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Abstract

The purpose of this work is to prove a theorem of propagation of singularities
for a class of non real pseudo-differential operator with multiple character-
istics. The main tools are L? estimates on the time dependent Schrédinger
equation related to P. We extend here the results of [6]; we improve the
results announced by the second author in (7].

The second part of this work consists in an extension of the result of [3]
to complex valued symbols.
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The General result.

We start by a general result which could not be optimal in all the cases
scanned here. The approach is similar to {6] but we use also time depen-
dent L? estimate and some informations on the parametrix constructed in
[6]. The main difference with the proof in {7] is that we need to have an
analysis of the microlocal structure of the parametrix of the time dependent
Schrédinger equation associated with the self-adjoint part of our operator.

1 Introduction and main statement

Let P(z, A" D;, A) be a pseudo-differential operator depending on a large
parameter \, defined by the Weyl formula :



P(z, A" Dy, Nu(z, A)

op: (0, €/ 0 N)w)(@)
o [oEEY 6 NeXeveuqy, 3 dydg
)

We shall write the operator given by formula 1 (p(z, £, A))*“*.
The full symbol p(z,§, A) has an expansion as

p(z, €, A) = p1(z,€) +ipa(z, &) + A po(, €, A) (2)

where p; and pp are real and p; > 0. po(z, €, A) is a zero order symbol i.e.
satisfies estimates :

For all multi-indices a and 3

D2Dfpo(z,€, )| < Cag-
It is a consequence of formulas 1 and 2 that
P(z,A"1Dz,2) = Py(z,A7'D;, \) +iPy(z, A1 Dy, A) 3)

where P; and P, are self-adjoint pseudo-differential operators with symbols
respectively

Pl = (pl(mvﬁ) + A-lRe(p()(x’ér A))W,\ (4)
Py = (pa(2,€) + A~ Im(po(z, €, X)) (3)
We shall make L2 estimates on the solutions u(t) of the Schrodinger

equation (D¢ + P(z, A\~1D,, A))u(t) = 0. We shall therefore use some con-
structions made in [6]. We need to recall the hypotheses of this work.

o (H); : Let ®; be the bicharacteristic flow of p; at the time ¢. Let po
in T*R™ be a point near which we shall work. Let h(t) € o(t) when
t — oo, h > 0 a function, and W a neighborhood of pg such that any
bicharacteristic curve of p; with end points lying in

A(W h) —_ (pl)p?) € W2 ¥ 3t > 0 such that L= @g(m),
’ and if 0 < 5 < tD,(py) € W and |p1(p1)] < exp(—h(t))
(6)
is Np admissible! for a function £ € ]0,1] — No(e) € Rt. We refer
to [6] pp 468-469 for a definition and for sufficient conditions which

'A curve t € [0,T] — ~¥(t) € W is Np admissible if for any € > 0, there exists a
partition of {0, 7'} in intervalls of type 7 and .7, the number of these intervalls is less than
No(e). An interval of type T remains at a distance less than ¢ from a point in the double
characteristic set of Py, an interval of type 7 has a lenght less than Np(e).
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imply this property. We shall not recall here the details, but we just
mention that it is satisfied if the bicharacteristics of p; whose lenght
is large enough leave a neighborhood of (po, o).

Let N = {p € T*(R"); ;i(p) = dp1(p) = 0} be the set of double charac-
teristics of Py.

e (H)2 : The main assumption is that on N, the dimension of the space
spanned by the generalized eigenvectors associated with eigenvalues of
positive imaginary part is constant.

e (H)3 : On N, Impy(p) > 0. This inequality means that [ mpo has a
positive lower bound with respect to p and .

Let us define
C(W) = () AW, ) (7)
hew

where w is the set of all non negative increasing functions h(t) € o(t)
when t — oo.

We consider C(W) as a relation in T*(R").

We note by OF(u) the oscillatory front set of a bounded family of
tempered distributions u(z, A).

Let us recall that we say that (zg, &) € (OF(u))¢ if there are neighbor-
hoods V of zgp and L of & such that for any ¢ € C§°(V)

ForallNeN, forA>1 sug|@| (A&, < CyA~N.
§€

The main result can now be stated.

Theorem 1 Assume that the assumptions (H), (H)2, (H)3 are satisfied for
a suitable set W and for some function ho € w. Let u(z,)) be a bounded
family of tempered distributions. If OF(Pu) "W = 9 and C(W)(p)noWw n
OF(u) =0, then p ¢ OF(u).

We easily deduce :

Corollary 1 Let py € T*(R")\0, P(z, D) a pseudo-differential operator in
the usual sense. Assume that (H); (H)2, (H)3 are satisfied for a neighborhod
W of po and a function hg € w. Let u be a distribution such that W F(Pu)n
W =0 and COW)(p) NOW NW F(u) = @, then p ¢ WF(u).
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The main difference between the proof of this theorem and the corresponding
result in {7] is the presence in the bicharacteristic flow of p; of expansive
diroctions. This will make us to use fully the construction of the parametrix
of [6] instead of using only microlocalisations in a semi-global L? inequality
for the solutions of the time dependent Schridinger equation associated with
P

2 Estimates on solutions of the Schrodinger equa-
tion

We shall work with a family of solutions of the Schrodinger equation (D +
P(z, \"1D;))u(t) = 0, where D; = (1/iX)d/0t.

We need to make a Fourier-Bros-Iagolnitzer transformation (see {9} and
[6]). Let

Tu(z, A) = (5?;),.,2 f e MAE-== Dy ) dy (8)

this is a unitary transformation from L?(R™) to the space H,,(C™) of entire
functions in L2(C™, e~2"9L(dzx)), where L(dx) is the Lebesgue measure in
C", and po(z) = 1 |z°.

We note by the same letter an operator and its conjugate by 7.

We have a Bergman projector from L?(C”,e~**°L(dx)) to H,,(C™)
given by the formula

Sulz, ) = ()" [ Ty, Nje P40 L(dy) (9)

see [9] for these formulas. Let us say that the formula 9 is obtained by
integrating the formal integral in 77! along a suitable contour.

In [6] we can find some constructions for an approximate solution Equ(z, A)
of the equation (D; + Py(z, A"'D,))(E:u) = 0; Equjt—o = u, we shall make
this more precise later.

Bz, A) = (—zf;\;)" / et De(t, 7, Mx(t,z, Truly, \e" oW Lidy)
(10)
where ¢(t,z,y) is a solution of the phase equation with value ¢(0,z,7) =

—ix/2; e(t, z,y, A) is a solution of transport equations, x(¢,x,¥) is a cut-off
function.



Let
_ g 2000 208y , }
vk = {enE iR e B e awn}
where A,(W, h) is the image by the complex canonical transformation gen-
erated by @o(z) of the Lagrangean sub manifold

AW, ) = (p1, P3) € W2, such thatpy = exp(tHp, )(02) if0< s <t
’ exp(sHp, )(p2) € W and |p1(p1)| < exp(—h(t))
(12)
where g is the antipodal point of ps.

[:(W, k) is totally real in C* x C". We again refer to [6] for the con-
struction of a convenient projection C™® x C* — I,(W,h); z — m(t,2) €
I'e(W, h); m(t,2) will be defined uniquely by the additional property that
Z- m(t: Z) € iTm(t,z)rt(VVy h) ‘

Therefore functions on I';(W, h) give rise to almost analytic extension
in C" x C". Appropriate controls with respect to ¢t are obtained in [6}.
From these controls it follows that all derivatives with respect to (t,z) of
these maps are bounded by some exp(h(t)) with a function h(t) € o(t) when
t — 00. So ¢(t,2,¥),...,x(t,z,y) will be almost analytic on I'; and there
derivatives are bounded by some exp(h(t)). A more precise decay in time
for the amplitude e(t, z, y) is obtained and this will be discussed later since
this point is essential in our discussion.

Proposition 1 There are two constants C > 0, v > 0 such that

IZll < CA" exp(-1/21) (13)

~ being as close as we wish of the lower bound of

T*(p) = 3 Rez;.
2;€5pec(Fyp, ), Rez; >0

We shall not use this result here, but it is woth mentionning since it is
the key point of the proof in [6]. The proof will be derived from elements of
the proof of the following Proposition.

Proposition 2 There are constants M > 0, C > 0 such that

IEN <C (14)
if exp(Mt) < A, the norms are taken in H,,(C").
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Proof. Let us prove Proposition 2. Let E be the adjoint of E; in
Hpo{C™). If we write du(z) = e"2%(*) L{dz) the kernel (with respect to
w) of E; is given by Ef (z,y} = [ S(z, 2) Ex(y, 2) du(z), the kernel of E7 E,
is therefore EfEy(z,y) = [ S(z,21)E(2g, 21)E,(2,y) dps(z1)dpe(z2). We
write this integral

EiE(a) = [ PH6=smm) f(t 2, 002, N) dim)dp(en)  (15)
In 15 we have

H(t,z,y;21,22) = ¥(z,21) — o(t, T2, T1) + @, 22, ) + 2ipo(z1) + ‘Po(i(l?z);
16

and
f(t, T, Y, T1,X2, ’\) = cx'm;(t, z2’zl)e(t, erH)X(tr x21zl)X(t’ x?!ﬂ) (17)

where ¢ is some absolute constant, ¥(z, ;) = —izZ7/2. We first investigate
the critical points of H with respect to (i, T2); we estimate ,using [6] page
505 (5.30)

ImH(t,z,y;21,22) + ®(z,y) >
ez - 21]* + |(22,71) = me(z2, TP + |(227) — melz2, 1Y) (18)

with the notation ®(z,y) = vo(z) + wo(y). We have

H:,_l = -—%(t,xq,fl)—i/nx

Hyy = —~i/2% - @{t,32,2) + /23

H, = —@i{t,75,%1) + ¢,(t, 22, 7) +i/ 222

Hy = —@(t,3,%1) + ¢t 22,7) +i/222 (19)

It results from these relations that we have a "real” critical point when
zy =z, (r3,%1) € [y, (22,7) € Tg, i-e. when z = y the critical point being
zy = T, 22 = $¢(Z). Let £; > 0 a small number to be chosen later.

In the integral 15, using 18 we can restrict the integration over the set
of (21, ;) such that |(z5 E) — me(z2, 2)|* +|(227) — me(z2, PI* < oA+,
lz — 21| < egA~ 114! for some & to be chosen later; we neglect then a term
O(A~>). We deduce from the relations 19 that a zone
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loh(t, 22, F) — ¢L(t, 22, 9)] 2 Ceé/zk(‘“‘fl)/? give also a term O(A~>). As
me(z2, E) and me(z2,¥) € Ty, we have &(me(z2,%F)y) = me(z2, %), and
Oi(me(22,¥)y) = me(z2,%)z, P is a diffeomorphism whose first two deriva-
tives are bounded by some %, we have then |z — y| < Ceget A(-1+€1)/2,
Let us estimate the Hessian of H at real critical points.
We first make a complexification and we write T, Z2 instead of F1,Z,
we shall refer to the set {Z; = &7, %, = T} as the real. Let p1(¢,%,,21) be

an almost analytic extension of ((t, %3, %y). Let H be an almost analytlc
function on

f;t = {(2, y)zlail:x% E2); (-5-;7251) € Ft) (x%ﬁ) € Ft}
extending H . We compute V2H(t, z,z; z, T, D:(F), ®:(Z)) as the map

(5321, 551, 50:2, 652) Rad .
(/26%1 ~ 14,021 — P12y6F2, 1/26%1, 0,622 +i/26%2,
—01226%2 — (p;v,&rl +1/26x3) (20)

the computation being simplified by the fact that at such particular points
V2yp is C-linear. This map is invertible and its inverse will have the same
norms as the inverse of

(622,8%2) — (Pug(t, 25, B)022 + i/26%2, — Py (t, 25, B)6F2 + /2622) (21)
with z§ = ®,(Z). We have then to estimate the inverse of the map

Boz(t, 25, 2)0, (2, 25, F) — 1. We refer to ([6] Proposition 5.2 (5.28)) to
obtain

. 1% ba' itg-1
Vip(t,z) = ( Zigm ﬁb,a_l ) (22)
where (t,2) €T, a and b are defined by the relation 23

o, 0z+i66, [ a b .. 6y+ibn
(527-“166, —'——2-{'—") = ( %B E)(éy—z&ﬂ, 2i ) (23)

if (8x,6€,8y,6m) is a tangent vector of A,. We refer to [6] section 5, page

490. We have :
: (¢ ¢zt 2)]| < 2lla(t, 2l (24)
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Moreover B,,9,, — 1 = —1a~'*a"! as a consequence of the relation a*a

%th = J. So the norm of the inverse of the map 21 is |deta(t, z)|%. As
computed in [6] the module of &(t,z) at a point (t,z) € I is precisely
|det a(t, z)| V2.

This means that in the stationary phase expansion of integral 15 the
powers of A and the exponentials decays in time vanish, it remains only the
normal A". See [6] section 6.2, page 509-510, relations (6.4) and (6.5).

The condition exp(Mt) < A will allow us to give sense to the applica-
tion of stationary phase expansion with a complex phase function (see [4])
uniformly with respect to (¢, z, y).

We need to be more specific in the application of the stationary phase
method. We check here some steps with uniform controls in ¢.

In a neighborhood V = {(:c,y); -yl < soe‘M"‘} of the diagonal we
have a C*® map (¢, z,y) — Z.(t,z,y) € C**, where Z = (z1,%1, 22, T2), such
that dzH(t, z,y; Z(t,z,y)) = 0. The derivatives of this map satisfy some.
estimates like ’Dg,'ch(t, z,y)i < Caexp(ct|al) for some constants C, and
¢ > 0. Hence we have

1Ze(t, 2,y) — Zc(t, 2, 2)| < Cexplat) jz -yl (25)
We can define a symmetric complex matrix Q(t, z, y) such that
83z H(t v Ze(t, 2, 1)) = iQ*(t, 7,¥)

which is well defined and smooth since V' is connected and simply connected.
We have [|Q~!(t, z,y)|| £ C exp(ct) for some constants ¢ and C > 0. We
have

ImHG,z,y;,2) = Im(H( 2,y 2(t,2,9)) +
1/2Imd*Hz2(t, 2, y; Zo(t, 7. YN Z = Ze(t, z,y))? +
O((dist(Ze(t, z, y), real))™ +12Z ~ Ze(t, 7, y)|*) (26)
we choose a point Z such that Z € real = {z; = %;; 27 = %2}, then

Im(A(t,z,y; 2)+®(z,y) > 0, and dist(Zc(t, 2,y)), read) < |Z - Zc(t, z,p)|.
We use then the estimate (2.6) of [4] and we derive

ImH(t, z,y; Zc(t, z, 1)) + 8(z,y) 2> Ce~dist(Z.(t,z,y), real)?  (27)

This relation shows that the stationary phase expansions are independent
of the choice of particular almost analytic extensions but is inadequate to
bound the L? norm.



We shall compute H.(t,z,y) = (¢, z,¥; Zc(t,z,y)) with a Taylor expan-
sion on the diagonal

Het,z,y) = Helt,z,2)+ VA, 7,2)y ~ ) + 1/2V2 H(t, z,7)(y — z)*

~1/2((Hz2)™ Hz,(y - 2), Hz,(y - 7)) + O(e*(z — 3)°)
(28)

The second term in 28 is g, (t, 25, Z)(J — F) = —i/22(Z — ). The third
term is given by 1/2¢,,(§ — %) ﬁ}y(y ~x) = (0,0, ., (7 — E),0). The
inverse (EI"Z 2)" 16X = 6Z is given by the relations

¢;,5ZQ - ¢’;y5Z1 - i/?&Zl =6X4,1/26Z, = 51?1 (29)

7N "'(1/4 “a;z‘p;z)—lw’;z "i/2(1/4 - ¢;:z‘p::z)‘l X

(022,0%2) = ( /24 O Bn) L (/A= @B )“"2"”‘2’
(30)

We make 6X = (0,0,¢,,(J — %),0). The fourth term in 28 is given by
1/2(02(F = 2),(1/4 — 93:P22) P22, (T — T)) . Adding these two terms
we have to compute 1/2(py, +0ye(1/4 = Brz¥rz) ' Prray)- We recall that
(1/4 - Prz0zz) = 17407071, 50 0y + 03 (1/4 = Bro02e) ' Brrfay =
1/4'ba~1~1/4a"'aa*ba~*a~! = 0. We have therefore H.(¢,z,y) = H(t,z,2)—
i/227 + i/ 277,

We have now to compute He(t, z,z), (3/0t)Hc(t, z,2) = -F(t, 25, E) +
©i(t, 25, ) where 2§ = () ; on I, ¢i(t, z,y) + p1(z, F;(t, 2,y)) = O then
Imgi(t, z,y) = 0; so Hc(t,z,2) = H(0,z,2) = ¥(z,z) + 2iImy(z, ) +
dipo(z) = —§ |=f>.

We have obtained

He(t,2,3) = —528 +O(e* Iz ~ 4f°) (31)

We deduce from 31 that in V,
ImH(t,z,y) + &(2,y) 2 C ' |z —y|* (32)
From the usual estimate of L? norms, we obtain the result of Proposition

2. Moreover the relation eM*A~! < 1 shows that we have an convergent
asymptotic development in term of uniform decay in A. §



Proposition 3 Let M and ¢ satisfy eMtA~! < 1, then E}E, is o pseudo-
differential operator of order zero belonging to a class of S(1,gc) (see [3]
Chapter 18) where g, = X¥(|dx|* + |d¢|®), where e > 0 depends on M and
on the properties of the flow of Hy ; when M — o0 , € — 0.

Let us recall that a symbol a € S(1, g.) satisfies uniform estimates

For all multi-indices a, 8,

D:D?G(IT,E, )‘)l < Ca. B,\E(‘ﬁl‘f‘ﬁn'

Proof.

We shall derive this property from Proposition 2 and from the character-
ization of pseudo-differential operators due to Beals [1]. Let us estimate the
L? norm of the first commutators @ DS E} E; — E7 E;x® D for |of + 0] = 1.
Using the computations of the proof above we express

" DEE;Blr) = [ (Hialt, 2, 0)P1(t, 2, 00 u(y) duy)
+0(e*A7 (33)

in this formula u € H,,(C"), the notation O means that the remain-
der has the same form but the order of the symbol is lowered. We have
E;E(z°DEu)(z) = [ f(t,z,y)e?H<t=¥)y® Dou(y) du(y), we integrate by
part in this formula so

BB DR)(e) = (~)P [ flt,z,y)edHelt=anye
(Hyo(t,2,9) + /2)Pu(y) du(y) + O(€*A~")(34)

We compare 33 and 34, using 31 we get H..(t,z,y) = —iJ/2+O(e%(x ~y)?)
and Hy (t,2,y) = O(e*(z—y)?), 2 -y +O0(e*(z~y)?) = Hg(t, z,p) +i/2y.

We need an extra notation to make these integration by parts (more)
rigorous. Let G = (A~Y2 4 |z — ¢)~1eCt(ldx|? + |dy|¥), Me = (A-1/2 +
|z —y) 7%, let h = H.(t,z, y)+2ipo(y). Assume that an amplitude f(¢,z,y) €
S(Mp, G), we note A(f) the integral operator with amplitude f and phase
function h. Using an integration by parts with the operator L = ('h%r +

)\"1)“(717;-,6/3& + 1) and the fact that u(y) is holomorphic we can replace
f by X=V*LN(f); so the same operator is given with an amplitude in
S(MisanA~NeCNt ). We have shown before that if f € S(Mg, G)

adx (A(f)) = A(fy) with fi € S(Me**M_y,G), where X is either z; or
Dy,. So adx, ...adx, (A(f)) = A(fi) with fi € S(eC¥A—* G).4
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We deduce then that E¢E, is a pseudo-differential operator in the class
S(1,9:) where g; is the metric g = €2°t(Jdx|? + |d£[?).

This result is then optimal with the restriction that we may not have the
best constant C' and that we consider here spatially homogeneous metrics.}

3 Semi global L? estimates.

We shall work as in [7] with L? estimates for solutions of the Schrodinger
equation (Dt + P(z, D;))u(t) = 0. More precisely

9AIm /T " (De + P(e, A D.yu(t), altu(t)) d =

(@(T)u(T), W) = (@(TNTo) (o) + [ (M), )
)
with the notation
M(2) = (8a(t)/Bt) — iMPy, a(t)] + 2ARe(alt) Pa)) (36)

a(t){z, A-1D;) is a family of self-adjoint operators to be chosen later, Tp will
depend only on A. We have to make (af(t)/dt)—iA[ Py, a(t)] +2ARe(a(t) P;))
as large as possible. We choose a(t) = E;3(t)E; where E; has been con-
structed in section 2. ((t) will be chosen later.

If we note R(t) = (8/0t)E; — AP E;, we obtain

(0a(t)/0t) — iA[Py, a(t)] + 2ARe(a(t) P)) =
E(9B(t)/B)E; + 2ARe(ExS(t) E¢ Po) + 2Re(R(1)B() EY)  (37)

we shall deal later with the last term in 37. We have written in 5 P =
((p2(z, §)+A~1Im(po(z, &, N))*. Let B(t) = exp(—27t) where Im(po(z, €, A) =
~. If Q = P, —yA~1 the Weyl symbol of Q is non negative. We have to
estimate from below the operator Re(E;E;Q), we have proved in Proposi-
tion 3 that E.E} € S(1, g¢), it is then a consequence of the Fefferman-Phong
inequality that Re(E:E;Q) > ~CA~?*%, So from 37 we obtain

(M(t)u(t), u(t)) > —CA~ 122 1y(t)]? + 2( Re(R(£)B(t) EF)u(t), u(t))
(38)

We shall deal later with the last term in 38. In 35 we shall input u(t) = u,
so the left hand-side of 35 is an O(A~*°) uniformly in time.

11



We make an induction. Let W be an open neighborhood of py, we say
that v € H?(W) if for any pseudo-differential operator ¢(z,A"'D;) with
suppp C W u satisfies Jpul < CA™%. Assume u € HO(W).

Let W,, W, be two open sets such that Wy, CC Wy CC W. We use
the construction of [6] section 6.3 of a cut-off function x(¢,z,y) defined by
taking an almost analytic extension of the restriction to I'; of the function

Gy exp(= 3 F(®s))ds)  if f§ &(@u(y))ds <
0 if Jg & (®s(y))ds =

with the notations ¢ € Co®(Ws), ¢ = 1 in Wy; ¢ € CP(Wa\W1), v = 1
in a neighborhood of 8 {z; {(z) > 0}; (i(y) € C§({=;¢(z) > 0}) is one on
a neighborhood of W;. It was proved in [6] that such constructions give
a smooth function whose derivatives are bounded by some exp(h;(t)) with
hy € o(t) when t — oc. If we add a cut-off function in {y; m)| £ e”‘(‘)}
the corresponding ¥ will be supported in

X(ty) = { (39)

Aw, = {(t,x, Yz =®e(y), for0 < s <t D, (y) € Wy, Im(y) < c2e—h(t)}

(40)
with value 1 on Aw,.
In view the lower bound
Imp(t,z,y) + ®(z,y) = C7*|(z,y) — me(z, )2 (41)

we shall remain as close to I's as we wish.

We make T = 0 and Tp = 1/M InA. The condition in Proposition 3 is
satisfied for 0 < t < Tp. a(0) = EoEj is elliptic in Wy. B(Tp) Er,ET, is a
pseudo-differential operator with wave front set contained in W3, belonging
to the class S(e=2"™,g,). We have therefore (a(Tp)u,u) < CA~2-2/M if
u € H?(W). Using 38 and the fact that ¢ is close to 0, we shall conclude
that H°tY/M(W) after taking care of the last term 35.

The operator R(t) comes from that E; is not an exact solution of the
equation (D; + Pj)E; = 0, which is due to the presence of the x. The
function x is itself necessary since we want to localize near A(W, h) to get
our theorem. This analysis has been carried out in [6] section 6.4. That we
wish to say is that the assumption A(W, h)(p) N W N OF(u) = O implies
that |R(t)*u| = O(A~*°). This kind of troncature are precisely what we
need to derive a propagation of singularities theorem from an ordinary L?
inequality; as we said above this makes all this machineary necessary. §
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Remark 1 The condition (H)3 allows to prove a theorem of propagation
of singularities with a loss of one derivative, in this sense this condition is
sharp.

Part 11
A more precise result in a
particular case.

We shall be able to get a sharper result in a symplectic case analogous to
the case treated in [5].

4 Construction of the stable manifolds.

In this section we shall use some elements of {10} Appendix A, and [6] Section
4, we prefer to recall all this material in our proof than to use obscure
references to these works.

Let p(x,£) be an analytic complex function. Let pp € N 1 R®™ where

N ={(z,6) € C™ p(s,€) = dp(z, €) = 0} (42)

Let Hp = p0/0x — p,8/0€ be the hamiltonian field, we mean by bichar-
acteristic of p the integral curves of the real vector field on C** H, + H,.
Let

Ae = {(o(t.0),p) p € C**, p(p) = 0} and Ay = {(a(t. ), ); p € R*", p(p) = 0}
(43)
in 43 t — p(t, p) is a bicharacteristic curve starting at p. We shall assume

e (Hy):
Imp(p) 20if p€ R™. (44)

The fundamental matrix is Fp(z,£) = dHp(z,§) = ( P i= P )
-0z =D zE
In the Jordan decomposition of F;(p), we note Wy.(p) = ®Rer>0, xeSpec(Fp) V2s
W_(p) = BRerco, respec(F,) Va- Va are the generalized eigenspaces.
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o (Hj;) : We assume that
C? = W,.(p) ® W_(p) ® Wo(p) © KerF, (45)
and the dimensions of these three spaces are constant along N.

The assuption ( H) means there are no non zero eigenvalue in iR, that
there is also no generalized eigenspace relative 1o zero and that dim W (p) =
ry, dimW_(p) = r. are constant. We note respectively by P.(g), P-(p)
and Pg(p) the corresponding projectors, it follows from our assumption that
these maps are analytic.

Asa(Va,V,) = 0if A # 0, Wy (p) ©Wo(p) € Wi (p)te, thenry < r_,
then

ry =r. =r and We(p)'s = Wi(p) & Wo(p) (46)

e (H3) : We also assume that in a neighborhod of po, there is a constant
Co such

|Hp(p)] < Co (I — Po(po)) Hplp)l (47)

it is a consequence of the assumptions of constant ranks that 47 is
independent of po.

o (Hy) : We shall assume that on N’ = {(z,€) € R*™; Rep(z,§) =
dRep(z,£) =0}, we have C* = W, o W. @ W\, @ W', ® KerFp.,
where W}, are the correponding spaces for Frep and Wy, = ®ixespec(Fa.,), 23>0 ¥
We suppose also that the quadratic form [v, %] = $o(v,7) < 0o0n W},
This means in fact simply that Vj = KerFgep and that there are no
no difference of harmonic oscillators in a spectral decomposition of
Frep. In addition we assume that N’ is a smooth manifold and that
Kergep(p) = T,N'.

The first step is to construct stable manifolds for the complex symbol p.
Let (z,y) be coordinates such that 2 € W, (pa) & Wo(po), ¥ € W-(p0), we
split again z = {2/, z) where 2’ € W4 (), z € Wo(pp). We note W+(p) =
Wi(p) & Wo(p). Let us note again by Pi(p) an analytic extension of this
function away from N.

When we split C** = W+*(p) ® W_(p), we have a decomposition of

Fp(p) = ( : g ) (p). We shall split further @ = ( Z: Z; ) along W+ (p)®
Wo(p).
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It is a consequence of the assumptions that in a close neighborhood of
N,

Spec(ao) C {2z € C, Rez > ¢}, Spec(d) C {z € C, Rez < -c},

1Bl <& Il Sellosll Se for1<i<3 c>0, ¢ isomall, (&)

Let p be a point close to pp and t — p(t, p) the bicharacteristic issued
from p. The evolution of tangent vectors is given by the linear differential
equation Fv: = Fy(o(t, 9))vt, Vy,_o="To-

We find a linear map ¢:(p) from W*(ps) to W_(po) such that the evo-
lution of the space W (pp) along the flow is given by
Wit (p) = {(6z,:(p)6z), 6z € W*(po)}. This is achieved as in [6] by solving
the equation

P +pra — 8pr + YeBor — ¥ = 0,ple=0 = 0. (49)

In view of the relations 48, which imply that Spec(a) C {z € C, Rez > —¢}
we know that the equation 49 can be solved for t > 0 and we have [jy:]| < Ce
for some small ¢.

We define a suitable norm to construct regions stable under the flow.
Let ap = app) and

Co = /0 exp(tag) exp(tao) dt, Co > 0, Coag + agCo = Idw,(p,)  (50)

The restriction of Fp(po) to Wpe) is expressed by éy — 6o(6y), Spec(d) S
{z € C, Rez < —c}. We define Do > 0, Dol + 8g Do = ~Idw - (p)-

We note flvx||” = (Covz',gf)"’, llvacll2 z o™ + vl flwll, =
(Dovy,vy)"? and [[v]f* = Jluzr | + lloy I3 + lual®.
We expand

4 (pt — po) = Fp(po)(pe — po) + O((pt — po)?) so
3 v = ol =101 ~ o)l = (01 = W+ (o = 20)")  (81)
Proposition 4 Let 0 < f(z) € CP(RY) be a function f < 7. Let
Blpo, f) = {z € W* (oo} |#]" < f(1z1")} (52)
E(po, T, f) be the region

p;p—po € W¥(po); pe ~ po € B(po, f)
E(po,T,f)={ and |py — po] < for0<t<T } (53)
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There exist ¢ bounded set of analytic functions ¢ € B{po, f) — A(t,z) €
W _(po) such that E(po, T, [) can be identified with the set

pip—po € WH(pg), for0<t < T |p: — po] < € and

E'(p,T.f) = { 3z, € WH{po), z: € B(po, f) such that pr — po = (zr, A(t, 2¢))

(54)

This is proved as in [6] by induction on T. Let us sketch the proof.

Assurne that we have constructed the function A(¢, z) for t = Tg. We shall
prove that it can be extended for some amount in time. The curve s — p(s)
defined by p(s) = exp(—ToHp)(po + (21, + s6z, M(To, 21, + 867)), is a curve
in pp+W+(po). It follows from the definition of ¢; that (8/9z)A(Ts,z) =
¢1,(0(0)), therefore ||(8/0x)A(To, z)|| < Ce. We have also A(Tp,0) = 0. In
view of the analyticity we derive further controls on all the derivatives.

We note g(z) = ||=/|[* ~ f(|2I), and f(2) == f(l2|") with £(0) > .

We define Yy, (z) = P+ (a0} (exp((t—To) Hy)) (o0 +(z, AT, 7)) — o). & =
Ye.1,(). The map v 1, is close to the identity when ¢ is close to Tp. We
have

e 1 (2) — 2} < Cl7 — T || (55)

We want to prove that y: 1, (z) € B{po, f) implies z € B{py, f). We assume
first that [2/] > C-1|z|.

s-1

L grna(@) = Wrn@e ™ < Yrm (e, (vrm@))e >

-~

(@i @))e)- G2 (56)

In view of relation 55 we can replace ¥ 1,(z) by z in the first term of
56 modulo O((r — Tp)).

We compute fvr1,(z) = P*(po)Hy(u(r, To,z)) where p(r,To,z) =
exp((T — To)Hp))(po + (z, MTo, 2))).

Using the estimate ||u{r, T, z) — (oo + (z, A(To, 2))|| £ Clr - To| |z|, we
obtain Hy(u(r, To, z)) = Fp(pe)(z, A(To, 2))) + O((r - To) |z] + |2|*). There-
fore Hp(u(r, To, ) = (ao(po)’,0,8(p)MTo,2)) + O((r — To) fz| + l=|?).
Hence

W@l < Vem@e, (rtrm(@)e >2 €| (5T)

We want now to estimate the second term in 56, (a“;wf,ro () = O((r -
To) 2| + |2)*), Vf(z) = O(l2||Vf]). Therefore fg(vr1,(z)) 2 C1|z/|
when [2/| > C~!]z|. Then g(¥r.ry(2)) 2 9(2), 50 = € B(po, /).
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If on the contrary we have |2] > C||z/||*, then the point z is interior to

B(po, f)4

We prove now :

Proposition 5 There exist an involutive manifold E(py, 00) of codimension
r, stable under H,, contained in p~1(0), such that lim;_.. p(—t, p) ezist and
belongs to N = {p; p(p) = Hp(p) = 0} for any bicharacteristic curve issued
Jrom a point p € E{po, ).

By the Ascoli’s theorem, we know that there is a sequence t; — oo, such
that the functions A(tj,z) — A(o0,z).

Let £*(po, f) = exp(tHp)(E(po, t, ).

Let t — p(t,p) be a bicharacteristic curve such that g, & E*(po, f),
let v: € E*(po, f) such that ps — % € (T E%(po, f))*, the orthogonality
being relative to the || || norm, the length of p; — +; measures the distance
d(pt, E*(po, f))-

We compute £(p: — %) = Hp(pe) — $%. Let us write ¢ = po +
(ze, A(t, @1)); and % = exp(tHp)(8), & € E(pn,t, f), s0 G = Hp(ve) +
d(exp(tHp)(¢))ét, 8 € W (po). Then d(exp(tHp))(8))é¢, b = (e, we(8)Ce)
for some (; € W, (pp). We have proved above that ¢:(6;) = (8/8z)A(t, yz)
where exp(—tHp)((po + (ye, A(t, %)) = &, so y: = z¢ and ((t, 0e(8e)Ce) €
T‘Ye Et(po’ f)

Therefore j‘; Noe — Yell® =< Hy(pe) = Hp(t), pt — 1t >, where <, > is the
scalar product for || ||.

Hp(pe) — Ho(e) = Fo(po)(pe — 1) + O(l(pt — 7)I* +1(oe = 1) 1% — pol)-
As (pr — ) € (T, E*(po, f))*, we have the relation

( %0 (I) ) (Pt - 7t)z + (Pt(&t)‘Do(pt - 'Yt)y = Q.

We deduce that |(p: — 1)z < Cel(pe - '72t)yl- )
< Fp(po)(ot = %), Pt = 1 >= [(pt = Ye)zl” — (Pt — 1)y|", therefore

d(pe, E*(po, 1)) < Cexp(~C~1t) (58)

Let p¢ = (z, A(t,2)) € E*(po, f), if 8 <t we write p = ps(pt—s), then there
exist y € W+(pp) such that |(y, A(s,y)) — (z, A(t,x))] < Cexp(—C~1s), so
IA(t, ) = Ms,2)| < Celz ~ | +|Ms,9)) — AL, 2)] < 2Cexp(—-C1s). We
have therefore proved that A(t,z) — A(oo,z) in the space of holomorphic
functions.
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We define
E(po,0) = {p;p = po + (2, A(00, 7)) for somez € B(po, /)}  (59)
A proof similar shows that
d(pr, E(po, ) < Cexp(—C™'t). (60)

Starting from a point p € E(pg, o), we prove then that lime_.o p(~t, p)
exist.

We prove first that E(py, o) is Hp invariant. The tangent space T,E(po, ) =
{(6:1:, (ga;),\(co, a:)éx)} is the limit of the spaces {(6:1:, (%)A(t, z)&a:)} when
t — oco. For a point p = po + (z, A(00, z)) we note y(z) € B(po, f) the point
defined by po + (z, A(t, 7)) = exp(tHp)(po + (ye(2),0). (£)A(t,z) = pe(po +
(¢(2),0)), Hp(p) = m(t, po + (ye(z), 0))ve, where v = Hp(po + (ye(2),0)),
so we = m(¢, po + (¥:(), 0))((ve)z, 0) = ((we)z, we(po + (1e(z), 0)(we)2)) €
T,E*(po, t), the evolution of (v)y by m is an O(exp(--C~'t)), therefore the
distance from Hp(p) to the space {(62:, (&), x)&x)} is also an O(exp(—C~1t)).
So Hp(p) € T,E(pg, ).

2 0l=t,) = ~Hy(p(=t,0)) = ~(Hplo~t, ), (5) N0, 2 Hylp(~t, ):)
(61)
where p(~t, p) = po+(z¢, A(00, 2¢)). We bound the Hp(p(—t, p)}: component

of Hy by Co(|Hp(p(—t, p))z| + |Hp(p(=t, p))yl) < Co |Hp(p(~¢, p))|, using
the assumption 47 and 61. In the backward evolution, the z’ directions are
contractive so

|Hp(p(=t, 0))=r| < C exp(=C't) |Hp(p)| (62)

this means that |Hp(p(—t, p))| < Cexp(—C~'t)|Hp(p)|, then
P = limg—oc p(~t, ) exist and belongs to N* = {p; Hp(p) = 0}. On the con-
nected component of po of N’, p =0, then g € N. But p(p) = p(p(—t, p)) =
p(p) =0, hence p!E(po.co) = 0.

E(po,00) is a smooth manifold of codimension r.

We shall prove that T,{E(pp,oc))t* C T,(E(po, 20)); W-_(po}** =
W._{pc) @ Wo(po).

Wolpo)t = ImFp(po) = Wi(po) ® W_(po), 50 0lwy(p) 18 nON degenerate.
(63)
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Let v € T,(E(po, ), ve = m(t, p)vo , v € (To(E(po, 00))*. Then
for all 6z € W+ (pp)

5(62, (e)y) +0(62, (1)) + (o) \(oa)éz,(0)e) =0 (69

80 |(ve)yl + |(ve)z] < Cel(ue)y|, therefore |vy] = O(exp(C~'t)) when t —
—o00. Therefore vo € T,(E(pp, 20)). E(po, o0) is an involutive manifold..
We shall prove now L? estimates. This is done by working on the real
line only since we look at C* singularities, let us note by {f, g} the usual
Poisson bracket.
We can now state the main result of this section.

Theorem 2 Let P(z,A"'D;, A) = (p(z,£) + A~p1(z, €, N))?* be a pseudo-
differential operator such that p(z, £) satisfies the assumptions Hy, ..., Hy.
Let \; be the eigenvalues of F, with Re); > 0 at the points of

Nr = {p € R*™; p(p) = dp(p) = 0}, we assume that

ip1(z,€,A) + Y _(a; +1/2)A; #0, for all a; € N. (65)
j

Let ¥(p) and c(p) > 0 be smooth functions such that {p,7} +cp > 0.
If w is a small neighborhood of po € NR , suppose that v(ps) > 0 and
{v > 0}nwNOF(Pu) =0 and {y > 0}NBwNOF(u) =0, then po ¢ OF(u).

Remark 2 [t is possible to make a less technical statement in the particular
case where Wi, = {0}. In this case N’ is a smooth symplectic manifold of
codimension 2r'. The involutive manifolds E', have a foliation, we note
by F_(u) the leaf of E" throught u € N'. Then the geometric statement of
Theorem 2 is : if F_(po)NwNOF(Pu) =0 and F_(po)\{po}"wNOF(u) =@
then po ¢ OF(u).

This remark will be justified below when we will construct appropriate func-
tions y. Moreover the presence of the function ¢(p) is needed to have a
statement invariant by multipication of P by an operator with a positive
symbol.

5 The ehergy estimate.

5.1 The basic L? inequality.

The basic L? estimate will be described in the case Imp; > 0. We shall
use microlocal weighted estimates. Let v(z,£) € C*(R?") a bounded real
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valued function, we note e, = (X=4))¥x we write 4 = InA/A. Let e’ bea
parametrix of e,. If A = (a(z,£) is a pseudo-differential operator with Weyl
symbol a(z,£) € S(1, g), then A, = ¢, Ae_y = (a(z, £) +in{a, 7} +O(p?))*>.
We write our operator as P = (p(z,£) + A7 pi(z,£,A))"*. Then

Py = (p(z,€) + ip{p, 7}(=, €} + A" 'p1(z, £, N) + O(WP)“*.  (66)

We use also a multiplier M = (m’ + ium’), with two real functions m’ €
S(1,9) and m” € S(1,g). We get an energy estimate from the computation
of Im(Pyu, M*u). We have

Im(MPy) = (m'Imp+u(m’ Rep+m'{Rep, 7})+A~ (' Imp1 +{ Rep, m'})+O(ur~1))™>.
(67)

We must make the symbol in 67 positive. The first term m/Imp is nonegative

if m' > 0. We now concentrate on the second term m’ Rep + m’{Rep, 7}.

Let m”/m'(p) = c(p) be a C* function. cRep + {Rep,~} is null on N’ so

the best possible choice of v is to make it transversally elliptic on N’.

¥ ="+, c=Cco+ €3, w and ¢y are the functions which appears in the

statement of Theorem 2, 7, and ¢; are constructed below. If v is null at

the second order on N’, the hessian of ¢; Rep + {Rep, 11} at p € N' is given

by the fundamental matrix ¢1(p) Frep(p) + [FRep, Fv:] (p)-

We shall localize at points of V', let p € N’ we note

G(p) = c1(p) Frep(P) + [FRep: Fn ] (p)- (68)

The assumption (Hy) implies that at each point in N’ there is a symplectic
basis such that the hessian of Fr.p is a sum of terms

) Q(,§) = az.§, with Spec(a) C {z € C; Rez > 0}
(i) Q(z,€) = ax? +£2), with a > 0.

(i) Q(z,&) =0.

We shall find appropriate quadratic form v, and constant ¢; at p so that
G in 68 is positive and piece them together. If we are in case (i), we
chose v1(z,§) = (az,z) — (3¢, £) a and 3 are two positive matrices so that
(2, €), [FRep, F] (z,£)) 2 1/C(z? + £2); any ¢; > 0 will fit.

If we are in case (ii), we take v(z,£) = —k(x? + £2) with k£ > 0 and small
with respect to ¢;.

In case (iii) 1 = 0. Therefore we can construct functions ¥(p) and ¢(p),
such that

(cRep + {Rep, Y)(p) 2 C'd(p, N')2. (69)
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Moreover if 7, is small with respect to 7 we shall have {y > 0} N 6w N
OF(u) € {vw > -} NownNOF(u) =9.

We choose m/(p) = ¢(p)?, where ¢ is a C* function supported by w.
I'mp; > 0 is positive, while {Rep, m'} is supported near dw. We derive the
estimate

Im(Pyu, M*u) 2 cu(Y vi(wu)®)+ed~" foul*+O(A") [pu?+O(A 1) [uf?
J

(70)

“the v; form a set of equations of N”, 9 is supported near dw. We replace

u by e\ u and we note M, = e/, Mel. In the following the third term in 70
could be neglected since OF(u) Ndwn {y >0} =0.

We introduce the additionnal notation : let m be an order function and

g a metric a symbol a(z, £) € S(m, g) if it is the sum of a symbol in S(m, g)

supported by a neighborhod of the support of ¢ and a symbol of order —oc.

In the following m will have the form A™(In\)? and g = go or m = A”(In A)?

and ¢’ = (In A\)2go. Then we have

Im(Pu, M3u) > el Y lojoeul?) + Xpeul) + (Rayzou,w).  (71)
J

with R € S(A*~2(In )2, ). We shall use the notation |u|, = |e/ul.

5.2 Concatenations.

We move the subprincipal symbol using multiplication by non elliptic oper-
ators, this is named concatenations.

Im(JUnPu, IMjUnu) = Im([JUn, P]u, IMJUnu)++Im(PJUN, M3 JUNu)
(72)

where Uyt = (Uat)|of=n a0d Up = () --- (up?)?", J is a linear opera-
tor in the space CV' of multi-indices of length N. We can apply inequality
71 to the second term of 72.

We compute the commutator [P, Un]. Let Py be the principal part of P,
iLe. Pp = (p)"* = L)< (pjt;)* and P = Py +1iA~!(p1)**, p1 is the sub
principal symbol.

[Ua, Po) = ) Z (W) - ()P [u;fu’po} (@) (u2r)ee,
1Ljer, ptg=aj;~-1
’ (73)
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But [uf*, Po] = Y 1gk<r [“;%, (Pkuk)w*]. (Peue)™ = p ug i (P ue}™ +
f w, w w —
O(A7%), s0 [u;u’ PO] = 2 1ckgr {4 *,pk‘] ug + O(A~?).
We deduce then

[Um PO] =
z -lx {‘uj,pk}wx aj(u’;u)ax e (uzl)akﬂ. v (u;gu )a,-—l D (urwx)a,
1Sk<r, 1<5<r
+ Z (ca,8)*Ug (74)
B<a

where ¢, g are symbols of degree —1 — |a] + [3].

We know that Spec({px,u;}) C {z € C, Rez > c}.

The operator (za) — (jza—(j)+(x)) is algebraically the operator zka%.
With the notation a;x = {u;,px}, and

(-AN U)a = Z ak.jﬂj Us,

a=8~(j)+(k), 1<j.k<r

we have
(U, Po] = iA" Y (ANUN) + (D (ca ) Us)a- (75)
B<a
The same result will hold for P since P; will contribute to the second term
in 75.

We construct the linear operator J, such that JAx(po)J ! = (X ajAj)bap)+
o(N), the contribution o(V) is due to that eventually a{pg) cannot be made
diagonal. We see that the self-adjoint part of operator M,JAxJ ™! is posi-
tive elliptic. Using the Gérding inequality for systems we have

Im(JANUNY, IMZUNY) 2 cN|g* el JUNUI? — CNn(Ray-12Unt, Unu)
; (76)
where Ryy—12 € S(AP~1(In M)?, ¢').
We estimate

Im(J [Un, Plu, JMJUNnu) >

eNA™Y el JUNUR + (R, Unu, Unu) + 3 Re(JCnUru, M3 Jnu)
<N
(77)
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where RIV) € §(A?7-%(In ))?, ¢'), the Cy,; are operators of order —1 — N +1.
We estimate the third term in 77. The operator M, = €,(¢**)%€}, + Roy-1.2,
then

Re(M,JCn, U, JUNu) <

ex~Yprel JUnu? + Cn e A7 72V Y2 U2 + A3l ) YUNu2
(78)

So we get

Im(J [Un, Plu,JMJu) >

eNA e, JUNU + (R 5 2Unu, Unu) + 3 RV v Ur, Uras)
<N

(79)
If we chose N such that Imp;, +¢N > 0, using 71, 72 and 79 we obtain
Im(JUyPu, JMIUNu) >
eNAHp" el JUnul? — CA™2(In )4 |} el Unuf?
—Cn Y ARG Uuf? + O(A7) (80)
0<k<N-1 o
where ¢ is a function supported by a neighborhod of suppe.
As in [5] the proof is based on a recurrence on the H* regularity of the
Uiu in the domain {y(z,&) > 0} Nw.
We must modify the Proposition 1 of [5] to take care of the last terms
in 80. We shall estimate ¢; = Toqi<x N'l€h9 > Ukl by cn, N is now fixed.
To do that we use the equation

Pu=f= T pPul(+ (o (wps} + X7 im + O ™(w) (61
1gjsgr

We note 1
Py = 5 > {upit+m (82)
1<58r
We use as above commutators with the operators Uy; from formula 75 we
obtain

0<jign~-1
+ 3 P uUn(u) + AP UL () + O ) (u)
1€58&r

(83)
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The Qn ; are operators of order —1 — n + j.

It is a consequence of the assumptions that the matrix A}, = An+Idw P}
is invertible for any n in a neighborhod of pg. Let B, an operator of order
~ such that By Al = woel Id + O(A~°). We apply B, on the members of
equation 83

Ba(f) = i/\‘Pg'\eiyUn + Z BnF;(Unu) + Z BnQn,iUju (84)

1<j<r I<n

We multiply both members of 84 by ¢**, using go‘”’;ng“ = + O(A™%),
[BaPj, 0] € S(A7"YIn }), ¢') and [BaQn,j, 9] € S(AT"2-"H (In )), ¢') we
obtain

inp"’"efyUnu‘ <

C{o(1) E |<Pw*“jUn“|7+l+Z|¢W‘Ul“|v—n+l+ Z o1 Urttly~n+1,1)

1<€j<r l<n i<n+l

+0(A™%) (85)

This justify the notations ¢ = 3¢, M€l 9 ul and dn = (In ) T, M€l ul.
We have proved '

tn S 0(1)ens1 +ko Y ¢ +kidayr + O(A™) (86)

j<n

kg, k1 are some constant.

The basic idea of Propsition 1 of [5] is to derive from 86 an upper bound
of the ¢; for 0 < j < N — 1 by cn, where N is an integer choosen large
enough with respect to the imaginary part of p;.We shall need eventually
to shrink w accordingly. The d; are controlled by using the steps of this
recurrence. So we obtain by recurrence the smoothness of u in the domain

{(z,8); 7(z,6) > 0} Nw.

Now we can finish the proof as in [5].
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