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by J. W. COGDELL, H. H. KIM, I. I. PIATETSKI-SHAPIRO and F. SHAHIDI

One of the most central questions in the theory of automorphic forms is that of
Langlands’ functoriality or the lifting of automorphic representations [20, 2]. One of
the most basic cases of functoriality would be the lifting of automorphic representations
from the split classical groups to an appropriate GLy. It is this question we address in
this paper.

Take G to be a split classical group over a number field £ So G is one of the
groups SO,,.,, SO,,, or Sp,,. The connected component “G" of the Langlands dual
group is Sp,, (C), SO,,(C), or SO, . (C) respectively. In each case there is a natural
embedding of “G° into GLN(C):LGL% for N=2n, 2n, or 2n+ 1 respectively. The
philosophy of Langlands then says that associated to this map of dual groups there
should exist a lifting of automorphic forms on G(A;) to GLy(Ay). This map on dual
groups also governs local liftings of irreducible admissible representations of G(k,) to
GLy(%,) and these local and global liftings should be compatible.

While there is at present no precise global conjecture on the nature of the lifting
in our situation, the local lifting is well understood in several cases and the global lifting
can be understood in terms of compatibility with the local lifts. If v is an archimedean
place of k£ then every irreducible admissible representation T, of G(k,) is given by an

admissible homomorphism of the local Weil group W, into "G” [23, 2]. Composing

with the map to I‘GL& we get a parameter for an irreducible admissible representation
M, of GLy(k). M, is the local Langlands lift of 1, Similarly, if » is a non-archimedean
place and T, an unramified admissible representation then TT, is determined by its Satake
parameter [£,] which is a semi-simple conjugacy class in “G® [29, 2]. The image of
[#] under the L-homomorphism determines a conjugacy class in “GLJ and hence
Satake parameters for an unramified representation I, of GLy(k,). Again, I, is the
local Langlands lift of T,

If we have an irreducible automorphic representation = ®’ 1, of G(A;) then
for almost all places, namely the archimedean ones and the non-archimedean places
where T, is unramified, the local component T, of T has a local lift M,. We will say
that a automorphic representation M= ®'M, of GL\(Ay) is a weak Langlands lifi of T, or
simply a weak 4ft, if at the archimedean places and almost all non-archimedean places
where T, 1s unramified M, is in fact the local lift of Tt.
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In this paper we establish the existence of a weak lift in this sense of globally
generic cuspidal representations of SO, . ,(A;) to GL,,(Ay).

There are currently three methods of establishing functoriality Two of them
are trace formula methods: the usual trace formula of Arthur and the relative trace
formula of Jacquet. The third method is that of converse theorems [8]. It is this third
method which we have developed with this purpose in mind and which we use to
establish these lifts.

The converse theorem is a method of L-functions. There are currently two ways
to analyze the analytic properties of L-functions: through integral representations or
through the constant term and Fourier coefficients of Eisenstein series. This work is
a blending of these two methods. The converse theorem itself is from the theory of
integral representations, for in its essence it is the inversion of the integral representation
of L-functions for GL. To effect the lift from a classical group G using the converse
theorem we must have relatively complete control of the analytic properties of the L-
functions for G. In this paper we do this almost entirely using the method of Eisenstein
series. The results we use which rely on this method are available for all split classical
groups. The one exception is the local “stability of y” (Proposition 3.4) which lets us
finesse the local lifting at the ramified places. This is a result from the local theory of

integral representations and is currently only available for SO Once this result is

2nt+1°
established for SO, or Sp,, , the lifting from these groups will follow.

The first section of the paper is devoted to the precise statement of the lifting
for the case of G=S0,,,,.

the converse theorem we utilize. The third section is devoted to the analytic properties

The second section contains a discussion of the version of

of L-functions for SO,,,,. In the fourth section we discuss the local liftings at all
places and how the stability of y lets us finesse the local lifting at the finite places
where T, is ramified. In the fifth section we effect the lifting. The sixth section is
devoted to consequences of the lift, including the existence of a local lift for the case
of supercuspidal representations.

We would like to thank our colleagues that have supported us in this project over
the years, most particularly Steve Gelbart, David Ginzburg, Steve Rallis, and David
Soudry. We also thank the Institute for Advanced Study for bringing us together as
part of their Special Year in the Theory of Automorphic Forms and L-functions, and
particularly the organizers of the special year E. Bombieri, H. Iwaniec, R. P. Langlands,
and P. Sarnak, for it was there that we finally brought all the pieces together.

1. Lifting from SO, , to GL,,

nt1

Let £ be a number field and let A=A, be its ring of adeles. We fix a non-trivial
continuous additive character P of A which is trivial on the principal adeles £.

Let G,=50,,,,
defined over k. For definiteness, we will take G, as the isometry group of the form

be the split special orthogonal group in 2n + 1 variables
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1
o= ( ) In this realization we can take the standard Borel subgroup of G,
1

to be represented by upper triangular matrices. We will denote this Borel subgroup by
B, and its unipotent radical by U,. The abelianization of U, is a direct sum of copies
of £ and we may use Y to define a non-degenerate character of U,(A) which is trivial
on U,(k). By abuse of notation we continue to call this character .

The connected component of the Langlands dual group of G, is LGS:San(C).
GL,, as an algebraic group over £ has as the connected component of its dual group
LGL), = GL,,(C). There is a natural embedding 1 : "G, = Sp,,(C) — "GLJ, = GL,,(C).

Let m= ®' 1, be an irreducible automorphic representation of SO, ,(A).

For v a finite place of £ where T, is unramified the representation 1, of G,(k,)
is completely determined by its Satake parameter, a semi-simple conjugacy class [t,]
in LGS [29, 2]. [4] then determines a semi-simple conjugacy class [1(2)] in LGLgn.
An unramified irreducible admissible representation I, of GL, () is called the local

Langlands ift of 1, if its associated semi-simple conjugacy class in LGLgn is [1()], or
equivalently, I(s, M,)=det(I — t,¢,")~" =1L(s, T0).

If v is an archimedean place, then by the arithmetic Langlands classification T,
is determined by an admissible homomorphism ¢, : W, — LGS where W, is the
local Weil group of £, [23, 2]. The composition 1 0 ¢, is an admissible homomorphism
of W, into LGLgn and hence determines a representation I, of GL,, (k) such that
L(s, M,)=1L(s, 7). This is again the local lift of .

An irreducible automorphic representation M= ®’ M, of GL, (A) is called a weak
Langlands bt of T or for brevity simply a weak ift of T if for every archimedean place
v and for almost all non-archimedean places v for which 1, is unramified we have
that M, is a local Langlands lift of 1. In particular this entails an equality of (partial)
Langlands L-functions L3(s, M) = [LgsLis, M)=1IL¢sLs, )= L5(s, .

Let 1t be an irreducible cuspidal representation of G,(A). We say that 1t is globally
generic 1f there is a cusp form ¢ € Vy such that ¢ has a non-vanishing Y-Fourier
coeflicient along U,, i.e., such that

[ el duko.
U,(B\U,(A)

Cuspidal automorphic representations of GL, are always globally generic in this sense.
For cuspidal automorphic representations of SO, ., this is a condition.

Theorem. — Let k be a number field and let TU be an irreducible globally generic cuspidal
automorphic representation of the split SO, (A). Then T has a weak Ufi to GL, (A).

The proof of this theorem will be given in Section 5 after we develop some
necessary preliminaries.
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2. The Converse Theorem for GL

In order to effect the weak lifting from SO,,,, to GL,, we will use the converse
theorem for GLy with N =27 in the following form. The applicability of the theorem
in this form to the problem of lifting was outlined in [8].

Let us fix a finite set S of finite places of £.

For each integer 7, let

~s(n={m : Tis an irreducible generic automorphic representation of GL, (A)

such that the local component T, is unramified for all » € S}.

Similarly, let . Z2g(r) be the cuspidal elements of . Zg(7). Let .7(S)= [ Y. I n s
a continuous character of £#\A*, let Z(S;n)=7S)@n={1=7®@n : v €.7(S)}.

Converse Theorem. — Let M= ®' M, be an irreducible admissible representation of GLy(A)
whose central character wn ts variant under k* and whose L-function L(s, M)= [T, L(s, N,) s
absolutely convergent in some right half plane. Let S be a finite set of finite places of k and let n be
a continuous character of K*\A*. Suppose that for every T € .7(S;n) the L-function L(s, M X T)
satisfies

(1) L(s, M x 1) and L(s, 1 X T) extend to entire functions of s € G
() L(s, M x 1) and L(s, 1 X T) are bounded in vertical strips
(3) L(s, M x 1) satisfies the functional equation L(s, T1 x T)=g(s, M x L(1 — 5, 1 x T).

Then there exists an automorphic representation T" of GLy(A) such that N, ~ TV, for almost
all v. More precisely, M, ~ N7 for all v & S.

In the statement of the theorem, the twisted L- and e-factors are defined by the
products

Ls, M x 1)= HLSHXT g(s, M x 1) = Hssﬂxn,,lu)

of local factors as in [4].

Proof. — This formulation of the converse theorem has not appeared in print. If
the character n is not present, i.e., it is stated in terms of the .7(S) only, it is trivially a
consequence of Theorem 2 of [7], which has the same statement but with twists only
for 1 <7< N —2 (assuming N > 3). The proof of our current statement is simpler
than that of Theorem 2 of [7] and can be given along the lines of Theorem 1 of
[4]. We will sketch the necessary modifications to the proof of Theorem 1 of [4] for
the convenience of the reader. We will follow the notational conventions [4] without
comment. For the duration of this proof we let G=GL,. We follow the standard



ON LIFTING FROM CLASSICAL GROUPS TO GLy 9

convention that for a set of places S we let Gs= [[,csG, and G®= T, ¢ s Go with
similar conventions for representations, L-functions, etc.

We begin with M= ®' MM, as in the theorem. We assume that L(s, M X 1) is nice,
that 1s, satisfies (1)-(3) of the theorem, for all T € .7(S). For each place v, if I, is not
generic we take an induced representation =, of Whittaker type such that M, is the
unique Langlands quotient of =,. For those places where I, is generic, =,=T1,. For
those places where 1, is unramified, we choose an unramified vector &, which projects
to the unique non-zero K,-fixed vector in I, with respect to which the restricted tensor
product is taken. We then form == ®' Z,, the restricted tensor product with respect
to this system {&°}. By the definition of the local L- and e-factors [13, 17] we have
both L(s, = X 1)=L(s, M X 1) and &(s, = X T)=¢(s, M x 1) for all t.

Since representations of Whittaker type have Whittaker models, for each
decomposable & € V=, £= ® &,, we may form We(g) = [[ We (g) and the functions

U= D Wilpg and Vi(g= D> Welag
Nb\P() N (B\Qb

where P =Py is the standard mirabolic subgroup fixing the row vector (0, ...,0, 1), N is
the standard upper triangular maximal unipotent subgroup of GLy, Q is the transpose

1
), and
Ino
N'=a"'Na. Since P(k) and Q(k) generate GLy(k) we see that an equality Ug(g)= Vi(g)
for all & would imply that the map & — Ug(g) would embed V= into the space of

of P, that is, the opposite mirabolic, a is the permutation matrix o = (

automorphic forms on GL(A).

Since we are only twisting by representations which are unramified at places in
S, we will only be able to prove this equality for a restricted set of § and only on a
subset of GLy(A). For every place » € S we choose a vector §; such that &; is invariant

under some compact open subgroup Kl(p;nl') with m, > 0 (see Section 11 of [4]). This

vector will necessarily transform by the character wn, under the action of Ko(p;n”). If
v happens to be an unramified place, we take &; to be the K,-fixed vector as before.
Let &= ®,c5 &° € Vz,. Let Ko s()= [T,es Ko o(p,") C Gs where n=[],cp,

Let & be any vector in Vzs. Then as in Section 10 of [4] for & of the form
&€ =83 ® & the fact that the L-functions for L(s, = X T) are nice for all T € .7(S) lets us
conclude that Ug(g) = Ve(g) for all g € Ko s(n)G®.

Let Py(n)=P(k) N Ky sm)G® and Qy(n)=Q(k) N Ky s(n)G®. Then Proposition 9.1
of [4] 1s replaced by a simple matrix computation (as in Lemma 2 of Section 4
of [7]) which shows that Py(n) and Qy(n) generate the congruence type subgroup
Fom)=GLy(k) N Ko sG® of G'=K; sm)G®. Hence the mapping & — UEg@ES(g)
embeds Vs into the space of automorphic forms . 4 (Iy(n)\G’; w=) as a representation
of G’. Since by approximation GLy(A)=GLy(AG" and To(n)=GL(k) N G’ we see
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that . 2(GLy(k)\GLy(A); wz) =. 2(To(n)\G’; w=) so that =° determines an automorphic
representatlon = of GL (A) Then, by construction, =) ~ =, for all v ¢S.

For our M’ of the theorem we now take any irreducible constituent of =" but with
the restriction that for » € S we take M;=T1,, which is possible by our construction.
This proves the result without the character n.

To incorporate the character n, the only thing to observe is that if T € .7(S)
then L(s, M X (t®nN))=
with twisting sets .7(S;n) is equivalent to applying the converse theorem for M ® n
with the twisting sets .7 (S). Then by the above, M &®n is quasi-automorphic and hence
Mis as well. O

L(s, (M ®n) x 1) so that applying the converse theorem for I

To apply this theorem to the problem of Langlands lifting form SO, , to GL,,
we begin with our globally generic cuspidal automorphic representation = ®' T,
of SO,,,,(A). For each place v we need to associate to T, an irreducible admissible

representation M, of GL,,(k,) such that for every T € .7(S;n) we have

Lis, m, x1,)=L(s, M, X 1)
8<53 T[v X Tva l-IJv):E(Sa rlv X Tva l'IJZI>'

For archimedean places v and those non-archimedean v where T, is unramified, we
take I, to be the local Langlands lift of 1. For those places v where T, is ramified,
we will take for M, an essentially arbitrary irreducible admissible generic representation
of GL,,(k,) having trivial central character. However, we must choose our finite set of
places S of £ such that S contains the places where T, is ramified and choose our
character n of £*\A* such that n, is sufficiently highly ramified so that L(s, 11, X n,),
L(s, N, xn,), &, 1 xn,,yY,), and &, M, x n,, Y,) are all standard (see Section 4).

Now consider M= ®'M,. This is an irreducible representation of GL, (A). With
the choices above we have

Ls, mx 1)=L(s, MM x 1)
Es, MX T)=¢(s, M X 1)
for Re(s) >> 0 and all T € .7(S;n). In the next section we will show that the theory

of L-functions for SO,
the hypotheses of this converse theorem. Hence I is quasi-automorphic and moreover

x GL, is developed far enough to guarantee that I satisfies

there exists an irreducible automorphic representation M’ of GL, (A) such that M, ~ N
for all archimedean v and almost all finite » where T, is unramified. Hence M’ is a
weak Langlands lift of 1t
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3. Analytic properties of L-functions SO, , twisted by GL,

Let 1t be a globally generic cuspidal representation of G,(A)=S0,,,,(A).

For T a cuspidal representation of GL (A) we will let L(s, tx T) be the completed
L-function as defined in [31] via the theory of Eisenstein series. The local factors are
then defined via the arithmetic Langlands classification for archimedean places, through
the Satake parameters for finite unramified places, as the poles of the associated
y-factor (or local coefficient) if 1, and T, are tempered, by analytic extension if T,
and T, are quasi-tempered, and via the representation theoretic Langlands classification
otherwise.

Let S be a non-empty set of finite places of £ such that T, is unramified for all
finite » ¢ S. Let n be a continuous character of £*\A* which is highly ramified for all
vES.

Proposition 3.1. — Let n| be a character of kK*\A* such that, for some v € S, both 1, and
r]f are ramified. Then for all T € .7(S;N) the L-function L(s, TUX T) s entire.

This follows from the results in [18, 19]. For the convenience of the reader, we
will sketch the proof here.

Let A denote the group of ideles of norm 1. Fix a subgroup A, C A* such
that A, ~ R} and AX =A*'!xA,. It suffices to assume that T is unitary and its central
character is a character of £#“\A* which is trivial on A;. Any cuspidal representation
can be written as T ~ T & |det|”, where T is unitary with central character trivial on
Ay, and then L(s, mx 1)=L(s + s, mx ). Note that if T € .7(S;n), then so is T'.

Let 1 be as above and T a cuspidal representation of GL (A) in .7(S;n) also as
above. If we let M=GL x G, then M is a Levi subgroup of a standard maximal
parabolic subgroup P=P, , C G,,. Let m=7r+n and let N=N, , be the unipotent
radical of P. In order to make the argument, we will consider both the case n$0, the
case of interest, and n=0, for purposes of induction. We view 0 =T ® Tt as a unitary
cuspidal globally generic representation of M(A). As such, we can form the induced
representation

G,,(A)
P

Indy,

) (detfT@m if #40
I(s, 0)= )
Indpy, (|det|/?T)  if n=0

If a 1s the simple root associated to the maximal parabolic subgroup P and we let, as

usual, @ =pp/(pp, 0) then as in [31]
(s, 0) = Indp (c*% ) g).

We let V(s, 0) denote the space of functions on which I(s, 0) acts. We could represent
these representations as all realized on the same underlying space of functions on a
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suitable maximal compact subgroup K(A), namely the space V of

K(A)
Indiy pa) (O k@nma)

with the action varying with 5. Each f€ V then determines a section f; € V(s, 0).
Consider, for f€ V, the Eisenstein series

Eg.f)= > fvg.
PU\G,,(h)

/L) ’m(

This converges for Re(s) >> 0 and has a meromorphic continuation to all of G [21, 26].
Our condition on the central character of T guarantees that the poles of the Eisenstein
series in the half plane Re(s) > 0 are all simple and lie on the real axis.

The first key observation is the following.

Lemma 3.1. — If T s not self-contragredient then E(g, ;) has no poles in Re(s) > 0.

Proof. — This is Proposition 2.1 of [18]. It follows from Langlands’ inner product
formula for the residues of Eisenstein series [21, 26]. O

This will hold in our situation by the following lemma.

Lemma 3.2. — Let 1 € .7(S;n) with N non-trivial and such that for some v € S, r]f s
ramified. Then T cannot be self-contragredient.

Proof. — If 1 € .7(S;n) then at a place v € S we have that the local component
T, must be of the form

k) )

GL,( GL,(
L= IndB;(ky) <u1,v .. Ur,v> ® n, = IndB:(kU) (p-l,vnv ®..& p-r, vnv)

where B] is the upper triangular Borel subgroup of GL and the ; , are unramified
characters. This follows from the fact that 1,=T1, ® n, with T, both unramified and
generic. Then

~ GLk), —1 _—1 —1_-1
TU = IndB;(/(z,) (I"ll ,vny ® ® p‘r, vrlv >

If T ~ 1 then for this place T, ~ 1, and then for each i there will be a j such that
ul-,vr]v:u;zl,r]y_l and hence nf:(uj',szi,z;)_]- But r]f is non-trivial and ramified while
(uj,vui, v>_1

is unramified. This is a contradiction. [
From this point on we will use simply that T is not self-contragredient.

Let ¥ denote the set of roots of G,, Z° the set of positive roots associated to
U,, and A denote the associated set of simple roots. Let 6 be the subset of A which
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generates M. Then A=8U {a}. Let w be the unique element of the Weyl group
satisfying w(B) C A but w(a) € 7, i.e., w(d) is negative. In our setting we have

Sr
w= ( i12n+1 )
5

where s, is the r X r matrix

and the sign on =*Iy,s; i1s chosen so that the determinant is 1. Note that w preserves

M and that if we define w0(m) = 0(m*) then w0 ~ T ® T and w(e"® P g) = £~ Hr)yg,
We let A(s, 0, w) : V(s, 0) — V(—s, w0) be the standard intertwining operator defined
for Re(s) >> 0 by

Als, 0, w)flg = [ Flong) di

and continued meromorphically (see [31] and the references therein). A(s, 0, w) factors
into a product of local intertwining operators A(s, 0, w)= ®, A(s, 0,, w) with the
local operators given by the analogous local integrals. These local operators can be
normalized by writing

A(s, 0,, w)=1s, 0,, wN(s, 0,, w)
where, if 7+ 0,
L(s, T, X T,)L(2s, T,, Sym’
o 5, T X TS, T, Sy
L(1 + 5, T, X T,)€(s, T, X Ty, WL(1 + 25, T,, Sym’)e2s, T, Sym®, @,)
while if n=0,

L(s, 1, .Sj)mQ)

7(57 0y, w>:7(5> T, w) =
L{L+ 5, T, S, T, S, )

are scalar functions. The N(s, 0,, w) are then the normalized intertwining operators.
Note that if » is a non-archimedean place where I(s, 0,) is unramified and we let
/5., denote the (normalized) K,-fixed vector in V(s, 0,) and similarly j‘;’ _, the K-
fixed vector of V(—s, wo,) then N(s, 0,, w) [} | :7”;’, _, by the formula of Gindikin and

Karpelevich. Hence if we set N(s, 0, w)= ®, N(s, 0,, w) then for any f € V(s, 0),
N(s, o, w)f; 1s essentially a finite product.
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Lemma 3.3. — Each normalized local intertwining operator N(s, 0,, w) is holomorphic and

1
non-zero (as an operator) for Re(s) > 7 Consequently the same 1is true for the global operator
N(s, o, w).

Progf: — 'This 1s Proposition 3.4 of [19]. O

Now let 7(s, 0, w)= [], (s, 0,, w). The Euler products converges for Re(s) >> 0.
If we compute the constant term of the Eisenstein series along the unipotent radical

N of P we have

EN(g, /)= / E(ng, f;) dn=f{(g) + Als, 0, w) /(9
A)

NN

By Lemma 3.1 and 3.2, the Eisenstein series is holomorphic for Re(s) > 0, and hence
the same is true of A(s, 0, w). So if we write

A(s, 0, w)=1(s, 0, wN(s, 0, w)

then by Lemma 3.3 we may conclude that #(s, 0, w) is holomorphic for Re(s) > —, of

N —

course for T non-self-contragredient.
From this we need to sift out our information on L(s, Tt X T). Let us write
(s, 0, w)=p(s, 0, w)/q(s, 0, w) where

~ [L{s,tx )L2s, T, 9m*) i nF0
Hs, 0, @)= {L(s, T, Smdd) =0
and
5, 0, )= {L(l +5, TTX Des, X DL + 25, T, Syme2s, T, Hm?) i n£0
79 5 W= L, 1, Smdels, T, Sym?) if n=0

with similar conventions in the local situation.

If we compute a non-trivial Fourier coeflicient of our Eisenstein series we find,
as in Proposition 5.2 of [10],

Bef)= [ B w ' de= g 0w W
Up(B\U,(A) ve€T
where U, is the standard maximal unipotent subgroup of G,,, P our non-trivial additive
character of £\A defining a non-degenerate character of U, (k)\U,(A) which we again
denote by g, T the finite set of places, T D SU S, such that 0 and @ are both
unramified for v ¢ T, ¢'(s, 0, w) = [L¢rq(s, 0,5 w), and Wv’ (g simply local Whittaker
functions for I(s, 0,). Recall that for any given s there is a choice of function so that
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W, (9 %0, as in Lemma 5.3 of [10]. As a consequence of this formula and the fact

that E(g, ;) is holomorphic for Re(s) > 0 we see that ¢'(s, g, w)~! is holomorphic
for Re(s) > 0 and hence ¢'(s, 0, w) is meromorphic and non-vanishing for Re(s) > 0.
Since the local L-factors are always meromorphic and non-vanishing, we have that in
fact ¢(s, 0, w) is meromorphic and non-vanishing for Re(s) > 0. In particular, if n=0
this gives the meromorphy and non-vanishing of L(1 + s, T, Sym?) for Re(s) > 0, or of
L(s, T, Sym?®) for Re(s) > 1.

Consider now the case n=0 so that 0=T. We know that

As, 0, w)=1s, 0, w)N(s, 0, w).

A(s, 0, w) is holomorphic for Re(s) > 0 and N(s, 0, w) is holomorphic and non-
1 1
vanishing for Re(s) > 7 Hence 7(s, 0, w) is holomorphic for Re(s) > 2 By the definition

of (s, 0, w) we have
Lis, T, $m?) = 1fs, 0, w)L(1 + 5, T, SmIels, T, Sm).

We know that the L(s, T, Sym?) is absolutely convergent, and hence holomorphic, in
some half plane, say Re(s) > a. On the other hand, if L(s, T, Sym?) is holomorphic in
Re(s) > b for some b, then L(1 + s, T, Sym?) is holomorphic for Re(s) > b — 1 and hence

1
so is (s, T, w)L(1 + 5, T, Sym?)e(s, T, Sym?) as long as Re(s) > 7 So L{s, T, Sym?) is then

1
also holomorphic for Re(s) > 6—1 as long as Re(s) > 7 In this way we may inductively

1
shift the half plane of holomorphy for L(s, T, Sym?) to Re(s) > 7

Now let n£0. We proceed in essentially the same manner. From A(s

)

b 0-,
=1s, 0, w)N(s, 0, w) we may conclude that (s, 0, w) is holomorphic for Re(s) >

I\D.Ir—‘%‘

Utilizing the definition of (s, 0, w) we may write

L(s, ix 1)=R(s)L(l + s, T X 1)
where we have written

R(s)=r(s, 0, we(s, T L1 + 25, T, Sym)e(2s, T, Sm’)L(2s, T, Sym*)~".
Note that from our previous analysis of the n=0 case we know that L(1 + 2s, T, Sym?)

is holomorphic for Re(s) > 0 and L(2s, T, Sym*)~" is holomorphic for Re(s) > 7 Hence

1

R(s) 1s holomorphic for Re(s) > 7 Hence we can shift as above to obtain L(s, Tt X 1)
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1
is holomorphic for Re(s) > 7 We now utilize the functional equation (see Proposition

3.3 below) to guarantee L(s, Tt X 1) is entire. This proves Proposition 3.1.

We will also need the following two results on the analytic properties of these
L-functions.

Proposition 3.2. — For any cuspidal representation T of GL (A), 1 <7 < 2n, the L-function
L(s, TUX 1) @5 bounded in vertical strips.

Proof. — This 1s Corollary 4.5 of [10]. O

Proposition 3.3. — For any cuspidal representation T of GL (A), 1 < r < 2n, we have the
Sunctional equation

Lis, ix 1)=¢(s, mx )I(1 — 5, TTX 7).

Proof: — This 1s a consequence of Theorem 7.7 of [31]. O

As a technical result for effecting the lifting, we will need to use the stability of the
y-factor for local generic representations of SO,, ., twisted by sufficiently highly ramified
characters as in [6]. In the context of the local L-functions defined via Eisenstein series,
the existence of the local y-factors at all places v is given in Theorem 3.5 of [31] and
1s related to the local L- and e-factors by

(3.1) Vi, T X Ty, P) = LA =5, T X TJels, o X T, Y).

L(s, m, x 1)

Proposition 3.4. — (Stability of y) Let v be a non-archimedean place of k and let Ty , and
T, , be generic representations of G(k,). Then for every sufficiently highly ramfied character |, of
k* we have

y(S, T[l,v X nm LIJU):V(‘S; T[Q,L‘ X r]v; LIJZ/>

ve, after a sufficiently highly ramafied twist all y-factors become stable.

Proof: — This result was proven in [6] in the context of y-factors as defined
via the integral representations of L-functions for SO, ., as developed by Gelbart and
Piatetski-Shapiro [9], Ginzburg [11], and Soudry [34-36]. However, by Corollary 2 of
[35] we know that the two definitions of the y-factor agree, at least up to a constant
of absolute value one which, in our case, depends only on the character. Hence the
result transfers to the case under consideration. O
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To determine this stable form, it suffices to take T, to be a full induced
representation from characters M, ,, ..., H, , of £°'. Then, since the y-factors are
inductive, again by Theorem 3.5 of [31], we see that for sufficiently highly ramified
n, we have

(3.2) Y(s, U X Ny, W) = Hvs W oMos W)Y (s, BN, W),

j=1
For our purposes it will be better to have the corresponding statement in terms of the

L-factors and &-factors. We begin with L.

Lemma 3.4. — Let v be a non-archimedean place of k and let T, be a generic representation
of G,(k,). Then for every sufficiently highly ramified character 0, of k' we have L(s, T, X n,) = 1.

Proof. — This follows from the Main Lemma 1 of [33]. O

If we combine the stable form of the y-factor in (3.2), the relation of the y-factor
to the L-factor and the &-factor in (3.1), and this Lemma, we arrive at the following
corollary of Proposition 3.4.

Corollary. — Let v be a non-archimedean place of k and let T, be a generic representation of
Gu(k,). Let Wy 4y .oy Wy, e n characters of k. Then for every sufficiently highly ramified character
N, of k° we have

8<53 T, X Ny, l-lJv = H 5 u] MNos l‘lJL (5 Hj ynv: lpz)

and

Lis, m xn,) = 1

4. The Local Liftings

In this section we describe the local liftings in more detail. There are three
distinct cases. Let = ®' 1, be a globally generic irreducible cuspidal automorphic
representation of SO, . (A).

() The non-archimedean unramified lifting

Let v be a place where T, is unramified. Then, by the Satake isomorphism
[29, 2], T, is determined by a semi-simple conjugacy class [#] in Sp,, (C) and the local
Langlands L-function is defined by

L(s, ) =det(1 — t,¢, )"
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where ¢, i1s the order of the residue field of £,. Under the natural embedding
t: Sp,,(C)— GL,,(C), [#] determines a semi-simple conjugacy class [I(£)] in GL,, (C)
and this has associated to it an unramified representation I, of GL,,(k,). M, is the local
Langlands lift of m, to GL,,(k,).

Proposition 4.1. — Let k, be a non-archimedean local field. Then the local Langlands bfi
M, of an irreducible generic unramified unitary representation T, of SO,, (k) to GL,,(k,) is again
urreductble, generic, unramified, and self-contragredient.

Progf: — The lift M, is unramified and irreducible by construction.

That the lift is self-contragredient is a simple argument on Satake parameters.
Suppose that 1, is the unramified constituent of the unramified principal series

Indgﬁf(u],y@...@un, ;) with the ; , unramified characters. Then the Satake parameter
of T, is represented by the diagonal element

ty:diag<ul,u(wv>a ) p'n y((‘)u>> pw,v(wz;)_l 5 seey ul,v<®v)_l)-

b

in Sp,,(C), where ®, is a uniformizing parameter for k. Under the embedding
I @ Spy,(C)— GL,,(C) we have ((t)=1{ and T, is the unramified representation

of GL,,(k) associated to [t] C GL,,(C). The contragredient representation I, is
then the unramified representation associated to the semi-simple conjugacy class
(4, 1] c GL,,(CG). In GL,,(C) we have that ¢, and ¢, ' are conjugate by the long
Weyl element. Hence I:Iv ~ I, as claimed.

It remains to show that I, is generic. We will give two proofs of this fact, in the
hope that one might eventually extend to other classical groups.

The first is based on the Kazhdan-Lusztig parameterization of representations
having an Iwahori fixed vector [25] and is independent of the unitarity assumption.
If G is any split reductive group over £, with connected center, such as our SO,,, (k)
or GL,,(k), then by an independent result of Barbasch-Moy [1], Li [24], or Reeder
[28] any irreducible generic unramified representation p must be a full unramified
principal series induced off the Borel subgroup. If p corresponds to a semi-simple
conjugacy class [s] in “G° then the associated induced representation from the Borel
reduces into constituents p(s, «, X) parameterized by the unipotent elements u of “G’
such that Ad(s)u=u’ and certain irreducible representations X of the component group
A(s, u)= Cent(s, u)/ Cent(s, u)’ 'Z. where Cent(s, u) is the centralizer in “G° of s and u
and 'Z is the center of “G. The associated induced representation is irreducible iff
s supports no non-trivial unipotents in this sense (see [l, 25]). In fact, the proof of
Barbasch and Moy cited above shows that if p is both generic and unramified it must
correspond to a conjugacy class [s] which does not support a non-trivial unipotent and
is hence irreducible.
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Now assume that T, corresponds to the semi-simple conjugacy class [#] in Sp,,(C)
as above. Since T, is generic and unramified, ¢, cannot support a non-trivial unipotent
in Sp, (C). Under the embedding t : Sp, (C)— GL,,(C), 1(£)=1. Since the image of
Sp,,(C) in GL,,(C) is “big”, if £, cannot support a non-trivial unipotent in Sp, (C) it
cannot support one in GL,, (C) either since the relevant roots of GL,, already lie in
Sp,,. Hence M, must also be a full induced from the Borel and hence generic.

The second proof is based on our knowledge of the unitary dual of SO, (%,).
By the result of Barbasch-Moy, Li, or Reeder cited above we still have that T, is a full
unramified principal series. If we write this in Langlands form, then by the work of
Yoshida [38] we know that since in addition T, is unitary, it must be of the form

m = IndB (u Vﬂl ® ® p‘n v n)

1
with the pf , unramified unitary, v(x)=|x,, and 3 >a; > ... > a, > 0. Then the local

lift M, is simply
(4.1) v—IndB/Q” W V1 © @ V@ )V @@ () )

where Bj, is the standard Borel subgroup of GL,,. This is then irreducible by [39].

Hence M, is generic. O

We will need to control the twists of these L-functions by arbitrary generic
representations T, of GL, (,) with » <2n.

Proposition 4.2. — Let T, be an wrreducible unramafied generic representation of G,(k,) and
T, be an irreducible generic representation of GL (k,) with r < 2n. Then

L()‘, T, X Tz,'>:L<5> nv X Tv)

and
8<‘§7 T[l‘ X Tl/'} l‘IJl’)ZS(‘S‘7 I-Il‘ X Tl/'} l‘I"l’)'
Proof. — As in the proof of Proposition 4.1 we may write
m= IndB (p-l v ®..Q® urz L)
and
GLy, (k, -1 -1
U_IndB, (U'l,v®"'®u":l’®uﬂ,v®"'®u1,v)'
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By Theorem 3.1 of [13] we know that

y<5> M, X1, quJ): H y<5: T, & Mi, o5 LIJL‘)V(SJ T, & H;in va)

i=1
and by Theorem 9.5 of the same paper that

n

Lis, M, x 1)= [ L5, T ® i JLGs, T, @ Wi L)

=1

Since Theorem 9.5 applies equally well to the contragredients, then together these
statements give also

e(s, M, x T, W) = [ &5, T @ Moy WEGS, T, @ Wiy, W):
=1

For the representation T, of G,(£,) the same results can be extracted from the
results of [31, 32]. First, by either the inductivity of y from Theorem 3.5 of [31] or
Section 4 of [32] we know

n

y(sa T, X TL': qu>: H V(S’ T, X ui,v: qu)V(Sa T, ® U—:l: LlJv)

=1

To obtain the factorization of the L-factors, first note that since both T, and T, are
generic, they are both full induced from generic tempered representations in Langlands
order, 1.e.,

Golky) o ‘
m= Ind()‘(kz,) <T[Il,yv '®..® 7, M ® T'*Iﬁ/)

with each Tt , tempered on some GL, (k), v the character v(g)= |det(g)|, for g € GL, (%),

1 tempered on Gyk,), a; > ... > a,, and Q the standard parabolic with Levi of the
form GL, x .. x GL, x G, Note that under our assumptions, cach T , and 1T/ are

full induced from unitary characters. Similarly
GL,(k,
T, ~ IndQ/&i‘))(Tﬁ,UVbl ® .. 0T, v

with each T/, tempered on some GL,](/fy) and Q' the standard parabolic with Levi
GLr1 X e X GLrt. For G,(k,) this is the work of Mui¢ [27] and for GL(k,) that of

Jacquet and Shalika [16] or Zelevinsky [39]. For such representations, the L-function
is defined via this parameterization in Section 7 of [31] as

L(s, mx1)= [[ Listatby, € <1 Lis—a+b;, <t ) [ List+;, ' < ).
J

)
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Consider one of the factors on the right, say L(s+a+4;, T X T ). Since as we noted
T , is a full induced from unitary characters, say 10 =~ Ind(ul,y ® " ® IJ'jq,v)) and the
fa;:t that T , 1s tempered, then either by the result’ of Jacquet, Piatetski-Shapiro and
Shalika quotéd above or Theorem 5.2 of [32] we have

Lis+a+b, 1, x1 )= [[Ls+a+b,u 1)
/

Note again that the Conjecture 5.1, which is a hypothesis of Theorem 5.2 of [32],
is known in our case by Theorem 4.1 of [3]. The result of [32] applies equally well
to the factor L(s + 4;, T’ x T/ ) and hence we may factor T, all the way down to its
inducing characters {4 ,, ..., u,“ If we now reconstruct these decompositions we arrive
at

ST[Z}XT H ST@UHL(%U@)U;)

and hence, as above,

E(s, T, X T,, U,) = H (5, To © My or WEGS, T, @ My, 5 W,).

Comparing these factorizations then gives the statements of the Proposition. [

(1) The archimedean lift

Let »|oo denote an archimedean place. By the arithmetic Langlands classification
[23, 2], T, is parameterized by an admissible homomorphism ¢, : W, — Sp,, (C)
where W, is the Weil group of £,. By composing with 1 : Sp, (C)— GL,, (C) we have
an admissible homomorphism 1o ¢, : W, — GL, (C) and this defines an irreducible
admissible representation MM, of GL,,(£,). We take M, as the local lift of Tt.

The local archimedean L- and e-factors defined via the theory of Eisenstein
series we are using are the same as the Artin factors defined through the arithmetic
Langlands classification [30]. Since the embedding 1 : Sp, (C)— GL,,(C) is the
standard representation of the L-group of SO, (k) then by the definition of the
local L- and e-factors given in [2] we have

Lis, ) = Lls, 1 0 §,) = L[s, M)

and

£<53 T[w LlJv>:8<S> Lo ¢v3 LIJZ!>:€<53 rlva va)
where in both instances the middle factor is the local Artin-Weil L- and e-factor
attached to representations of the Weil group as in [37].
If 1, is an irreducible admissible representation of GL (k) then it is in turn
parameterized by an admissible homomorphism ¢; : W, — GL (C). Then the tensor
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product (1 0 ¢,) ® ¢; : W, — GL,, (C) is admissible and again we have by definition
L(s, T, X T,)=L(s, (1 0 0,) ® ¢/) =Ls, M, x T,)
and
5, T6 X T W) = (5, (10 6,) @ 6L, W) = £(s, T, X Ty, W)
Hence at the archimedean places we also have the analogue of Proposition 4.2.

Proposition 4.3. — Let T, be an wrreductble admissible generic representation of G,(k,), 1, its
local Uft to GL,,(k,), and T, an irreducible admassible generic representation of GL (k,) with r < 2n.
Then

L(S; T, X TU>:L(5> nzv X Tz})
and

(s, T, X T, P,) =£(s, M, X T, ).

(1ii) The ramified non-archimedean local lifi

If v is a non-archimedean place where 1, is ramified, we will take for I, any irreducible
admissible representation of GL,, (k) which has trivial central character. If we like we
may take [, unramified, generic, self-contragredient...

Proposition 4.4. — Let v € S and let T, be a local component of a cuspidal representation T
i . 7(S;n). Then as long as n, ts sufficiently ramified at v, with the necessary degree of ramification
depending only on T, and M, we have

L(S; T, X Tv>:L(S> n, x Tv)
and

£<5, T, X Ty, LIJZ,):S(S, rlv X Ty, l-lJv>

Proof. — The proof of this Proposition is essentially the same as that of
Proposition 4.2. In this case, by the definition of .7(S;n) we know that T can be
written as

GLr(kv)
T IndB;(kz/_) (X] 0 ® ® Xr, v) ® r]v

: : b :
with each ¥X; , unramified. If we let x; ,(x)=|x|,” and let v(x)=|x|, then we may write
this as

GL®&), — p b,
T~ IndB,(kp) NV & ... NVv").
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Arguing as in the proof of Proposition 4.2, but now factoring T according to its
characters, we find

Lis, ;, x 1,)= [[ Lis + 6, m, x n,)
=1

and

8<53 T, XT,, l-lJv>: H €<5+ bi: T, X r]v) va)
=1

By the Corollary to Proposition 3.4, we have that for n, sufficiently ramified (depending
on ) L(s, I, X T,)=1 and that each &-factor becomes standard as stated there.

On the other hand, by the same results of [13] as used in Proposition 4.2, we
have

L(s, M, x )= [] Ls + 4, M, xn,)

=1

and

8<53 rlv X Ty, qjv): H £(5+ bia rlv X nva qu»)-
=1

Now, by the results of Jacquet and Shalika on the stability of L- and &-factors for
GL, [16] we have that for sufficiently ramified n, (depending on M,) L(s, M, X 1,)=1
and each e-factor becomes standard as stated in Proposition 2.2 of [16]. Since the
central character of I, is trivial, we see that the stable forms in Proposition 2.2 of
[16] and in the Corollary to Proposition 3.4 above agree. This gives the statement of
the Proposition. O

5. The Global Lift
In this section we prove the Theorem stated in Section 1.

Proof. — We begin with = ®' 1, an irreducible globally generic cuspidal
automorphic representation of SO, ., (A). To each local component T, we have
associated a local lift M, on GL, (k) in Section 4. Let M= ®' M,. Then M is an
irreducible admissible representation of GL,,(A) with trivial central character. Let S
be a non-empty finite set of finite places so that T, is unramified for all finite v ¢ S.
Then by Propositions 4.2 and 4.3 we have L3(s, M =1L5(s, M) so that the completed
L-function L(s, M) is absolutely convergent in some right half plane.
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Take n= ®n, a unitary character of £“\A* such that for » € S the local
component N, is sufficiently ramified so that Proposition 4.4 holds and such that at
one place nf is still ramified.

Let T € .7(S;n). Then by Propositions 4.2-4.4 we have

L(s, N, x 1,)=L{(s, I, X T,)
8<53 rlv X Ty, l“v):8<53 T, X Ty, l-pv)
for all places v of £ and hence globally

L, N x 1)=L(s, TXx 1)
(s, M X 1) =¢(s, TUX T).

We of course have the analogous statements for the contragredients.

By Propositions 3.1 and 3.2 we know that, for our choice of n, L(s, 1 X 1) is
entire and bounded in vertical strips. Furthermore, from Proposition 3.3 we have the
functional equation

L, mxt)=¢g(s, mx )L(1 — s, Tt X T)
and hence
Lis, M x 1)=¢(s, M x DL(1 — s, 1 x 7).

Our representation I now satisfies the hypotheses of the Converse Theorem
of Section 2. Hence there is an irreducible automorphic representation M’ such that
M, ~n, for all » ¢ S. In particular, at almost all places » where T, is unramified (we
must exclude any such places in the finite set S) and all archimedean places v|oo we
have M/ ~ M, is the local Langlands lift of T,. Hence M’ is a weak global Langlands
lift of Tt This proves the Theorem. O

6. Complements

In this section we would like to give some consequences of our main theorem.
Our first three corollaries are global and deal with the questions of uniqueness, self-
contragredience, and genericity of our lifts. The second two are local in nature
and show the existence of a unique generic local lift of any generic supercuspidal
representation of SO, (k).

Let 1 be a globally generic cuspidal representation of SO, (A). Let T be any
weak lift of 1 to GL,,(A). By a result of Langlands [22] we know that there is a
partition n=(ny, ..., n) of 2n and cuspidal representations 0; of GL, (A) such that M is

) _ GLy,(A : .
a constituent of = :Indpn(i)( )(0 1 ®...®0,), where P, is the standard parabolic subgroup

of GL,, with Levi subgroup GL, x .. x GL,. (As all our inductions in this section
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will be of this form, from a standard parabolic associated to a partition of 2n, which
will be clear from the context, to GL,,, we will henceforth omit the groups from the
notation for induction.) For those finite places v where 1, is unramified we have that
M, is the unique unramified constituent of =, =Ind(0; ,® ... ® 0, ,).

Now suppose that M’ is another weak lift of Tt Then to M’ we also have associated
a partition (n], ..., n,) of 2n and cuspidal representations o; of GL ,(A) such that M’ is a

constituent of =’ =Ind(0] ®...®0}) and for those finite places » where N/ is unramified
we have that M) is the unique unramified constituent of =) =Ind(0} ,® ... ® 0, ).

By construction, for almost all finite places where T, is unramified M, >~ I’ is the
local lift of m,. Thus by the classification result of Jacquet and Shalika (Theorem 4.4 of
[14]) we have that =7 and up to permutation n,=7, and 0, >~ 0, for 1=1, ..., £ So Tt
completely determines the partition (n;, ..., n,) of 2n and cuspidal representations 0; of
GL, (A) as above such that every weak lift of T is a constituent of =Z=1Ind(0, ® ... ® 0)).

o)

For definiteness, let us write 0;=0;V" where 07 is unitary cuspidal and s; € R and
assume that we have numbered the o; so that s > ... > s,.

Recall from Proposition 4.1 that at the finite places where T, is unramified the
local lift M, is unramified and self-contragredient. Hence if we consider = =1Ind(@, ®
-+ @ 0,) we see that for almost all » such that EZ, 1s unramified the unramified
constituent will be T,. Since M, =~ M, then again applying the classification theorem
of Jacquet and Shalika there is a permutation p of {1, ..., ¢} such that &; ~ g, that
is, as a multiset {0, ..., 0,} is self-contragredient. Hence = and = will have the same
constituents.

We say that two irreducible automorphic representations I and M’ of GL, (A)
are nearly equivalent if there is a finite set T of places of £ such that M, >~ M/ for all
v ¢ T. So if M and N’ are two weak lifts of 1T then they are nearly equivalent. Moreover
we see that any constituent of = is nearly equivalent to any weak lift I of 1 and that
in fact the constituents of = make up the full near equivalence class of any weak lift of
1. We will call an irreducible automorphic representation M nearly self-contragredient if T
is nearly equivalent to its contragredient M. Since = and = have the same constituents,
we see that any weak lift of 1T is nearly self-contragredient.

Thus we have established the following Corollary to our Theorem.

Corollary 1. — Let TUbe a globally generic cuspidal representation of SO, (A). Then Tt
completely determines a partition (ny, ..., n) of 2n and a self-contragredient multiset {0y, ..., 0}
of cusprdal representations of GL, (A) as above such that every weak lft of Tis a constituent of

==Ind(0| ® ... ® 0,). Moreover any weak lift T is nearly self-contragredient.

In our case, we know by Proposition 4.1 that the unramified constituents of
=, are generic. At any place v we have =,=Ind(0; ,® ... ® 0, ,) and since each o, ,
is generic each =, will have a unique generic constituent. Hence there is a unique
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irreducible generic automorphic representation X of GL, (A) which is nearly equivalent
to any weak lift M of T The representation X itself may not be a weak lift, because
it may not have the requisite component at the archimedean places. However, if T,
is say tempered at all archimedean places, then the local lift M, of 1, will still be
tempered [23, 2] and hence generic [39]. In this case, ¥, will be the local lift of 1, at
archimedean v and hence X will be a weak lift of Tt We gather these facts together in
the following Corollary.

Corollary 2. — Let TUbe a globally generic cuspidal representation of SO, (A). Then there
is a umique generic aulomorphic representation = of GLy, (A) such that  is nearly equivalent to any
weak Uft of TU If TUis tempered at all archimedean places, then T will be a weak lfl of TU

Note that if we had a way of determining that = was irreducible, for example
if we had a cuspidal weak lift, then there would be a unique lift M of 1 and this lift
would be self-contragredient and generic. One way of obtaining this is to place extra
ops1(A) s called

weakly Ramanwan if for every € > 0 there is a constant ¢ > 0 and an infinite sequence

conditions on Tt Recall from [5] that a cuspidal representation Tt of SO

of places {v,} with the property that each 1, is unramified and its Satake parameters

. —1 -1
tz'm :dlag(ul,vma ) un,vma lln,ym, ceey I"ll,vm)

satisty ¢ lql; ¢ <|W.,,| < g . If T has one tempered unramified component or if Tt
i1s weakly Ramanujan, then by Theorem 1 or Theorem 1’ of [5] we see that the
exponents occurring in = are all zero, ie., 5 =..=5=0, so that 0;=0; is unitary
cuspidal and ==1Ind(0] ® ... ® 67). Then = is irreducible.

Corollary 3. — If TU has one tempered unramified component or s weakly Ramanujan, then
T has a unique lift TV == and the lift is generic and self-contragredient.

Now let us turn to some local consequences of the existence of a weak lift. The
local lift at archimedean places is well understood, as explained above, so let us fix
a non-archimedean place ». If T, is an unramified generic representation of SO, (k)
with local lift M,, then by Proposition 4.2 we know that for every supercuspidal
representation T, of GL (£,) we have

y<57 .r[U >< TZ}, wl’>:y<‘g’ I-IZ/ >< TU’ l’IJL')'
This relationship persists for any local component of a weak lift.

Corollary 4. — Let T, be a local component of a globally generic cuspidal representation T of
SO, (A) and let TV be any weak hft of T to GL,, (A). Then for every supercuspidal representation
T, of GL (k) with 1 <7 <2n we have

y(‘s‘) .r[?) >< TZ}, LlJU):y(‘g) I-IZ} >< Tl‘) LIJL')‘
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Proof. — Let 1, be as in the statement of the Corollary. Then by Proposition
5.1 of [31] there is a cuspidal representation 1" of GL (A) such that at the place v the
local component of T is the given T, and at all other finite places w F v we have T is
unramified. Let S be a finite set of finite places such that T, is unramified for » ¢ S
and let S'=S — {v}. Let n be a idele class character such that n, is trivial and n, is
sufficiently highly ramified at w € S’ so that

(6.1) Y (s, T X (T, @ Nw), W) =Y(s5, My X (T, @ Ny), W)

as in the proof of Proposition 4.4.
Let t=1" ®n. Note that since n, is trivial the local component of T at v is still
our given T,. We have the global functional equations

L, mxt)=¢g(s, tx )L(1 — 5, TTX )
and

Lis, M x T)=¢(s, M x DLl — 5, M X 7T)
which we can write in the form

) L3(s, TX 1)

Y(s, TXT,, ) = (H Y(s, T X Ty, §) !
s, TX T, YL — 5, Tt x )

wes!

and

L3(s, M
Y5, MLXT,, W) = (H Y(s, Mo X T, ww)l) (5, X1 S
wes 55, M x T, YL — 5, A x 7

By Propositions 4.2 and 4.3 we have that

L3(s, Tx 1) L3s, N x 1)

(s, Tx T, YL — 5, 7tx T €55, M x T, YL — 5,1 x 7).
while for w € S' we have y(s, TG, X T, W,) =Y(s, My X T, Yy) by (6.1). Hence
Y(s, T, X T,, Y)=Y(s, M, X T,, Y,).
This establishes the Corollary. O

If we push this line of argument a bit further we find the following.

Corollary 5. — Let v be a non-archimedean place of k and let T, be an irreducible admussible
generic representation of SO, (k) which appears as a local component of some globally generic
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cuspidal representation. Then there exists a umique generic representation N, of GL,,(k,) such that for
every supercuspidal representation T, of GL (k,) with 1 < r <2n we have

y(‘sb T[U X TU) l“v>:y<5> I-IZ/ X TD) "IJZ))'

In particular, this ts true for any wrreducible generic supercuspidal representation T,. Moreover, if T,
is the component at v of a globally generic cuspidal representation T and T s any weak lfl of T
such that TV is generic, then N >~ N, i.e., there is a unique generic local lift of T,

Proof. — Take T, as the local component at v of the globally generic cuspidal
representation TL We first show the existence of one such M,. If 1, is unramified,
then the statement follows from Proposition 4.1 and Proposition 4.2. In general, by
Corollary 1 every weak lift M’ of Tt is a constituent of =. If v is finite and T, is
ramified, then we may choose the local component I, of our weak lift M to be the
generic component of =, without effecting the fact that we have a weak lift. Then the
statement about the equality of y-factors follows from Corollary 4.

This shows the existence of such I1,. The uniqueness follows from the “local
converse theorem”, that is, a generic admissible irreducible representation of GL,, (%)
is uniquely determined by its y-factor with twists by supercuspidal representations
of all smaller rank general linear groups, as in the Remark after the Corollary of
Theorem 1.1 of Henniart [12].

If m, is a generic supercuspidal representation of SO, . (k) then by Proposi-
tion 5.1 of [31] it occurs as the local component of a globally generic cuspidal repre-
sentation of SO, (A), hence the above reasoning applies.

The final statement of the Corollary has in fact been shown in the beginning
part of the proof since we took for Tt an arbitrary global cuspidal representation of
SO, .,(A) with local component T, and arrived at the uniquely defined local generic

2n+1

Lft N,. O
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