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Nash manifolds

by

Masahiro SHIOTA

§1. Introduction

Let Osgrsw,and let U, V open semialgebraic subsets of R" and R™

respectively. We call a ct map f from U to V a ¢" Nash map if the

graph of f 1is semialgebraic in R®xR®. We note that the composition of
¢’ Nash maps between open semialgebraic sets is a c* Nash map and that the
inverse map of a ¢’ Nash diffeomorphism (a C0 Nash homeomorphism if r=0)
is a ¢ Nash map. Hence we can define ¢’ Nash manifolds as follows. An

r . . . . T . . s e .
abstract C° Nash manifold of dimension m 1is a C  manifeold with-a finite

system of coordinate neighborhoods {wi: Uielfn } such that for each i and

3 wi(UifﬁUj)« is an open semialgebraic subset of R™ and the map ¢j owil

wi(Uir]Uj)-+¢j(Uir1Uj) is a C' Nash diffeomorphism (a CO Nash homeomorphism

if r=0). We call such coordinate neighborhoods ¢’ Nash coordinate neighbor-

hoods. We say that a ct map from an abstract C" Nash manifold M of

. . . . . r .
dimension m to another N of dimension n 1is a C° Nash map if for each

c* Nash coordinate neighborhoods by :Ui-ﬁmw and qg :Vj-+BP of M and N,
respectively, ¢i(f_l(vj)(\Ui) is semialgebraic and open in R", and the
map . o f owfl: w.(f—l(v.)er.)-an is of class C' Nash. If there exists
] i i j i
a C' Nash embedding of an abstract c* Nash manifold into a Euclidean space
we call the manifold affine.
We note that an abstract C” Nash manifold and a C” Nash map are

automatically of class C“ Nash by Proposition 3.11, Chapter VI in Malgrange [9].



g

Hence we assume r #o. The purpose of this paper is to study the structures

of abstract C° Nash manifolds. All results in this paper were published
already in some journals [18],...,[23]. Therefore we shall give only sketches
of proofs for most of the theorems, and for some theorems in §6 we shall give
brief proofs using the approximation theorem 2.1. In §2 we shall define a

ct topology on the set of C* Nash functions on an abstract C° Nash manifold
in the same way as the usual fopology on the space i of rapidly decreasing C~
functions, and we shall show an approximation theorem éf c* Nash functions

by c® Nash functions in the C© topology, which is a useful tool for the

study of Nash manifolds and Nash maps. The case r=0 of the theorem was
announced by Efroymson [4] and the proof was completed by Pecker [16]. If

the manifolds are compact, then the usual polynomial approximation theorem
works well in most cases. But the compact-open or uniform ct topology is

too weak in the noncompact case, and we need our ct topology and our approx-—
imation theorem. §3 treats the case O<r<w. We shall show that an abstract
ct Nash manifold is affine and admits a unique affine c* Nash manifold structure.
But there exists a definite difference between a Cr‘Nash manifold for O<r<w
and an abstract C” Nash manifold. We shall find in §4 distinct abstract
nonaffine C% Nash manifold structures of potency of continuum on any compact
or compactifiable C” manifold. §5 proves that we can compactify any CO

Nash manifold by attaching a boundary, such a compacfification is unique,

and a compact CO Nash manifold possibly with boundary admits uniquely a Pﬂ
manifold structure. The last statement follows from the theorem of uniqueness
of subanalytic triangulation of locally compact subanalytic set [23].

Similar results hold true for affine C“ Nash manifolds (§6). We can com-

pactify uniquely any affine c¥ Nash manifold by attaching a boundary, and



any compact C” manifold possibly with boundary admits uniquely an affine
C” Nash manifold structure. We shall show alsé examples of two PL cO Nash
manifolds which are 'PL homeomorphic but not C0 Nash homeomorphic (§5)
and examples of two affine C“ Nash manifolds which are C% diffeomorphic

but not C“ Nash diffeomorphic (§6).

§2. Approximation theorem

Let M be an abstract C° Nash manifold for r<eo. If r>0, then we

give naturally the tangent space TM an abstract Cr—1 Nash manifold

. -1 . .
structure. Hence we can define a Cr Nash vector field on M for r>0.

Let Nr(M) denote the set of all C' Nash functions on M. We choose a

basis of neighborhood systemof the zero functiom in N'(M) as follows

&

v ..,V _3h

1’ T

for all Cr—l Nash vector fields VyseeesV,. oD M and CO Nash functions h.

= {fe N : [£&®)] sh(x), v £l s1,00, vy v £] 512

Here, if r=0 then we consider the sets A{fe NO(M) :[f(x)l <h(x)}. We call
the topology on N' (M) defined by this basis of neighborhood system the ct

topology. We define the ct topology on the set Nr(M,'Rp) of all C' Nash

maps from M to 'RP in the same way, and we generalize the definition onto
. the set N (M, M') of all C' Nash maps from M to another abstract G
Nash manifold M' 5y embedding M' in some euclidean space , (which is

‘ possible by Theorem 3.1). We remark that the definition of the ct topology
on Nr(M, M') does not depend on the choice of embedding of M' 1in a
euclidean space by the inequality of kojasiewicz [8]. If M and M' are

W
abstract C° Nash manifolds, the c”’ topology on the set N (M, M') of all

c® Nash maps from M to M' 1is by definition the projective limit of the



topological spaces Nr(M, M'), 0Sr<=, and the natural maps Nr(M, M') >

r'
N(M, M') for rzr'.

Remark. If M 1is affine and noncompact, then N'(M) is not a linear
topological space, indeed the multiplication Rx Nr(M)->Nr(M) is not con-

tinous.
Remark. If M=R" then the family of sets

c = {fe N (R™ : [D*f(x) |h(x) £ 1, a=(a

' h an)el\Nn with |a] <%,

1200

for all O0L£r'sSr with r'<% and polynomial functions h on IRn, is a
basis of neighborhood system of 0 in NT( R by the inequality of

Xojasiewicz.

Approximation Theorem 2.1,[20]. Let M be anaffine C® Nash manifold and

let f be a C' Nash function on M for O0Sr<®, Then we can approximate

f by a C“ Nash function in the ct topology.

Proof. Firsﬁ we reduce the problem to the case M=R". We shall use
later the same idea as this. So we show the details. Because-M 1is affine,
we assume MCR™. Then M-M is a closed semialgebraic subset of R".
Apply Lemma 6 of Mostowski [13] to M-M. Then we have a CO Nash function

h on R"™ such that h-l(O) =M~-M and hl is a Cw Nash function.

R™-(M-M)
Consider the graph of kl/hl]Rn—('ﬁ-M) in place of M. Then we can suppose M
is closed in R". Next we want to extend £ to ]Rn. lLet p:U-+M be a

c¥ Nash tubular neighborhood of M in ]Rn, i.e. p: U>M 1is a tubular neigh-

borhood such that p and U are of class c” Nash (the existence is easy

to see [18]). Let <y be the square of the distance function from M 1in R".



Then, by the inequality of Zojasiewicz, we have a large positive number C
and a large integer k such that U'={xeR" :y(x)(C+ |x(2k) £1}is contained
in U and y 1is of class ¢” Nash on U'. Let g be a ¢’ Nash function
on R such that g(0)=1 and g(x) =0 for xz1l. Set [(x)=g{y(x)(C+
Ix[?'k)) for xe€U' and =0 for x¢U'. Then 7 1is a ¢’ Nash function
on ]Rn, and we can extend Z+fep to R® by setting =0 outside U.
Hence we can assume M=R".

For the proof we need a ¢’ Nash partition of unity whose elements
satisfy a good estimate and can be approximated by Cw Nash functions.
Let Xc®m" be an algebraic set, U a semialgebraic neighborhood of X, Y
a C” Nash manifold contained in X~ SingX and of the same dimension as X,
V a closed semialgebraic neighborhood of X-Y in ]Rn, g a ¢’ Nash

function on R" r-flat at Y, and W a neighborhood of 0 in NT ( R®-v)

in the C© topology. Then we have the following by elementary calculations.

Lemma 2.2. There ekists Fe Nr( IRn) such that F=0 outside U, F=1
in another neighborhood, F can be approximated by a ¢’ Nash function on

R® in the CF topology and gF‘IRn—V is in W,

By this lemma we obtain a ¢’ Nash partition of untiy. Let {Yi} be
.. w ' . o . n . . W
a finite C  Nash stratification of R, (i.e. each Yi is a - C Nash
manifold), for each i let gieNr( R™) be r-flat at Yi and let W be

a neighborhood of 0 in N (RY in the ct topology.

Lemma 2.3. There exist open semialgebraic neighborhoods ViC Vi of

Yi and Hie Nr( ]Rn) such that

(2.3.1) VicVv.UY.,
1 1 1



(2.3.2) if V.NV, #¢ and i#j then Y.cY.-Y. or Y.cY.-Y.,
1 J - 1 1l ] h| 1 1
(2.3.3) H. =1 on V! - Z. and =0 outside V. - Z!
i i i i i
where Z. = U_ V. and Z! = U_ V!,
YCY. -y, J toycoy,-v, 3
j 7174 j i1
(2.3.4) Hi can be approximated by c” Nash functions on R" in the

ct topology,
(2.3.5) ZHi =1,

(2.3.6) g;H, € W.

For any £f€ N'(R™) we obtain easily. a finite C” Nash stratification
{Yi} of B" such that for each derivative D with la] €r and for each
i Dale is of calss C” Nash. But in order to apply Lemma 2.2 we need

l .
a better stratification.

Lemma 2.4. There exist a finite Cw Nash stratification {Yi} of

. w .
_]Rn and fi € Nr( ]Rn) such that fi can be approximated by C Nash functions

on ]Rn and f-fi are r—-flat at Yi.

Now we can prove the theorem. TLet W be a neighborhood of 0 in
Nr( R") in the cF topology. Let {Yi} and fi be the results in Lemma
2.4.. Apply Lemma 2.3 to {Yi}, {f-fi} and W. Then we obtain HiENr( R"Y)
which satisfy (2.3.4), (2.3.5) and such that (£-£)H, €W. By (2.3.4) and

~ ~ -~

Lemma 2.4 we have Hi’ fiENw( ]Rn) such that fiHi —fiHi €W. Then we have

£ - SEH, = L(fH, -f.H.) + L(f.H, -£.H.) € 2kW,
11 1 1 1 11 1 1

where k 1is the number of indexes of {Yi}' Hence the theorem is proved.



Remark 2.5,{20]. Consider the following additional condition in Theorem

2.1. Let M1 be a Cw Nash manifold contained and closed in M. Assume

any d{ Nash function on M1 can be extended to M and there exist hl’

w -1 -1
"’hkaN (M) such that h1 (O)rw...rth (0)==M1 and grad hl,...,grad hk

span the normal bundle of M1 in M. Then if the restriction of f to M1

. W . . P '
1s of class C Nash then we can choose an approximation f of £ so that

~

f=f omn Ml.
Proof. Let f1 be a C” Nash extension of fIM to M, and consider
1
f--f1 in place of f. Then we can assume f=0 on Ml' ‘Moreover in Lemma

2.4 we can choose {Yi} so that Ml 1s a union of some Yi' Then fi=()

~

on Yi if Yic:Ml, and we can choose the Cw Nash approximations fi of

fi so that fi==0 on Yi if YiC:M by the existence of hl""’hk'

1
Hence the c" Nash approximation Zgiﬁi vanishes on Ml' Thus the remark

is proved.

For example, assume M and Ml are contained and closed in R and
M1 contains only nonsingular points of the Zariski closure of Ml in
R™. Then M and M1 satisfy the conditions in Remark 2.5 by the separation

theorem of Mostowski [13] and by the extension theorem of Efroymson-Pecker

[41-[16]. We call such M, a smooth leaf of an algebraic set. We can

generalize the above remark as follows.

Theorem 2.1 [22]. Let M1 be an affine C° Nash manifold contained

and closed in another affine M and let £ be a Cr Nash function on M

for 0Sr <« such that fIM is of class CY Nash. Then f can be approx-
1
imated by a c® Nash function in the CF topology which agrees with f on

Ml.



Proof. By the above statement it is sufficient to embed M in some
. m . , . m
euclidean space R so that the image of M 1s clesed in R and the

image of M, 1is a smooth leaf of an algebraic set in R™. Assume M is

1

. . n . . . s
contained and closed in R, Now, by the normalization theorem of Zariski

. W . ! .
there exists a C Nash map % from M to some r" such that graph % is

1
a smooth leaf of an algebraic set in R™ xR™ [1], [15]. Hence we only need

. \ 1
to extend ¥ to & ‘R +R" . We can extend ¥ to @1:]Rn+]Rn as a Cl' Nash

1
1 1]
Define ® : RxR" +R" by @(x,y) = CDZ (x) —Ql(x) . Then, by Remark 2.5, there

map, and we can approximate &, by a c” Nash map <I>2 (Theorem 2.1).

exists a C" Nash approximation @' of @ such that @' = ® on graph ¥.
Set T(x,y)= (x,y+®" (x,y)) for (x,y)e€ r" X]Rn' , and choose the above
approximations so close that T is a diffeomorphism of R" X]Rn' (Lemma 3.4).
Let S be the inverse diffeomorphism. Then the-map @:]Rn;*]Rn', defined by

(x, o(x)) =s(x, <I>2 (x)), is a Cw Nash extension of & to R". Hence we have

proved the theorem.

Corollary 2.6,[22]. Let M be a c” Nash manifold contained and

closed in R"™. Then there exist C° Nash functions fo,..,fn on R® such
-1

that £,7N... ﬂf;l(o) =M and grad f,,...,grad £ span the normal bundle

of M in R". (We can call M c” Nash nonsingular.)

Proof. Let g be the square of the distance function from M, and

og
put g, =g, 8; =5

ol i=1,...,n, in a semialgebraic neighborhood of M.
i

1 . .
Then we can extend go,..,gn to ]Rn as C” Nash functions in the same way as
the above proof of Theorem 2.1. Hence, by Theorem 2.1' we obtain the

corollary.

We can generalize Theorem 2.1' to the case of map. The proof proceeds
using a c” Nash tubular neighborhood in the same way as the proof of Theorem

2.1.
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Theorem 2.1". Let M, M1 be the same as Theorem 2.1', and let f be

a C° Nash map from M to another affine M2

is of class C” Nash. Then ‘£ can be approximated by a ¢ Nash map from

for 0s<r<e« such that ﬂM
' 1

M to M2 in the C© topology which agrees with £ on M

1

Problem 2.7. In the proof of Theorem 2.1'we used the fact that any
affine C° Nash manifold can be embedded in some Euclidean space so that
the image is a smooth leaf of an algebraic set. Is it possible to embed

so that the image is a nonsingular algebraic set ? The compact case is due

to Tognoli, and a c” embedding is shown by Akbulut-King.

Remark 2.8,[22]. Theorem 2.1" is generalized to the case of cross-

section of a C” Nash fibre bundle. Theorem 2.1 implies the fact that any

c” Nash function on Ml’ a C° Nash manifold contained and closed in M,

can be extended to M. The map case of this fact does not hold true, but

1° M2 be the same as Theorem 2.1".

Then a C" Nash map from M1 to M2 can be extended to M-*M2 if and only

if it is extensible as a CO map. Of course a generalization of this to the

we can prove the following. Let M, M

case of cross—section holds true (Oka's principle).

Problem 2.9. The zero set of a -C° Nash function on a Euclidean space

is called a C° Nash set. A C® Nash set is clearly a semialgebraic analytic

set. The converse is not correct. But the germ of a semialgebraic amalyitc

set is a C” Nash set germ. Let X be the zero set of an analytic function.
. . . .. w

If X is semialgebraic, then is it a C Nash set ? In Theorems 2.1', 1",

can we replace M1 by a c” Nash set ?
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§3. C¥ Nash manifolds for 0 <r <

Theorem 3.1, [21]. For r <%, any abstract ct Nash manifold is affine.

Proof. Let {l,Ui : Ui >R"} be a finite system of ¢’ Nash coordinate
neighborhoods of an abstract C" Nash manifold M. At the beginning of
Proof of Theorem 2.1 an affine C Nash manifold in R" is modified to be
closed in R". 1In the same way, for each 1, we obtain a c" Nash embedding
971'. : Ui +R" such that ‘fi(Ui) is closed in R". Then, considering the

.. . . . . n_ . n__n+l

composition of C,Pi with the stereographic projection R +S cR we can
assume S}’i(Ui) is bounded and <,‘7]._(Ui) - ‘J’i(Ui) consists of one point, say O.
Set 0.(x)=%.(x) for xeU. and %.(x) =0 for xeM-U.. Then ¢. is
: i i i i i i

0 n__n . 2k .
a C Nash map. Let q:R R be defined by q(x) =|x|“"x for a large integer
k. Then qo @i is a C' Nash map by the inequality of Lojasiewicz. Hence

the product Ilqe (Di :M>TRY is a C' Nash embedding.
i i

By this theorem we do not need the terminology "affine" for r<e,

Hence we call an abstract C' Nash manifold simply a '¢* Nash manifold if

r <o,

Theorem 3.2,[20]. Let M be a ¢’ Nash manifold contained in R" for

0<r<wo. Then there exists a C° Nash embedding of M in R" which is
chosen arbitrarily close to the identity in the ct topology and whose image

is a Cw Nash manifold.

Proof. Let Gn n denote the Grassmann manifold of m—linear subspaces

in R® for m=codim M. Set E {()\,x)eGnmx]Rn:xe)\} and let

n,m s

p0:E +G be the projection. Then £ = (E

n,m n,m P,G_ ) 1is an affine
b b

3
n,m n,m

Cw Nash vector bundle (i.e. E and Gn o 2re affine C® Nash manifolds and
3 bl

p is a c® Nash map) [15]. Let m: M—*Gn m denote the Cr--1 Nash map defined

b

10
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by T(x) =the normal vector space of M in R at x; let 1 be a close

¢’ Nash approximation of 7 in the Cr_1 topology, which exists because T

can be extended to an open semialgebraic neighborhood of M in R" as a

ct 1 map and we can apply Theorem 2.1 to the extension; and let n'*¢ denote
the induced bundle. Then T'* is a C' Nash vector bundle. Let us regard

M and G as subsets of T'*E and E , respectively, through the
n,m m n,m

’ n,

. . r
zero cross—sections. Define a € Nash map ¢: Tr'*En m+]Rn by
2

n
Y(x,y,2) =x+2z, (x,v, 2) GTT'*En mCMXEn mCMxGn mx]R .

2 3 b4

Then there exists a C° Nash tubular neighborhood V of M in ﬁ'*En o
H

such that ?lv is an embedding. Set W =%(V) and yY=gq oEP-l :W+En

b

where q :T'*E *+E is the natural bundle map. Then W 1is an o-pen
n,m n,m

semialgebraic tubular neighborhood of M in an, Y is transversal to Gn
b

and lPul(Gn m) =M. Hence the theorem follows from Theorem 2.1 and the next

lemma.

Lemma 3.3. Let M,, M., M.- be affine Cw Nash manifolds such that M

1’ 722 73 2
is contained and closed in M3, and let f: Ml-* M3 be a CT Nash map trans-—
versal to M2 with O0< r. Then there eixsts a neighborhood V of £ in

Nr(Ml, M3) in the C* topology such that for any g in V g is transversal
to M2 and there corresponds a c* Nash diffeomorphism h of Ml such that

g_l(Mz) =h(f_1(M2)). Moreover the correspondence g-+h is continuous, and

if f=g then h=ident.

The essence of the proof of this lemma for O <r <w exists in the next
lemma. The case r= W follows from the case r <, Theorem 2.1" and the

next lemma.

"
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Lemma 3.4. Let f: Ml'*M2 be a C° Nash diffeomorphism of affine c

Nash manifolds for r>0. Then if a C' Nash map g: M1+M2 is close to

f in the c© topology, then g 1is a diffeomorphism.

Proof. If M1 i s compact, the lemma is trivial. Hence we assume M

1

is noncompact. We can suppose also r <, Because f-l"g :Ml-*M1 is close

to the identity, we can assume M =M, and f 1is the identity map. By
Theorem 6.1 there exist a compact affine ¢” Nash manifold L and a C® Nash
submanifold L' of codimension one such that M1 is c° Nash diffeomorphic

to a union of connected components of L-L'. Regard M1 as the union.
Then g 1is extensible to L-=*L as a ¢’ Nash map by setting g=ident outside
Ml’ and the extension is close to the identity map. Therefore the problem

is reduced to the compact case, whence we prove the lemma.

Remark 3.5. (3.5.1) "In Lemmas 3.3,4 the manifolds may be ¢’ Nash
manifolds by Theorem 3.2. The direct proof in this case requires complicated
arguments.

(3.5.2) 1If we consider the lemmas in the usual category of ¢ mani-
folds we need the Whitney topology. The Whitney topology is much stronger
than our topology, but our topology is sufficient for our purpose.

(3.5.3) Lemma 3.4 with Theorem 2.1 says that two affine ¢” Nash mani-
folds C' Nash diffeomorphic, 0<r, are c” Nash diffeomorphic. Hence, by
Theorem 3.2, any ¢’ Nash manifold, 0<r<«, admits uniquely an affine c?
Nash manifold structure.

(3.5.4) Theorem 3.2 holds true for a pair of ¢’ Nash manifolds, to be
precise, let M'cM be C" Nash manifolds contained in R" for 0<r<w,

Then there exists a C° Nash embedding of M in R" which is close to the

12



- 13 -

identity in the ct topology and whose images of M and M' are c¥ Nash
manifolds. Here we need not to assume M' 1is closed in M. See [20] for
the proof.

(3.5.5) By Theorem 2.1' and Lemma 3.4 we can prove that any two pairs
(Ml,Mi) and (Mz,Mé) of affine C“ Nash manifolds CT¥ Nash diffeomorphic,
0<r<eo, are c® Nash diffeomorphic if M! and M! are closed in M, and

1 2 1

M2 respectively. Here the assumption of closedness is necessary. Indeed
it is easy to construct a counter-example without the assumption. Hence
any C* Nash manifold for 0<r<® and any c" Nash submanifold closed in
the manifold admit uniquely a c” Nash manifold palir structure.

(3.5.6) In Theorem 3.2, if a c® Nash manifold M' is containéd and
closed in M, then we can choose an approximation whose restriction to M'

is the identity. The proof is easy by Theorems 2.1' and 3.2. Here also we

need the assumption of closedness.

§4. Nonaffine abstract C° Nash manifolds

First we study the structures of abstract c” Nash manifolds as C"

manifolds.

Theorem 4.1, [21]. An abstract Cw Nash manifold is compact or c¥

diffeomorphic to the interior of some compact c® manifold with boundary.

Proof. Let M be a noncompact abstract ¢’ Nash manifold. Then, by
Theorem 3.1 and its proof, there exists a C2 Nash embedding ¥ : M-R"  such
that ¥(M) 1is bounded and @ (M) - $(M) =0. We see easily that {9M), 0}
is a C2 Whitney stratification of Y (M) because PM) 1is semialgebraic in
R". Hence, for a small positive number ¢, $(M) 1is Cl diffeomorphic to

QM) - {xeR": Ix|<e}, and @M) - {|x]| <€} 1is the interior of the compact

13
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manifold with boundary ¥ (M) - {|x| <e}.

Conversely we have the following, which, in the case of a torus, is due

to Chillingworth, Hubbard and Mazur [3].

Theorem 4.2,[21]. Any compact ¢® manifold or the interior of any

w . . . . .
compact C manifold with boundary admits a continuum number of distinct

. w .
nonaffine abstract C Nash manifold structures.

Proof. First we give R a nonaffine abstract ¢® Nash manifold
structure. Put Ml = (-, 1), M2 = (0, ) and M3 = (0, 1). Let c® Nash

embeddings h1 :M3-+M1 and h2 : M3->M1 be defined by

h](t) = tz, hz(t) =2t - t2.

1° M2 and M3 and an equivalence relation

generated by x~h1(x) and x~h2(x) for xeM3 on the union. Then the

. . . . . W
quotient topological space is homeomorphic to R and admits an abstract C

Consider the disjoint union of M

Nash manifold structure induced by those of Ml’ M2 and M3. Let M denote

the abstract C% Nash manifold. We shall see that M 1is not affine. Let

w .
3’1 : U, M CR, 9’2 : U2+M2C]R and C.PB :U,+*M,CcR be the C Nash coordinate

3 3

neighborhoods of M naturally defined by Ml’ M2 and M3, respectively, and

let f:(0,1)+M be the inverse map of 803. We want to extend f to R as
widely as possible as an analytic map. As 1lim f(t)e U, and Im fc U2, it

2
1 }
is sufficient to consider @2 °f for the extension f of f to [1, 1+€]

for small positive €. Now cyz o f(t) =2t - t2. Hence ‘:Pz o £(t) =2t - t2 on

[1,2), which implies E((I,Z))CU P o f(t)=-t+2 on (1, 2). By the

3 73
same argument at ?11(0) we obtain the analytic extension f:R+*M of f

such that

14
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BR-2z)cu,, (@z) =950 ad fQz+1) = ¢, (1),

3’ 1

~

and f oscillates infinitely. It is clear f is locally semialgebraic.
Hence, if M were affine, then E would be a Cm Nash map, because any
locally semialgebraic c” map between affine c” Nash manifolds is a ¢"
Nash map. But f oscillates infinitely. This is a contradictiom.
Therefore M 1is not affine.

If we vary h,, then we obtain distinct abstract nonaffine C" Nashmanifold

1°
structures on IR. In the general case of manifold we embed the manifold

M in a Euclidean space so that M 1is an affine c” Nash manifold (Remark
6.6), we remove aclosed ball B, and then we attach a little bigger open ball
to M-B 1like the attachment of M3 to (Ml—[l/3,1))U(Mz-(0,2/3]) in the

case ME=R.

Remark 4.3. Let M be an abstract nonaffine C° Nash manifold comstructed
in the proof of Theorem 4.2. Then there does not exist a nonconstant Cw
Nash function on M Indeed, let g be a c” Nash function on M and let
f:R>M be the locally semialgebraic o map constructed in the proof which
oscillates infinitely. Then gof: R+R is a locally semialgebraic ¥
map and hence a Cw Nash map. If g were not constant then g°f would

oscillate infinitely. Hence g must be constant.

Remark 4.4. In Proof of Theorem 4.2, consider M' =the closure of U3

in M. Then M' 1is clearly a compact abstract ¢ Nash manifold with boundary,
. . . W ~ .

and by the existence of locally semialgebraic C map £ :R-+M' M' is not

affine. But Int M' =U3 is affine. Moreover, changing hl we obtain

distinct abstract c® Nash manifold structures on [o, 11 .
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We know many properties of the ring of c¥ Nash functions on an affine
c® Nash manifold. For example, the ring is Noetherian (Risler [17]); two
affine Cw Nash manifolds are C“ Nash diffeomorphic if their rings are
isomorphic. But we know nothing about the ring for an abstract nonaffine

COu Nash manifold. Is this Noetherian ?

§5. Co Nash manifolds

0 . .
The C° case 1is very different to other cases.

Remark 5.1. Let M be a compact PL manifold possibly with boundary
contained in R". Then the interior of M is a C0 Nash manifold. Let M'
1

be another one contained in R" , and let f:M+M' be a PL map with

:Int M>Int M' is a C0 Nash map. In

1
f(Int M) cInt M'. Then f!Int M°

particular the C0 Nash manifold structure on IntM does not depend on

the choice of PL embedding of M in R".
Conversely we have

Theorem 5.2. Let M be a C0 Nash manifold. Then there exists uniquely
a compact PL manifold L possibly with boundary such that M 1is C0 Nash

homeomorphic to IntL. Here the uniqueness means that if there is another

L' then L and L' are PL homeomorphic.

Remark 5.3. By Remark 5.1 and Theorem 5.2 the correspondence from the
quotient space {compact PL manifolds possibly with boundary} /PL homeo-
morphisms to the quotient space {CO Nash manifolds} /C0 Nash homeomorphisms,

defined by M- Int M, is bijective.

16
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Proof of Theorem 5.2. ‘By the proof of Theorem 3.1 we can embed M 1in

a Euclidean space r® so that M 1s bounded and ﬁl-M==aeﬂfl and moreover

M 1is a polyhedron by the theorem of semialgebraic triangulation of a semi-

algebraic set [6],[7]. Let K be a simplicial complex such that IK[==ﬁ

E]

and a 1is a vertex of K. Let X' denote‘the barycentric subdivision of
K, and St(K', a), St(K', a) denote the closed star, the open star of a
in K'. Then M-St(K',a) is PL CO Nash homeomorphic to M. On the other
hand, by the uniqueness theorem of subanalytic triangulation of a locally
compact subanalytic set [23], M-St(K',a) is a PL manifold with boundary.
It rests to prove the uniqueness. Let L and L' be compact PL
manifolds possibly with boundary such that M is CO Nash homeomorphic to
the interiors of L and L'. Let X, X' be polyhedrons obtained from

L, L' by adjoining cones over the boundaries respectively, and let x, x'

be the vertexes of X, X' respectively. Then X-x, X'-x' are CO Nash
homeomorphic to Int‘ﬁ, Int L' respectively. Hence X-x and X'-x"' are
CO Nash homeomorphic. Consequently X and X' are CO Nash homeomorphic
and hence they are PL homeomorphic by the Qniqueness theorem.of subanalytic
triangulation. Moreerr we can choose the PL homeomorphism so that =x

is mapped to x' by 4.10 Remark in [23]. Hence in the same way as the first

half we see that L and L' are PL homeomorphic.

Remark 5.4. There exist two PL C0 Nash manifolds which are PL homeo-
morphic but not ¥ Nash homeomorphic. For example [11], let My and M,
denote the PL 3-dimensional lens spaces of type (7, 1) and (7.2) and put

L,=M xg, L,=M, X0, where ¢ 1is a 4-simplex. Then it "'s known that L

1 1 2 2 1
and L2 are not PL homeomorphic but Int L1 and Int L2 are PL homeo-
morphic. If Int Ll and Int L2 were CO Nash homeomorphic, then L1 and
L2 would be PL homeomorphic by Theorem 5.2. Hence Int L1 and Int L2
are not CO Nash homeomorphic.

17
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Remark 5.5. Let Ml’ M2 be C0 Nash PL manifolds which are PL

homeomorphic. Each of the following is a sufficient condition for Ml’ M2

to be Co Nash homeomorphic. (i) dim M1§3. (11) dim M126 and Ml is

simply connected at infinity (i.e. for each. compact subset K of M1 there

exists a compact subset K' of Ml such that Ml-K' is simply connected

and K'2DK). Indeed the compactification of such M

1 by an attachment of

boundary is unique by the h—cobordism theorem [12].

Corollary 5.6. Let M., M, be compact PL manifolds such that M, XR

12 72 1

and M2 xR are C0 Nash homeomorphic. Then M1 and »Mz are PL homeo-

morphic.

" "Proof. Ml xR and M2'><IR are C0 Nash homeomorphic to Mlx (0, 1) and

M2 x (0, 1) respectively. Clearly M1 x (0, 1) and M2 x (0, 1) are the interiors
of the compact CO Nash manifolds with boundary Mlx[O, 1] and M2 x [0, 1]
respectively. Hence, by Theorem 5.2, M, % [0, 1] and M, X [0,1] are PL

homeomorphic, which implies B(MlX[O,I]) =M. X0 UM; X1 and B(sz[O,l]) =

1

MZXOUMZXI are PL homeomorphic. Therefore M1 and M2 are PL homeo-

morphic.

Remark 5.7. In this corollary we can not replace the condition "CO
Nash homeomorphic' by "PL homeomorphic". For example, assume two compact

PL manifolds Ml and M2 are PL distinct and PL h-cobordant (i.e.

there exists a compact PL manifold with boundary M such that oM 1is

the disjoint union of M1 and M2 and the inclusions M1+M and M2+M

4
are homotopy equivalent). Then it is known [12] that Ml' XR and M2 xR
are PL homeomorphic.

The difference, which causes the above phenomenon, between a Co Nash

18
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homeomorphism and a * PL homeomorphism is that a CO Nash map is "finite"
and a PL map may be "infinite". But it is not easy to explain the following

fact.

We can not eliminate the compact assumption in Corollary 5.6, namely

there exist two C0 Nash PL manifolds Yl’ Y2 such that Y1><R. and Y2>CR
0

are C° Nash PL homeomorphic but Y1 and Y2 are not CO Nash homeomorphic

nor PL homeomorphic. By Mazur [10] there exists a compact contractible

PL manifold with boundary X1 of dimension 4 such that BXl is not simply

connected and Xlx[O, 1] is PL and hence CO Nash homeomorphic to XZX[O,l],

where X2 is a 4-simplex. Here "contractible' means that X1 is homotopy

1’ Y2 be the interilors of Xl, XZ‘ respectively.

Then Y, % (0, 1) (=Tnt(X;x[0,1])) and ¥,x(0,1) (=Int(xx[0,1])) are 0

equivalent to a point. Let Y

Nash PL homeomorphic. But Y, and Y, are not homeomorphic because Y

1 2 1
is not simply connected at infinity.
3.1 2,2
Mazur constructed Xl as follows. Put W1=B x87, W2=B X B”, where
B* and S1 mean a PL i-ball and a PL l-sphere respectively. Let BEX S1
be the upper half of the boundary 3W1==82X Sl, choose a PL Jordan curve
C in Bix S1 like the figure, and let U be a PL closed tubular neighborhood - -
. . . 1
of C 1in Bix Sl. Then we obtain naturally a PL homeomorphism ¥: B2>< )

1 2
such that (_P(Oxsl) =C. Regard B2><Sl as the front of 8W2=B2><S1US x B7.

Then the attaching space WlLJ(J,W2 of W, and W, by % is X

1 2 1°
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Remark 5.8,[23]. We supply the following in Theorem 5.2. Let M

M
be- CO Nash manifolds, let L2 be a compact C0 Nash manifold with boundary
such that Int L2==M2, and let f :Ml-?-M2 be a CO Nash map. Then there
exist a compact CO Nash manifold with boun?ary L1 and a CO Nash homeo-
mprphism m: Int Ll-)-M1 such that fem :Inf L1‘>'M2 is extensible to Ll'*Lz.
Of course we can choose as Ll a PL manifold with boundary.

Problem 5. 9(cf.[19]). Let M be a C0 Nash manifold and f be a C

Nash function on M. Do there exist a PL CO Nash manifold M1 and a C

Nash homeomorphism 7 :M1-+M such that fem is PL?

§6. Affine C® Nash manifolds

Theorem 6.1,[18]. Let M be an affine Cw Nash manifold. Then there

exist a compact affine nonsingular algebraic set L, a nonsingular algebraic
subset L' of codimension 1, which is empty if M is comapct, and a union
M' of some connected components of L-L' such that M 1is ¢® Nash diffeo-
morphic to M' and M' 1is a compact affine c” Nash manifold with boundary

=L'. L'

Proof. If M 1is compact, the theorem is due to Nash [14] and is proved.

easily in the same way as Theorem 3.2. Hence we consider the noncompact case.
We can assume also M 1is connected because it is sufficient to prove the
h

theorem for each connected component of M. We shall reduce the problem to

the case of the figure below. First embed M in R" in the same way as
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the proof of Theorem 3.1 so that M 1is contained in a unit sphere and
M-M=aeR®. Next apply the normalization theorem of Zariski [1], [15] to
the Zariski closure of M. Then we have a compact affine algebraic set X
and an algebraic subset X' of X suéh that a connected éomponent of X-X'
is c” Nash diffeomorphic to M and contains only nonsingular points of X.
Last apply the desingularization theorem of Hironaka[5] to X and X'.

Then there exist a compact nosingular algebraic set L in R and an

algebraic subset L, of L which has only normal crossings in L such that

1

a connected component of L-L, 1is c® Nash diffeomorphic to M. We regard

1

the component as M. Here "mormal crossing" means that for every point
"

ae Ll there exist a smooth rational map C :L~ R for some integer

n"<n'=dim L and a neighborhood U of a in L such that (a) =0, LlﬂU

..xn,,=0}ﬂU and ¢ 1is a submersion on U.

1"

= » n
=T {(Xl"",xnn) eR .Xl.

Let h be the restriction to L of the square sumof finite generators

of the ideal in ]R[xl,...,xm] defined by L Then for every a€L, we

1° 1

have a c” Nash local coordinate system (

that a=0 and h =xi. ..xzn,, . By this property we see easily M is ¢” diffeo-

xl,..,xn,) of L around a such

morphic to M€ = {xeM:h(x) >e} for a small positive number € >0.
Moreover it is possibhle to prove directly after a long sequence of arguments
that they are c® Nash diffeomorphic [18]. But it is much easier to see
that they are Cl Nash diffeomorphic as follows. We congtruct first a C

Nash flow near L1 which is transversal to each irreducible component of Ll’
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we transfer M--M2€ to Mé--M2€ along the flow, we extend the tr;nsfer tb
MM b;fthe identity map of M2€, we smoothen the extension at aﬁ;, and
then we obtain a Cl Nash diffeomorphism f :M-rME. Hence, by Lemma 3.3

and Theorem 2.1", we have a c® Nash diffeomorphism £ :M~>M.. Here we have
to be careful to apply Lemma 3.3 because we.used already Theorem 6.1 in the
proof of Lemma 3.3. But we needed in the proof only the fact that at least
one of M, and M, in Lemma 3.3 can be compactified by an attachment of its
boundary, and now ﬁ; is a compact c? Nash manifold with boundary and
with interior =M., hence Lemma 3.3 can be applied.

For the proof of the theorem it rests to modify oMg = {xeM:h(x) =¢}
to be a nonsingular algebraic set. Let oo :L-+R be a C” function such that
OL'.-1(0)==8ﬁg and o is C% regular at a_l(O), and let B :Ll£R be a
polynomial approximation of ¢ 1in the C1 topology. Then L' =B-1(0) is
a nonsingular algebraic subset of L of codimension one and we prove in the
same way as above that {xeM: B(x) 20} is a compact c" Nash manifold with

. . . w . .
boundary =L' whose interior is C Nash diffeomorphic to M. Thus we

complete the proof.

Theorem 6.2,[18]. Let Ll’ L2 be compact affine C" Nash manifolds

possibly with boundary, and let Ml’ M2 denote their interiors. Then the

following conditions are equivalent.

(1) L, and L, are ct diffeomorphic.

1 2
(i1) Ll and L2 are CY Nash diffeomorphic.
(iii) Ml and M2 are ¥ Nash diffeomorphic.
. n,
Proof. (i) =(ii). Let T :L1-+L2 be a C1 diffeomorphism and let
n
L CI(Z.

2 Applying the polynomial approximation theorem to

TlaLl and using
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a, c” Nash tubular neighborhood of 8L2 in ian in the same way as the proof

of -Theorem 2.1, we modify T so that is of class CY Nash. Moreover

T|8L1

we reduce the problem to the case in which T 1is globally of class C1 Nash

by c” Nash collars of L1 and L2 and by.a Cl Nash partition of unity.

Let Wl, W2 be the doubles of Ll’ L2 respectively. It is easy to give
Wl, W2 affine Cw Nash manifold structures so that Ll’ L2 are C% Nash
submanifolds respectively (see Remark 6.6). Then we have a Cl Nash diffeo-

morphism extension of T to W1-+W2. Apply Theorem 2.1" to the extension.

Then we obtain a C Nash diffeomorphism from L, to L,.
(ii) = (4ii) 1is trivial. '

(ii1) = (1). Let =T :Ml-*Mz" be a C¥ Nash diffeomorphism, and let

hl :Ll'ﬁR, h2 :L,*R be nonnegative C2 Nash functions such that h;1(0)=

-1, 2 .
BLl, h2 (0)-—8L2 and hl’ h2 are C” regular at aLl, 3L2 respectively

(the existence is clear). Then L, L, are C2 Nash diffeomorphic to

{xeN. : hl(X) 2e}, {xeN, : hz(x) 2¢} for small g>0 respectively. Consider

1 2

two C2 Nash functions h1

:hl(x)ze} and {xeN

and h2 °T on Ly Then, by the next lemma,

h,°et(x)2e} are ct diffeomorphic. Hence,

{xe N 1:hy

1
by the equality

{xeN, ;h,o1(x) 2¢} =f—1{xeN

13 by :hz(x) ;.e},

2

Ll and L2 are Cl diffeomorphic.

Lemma 6.3. Let L be a compact affine ¢’ Nash manifold with boundary,
1<rsfw. Let fl’ f2 be nonnegative Cr Nash functions on L such that
- - h -1 ..
fll(0)==f21(0) =93L. Then for each small €>0 there exists a C° ~ diffeo-

morphism from {xel: fl(X) 2e} to {xel: fz(x) 2e}. Here if r=w then

r—-1 means .

23



- 24 -

By considering l/fl and ,l/fz, we obtain this by the next lemma.

Lemma 6.4,[18]. Let M be an affine C' Nash manifold, 1< rsw, and

let 81> 8 be proper positive c’ Nash functionson M. Then there exists -
Cr—1 diffeomorphism m of M such that: 8 °T =8, outside some compact

subset of M. If r=w then r-1=o 1like the above.

We construct T by the integration of the vector field grad fl/[grad fll

+ grad f2/|g:rad f defined outside a compact subset of M.

2 |

Remark 6.5. Let M be an affine C° Nash manifold contained in R"
such that M is bounded and M-M=0. Then for any small positive number
£, ME ={xeM: ‘xl >e} is ™ Nash Vrdiffeomorphic to M. Indeed, let L, L'
and M' be sets satisfying the properties in Theorem 6.1, and let ¥ :M~>M'

2

be a CY Nash diffeomorphism. Let hl be a C” Nash function on L such

that h1 >0 on M', h;l(O) =L"' and hl is C2 regular at L'. Put h2 =
d °CP—1 where d(x) = le on M. Then we only need to prove that {xeM':
hl(x) 2el s Cl diffeomorphic to {xeM': h2 (x) 2€} for small €>0 by

Theorem 6.2. But this is an immediate consequence of Lemma 6.4.

Remark 6.6. Let ﬁ)f, 5 , N denote the quotient spaces {compact
affine C® Nash manifolds possibly with boundary } /c” Nash diffeomorphisms,
{compact Cl manifolds possibly with boundary } /C1 diffeomorphisms, {affine
c* Nash manifolds}/C® Nash diffeomorphisms respectively. Then, by Theorems
6.1,2, the correspondences HAN—=05 and B N5 AN are bijective. It
rests to prove only that &W'—{ 1is surjective. Let L be a compact ct

£

. l '
manifold possibly with boundary and let W be the C° double of L. Apply

a theorem of Benedetti-Tognoli [2] to (W, 3L). Then (W, 3L) admits an affine
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c® Nash manifold pair structure. " Hence L is given an affine c® Nash
manifold structure. By this we can choose L, L' and M' in Theorem 6.1

so that L 1is diffeomorphic to the double of M'.

Remark 6.7. The Cw cases of Remarks 3.4,5 hold true. There exist two
. w . . . . .
affine C Nash manifolds which are c diffeomorphic but not o Nash diffeo-
morphic. Moreover we can choose affine nonsingular algebraic sets as the

examples. Let M., M, be affine Cw Nash manifolds which are c diffeo—

1’ "2
morphic. Then each of the following is a sufficient condition for Ml’ M2
to be C Nash diffeomorphic. (i) dim M1§3. (ii) dim M126 and M, is

simply connected at infinity.

The proofs are the same as Remarks 5.4,5.

Problem 6.8 (the nonaffine case of Theorem 6.1). Let M be a noncompact

abstract nonaffine C" Nash manifold. Then, does there exist a compact
abstract nonaffine C" Nash manifold with boundary whose interior is ¢
Nash diffeomorphic to M? Even if such a compactification is possible, it
is not unique. Namely there exist, by Remark 4.4, two compact abstract non-
affine C“ Nash ménifolds with boundary which are not c” Nash diffeomorphic

but whose interiors are ¢’ Nash diffeomorphic.

. . W '
Remark 6.9. Remark 5.8 is not correct in the C case. For example,

set

2

{(X,y)GIRZ:O<x<l,O<y<l}, L2={(x,y)e]R2:x2+y <2},

=
I

=
]

) Int L2 and f(x,y) = (xy, 1-x)(1-y)).

Then f(Ml) - f(Ml) ={(x,0) :0sx21}u{(,y) :0y<1}. Assume the existence

of a compact affine c” Nash manifold with boundary L1 and a C* Nash
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diffeomorphism 7 : Int Ll-*ﬁl 'such that feo7: Int L1-+M2 is extended to

g ;L1-+L2. Then

gL)) - £()) = gL = £(M)) =~ £00)).
Hence BLl consists of two analytic sets g_l{(x, 0) : xeR} and g_l{(O, y)
:yeR}. Therefore 8L1=g—1{ (x,0) :xe R} or 3L1 =g-1{(0, y) : yeR}

because 3L] is analytically irreducible, which implies g(3L1)=={(x, 0) :

0£x<1} or g(SLl) ={(0,y) : 0sy<1}. This is a contradiction.

W
Problem 6.10. Let M be an affine Cw Nash manifold and let f€N (M)

be bounded. Then, do there exist a compact affine ¢® Nash manifold with
boundary L and a CQ Nash diffeomorphism m :Int L+M such that f£e°T7 1is

extensible to L ?
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