that
Va>0 |p(a)] <K aj;so0

(i) bg) + bR
/ (a(g) )¢( a(g) )P.A( ,dh)

< K agls~ [l [ {/ [, #4(a,8)db Blfean(~e(Mi-s=51-1)) exp(~eMi-r)] -




Choosing € quite small such that 1 e > 0 and 1 + € < f3, one thus obtains by theorem

p
2.5

a(h) b(g)+b(h) C N
LGP gy PAlesdh) < o alo)?

The proof is complete. O

Proof of lemma 3.2. - We have

n—j

3/2 — =
2 B 27:1( )3/2(1 £

as n — 4oo.

v
The lemma follows from an elementary overestimation of this last integral. O

Proof of lemma 3.3. - Without loss of generality, one may suppose ¢ = e. For any
n € IN*, set
va(ps ) = n®2E[[T4 > n] ; o(A})$(BT)].

Fix ¢,7 € IN such that 1 <t <n —j < n and consider
va(,¥,4,5) = n*E[[Ta > n] ; o(A7)Y(B; + AT By_j,))-

To obtain the claim, it suffices to prove that

a) limsup hmsupll/n(% ¥) = valp, ¥,8,5)| =0

t,j—+00

b) for any fixed ¢,j € IN, the sequence (v,,(,%,%,5))n>1 converges to a finite limit.

To prove assumption a), we use the identity BY = Bi + Ai Bl + Ay B"_ j41 ; since the
support of ¢ is compact and ¢ is continuously differentiable, we have for some 0 < ¢ < 1

(0, %) = valip, %,5,3)] < Cun®? EB[Ta > n] 5 o(A}) (A B ||

n—j

< Cin*? Y E([Ta > n]; o(A7)(AF1)||be]|]
k=141
n—j
< Gllello n®? 3 E[Ta>k—1]; (AF7)]bel]
k=141

. n—j
< CillelloEllbnll] n*? 37 ETa > k=1]; (457)]
k=i+1

1 1
< Ci(—=+—=
the last inequality being guaranteed by theorem 2.1 and lemma 3.2. Let 7 and j go to
+00 ; we obtain the claim a).
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Next, we prove b). Fix two integers ¢ and j ; we have the following equality

Vn((p, ¢,'l,]) = ~/GJ'+1 En(s", "b,g, hl, h2, Tty hJ)P.k(%dg)“(dhl)l‘(dh?) e ﬂ(th)
with
1
—=N
a(g)]
(AT < min(——, ——

1
< (Y a@ath) " agyalhn) —athy) "
o(alg) AT a(ha) -~ alhy)1(b(g) + a(g) AL b(hs - - hy)]

Using theorem 2.5, one may see that, for any g, ky,- -, h; € G, the sequence
(n®%E,(¢,¢, g, hi,ha, -, hj))n>1 converges to a finite limit. To obtain the claim b),
we have to use Lebesgue dominated convergence theorem and so, we have to obtain
an appropriate overestimation of n® 2Eu(@s%,9, b1, by, - -+, b;). Since the support of ¢ is
compact in ]0, +o0[, for any € > 0, there exists K = K(¢,¢) > 0 such that Va > 0 |p(a)] <
Ka®. On the other hand, we have the inclusions

En((P, ¢’g7 hl, h2) tty hJ) = E[[ma’x(A:Ih e 7A?+—-lj) <

: _ 1 . o
[maz (ALY, -+, AT) < (g)] C [maz(1, AL, AT < )] because a(g) <1

a(g

1 1 nei <

and ]
)] - [At+1 — (g)]

"~ < min !
(A} < (a(g),a(g)a(hl), *a(g)a(hy) - a(h;

Consequently
nS/ZEn(QOa ¥, 9, h1, by, -, h)

< Ollg||eon®* Ela(g)* (A?Il’l ‘a(ha)* - a(h;)*

X 2@ Fman (L, AT AT (AT ) Pralg) T
< Cllllooale)*"a(h) -~ alhs)* ¥ BT maa(l, ALk, -, AT)™]
< Clllaa(9) "2 (- a(hy) ¥ BI(AL P mas(1, AL, - A7) sinee a(g) < 1
< Cra(g)™*/* a(hy)-- - alh;) |

the last inequality being guaranteed by theorem 2.5. Then, by hypothesis A2, for € quite
small, one may use Lebesgue dominated convergence theorem. The proof of claim b) is

now complete. 0

Proof of lemma 3.4. - By a duality argument, it suffices to prove that, for some € > 0

sup nE([Ta> 5 (AD* |BI] < oo
n—-
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n
Using the identity BY = ) A¥1p;, we obtain
k=1

El[Tx > n] 5 (A} B < kz El[Ta > n] ; (AE)%a|bu<(A74)*].
From the definition of the waiting time T4, we have
BI[Ta > n]; (A5)%a||bell (A7)
< B[4 <N A SN0 € el NI S g0 (A < )
(A= a2 by [ (ARy )]
S L4 i eny COV TN Krnlg, RYa(dh)] Py (e, do)

with
l 1 n 1 2e

Kin(g,h) = E[[A'iil (1) a(h )] "'n[Ak+1)SW] (A1)™]

— 1« n—k n—ky\2e

- P A S o) (AT

< E[[maj(l,An'“,A?_k)SW]; (AT )] since a(g)a(h) < 1

< 4(9)56/2(1(’&)56/2lE[exp(—%Mn_k) exp(—2e6(My—k — Sn—k))]

< 1 Gy

a(9)%/2a(h)?/? (n — k)3/2
Hence, we have

E[[T4 > n) ; (A |B7 < B2 [ atoy i e, do

( _ks/z

n—1 1
. . . 3/2
One readily concludes, using hypothesis A2 and the fact that the sequence (n k§=1 PV ATT;) AL In

is bounded. 0O

Proof of lemma 3.5- By theorem 2.1, there exist no € IV, Co > 0 and [e, 8] C R**
such that
Vn>ny n®lE[T4>nlNa<AP<B] > C,.

On the other hand, we have
3/2

nPE([T4 > nlnfo < 43 < AN[IB}N 2 BY) < o2

E[[Ta > n]n[a < A7 < B]; || B7][].
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By lemma 3.4, we have sup n*2E[[T4 >n]N[a < A7 < 8] ; | BF|] < +00; 50, one can
n>1
choose B > 0 such that

Va2ne nlE[Ta>nlnle<dr<plnlBl<B) > L

The lemma readily follows from the inequaiity
n*?Efla < AT <BIN[IB;| < Bl 2 n*’E[Ta>nln[a< A} <BIN[|BF < B
]

III-c Proof of theorem B : identification of the limit measure
14

We are not always able to explicit the form of the limit measure vy ; nevertheless, if
one assumes some additionnal hypotheses on p, it is possible to identify v, up to a
multiplicative constant. In this section, we suppose that u satisfies hypotheses A1 — A4
and the two additionnal conditions

B1) the density @, of p is continuous with compact support
B2) ¢u(e) >0

Remark- Note that uvndervthese conditions, the semi-group generated by the support S,
of u is dense in G. More, there exist v > 0 such that

B*p 2 Yp

The proof of theorem B is based on ([9]) and may be broken down into two steps ; first,
we prove that the random walk of law p on G satisfies a ratio-limit theorem and secondly
we show that the double equation g % v = v * g = v has a unique solution ¥; # 0 (to
within a constant multiple) in the class of Radon measures on G. Let CK*(G) be the
space of positive continuous functions with compact support on G ; we have the

Lemma IIL.6 Under hypotheses Bl and B2, we have
Vo € CK*(G), Vg€ G lim (6, + ™ (¢))'/" = 1.

Since there exist v > 0 such that p * g > vy (see the above remark), we thus may apply
the Proposition 3 in ([9]) and the previous lemma implies

*(n+1)
hm 59 *” - (‘P) =1
w0 8y % ()

23



for any g € G and any function ¢ € CK*(G),p # 0.
Now, let us recall the result established in ([9]) :

Suppose that the semi-group generated by the support of yu is dense in G and that, for

*(n+1)
any ¢ € CK*(QG), the sequence (E—l‘*_"-i(&)-

()

depend on @. Then, if the equation v pu = p*v = cov has a unique (to within a constant
multiple) solution vy # 0 in the class of Radon measure on G, we have for any ¢ and

¥ € CK*(QG) such that vo(yp) > 0

)n>1 converges to a constant co which does not

lm pe) _ nle)
n—too p* () wo(9)

In the present case, we have ¢g = 1 ; to prove the theorem, it suffices to establish the

Lemma IIL7 Under hypotheses of theorem B, the equation vpu = p*v = v has one and
only one ( to within a constant multiple) solution vy # 0 in the class of Radon measure
on G. Moreover, this solution may be decomposed as follows

e —
Vg = (61 ®/\)"‘('::i ®60)*(61®/\1)

where A (respectively A;) is, up to a multiplicative constant, the unique Radon measure
on IR* which satisfies the convolution equation p* A = ) (resp. T+ Ay = Ay).

By theorem A one can choose 1y € CK*(G) such that the sequence (n32p*™(1)))n0
converges to 1 ; so, for any ¢ € CK+(G) we have

: 3/2, *n _ vo(ep)
L n T () = (%)’

This achieves the proof of theorem B ; it remains to establish the two lemmas.

Proof of lemma 3.6- Fix a function ¢ € CK*(G) and consider, for any integer n > 1,
the set K,(¢) = {gh~/g € Support(p) and h € Support(u*")}. The sets K,(p),n > 1,
. oo

are compact and we have Kn(¢) C Kn41(¢) and | J Ku(p) = G. Then, there exits ng such
n=1

that the compact K of the lemma 3.5 is included in the interior of K,,,(¢). Consequently,
the continuous function g — / w(gh)p*™(dh) is strictly positive on Ky and so, there

exists a constant C > 0 such that

VgeG [ plgh)u(dh) 2 C 1xo(g).
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It follows that, for any n > 1

8o % ¥ (o) > C p™(Ko)
Cy

2 n3/2

with C; > 0 by the lemma 3.5.

It readily follows that for any ¢ € G we have lim Jinf(5g * 1™ (¢))/™ > 1. On the other

hand, we have Vn > 1 §; * u**(p) < |l¢|loc which implies limsup(§, * #*"(¢))*/"* > 1.
n—+o0

The proof is now complete. O

Proof of lemma 3.7- First, let us describe the solutions of the equation v * = v

where v is a Radon measure on G. From ([5]), it is known that there exists a unique

(up to a multiplicative constant) Radon measure A; on IR? such that @+ A\, = ); and
that the extremal points of the cone H, of Radon measure v such that v * y = v are

proportional, either to the right Haar measure mp or to the measures ;) * ( o A1),

where z € R®. Under the hypotheses Bl and B2, the base of H, is compact ; thus by
Choquet’s theorem, there exit C € IRt and a positive measure m on IR such that

i .
v=C mp+ /R 1. % (5 © M) m(d) (+).

Now, let us find the measures v satisfying the decomposition (%) and such that p*v = v.
da

If y*v =v, then 7+ = 7. Since Mmp(dadb) = ——, it readily follows that, for any

positive Borel function ¢ on G, we have

da db

mp * p"((P) = / (p(aal,abl + b) /"'(dgl)
= /G g A2¢(A B) dA dB 7(dgy)

= Mmp(p) X fGal A(dgr).

Since / ay fi(dg;) > 1, one obtains C' = 0 in the decomposition (*). On the other hand,
G

we have
[ (E @)% 85,0+ ) () m(d2)
[ L. ol =az + Bg1) xu(ab) Bldes) mlds)
= [ ] o ———a(z+”‘)+b)d—xl<db) i) mide

= /R /GXG 0(A,—A(a1z + b)) + b) m(dz) p(dg:) _/i_ A1(db)
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da dA .
and /R((;- ® 1) * 61,-) () m(dz) = fB (A, = Az + b) m(dz) == ha(db).
Then, the equality

(@ n)sbu,9+7) (9) mldz) = [ (Z2©0)*8a,-0) (¢) m(d2)

is satisfied for any positive Borel function ¢ if and only if g * m = m ; by ([5]), this
equation has one and only one solution A (up to a constant multiple).
The proof of lemma 3.7 is now complete. 0O
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