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A mixed finite element method for

plasticity problems with hardening

C. Johnson
The University of Chicago
Chicago, Ill. 60637

Introduction. In this note we continue the study becgun in [4] of

incremental finite element methods for finding approximate solu-
tions of quasi-static plasticity problems. We shall here prove
convergence of a mixed finite element method for finding approxi-
mations to the stresses in a body made up by a hardening elastic-
plastic material and acted upon by a time dependent load. Mixed
finite element methods are often used in practice, see e.g. [1],
[7}]. In a mixed method the displacements and stresses

are approximated independently using two finite dimensional spaces.
This allows for greater flexibility and often makes the construc-
tion of the finite element method easier as compared with a more
orthodox use of Galerkin's method using approximations of either

the displacements or the stresses.

In order to be able to prove convergence of the present mixed
method, we have to assume a certain type of hardening behavior of
the material. The reason is that under this assumption the exact
solution is known to have a certain for the proof requifed regu-
larity (see [5] and the remark after Theorem 1 in Section 3).

The finite element method will produce approximations to the
stresses successively at a finite number of time levels. At each
time level one has to solve a finite dimensional saddle point pro-
blem. We also discuss an iterative method (Uzawa's method) for

solving this problem. At each step of the iteration one has to



solve a convex minimization problem and & linear problem, both
finite dimensional. With the particular choice of finite element
spaces made in this note, the convex minimization problem is easy
to solve (see the remark in Section 4).

By C we will denote a positive constant not necessarily
the same at each occurrence.

I want to thank Prof. B. Mercier and Prof. R. Falk who pointed

out an improvement of the error estimate obtained in the original

version of this paper, cf. [8].



1. The plasticity problem

3

Let Q be a polyhedral domain in R~ = {x = (xl,xz,x3):xie R} and
let I =1[0,T], T > 0, be a time interval. By 0o = {oij} € Rg,
i,j = 1,2,3, we shall denote stress vectors depending on
(x,t) € 2 x I with components Oij such that cij: oji' Stress

vectors will also be denoted by Tt and x. Hardening parameters

will be denoted by scalars £,n,; € R depending on (x,t) € Q x I.

Define

=6 9

R = {1 ={Tij} € R : Tij = Tji},

= _ 2 9, _

H= {1 = {rij} e [L°(R)]17: Ty < Tji},
H=8 x 12(q).

For u = (ul,o--,un), w = (wl,---nﬁa € Rp, we define

n

_Zluiwi: lul =
l:

(u,w) (u,u) /2

and for (ul,---,un), w = (wl,--o,wn) € [I?(Q)]n, we define

Z{(U(X) w(x))ax, |ul| = (u,u /2.

(u,w)

In particular, we have, using the convention that repeated indices

indicate summation from 1 to 3,
(t,X) =tg\Tinijdx’ ,x € H,

and ||t]]| = (1,1)1/2, 1 € H. Furthermore, let
a(t,x) =~£ B sknTiiXkndXe

where the Aijkh are elasticity constants such that Aijkh =
Ajikh = Akhij and for some positive constant u



o]l

(1.1) a(t,t) > u 11112, te

We shall assume that the material satisfies the von Mises

yield condition. More precisely, we shall assume that the yield

condition is given by the function F: §6 x R » R defined by

(1.2) F(1,n) = [T] - (yn+l),
To. = Te. = 8..T., T_ = FTss0
ij ij ijm m Tii
where Yy 1is a positive constant and Gij =1 if i =3 and
6;5 =0 if i #3j. Here T = {fij} is the so called stress

deviatoric given by T. The set of admissible pairs (1,n) 1is

then given by
P = {(1,n) € H: F(t1(x),n(x) < 0 a.e. in Q}.

In our formulation of the plasticity problem, the above choice of

the function F will correspond to an isotropic strain-hardening

material (see [5], where also yield conditions of more general
form are considered).

We shall assume that the displacements of the body are zero
on the boundary of §. It is therefore natural to introduce the
space V = [Hé(Q)]3, where Hi(Q) is the closure of CZ(Q) in

the norm
2
=11y = |Ip% %12,
laf <1

The displacement rate will be given by a function v: I + V. Given

w = (wl,wz,w3) € V, we define e€(w), the strain rate associated

with w, to be the vector function e(w) in H with components

awi oW .
(55 * 5;%).

N

£..(w) = —
i 9X.
] J



We shall assume that the body is acted upon by a time depen-
dent (volume) force f of the form £f(x,t) = g(t)G(x), where
g:I - R is a smooth nonnegative function with g(0) = 0, and
G:Q ~» R3 is smooth. For technical reasons we shall also assume
that G has a smooth extension to a domain B with smooth boundary
n

such that Q < Q.

Let us also introduce the following notation: For T Z(t,n),

X = (X,z) &€ H, we define

(1,81 = att,x) + y(m,0), ||]2]]] = (7,122

14

where vy is the constant in (1.2). For X a normed space, let

LP (x)

Lp(I;X), l < p <=, be the set of P - integrable functions

from I to X. Let C(X) denote the set of continuous functions
du

at”’

We can now formulate the plasticity problem: Find

from I to X. Finally, write u' instead of

(G,V):I + P xV, ¢ = (0,£), such that a.e. on 1I,

(1.3a) [6',T - 8] - (e(v),T - 0) >0, TgP,
(1. 3b) (e({w),0) = (w,f), w eV,
(1. 3c) Gg(0) = 0.

Existence of a unique solution of this problem satisfying

6 ccH), 6" ¢ L2 and v e L2(V) follows from Theorems 1 and

2 in [5] and the following lemma. Here

E(t)

{T = (t,n) & H: (e(w),1) = (w,£(t)), we V},

K(t) E(t) 0 P,

. n
and for a vector function u:A > R,

Hall,, A = supuy)|.
! Yeh



Lemma 1. There exists i(t) € K(t), t € I, such that

11224
atd XTI

<G, j=20,1,2,

(1+6)x(t) € P, te I,
for some positive constants C and 6.

"
Proof. By assumption G has a smooth extension G to a domain
n n
¢ with smooth boundary such that Q C Q. Let (%,%) be the solu-
tion of the linear elastic problem

NN " -

a(x,t) = (e(v),7),, 1€ H,

(€)Y, = w,6),, wev,

n
-— n,
where 3(-,-),(-,-)m, H and X are defined as above with Q re-
"
" "
placing Q. Then x is smooth and in particular ||x|] q 2 C-
7

Also, extending w € V by zerxro outside §, it follows that
n,
(E(W)IX) = (WIG)I we V.
Therefore, defining

x(t) = g(t)X, z(t) = Cyg(t), X = (x,2),

we have i(t)e; E(t), te I,

333
|| =%

$He,gxy £ € 3= 0,1.2,
t

and, chosing the constant C sufficiently large,

1

Ix| - ¥z <0 on @ x I.

This shows that ¥ satisfies the requirements of the lemma (with

¢ an arbitrary positive number).



2. A mixed finite element method

Let h be a small positive parameter and let Th = {T} be

a triangulation of Qh’

h

such that the diameters of the tetrahedrons T are less than h.
Let us also assume that the triangulation is regqular, i.e., there
is a positive constant o independent of h such that the ratio
between the inscribed and circumscribed sphere for any T ¢ Th is
bounded below by p.

Let us now introduce the finite element spaces we shall use.
For k = 0 (k=1) 1let Pk(T) be the set of constant (linear) func-

tions defined on T and define

ju o]
i
Ve
~
m
fa s}

tlpe [Pg(m1° x By (M, TE T},

<
I
=
5
o]
<

3

T

Let us also introduce a time discretization: For N a natural
number, let k = T/N, tn =nk for n=20,1,.--,N, let

. n _ . .
Ik = {to,tl,---,tN} and write u = u(tn). Define the difference

quotient au” = (un—un_l)/k.

We can now formulate the finite element method: Find

(Gh,vh): I, > Py x V., G

n=1,-..,N,

h = (oh,gh), such that for

ANl A~ AN n n ja
(2.1a) [Bch,r—oh] - (s(vh),r—oh) >0, 1c¢ Ph’

(2.1b) (e(w) ,0p) = (w,£), L A

(2.1c 69 = 9.
) h 0



Let us now show that this problem has a solution (Gh,vh)
with 3h uniquely determined. 2t the same time we also establish
an a priori estimate which will be used below in proving conver-

gence of the finite element method. We shall use the following

notation:
Eh(t) = {{: € Hh: (E(W) IT) = (wlf(t))l w e Vh} ’
Kh(t) = Eh(t)f\ P,
N
RN, = L 1 1 P2
L7 (H) n=1

We shall also refer to the following lemma.

Lemma 2. Let 1w Dbe the orthogonal projection in H onto

let t € I, and suppose that T = (t1,n) € K(t). Then

@ Il g < el g -

(i1) 7T = (1,n,) € Kp(t).

Proof. Note that ThIT is the projection of TIT

onto [Py(T)1°
in [LZ(T)]9 and that nh'T is the projection of nIT onto

PO(T) in L2(T). It follows easily that

1 _ J [t]ax,

!Tth' 2 Frea(m T

(2.2)

_ 1
nhIT - area(T)‘g ndx,
which clearly proves (i). To prove (ii), observe that since e(w)

is piecewise constant if w ¢ Vh and T ¢ E(t), we have,

(s:(vr),rh) = (e(w),T) = (w,f(t)), wE Vh'

i.e., %h (3 Eh(t). Further, since (2.2) will be true also if we

replace 1 and T by the stress deviatorics = and ?h' re-



Q
-

spectively, and by assumption I?(x)[ <1+ yn(x) for a.e. x € Q,

we obtain that
[ty lpls 1+ vyl

which proves that T € P. Thus, T € Kh(t) and the proof is

complete.

PROPOSITION 1. There is a solution (Sh,vh) of (2.1) and G

h
is uniquely determined. Moreover, there is a constant C, inde-

pendent of h and k such that,
NEENE < C.
h 22(H) -
Proof. The result will follow, using the technique of proof of
Theorem 1 in [5], if we can show that there exists Qh(t)e Kh(t),
t ¢ I, such that for some constants C and 6 independent of h,

j A
3 Xh

H;ﬁ”w,gxl <c, j=0,1,2,

(1+<S)>?h(t)€ P, te I.

But if we take ih = m¥, where ¥ is given in Lemma 1, it follows
by Lemmas 1 and 2 that ih satisfies the desired requirements, and

the result follows.
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3. Convergence of the finite element method

We shall prove the following result:

Theorem 1. Let (J,v) and (Gh,v be solutions of (1.3) and

h)
(2.1), respectively. Then there is a constant C, independent of
h and k, such that

max||[6% - GR||| < cla(h) +Vk),

n
where

a(h) = inf{||v - w|] 5 T W L2(Vh)}.
- LT(V)

Remark. By a density argument it follows that a(h) - 0 as h =+ 0.

Remark. In the proof of this result we shall use the fact that
v € LZ(V). In the case of an elastic-perfectly plastic material
it is only known that v & LZ(W), where W = [L3/2(Q))3, see [3],

[51.

Proof of Theorem 1. Let us first extend Sh linearly to I. Since
~n

N € P, n=20,---,N, and P 1is convex, we then clearly have

gh(t)e, P, te I. Taking T = Gh(t) in (1.3), integrating over

In = [tn_l,tn], and dividing by k, we find that
-
[56",6p - 671 - (e(v"),0p = o)

‘ A' ~ ~ A ~
(3.1) > 5J 16,80 -6 (t) +5(0) - Mat

N
- %'5 (e(v(t)),UE - oh(t) + g(t) - gMat

I
n

where
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N

e(v?) = %\5 e (v(t))dt.

I
n

~

Next, by Lemma 2 we have TE nane Kh(tn)CZ Ph so that we

may take T = ?E = (Tg,nﬁ) in (2.1). Adding the so-obtained in-

A

equality to (3.1), we get, writing e = 6 -0 and denoting by
h

r the right hand side at (3.1),

n
R . N
r < jacn,oﬁ - cn] - (e(vn),oﬁ - on)
+ [aoﬁ,?ﬁ - 32] - (e(vg),rﬁ - cg)
(3.2)
- _ n _n, _ ‘n ~n _ sn
[8e " ,e ] [aoh,G Th]
N
n n

- (e(v)op = 0™ = (elvp),1p = op) -

Since ?ﬁ is the projection in H of &% onto H , we have

(3.3) [t,0" - %ﬁ] =0, fTeH,
. N AN AN AN R An
so that in particular [80h,0 - Th] = 0. Also, since Th £ Eh(tn),
we have
n n, _
(3.4) (e(w),rh - ch) = 0, w E Vh .

Therefore, it follows from (3.2) that

e
n _n n, n n
(e ,e] < |rn| - (e(v),op = 07) .

Now, using (3.3) and (3.4) again, we see that for we L2(Vh),

a4

(e(v?) ,0p - ™) = %\g (e(v),0p - o™)dt
n
= = (e(v) - e(w),t, - oM)dt
k ""h

fn

(e(v) - s(w),rﬁ - oﬁ)dt

3

~

|
~|=
HCD HLD RO

(e (v) - e(w),cg - on)dt

jo]
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Thus, for any Ww & L2(Vh), we have for n=1,2,---,N,

(3.5)

|
+Ei [le(v) - €(W)|H|c:1{11 - ¢l lat .
n

n n
[3e,e] < r,

Observing that for M =1,---,N,

n - M -
A G e I I N I CaE e TR

n=1 n=1

4

we find multiplying (3.5) by k, summing over n and using

Cauchy's inequalitv that for w ¢ Lz(Vh),
N
g maxlll 11 < I jx lx + ¢ max[ ||| [le) - et ] ,
n n=1 n L™ (H)
N
< I |k + 3 max||[e"]]2 + c]letv) - e |12, _,
n=1 n L” (H)
where we also used the fact that by (1.1), ||0§ - o"|| < cllle? |-
Finally, using the facts that L|88h|| 2 < C and o' e 1% (1),
L™ (H)

it is easy to see that (c.f. [4]),

N
z Irnlk < Ck,
n=1

which completes the proof of the theorem.
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4. An iterative method.

To find the finite element solution (Sh,vh) we have to solve

a finite dimensional saddle point problem at each time level tn-

’

given 32_1 we have to find (3ﬁ,vﬁ)e P, X V. satisfying (2.1),

which is equivalent to finding a saddle point (ag,vg) of the

convex-concave functional L:Ph x Vh + R, defined by

L(?,W) = ["EIZE] - 1

~=
=

[T,0p 71 = (e(w),T) + (w,£%).

We shall consider the following iterative method (Uzawa's

method, see e.g. [2]) for solving this problem (here we drop the
. . An . n . An n .
subscript h and write (cj,vj) instead of (ch,j’vh,j))' Find

(Sg,v?), j=1,2,---, such that

l,~2n ~n-1 ~ 2n n n
(4.1a) E[Uj on ,r-oj] (e(vj_l),T-cj) >0. 1TE Ph'

(4.16)  (e(v3),e(w)) = (e(v]_j),e(w)) + o((£ W) ~ (e(w),00)), weV,
where p 1is a positive constant and vg is an initial guess, e.g.,

vg 0. Note that 8? is determined by (4.la) as the function

which minimizes the convex functional L(-,v?_l) over the convex
set Ph' Furthermore, to find v? amounts to solving the linear

elliptic problem (4.1b). This proves that (4.1) can be solved
for 3 =1,2,---,.
Remark. Since the functions in P, are defined independently on
each triangle T € Th’ the minimization problem (4.la) can be

6

solved by solving a simple minimization problem in R° x R for

each T ¢ Th. Let us also note that (4.1) is similar to an itera-
tive method described in [6].

It is well-known that Uzawa's method will converge in a situa-
tion such as the present one if p is sufficiently small (see e.g.

[2]). For completeness we include a proof of convergence of the

proposed method.



14

Theorem 2. Let Sg,j = 1,2,---, be the seguence given by (4.1).

Then if p < 2u/k (with p given in (1.1)), one has

Gt -G ~ 0 as j > .
h J

Proof. First, taking 1 = 8? in (2.1a) and T = o% in (4.1la)

and adding, we obtain,

~n AN AN AT1 n n n
(4.2) [oh - Oj'oh - Gj] - k(e(vh)— e(vj_l),oh - 0O

Next, multiplying (2.1b) by ¢, subtracting from (4.1b) and choos-

i w = vt - vn e t
ng = vy he we ge

(e (V5 - vp) e (vy - v = (e(vE ) - va) € (v = vp))

+ p(oﬁ - 0?,€(v§ - vﬁ)).

By Cauchy's inequality, it follows that

n n 2 n_ .n n _ n 2
lle(vj - v 72 ||€(vj vy) + ploy oj)ll

n n

n "
j = h'’'"h

_ _Jh 2 n _ _ .n 2 n_ np2
= |]|elv vh)|| + Zp(s(vj_l v cj) + p [[oh ojll .

Now, multiplying (4.2) by 2p/k and adding to the above inequality,

we find that

2 AN ~ 2 2
2211187 - G112 + [lew] - v

n 2 2 n 2
<R - AP+ 0211l - o112,
2 1 A 2 . .
But ||t|]|® < E]l'Tlll and thus we obtain by summation,
D - el 18T = SN [12 e (el - v |2
521 X k73 € (v = v 11



This shows that if p < 2p/k, then
ISR =831 >0 as 5~

which proves the lemma.

15
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