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1. Introduction

This paper is based on joint work with A. Katok. Results similar to those obtained
here have been obtained by Aubry, Le Daeron and André [7]. Our method is inspired
by some remarks of G. D. Birkhoff on the billiard ball problem. We quote Birkhoff’s
remarks in § 2. The minimax principle, described by Birkhoff, plays a fundamental
role in this paper. We discuss the minimax principle in § 3. Birkhoff’s remarks
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154 JOHN MATHER

generalize in a straightforward way to area-preserving monotone twist mappings of the
annulus. This generalization is described in § 4. Our new results are described in
§§ 5-10. The rest of the paper consists of proofs of the results announced in §§ 5-10.

Our main result is a criterion for the existence of invariant circles for a certain
class of area preserving diffcomorphisms of the annulus, which we call ¢ monotone
twist maps .  Our motivation for studying this question comes from the version of
celestial mechanics studied by Poincaré, Levi-Civita, G. D. Birkhoff, Kolmogoroff,
Arnold, Moser, Sternberg, and others who are essentially pure mathematicians. The
studies of these mathematicians led to the consideration of invariant circles in area
preserving mappings. It is seen from these studies that it is of fundamental importance
to understand when invariant circles do and do not exist.

More recently, Percival used a variational principle to study the question of the
existence of invariant circles numerically [27], [28]. This reminded me of Birkhoff’s
proof [g] of the existence of periodic orbits in the billiard ball problem. Of course,
one cannot prove the existence of invariant circles by such a method, because very
frequently invariant circles do not exist. The orbits {(x,,,)},cz which lie in the
invariant circles are called quasi-periodic, because they have expansions in Fourier series

(xn).yn) = zk: Ck eicakn’

where G, denotes a vector in R%  Around March 1981, I realized that a simple modi-
fication of Birkhoff’s argument [9], using Percival’s Lagrangian, provides a proof of
the existence of quasi-periodic orbits in this sense. Since there may be no invariant
circle of frequency o, these quasi-periodic orbits do not necessarily lie on an invariant
circle. However, under the hypothesis which I considered (monotone twist hypothesis),
they necessarily exist and lie on a minimal set. The restriction of the original trans-
formation to this minimal set has dynamical properties very similar to an irrational
rotation of a circle. In fact, it is semi-conjugate to such a rotation by a continuous
mapping which is 1 — 1 except on a countable set. Moreover, if there is an invariant
circle, this minimal set is necessarily in the circle.

I proved these results by maximizing Percival’s Lagrangian. Another proof was

later given by Katok, who showed that if © is an irrational number, andp—” is a sequence
n

of rational numbers converging to o, then the Birkhoff periodic orbits of type (p,, g,)
converge in the Hausdorff metric to an invariant set. This invariant set contains a
minimal set, which is precisely the minimal set (associated to the frequency ) which
I constructed. Still another proof has been given by Aubry, Le Daeron, and André [7].
It seems that this proof is the result of ideas Aubry had developed over several years
([11, [21, [3], [4], [5], [6], [8]). The proof of Aubry et al. is quite different from either
Katok’s proof or my proof.

In March 1982, after long discussions with Katok, I discovered the results which
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A CRITERION FOR THE NON-EXISTENCE OF INVARIANT CIRCLES 155

I will describe in this paper. In the second half of my graduate course in the spring
of 1982, I lectured on these results. The proofs I give here follow the method I described
in my course, although I have made considerable efforts to improve the exposition.
I would like to thank the students in my course, T. Folk, D. Goroff, R. Llave, R. MacKay,
D. Nance and T. Pignataro, whose questions, comments, enthusiasm and willingness
to listen to some very obscure lectures greatly aided me in writing up this article.

The principle result of this paper gives a numerical invariant, for each irrational
number «, which is always non-negative, and which vanishes if and only if there is
an invariant circle of frequency w. One way of defining this number is the following.
Let p/q be a rational number, expressed in lowest terms. In the case of the billiard
ball problem, Birkhoff [9] showed the existence of at least two periodic orbits of type (p, ¢).
One of these is obtained by maximizing the perimeter of a polygon; the other is obtained
by a minimax principle. Birkhoff’s arguments generalize to the case of monotone
twist mappings of the annulus. In this more general setting, the perimeter of the polygon
is replaced by the ‘“ action ” of a sequence of points in R. But, we still get a max orbit
of type (p, q), with action W, ..., and a minimax orbit of type (p,¢) with action
W,y g minimax:  We set AW, =W, — W, minimax+ FOr an irrational number o,
we will prove AW, , converges to a limit AW, as the rational number p/g (in lowest
terms) tends to w. Our principle result states that AW, = o if and only if there
exists an invariant circle of frequency .

While I was preparing this text, I became aware (in May 1982) of Aubry’s work
([11, [2], (3], [4], [5], (6], [7], [8]). Starting from a question in solid state physics
which is completely different from the question we started with, he has arrived at results
which are similar to ours. In particular, he defines a number which he calls the Peierls
energy barrier. A principal result in his paper [7] is that the Peierls energy barrier
vanishes if and only if there is an invariant circle (for the given frequency). This is
closely related to our result. The Peierls energy barrier is a lower bound for AW,,.
We will discuss the Peierls energy barrier in our terminology in § 25.

The methods of the paper of Aubry, Le Daeron, and André are very interesting
and quite different from our methods. They also have a number of results in their
preprint which we have not proved, and this paper contains a number of results which
they have not proved. Specifically, we have the following results: continuity results
for AW, and semi-continuity results for the minimal sets whose existence was proved
in [21]. Moreover, we show the connection with the classical results described by
Birkhoff in [g].

Our setting is somewhat different from Aubry’s. We consider diffeomorphisms
of a bounded annulus A = (R/Z) X [0, 1]; Aubry considers diffeomorphisms of an
infinite annulus (R/Z) x R. The difference is that our annulus has finite area and
a boundary; Aubry’s has infinite area and no boundary; moreover, in Aubry’s set-up
the diffeomorphism twists arbitrarily much in the negative direction near the lower
end, and arbitrarily much in the positive direction near the upper end. However,
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these are only technical differences; they do not affect the main ideas. Nevertheless,
treating the case where there is a boundary does require a lengthy discussion of techni-
calities at several points.

One of my principle aims in developing this theory was to find a rigorous criterion
for existence or non-existence of invariant circles which would be possible to implement
numerically. I have had several very useful conversations with J. Greene, J. Percival
and R. MacKay, who have been in the forefront of numerical studies of invariant circles.
In particular, I learned the whole approach of studying invariant circles through
maximization-minimization in Percival’s formulation) from Percival. The influence of
Greene may be seen in the use of approximating periodic orbits to study quasi-periodic
orbits, which follows an idea Greene has used for numerical purposes.

This idea of using approximating periodic orbits to study quasi-periodic orbits
also derives from Katok’s ideas in his paper [17] and in many conversations I have
had with him. In [21], I used a method analogous to Birkhoff’s to construct quasi-
periodic orbits. In [17], Katok showed that the existence theorem for quasi-periodic
orbits could be obtained from Birkhoff’s existence theorem for periodic orbits and a
limiting procedure. He also suggested to me (in conversation) that there should be
something which corresponds to the Birkhoff minimax orbits for the quasi-periodic (as
opposed to periodic) case. His original idea was a second Cantor set, in the case the
invariant set which I constructed was a Cantor set and not a circle. This idea turned
out to be very valuable; following it, I found not a second Cantor set, but an orbit
homoclinic to the first Cantor set. This, in turn, led to the orbits I describe in this paper.

I believe it should be possible to develop numerical methods to compute AW,
to an arbitrary degree of precision, together with a rigorous estimate for the error. If
that were done, the main result of this paper would give a means of proving the non-
existence of invariant circles when they, in fact, do not exist. (Hence, the title of this
paper.) On the other hand, computing AW, to arbitrary precision will never tell
whether it is zero or not, so the result in this paper does not provide a means of proving
the existence of invariant circles, when they do, in fact, exist.

Newman and Percival [26] also have a criterion (different from the above) for
proving non-existence of invariant circles. A rigorous proof of their criterion follows
easily from the work of Aubry, Le Daeron and André [7].

2. The Periodic Orbits of Birkhoff in the Billiard Ball Problem

Since I got some of my basic ideas for this paper and some of the previous papers
I have written on this subject ([21], [22], [23], [24]) from considering Birkhoff’s
description of the billiard ball problem, I will quote what he says at length [9, § 2]:
““In order to see how the theorem of Poincaré and its generalization can be applied
to dynamical systems with two degrees of freedom, I propose to draw attention to a
special but highly typical system of this sort, namely that afforded by the motion of
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A CRITERION FOR THE NON-EXISTENCE OF INVARIANT CIRCLES 157

a billiard ball upon a convex billiard table (Fig. 1). This example is very illuminating
for the following reason: Any dynamical system with two degrees of freedom is isomorphic
with the motion of a particle on a smooth surface rotating uniformly about a fixed axis
and carrying a conservative field of force with it. In particular if the surface is not
rotating and if the field of force is lacking, the paths of particles will be geodesics. If
the surface is conceived of as convex to begin with and then gradually flattened to the
form of a plane convex curve C, the ¢ billiard ball > problem results. But in this problem,
the formal side, usually so formidable in dynamics, almost completely disappears, and
only the interesting qualitative questions need to be considered. If C happens to be
an ellipse an integrable system results, namely as a limiting case of the geodesics on an
ellipsoid treated by Jacobi.

In this problem one can arrive at the existence of certain periodic motions by
direct maximum-minimum methods. As of interest in itself I wish to show how this
can be done. Results which are being obtained by Morse (but not yet published)
indicated that the scope of these methods, already developed to some extent by Hadamard,
Poincaré, Whittaker, and myself, can further be extended. Thus the power of such
maximum-minimum considerations in the billiard ball problem is likely to prove typical
of the general case.

“ Any longest chord of the curve C (or boundary of the billiard table) when
traversed in both directions evidently yields one of the simplest periodic motions. The
billiard ball moving along this chord strikes the curved boundary at right angles and
recoils along it in the opposite direction. If we seek to vary this chord continuously,
while diminishing its length as little as possible, so as to finally to interchange its two
ends, there will be an intermediate position at least length which will be the chord G
where C is of least breadth. Detailed computation of the slightly perturbed motions
indicates that the first of these two periodic motions is unstable, while the second is
stable, i.e. with formal trigonometric series for the perturbations.

“ Next we ask for the triangle of maximum length inscribed in C. Evidently
at least one such triangle will exist, and can have no degenerate side of zero length.
At each of its vertices the tangent will, of course, make equal angles with the two sides
passing through the vertex. Hence a harmonic triangle is obtained which will correspond
to two distinct motions, one for each of the two possible senses of description.

“ Moreover if we seek to vary this triangle continuously, without changing the
order of the vertices and diminishing the perimeter as little as possible, so as finally
to advance the vertices cyclically, we discover a second harmonic triangle, also corres-
ponding to two periodic motions.

¢ In this way the existence of two harmonic # sided polygons which make % circuits
of the curve G (% less than n/2 and prime to n) can be proved. The [motion] corres-
ponding to the polygon of maximum type will be unstable, while the other of minimax
type may be stable or unstable.
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3. The Minimax Principle

Here, we give a version of the minimax principle which is suited to our needs.

We begin by considering a C! function H on a smooth, connected, compact
manifold &. Since & is compact, H has a maximum on . We will suppose that
H takes its maximum value at at least two distinct points x° and x'. Intuitively, one
expects to find a ‘ pass ”’ between two ‘‘ peaks ”’ represented by x° and ! (Fig. 2). If
one imagines a traveler traveling between two peaks who wishes to stay at as high an
altitude as possible, i.e. keep H as large as possible, it appears that he must travel through
a pass. This leads to the following definitions, which make sense when Z is a compact,
Hausdorff topological space, which is connected and locally pathwise connected, H is
a continuous real valued function on %, and H takes its maximum value at at least
two points x° and xI.

Definition. — A path connecting two points x° and x! is a continuous mapping
v:[o,1] % such that y(o) = x° and (1) = &

Definition. — The minimax value of H associated to the two points x° and ! is
sup mtin H(y(¢)), where y ranges over all paths connecting x° and %!, and ¢ ranges over
the unit interval [o, 1].

For any real number a, let {H > a}={xe%Z : H(x) > a}.

Proposition (3.1). — The minimax value of H associated to the two points x° and x* is
max{ a:x® and x' are in the same connected component of {H > a}}.

The proof follows from our assumption that & is locally pathwise connected, by
means of elementary topological arguments. Note that the maximum of {a:x° and
x! are in the same connected component of {H > a}} is actually achieved, as may
also be seen by an elementary topological argument based on the fact that  is compact.
We omit these arguments. O

Note that there may be no path y connecting #° and x! such that
min H(y(t)) = sup min H(x(s)),

even if H is a G function on a G manifold, although there is such a path if H is an
analytic function on an analytic manifold, by the Bruhat-Cartan Selection Lemma
([r4], [19], [20]).

Let H,; ..., denote the minimax value of H associated to the two points x° and x.

Definition. — A point y e{H = H_,....} will be said to be free (with respect
to (H, Z, x% x)) if there exists of continuous mapping F of {H > H_;...} into
itself with the following properties:
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A CRITERION FOR THE NON-EXISTENCE OF INVARIANT CIRCLES 159

1) HoF > H,
2) HoF(y) > H(y),
3) HoF(x) = H(x) = F(x) =, for all xe{H > H_;

‘minimax }‘

Other points in {H = H_;;;,...} will be said to be bound (with respect to (H, X, x°, x1)).

Proposition (3.2). — There exist bound points in {H = H_,,

minimax }
Proof. — Suppose the contrary. Then for each ye{H =H_, ..}, there
exists F, = F with the properties listed above. Let
U, = {0 e{H = Hyppinwx } : HF, (') > H()) }.
Since U, is open and yeU,, the family of sets {U,} forms an open cover of

{H = H ). Since this set is compact, the open cover {U,} of {H = H ...}
has a finite subcover Uy, ..., U Let

G = Fu(l)o .

y(n)*
. O y(n).

Then Ho G(y) > H(y), for all ye{H = H_;;...}. Moreover, since x° and x!
maximize H, it follows from 1) that Ho F (x°) = H(x°) = H(+') = Ho F,(x!), and
from 3) that F (x°) =% F,(x!) =«1, for all y e{H = H_ ..} Then G(x0) = °
and G(x1) = aL

We have proved that G{H>H ,....}C{H>H_,....}, G is continuous,
and G(x%) = a9 G(x!) = x1. But this is impossible because x° and #! are in the same
connected component of {H > H_,. ..}, but in different connected components of
{H> H_;in}- This contradiction proves the proposition. O

Proposition (3.3). — If & is a smooth manifold without boundary (in addition to being
compact, connected, and Hausdorff) and H is a G function on X, then any bound point in
{H = H .} 5 a critical point of H, i.e. dH vanishes there.

Proof. — Let y e{H = H;;...}. If dH(y) # o, then there is a G!' vector
field € supported in a small neighborhood of y such that £.H(y) > o, £.H > o, and
£.H = o only where £ =o0. Let exp§ denote the exponential of £ (i.e. the time one
map of the flow generated by £). Then F = exp£ has the properties listed in the
definition of a free point, so y is free. O

Proposition (3.4). — If Z is a smooth manifold with boundary, H is a C function on &,
and for each y € OF, there exists a tangent vector §, pointing into the interior of & such that

g€, H> o, then any bound point in {H = H, ...} is in the interior of Z and is a critical
point of H.

Proof. — Same as for Proposition (3.3). O
To summarize, the minimax principal allows us, given two points which maximize
a C! function, to find a third critical point, a sort of *“ pass > between the two ¢ peaks .

159



160 JOHN MATHER

All this has been well known for a century or so (as indicated by Birkhoff in our quote
from his article). Nonetheless, because it forms the basis of our reasoning in what
follows, we felt it would be helpful to give an exposition of it.

4. Generalization of Birkhoff’s Results
to Area-Preserving Twist Mappings of the Annulus

In [o9, § 3], G. D. Birkhoff points out that the billiard ball problem is equivalent
to a dynamical system which may be described as follows: Let A ={(x,2):x € C and
v is a unit vector at x directed towards the interior of G or tangent to dC} (Fig. 3). Let
(%', 2') be the pair, where x’ is the point in C where the ray starting at x and directed
in the direction of v intersects C, and v’ is the unit vector obtained by reflecting this
ray in the tangent to C at x’. Topologically A is an annulus, and we have a homeo-
morphism £ of this annulus into itself, defined by f(x,v) = (x',?'). Periodic orbits in
the dynamical system generated by f correspond to harmonic polygons in Birkhoff’s
sense (§ 2). Therefore, Birkhoff’s argument proves the existence of periodic orbits in
the billiard ball problem.

Birkhoff’s argument generalizes without any difficulty to a class of mappings of
the annulus which we call area-preserving monotone twist homeomorphisms. To
describe the condition which we impose, we consider not the annulus A, but its universal
cover A, which we represent as {(x,9) eR2:0<y»<1}. We consider a homeo-
morphism f: A — A. We suppose that the representation of A as the universal cover
of A is chosen so that the translation by the unit, T(x, y) = (x + 1,)), is a generator
of the group of Deck transformations. In other words, A = A/T. We suppose that
f is the lifting of a homeomorphism of A, i.e. fT = Tf. We suppose that f is area-
preserving (for the usual area in the plane), orientation preserving, maps each boundary
component of A into itself, and satisfies the following monotone twist condition:

m f(%,9) > m f(%, 2), when 3> 2,
where mm: A=RxX[o,1] >R
denotes the projection on the first factor.
For x eR, we let f,(x) = = f(x,0), fi(x) = = f(x, 1). We let
B ={(x#) eR?: fy(x) < & < f1(#)}.

We may associate to f a real-valued continuous function %, defined on B, such that A
is C! in the interior of B, and

_ Oh(x, x')
, > = o0x
(4‘1) f(xi.y) = (x 3}’) <~ 3/z(x x/)
J = T
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For a convenience, we will assume throughout this paper that f is C! and

(4.2) a(“lé;x)j)) > o.

Then % is C? and
(4-3) hyp > 0
on the interior of B, where
2

hlz(x’ x') = ax_axl (x, x')°

Physicists call & a generating function for f. Obviously, & uniquely determines f.
Conversely, f determines 4 up to an additive constant. The class of area preserving
monotone twist mappings is precisely the class of mappings which can be defined by
a generating function in this way. Birkhoff’s reasoning, quoted in § 2, generalizes
without any difficulty to this class of mappings, as we will explain below.

In the case of the billiard ball problem, f is area preserving for the area form ds du,
where ds is the element of arc-length on G and # = cos ¢, where ¢ is the angle which
the inward pointing vector » makes with the tangent to C. In this case, f is obviously
a monotone twist map. Moreover k(x, ") is the Euclidean planar distance between x
and «, for all x, x" € C.

Next, we outline how Birkhoff’s arguments generalize to monotone twist mappings.
Here, and in the sequel, we let p and ¢ be relatively prime integers, with ¢> 0. We
will also suppose that p/g lies between the rotation numbers of f, and f;, i.e.,

p(fo) < plg < o( A1)

We let Z,, denote the set of all bi-infinite sequences x = (..., x;, ...) such that
(%, %.1) €B, %, ,=x+p, for all ieZ, and

(4-4) % +J <% +j = pi+ g <P+ gf
for all ¢,5,1,;" € Z.

We provide R® with the product topology, and its subset %, , with the induced

topology. The mapping (...,%,...)m (%, ..., %,_,) embeds %, , as a subspace
of R%

We let T?:R® - R”® be defined by T*(...,%,...)=(...,%+1,...).
Then %, , is invariant under T®. The quotient space %, [T” is compact, in view
of the fact that fj(x) < x, < fi(x), for x=(...,%,...) €%, and i>o.

For xe%,,, we define

g—1
W(x) = X k(% %;11).
i=0
This is the analogue, for the discrete dynamical system generated by f, of what physicists
call the ““ action ” of a periodic orbit of a continuous dynamical system. Accordingly,
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162 . JOHN MATHER

we call W(x) the action of x. In the case of the billiard ball problem, W(x) is the
perimeter of the polygon which corresponds to x.

Using W, it is possible to define Birkhoff max and minimax orbits of f just as we
did for the billiard ball problem. To do this it is convenient to introduce the following
notation. We let & denote the set of bi-infinite sequences (..., %;, ...) e R® such
that (%;,%,,.,) €B. An element x = (..., %, ...) €e%Z will be said to be an equi-
librium sequence if

(4-5) ho(xi_1, %) + By(%;, %;44) = O,
for all ¢ €eZ. Here, and in the sequel, we use the notation
N , oh(x, x") , oh(x, x")
hy(x, %) = o hy(x, x') = o

Using the fact that 4 is a generating function for f, we may set up a 1 — 1 corres-
pondence between equilibrium sequences and orbits of f, as follows: Let (..., x;, ...)
be an equilibrium sequence. Set

i = (%, %4 0).
From (4.1) and (4.5), it follows easily that

J#xo2) = (%15 Disa)s
$O0 (..., (%:50%), -..) is an orbit of f. Conversely, if (..., (%,),...) is an orbit
of f, it follows easily from (4.1) that (..., x;, ...) is an equilibrium sequence.

Clearly WoT” = W. Hence W induces a function on %, /T®, which we

continue to denote by the same letter. Obviously, W is continuous (whether considered
as a function on %, , or on %, ,/T®). Since W is a continuous function on the compact

space %, ,/T*, it has a maximum value. Therefore, it also has a maximum value
on %,

Proposition (4.x). — Any point in &,  where W takes its maximum is an equilibrium
sequence.

This will be proved in § 11.

Let x = («+s%,...) €Z, , maximize W. Since it is an equilibrium sequence,
there is a corresponding orbit (..., (%;, ), ...) of f. We will call this orbit a Birkhoff
max orbit of type (b, q). Its projection on A is obviously a periodic orbit of period g.

We will give a somewhat involved topological description of the Birkhoff minimax
orbit(s), following the ideas discussed in §§ 2 and 3. First, we choose x = x, , v €%, ,
which maximize W. We define x, €%, , by setting

(¥4) = %igi, + Joo
where piy + ¢j, is the minimum positive element of the set {pi 4+ ¢j:i,j e Z}. We set
Z,(x) ={x e, x<x < (x); all ieZ}.
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A CRITERION FOR THE NON-EXISTENCE OF INVARIANT CIRCLES 163

We let W, , minimsx denote the minimax value of W |Z, (x) associated to the
points x and x, .

Clearly, Z, () is a compact, Hausdorff topological space, which is connected
and locally pathwise connected, W is a continuous real valued function on Z ,(x),
and W takes its maximum value on %, () at x and x,, which are distinct points. So,
the definition of bound points (§ 3) applies. By Proposition (3.2), there exist bound
points in

'%;’,q(x) N {W = Wp,q,z,minimu}'

Proposition (4.2). — Any bound point in Z, (x) N{W =W, iimax} 5 an equi-

librium sequence.

Here, we mean bound with respect to (W, %, (x),#,x,). Proposition (4.2)
will be proved in § 12.

Let "= (...,%,...) be a bound point in Z, ,(x) N{W =W, . . vinimax }+
Since it is an equilibrium sequence, there is a corresponding orbit (..., (x,5), ...)
of f. We will call this orbit a Birkhoff minimax orbit of type (p, ¢). Its projection
on A is obviously a periodic orbit of period g. '

Proposition (4.3). — If x, x, €Z,, both maximize W over %, ,, then
Wp,q,:c, minimax Wp,q, 2(1), minimax *

This will be proved in § 19.
We will write W, o iimex for W, o iimaxs where x is any element of Z,
which maximizes W. The above proposition says this is well defined. We will also

write W, ;. for the maximum of W over &, ,. We set
AW, , =W, — W

P,q, max P, ¢, minimax *

5. The Necessary and Sufficient Conditions
for the Existence of Invariant Circles

In the last section, we defined AW,  to be the difference of thc‘ action of a
Birkhoff max orbit of type (p, ¢) and a Birkhoff minimax orbit of type (p, q).

Proposition (5.x). — Consider an irrational number ¢ satisfying o(fo) < o < o(f1).
Then AW,,, converges to a limit as plq tends to w.

We denote the limit by AW, . In other words,
AW, = lim AW

plg~>w rlg*

Proposition (5.1) will be proved in § 24.
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Proposition (5.2). — Consider an irrational number o satisfying o(f,) < o < p(f1)-
There exists an f invariant circle of rotation number (or frequency) w if and only if AW, = o.

This will be proved in § 20, for the direct definition of AW, given in § 6.

Note that nothing is said about whether fis topologically transitive on this circle.

For our proof, we will give a direct definition of AW, in § 6. Our direct definition
is vaguely similar to the definition given in [7]. However, what Aubry calls the Peierls
energy barrier is not the same as our AW,. It is a lower bound for AW,. In [7]
Aubry, Le Daeron, and André prove a version of our Proposition (5.2), where AW,
is replaced by the Peierls energy barrier. They do not have the analogue of our
Proposition (5.1) in [7].

Propositions (5.1) and (5.2) were suggested to me by lengthy conversations I had
with A. Katok, when I was in Maryland in January 1982, and previously. My existence
theorem for quasi-periodic orbits was suggested by Birkhoff’s method of finding periodic
orbits in the billiard ball problem. But, I had forgotten that Birhoff had constructed
periodic orbits also by a minimax principle. Katok reminded me of this and suggested
finding a second invariant Cantor set by means of a minimax principle. We played
around with this idea quite a bit. A couple of months after I came home from Maryland,
I realized that the ideas that Katok had suggested lead, not to a second invariant Cantor
set, but to an orbit which is homoclinic to the original Cantor set. This orbit will be
described in § 7.

6. Direct Definition of AW,

To give the direct definition of AW, we have to recall some features of the proof
of the existence of quasi-periodic orbits which we gave in [21].
Let @ be an irrational number, p(fy) < o < p(f;). In [21], we set

Y, ={¢:R —>R: ¢ is weakly order preserving, ¢(¢ + 1) = ¢(f) + 1,
(¢(2), (t + »)) €B, for all teR, and ¢ is left continuous}.

It will be convenient to also introduce here the following subset of Y, :
X,={peY, sup{s:p(s) <o}=o}

WARNING: This differs from the set which we called X, in [21].

The advantage of introducing this set is that for each ¢ €Y, there is a unique
a = a(@) such that ¢T, e X . Explicitly,

a(p) = sup{s: p(s) < o}.
This provides us with a representation of Y, as a product:
(6.1) Y, =X, XR,
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where we set up the identification
(6.2) ¢ = (¢T,,a), where a = a(g).

Here T,:R —R is translation by 4. In other words, T,(¢) = ¢+ a. For the
topology on Y, which we introduced in [21], (6.1) cannot be a topological product;
the projection on R associated to (6.1) is not continuous, and X, X o is not closed
in Y,,. Nevertheless, it will be useful to give X the quotient topology coming from
the topology on Y defined in [21] zia the projection of Y, on X associated to (6.1).
In [22], we defined an isometry I:Y, —Y_; we have X7 = I(X,), and the
topology we have introduced here on X corresponds via I to the topology we introduced
in [22] on X_. Thus, the discussion of [22] applies; in particular, we see that X is
compact. More directly, the set which we called X in [21] maps surjectively and
continuously onto the set we call X here. Since the former is compact, so is the latter.
In [21], we defined

Fo(0) = [ ho(®), olt + ©)) dt.

This is Percival’s Lagrangian. In [21], we showed that F_ oT,=F, and F, is
continuous on Y,. It follows that F  is continuous on X, . Since X, is compact,
there is an element of it which maximizes F,. We denote this element by ¢,. In [21],
we proved that there is only one element which maximizes F,| X, .
For ¢ €Y, and ¢t eR, we define ¢(t —), (¢t +) € Z by
it —)i=o+ wi—), 3(+);=230+ wi+).
Note that (¢t —) = ¢(¢) (with the obvious meaning of the latter), since ¢ is left-
continuous. In [21], we proved that § (¢ —) and (¢ +) are equilibrium sequences.

Since ,(t —) and (¢t +) are equilibrium sequences, there are orbits of f
associated to them. Explicitly, we let

Tt 1) = B(Po(t )i Bo(t £)it1)-

Then (..., (,(t+); Hu(t£):), ...) is an orbit of f. We will denote the union of
all such orbits by M. (This is the same as the set which we denoted M, in [21].)
Then M, is a closed set, invariant for both f and T. The image of M, in A under
the covering mappings A — A is the minimal set for f mentioned in the introduction
(““ ... under the hypothesis I considered (monotone twist hypothesis), [the quasi-periodic
orbits whose existence I proved] necessarily exist and lie on a minimal set »*).

We showed [21] that ¢, is strictly order preserving and =, : M, — R is injective.
In Aubry’s terminology, wm, M, is the union of all ground states of mean atomic dis-
tance .

For teR, we let Z,, denote the set of all x=(...,%,...)€Z which
satisfy

Pt =)i S % < B, (¢ +)ie
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We topologize Z,, ; with the topology induced by the product topology on R®. Note that
%, ; is compact, by the Tychonoff product theorem. We set af = 2°(t); = ¢,(t —);,
xfi=x'(t)y = (t +);. For x=(..,%,...) x=(...,x%,...)eZ,,, we set

G,(x) = i=z_w [A(x;, ;. 14) — h(x?, x?+1)].

Lemma (6.x). — The sum on the right side of the above equation is uniformly (over %, ,)
absolutely convergent.

This will be proved in § 13.
Consequently, G, is continuous on Z_ ;.

Lemma (6.2). — Forall x € %, ,, G,(x) <o. Moreover, G,(x°) = G,(x') = o.

The statement that G, (x°) = o is obvious from the definitions. The other
statements will be proved in § 14.

Now we are in the situation considered in § g, if ¢ is a point of discontinuity of ¢,,.
In other words, %, is a compact, Hausdorff space, which is connected and locally
pathwise connected, G, is a continuous function on %, ;, and G, takes its maximum
value at x% and x!. Clearly, x° =+ x', when ¢ is a point of discontinuity of ¢,. (When
t is a point of continuity of ¢, then Z,, , consists of just one point, in view of the fact,
which we proved in [21], that if ¢ is a point of continuity of ¢, then so is ¢ + i, for
all ¢ eZ. Obviously x° = x1, in this case.)

Definition. — When ¢ is a point of discontinuity of ¢,, we let AW, , denote the
negative of the minimax value of G,:Z%,, —R associated to 1 and x'. When ¢
is a point of continuity of ¢,, we let AW, , = o.

Obviously, AW, ,= AW, , when ¢ =1t + ot +j, where i,jeZ.

Definition. — We will say that two points #,¢ e R are w-independent if
£+t + i+ J,
for all i,j eZ.

Lemma (6.3). — Let 1 be a maximal w-independent set of points of discontinuity of ¢,,.
We have
2 AW, , < oo,
tel

This will be proved in § 17.
We set
AW, = max AW, ,.

tER

By the preceding discussion, this is finite and non-negative. The statement that this
agrees with the previous definition amounts to the assertion:
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Proposition (6.4). — AW, =p/1ql_l;1}° AW, ,-

This will be proved in § 24. It obviously implies Proposition (5.1).

Note that this implies that AW is continuous as a function of « at all irrational
points . On the other hand, it is not necessarily continuous at rational points.

Example. — In the billiard ball problem in the ellipse, AW, > o, when o = g,
AW, =0, when o+ é This can be seen from the discussion of the billiard ball

problem in the ellipse given in [29, p. 86].

Consider an invariant circle for £. We will say that such an invariant circle is
transitive if the restriction of f to it is topologically transitive; otherwise, we will say it
is intransitive. For area preserving monotone twist mappings f of high differentiability
class, it is an unsolved problem as to whether intransitive circles of irrational rotation
number which wind once around the annulus exist. On the other hand, M. R. Herman
has constructed [16] mappings f of class C2~* which are monotone twist diffeomorphisms
in our sense, and have intransitive circles of irrational rotation number which wind
once around the annulus.

The necessary and sufficient condition for there to be a transitive circle of fre-
quency o is that ¢, be continuous. For, if ¢, is continuous, M, is homeomorphic
to R, and its image in the annulus A under the covering mapping is a circle. Conversely,
if there is an invariant circle, Birkhoff’s theorem [10], [11] implies that it is the graph
of a function. Its lifting to the universal cover A of the annulus is a curve which
separates A into two parts. From the monotone twist hypothesis, it follows that the
points in the lower part advance slower than the rate w, and points in the upper part
advance faster. Using this idea, one proves easily that M, cannot be in the lower or
upper part, so it must be in the curve itself. Since the circle is assumed to be transitive,
M, must be the whole curve, i.e. ¢ must be continuous.

7. The Minimax Orbits of Irrational Frequencies

Let o(fy) < @< p(fy), suppose o is irrational, and suppose ¢ is a point of dis-
continuity of ¢.

Proposition (7.x). — Let xeZ,, and suppose G,(x) = — AW, ,. If x is
bound with respect to (G, Z,, ;, x° x1), then x is an equilibrium sequence.

According to Proposition (3.2) such bound points exist.

Since ¥ =(...,%,...) is an equilibrium sequence, there is associated an
orbit (..., (%, %), ...) of f. We will call this a minimax orbit of frequency » associated
to a point ¢ of discontinuity of ¢,. It is easily seen that the projection of this orbit
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on the annulus is homoclinic to the Cantor set M,/T, i.e. it approaches the Cantor
set under both forward and backward iteration.

Proposition (7.1) was suggested to me by Katok’s idea that there should be an
analogue for irrational frequencies of the Birkhoff minimax orbits of type (g, ¢). Ori-
ginally, he thought one might find a second Cantor set, but I observed that his idea
leads to an orbit homoclinic to the Cantor set. Proposition (7.1) led to the other results
in this paper.

Proposition (7.1) will be proved in § 18.

8. Limit Infinum and Limit Supremum of Subsets

In the next section, we will define an f and T-invariant set M/, which contains M,
and whose projection onto R is injective. The principal results which we state in that
section can be stated briefly, as follows: 1) M, is an upper semi-continuous function
of f and o, at irrational . 2) M, if a lower semi-continuous function of f and o, at
irrational o.

Some care in formulating these results is required, because there are various
inequivalent notions of semi-continuity for set-valued functions. These notions are
surveyed in [13], [25] and the references there.

For definitions of convergence, the notion due to H. Cartan [15] of filter is conve-
nient (cf. [12]). A filter on a set X is a non-empty collection &/ of subsets of X such
that: 1) The intersection of any finite family of members of &/ is a member of &, 2) any
subset of X which contains a member of & is itself a member of 7, and 3) the empty
set is not a member of .

Examples. — If X is a topological space and x, € X, the collection of neighborhoods
of x, in X is a filter on X, called the filter of neighborhoods of x, in X. If x, is not isolated
in X, then the collection of sets N\x,, where N is a neighborhood of %, in X, is a filter
on X\x,, called the filter of punctured neighborhoods of x,.

Definition. — Let X be a set with a filter &/ and Y a topological space. Let
f:X —>Y be a mapping. We say f converges to y over & if for every neighborhood of y,
there is an element of &/ whose image under f lies in the given neighborhood. We
will express this notion also by writing

imf=y or limflx)=y.
In the two examples above, the expression lgn f = is equivalent to the usual
expressions lim f(x) = and  lim f(x) =y, respectively.
T2,

Ty, TF Ty

Definstion. — Let &/ be a filter on a set X. Let Y be a topological space. For
each x e X, let Z, be a subset of Y. We define
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lim  sup Z= litil‘ sup Z, ={y e Y : for any neighborhood N of y
and any U e/, there exists x€ U suchthat Z, "N+ @},
limﬂinf Z= lix{z }nf Z,={y e Y :for any neighborhood N of y in Y,
there exists U €&, such that for any x€ U, we have Z, "N + ¢ }.

Obviously, lim  sup Z and lin}v inf Z are both closed subsets of Y.

For us, the following are the convenient definitions of upper and lower semi-
continuity.

Definition. — Let X be a topological space. Let x —Z, be a mapping of X
into the set of subsets of a second topological space. This mapping will be said to be
upper semi-continuous at %y € X if

lim sup Z, = Z,,.

T>Ty

Note that we necessarily have the inclusion D and that upper semi-continuity
at x, implies that Z,, is closed.

Definition. — The mapping x — Z, will be said to be lower semi-continuous at
%X if

liminfZ, = Z .

Tz

Note that we necessarily have the inclusion liminfZ CZ,, and lower semi-
Z—>Z
continuity at x, implies Z,,, is closed. ’

9. Semi-Continuity Properties

Suppose o is irrational and p( fy) < o < p(f;). Let ¢ be a point of discontinuity
of ¢,.

Proposition (9.x). — Suppose x = (..., %, ...) eZ,, and G,(x) =o0. Then x
is an equilibrium sequence.

This will be proved in § 15.
We define M, , to be the set of all (x;, ), where x ranges over G'(0) N %,
i ranges over all integers, and y; = &,(x;, x,.,). We let

M, =M, uUM
t

w, ¢

where ¢ ranges over all points of discontinuity of ¢,.
By Proposition (9.1), M, is invariant under f. Obviously, it is invariant under T.

Now suppose w isrational, say o = p/q in lowest terms. In this case, we define M,
to be the union of all Birkhoff max orbits of type (p, ).
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In this section, we will want to state some semi-continuity results with respect
to variation of f as well as . For this purpose, we need to introduce the set #? consisting
of all area, orientation, and boundary component preserving C! diffeomorphisms
S A — A such that fT = Tf and 9(nyf(x,))/dy > 0, provided with the C! topology.
We call F the space of area-preserving monotone twist diffeomorphisms.

We will indicate the dependence on f of various quantities which we introduced
above by means of a subscript, e.g. M; ,, M; ,, Y, ., X, ., F; ., &, etc.

The domain 2 of the mapping (f, w) - M, is the set of pairs (f, w) such
that fe #1 and p(f,) < @ < p(f;). We provide 2 with the topology induced from
the topology on %! x R.

Proposition (9.2). — The mapping (f, o) — M; , is upper semi-continuous at ( f, ©)
if o is irrational.

This will be proved in § 23.

We will denote by (f, T) the action of Z% on A generated by f and T. By an
(f, T)-orbit, we mean an orbit of this action. If @ is an orbit under f, obviously U T* @
is an (f, T)-orbit. If 0 is a max (resp. minimax) Birkhoff orbit of type (p, ¢), we will
call UT'0 amax (vesp. minimax) (f, T)-Birkhoff orbit of type (p, q). For generic fe F1,

there is only one max (resp. minimax) (f, T)-Birkhoff orbit of type (g, ¢), although
in general there may be more than one.

Proposition (9.3). — For each fe F', and each rational number plq satisfying

e(fo) < plg<o(f1), let M, denote one of the max (f, T)-Birkhoff orbits of type (p, q).
Then the function (f, ) - M, is defined on all of 9. It is lower semi-continuous at all

points ( f, w) where there is no choice in the definition of M, ,, i.e. whenever « is irrational or
© = plq and there is only one max Birkhoff orbit of type (p, q).

This will be proved in § 21, where we will also discuss some questions concerning
convergence in measure.

Proposition (9.4). — AW, , is continuous as a function of (f, ) €D, at any point
(f, w) € D where o ts irrational.

This will be proved in § 24. It obviously implies Propositions (6.4) and (5.1).

10. Order Properties

Let (f, ®) € 2. Let M be a closed subset of A which is invariant under f and T.
We will say that M is f~monotone (for projection on the first factor) if =, : M - R
is injective, and for (x,») e M, (x',3') e M, we have

_ x<a =mflx) <mfl,y) and wmf7Hxp) <m fTH, ).
(Recall that =, : A =R X [0, 1] - R is the projection on the first factor.)
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Proposition (x0.1). — My  is f-monotone (for projection on the first factor).

This will be proved in § 16.

In Aubry’s terminology, mr; M/ , is the union of all m.e. states of atomic mean
distance . This assertion follows from Aubry’s results (but not from ours). Aubry’s
Fundamental Lemma is the basic step in proving such a result in his approach. Propo-
sition (10.1) can also be easily proved from Aubry’s results. Indeed, his Fundamental
Lemma goes further in one direction than anything which we have done. He does
not assume any order property on m.e. states, but proves they have an order property
which corresponds to Proposition (1o0.1), as a consequence of his Fundamental Lemma.
In contrast, the fact that M is monotone is an immediate consequence of our definition
of it.

11. Proof of Proposition (4.1)

For the proof, it is convenient to introduce the following definition.

Defimition. — By the boundary 0%, , of Z,, we mean {x e.%;,’qzb(xi; %;,,) €0B
for some i, or (x,); = x;, for some i}. -

It is not difficult to show that %, , is a ¢g-dimensional topological manifold with
boundary, and 9%, , is its boundary in this sense. Indeed for xeZ, ,, let ¢, €Y,
(where © = p/q) be the step function associated to x, and let ¢, = I(p,) €Y, (in
the notation of [22]). The family {{,:x €%, ,} is a family of step functions, which
forms a convex, g-dimensional set. The fact that 0%, , is the boundary of %, , in
the sense of manifold with boundary follows easily from this representation of it. How-
ever, we will not need to use this fact.

Likewise, it is not difficult to show that 0%, , is the point-set boundary of %, ,
when the latter is considered as the subspace of the affine space of all sequences
x=(...,%,...) such that x,,,6 = x + 2.

Now suppose that x maximizes W over % ,.

Step 1. — x ¢ 0%, ,. If x € 0% ,, we have one of two possibilities: (x;, %;,,) € 9B
or (x,);=x;, for some i. In the case that (x;, x;,,) €B, we have x; ,=f/(x)
or %, =fi(%). Suppose x;,,=f(x), for some i.

We cannot have x;,, = f,(x), for all large ¢, since this would imply

nbfhnoo ; = p(ﬂ),
whereas lim 2 — £,
n>+o n q
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by the hypothesis that x € Z, ,. (Recall that we assumed p( f;) < ‘3 < e(f).) Hence
there exists ¢ such that x; = fy(x;_,), but x;.,> fi(x). Then aixh(x‘"l’ %) =o0

0
and o h(x;, %,.1) > 0, so we have

(xx.7) o T3, %) + Al 341)] > o

In the case (x.);> x;, we may replace x with x" €%, , for which W(x') > W(x),
by increasing x; slightly.

In the case (x,); =% we have fy((x,)i_1) > folxiis) = % = (£,), s
Jo((%4)i—0) = (x4); (since ((¥4)i_1, (x4)s) €B, ie. fo((x)ima) < (x1)i < fil(x4)i-0)-
Likewise, fo((%,):)) =/fo(*) < %11 < (#4)ip1- So, just as before,

P e CCRINCRNE (ORI I) B
It follows that, in the case (x,.,);> (x,);, we may replace x with x" €%, for which
W(x") > W(x), by increasing both x; and (x_); slightly.

Likewise, if (x,,);= (x,);=x, but (x,,.);> (x,,);, we may replace x
with #' €%, , for which W(x") > W(x), by increasing (x,.);, (¥;);, and #; slightly,
and so on, for ever larger number of 4 ’s. For a large enough number of + ’s, we
must have (¥, ,);> x;, so in any case we obtain the existence of x’ for which
W(x') > W(x).

Since x was assumed to maximize W, this is a contradiction. This contradiction
shows that we cannot have x;, , = fy(x;), for any 7. A similar argument shows that
we cannot have x;, ; = fi(x), for any <.

Suppose (x.); = x;, for some i. We cannot have (x,); =x; for all large i,
for otherwise, we would have x; +j=x; +j', for all ¢, 5, ¢/, j, which is clearly
impossible. Hence (x,); =«; and (x,);,,> %,,, for some i.

Recall formula (4.3), k3> 0. This implies Ay (%;, % 1) < by((%,)is (%,)i41)-
Since (x,);_, > %;_;, we also have hy(x;_q, %) < hy((x,);_1, (%.);). We must there-
fore have

ho(x; 15 %) + By(xs 2, 1) < Aa((%4)i— 1 (24):) + Bul(x4)s5 (24 )i 0)-

Now suppose (x..);> (¥,); and (x_);<« (where x_eZ,, is defined by
(x_)y = %= (x,)_). From the above inequality, we have

ho(%;_ 15 %) + hy(x;, 2, 14) < o,

or Bo((%4)iz 1> (%)) + (%4 )is (x4)i40) > 0
(or both). In the first case, we may replace x with x" € %, ,, for which W(x") > W(x),

by decreasing x; slightly. In the second case, we may replace x with x €%, for
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which  W(x") > W(x), by increasing (x.); slightly. In either case, we obtain a
contradiction to the assumption that x* maximizes W.

In the general case, we write ¥y =x,, X5 =%,,, etc, and x_, = x_,
X_g = %__, etc. Obviously, we may choose integers « < o, B> o, such that

(x(a—l))i< (x(a))i = (x(a))i< (x6+1)i'
The argument we gave above shows that

hay((%)i—15 (%)i) + Ba((%q))i> (%g)is 1)
S ha((%y +1)im15 G 1))i) + (10 Ky 41)izs)

for « <y <@, with strict inequality for o <y. Consequently, slightly decreasing
(%4)); for which

ha((%)i— 15 (%g)i) + Ba((%)i> (K)ivr) < O
and slightly increasing (x); for which

hz((x(y))i—n (x(y))i) + h1((x(~())n (x(v))i+ ) >0

produces an x’ for which W(x") > W(x).
Hence x ¢0Z, ,.

Step 2. — From the fact that x maximizes W and x ¢ 0%, ,, it follows immediately
that
oW (x)

hy(%i 15 %) + hy(%i; %i11) = o, *

so, ¥ is an equilibrium sequence. O

12. Proof of Proposition (4.2)

The idea is to follow the proof of Proposition (3.4), with %, (x) in place of Z.
Proposition (3.4) doesn’t strictly apply, because the boundary of %, (r) may have
corners and not be very smooth. However, this doesn’t affect the proof any. The
main point is that there is an appropriate modification of the condition (in Prop. (3.4))
that for each y € 0%, there exist a tangent vector §, pointing into the interior of '
such that §.H> o.

We define 0%, (x) ={x" €%, (x): % = x; or x = (x,); or fo(x{) =x , or
Sa(x)) = x{,,, for some i}. The space %, (x) is a topological manifold with boun-
dary 0%, ,(x). However, we will not need to use this fact. The important thing for
us is that %, ,(x) is the point-set boundary of Z, ,(x), when the latter is considered
as a subspace of the affine space of all sequences % = (...,%,...) such that
Xipq = % + P

What replaces the condition concerning &, is the following result. For any real
number a, we let Z, (1) (= a) ={x" €%, (x) : W(x') > a}.
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Lemma. — Let x' € 0%, ((x) and suppose x' + x or x,. Let a=W(x'). Then
there is a continuous mapping ¥ of Z, (x) (= a) into itself which satisfies
1) WoF> W,
2) WoF(x') > W(x'),
3) WoF(x") = W(x") = F(x") =«", for all x" eZ, (x) (> a).

Proof. — This follows the main lines of step 1 in § 11. For yeZ (x) (> a)
near x’, we construct a point F(») by means of the construction we used there. In
other words, F( ) is obtained by modifying y in the same way as x' was obtained by
modifying x in step 1 in § 11. Recall that the modification which we used there
depended on which case held, i.e. whether x;, , = fi(x;), % ., =/fi(%), or (x,);=x,
and then which subcase held. Here the cases are x;,_ ;= f,(%{), x{,,=,%1(x{),
x; =%, and x; = (x,);. We do the appropriate modification of all y in a neigh-
borhood of 1" depending on which case x" belongs to (not which case y belongsto, because
that would lead to a discontinuous F). The construction in step 1 in § 11 was such
that we can make the modification of » as small as we like. If we make the modification
small enough, we will have F(y) €%, ,(¥) (> a). (The proof of this will be discussed
below.) Moreover, it is easily seen from the construction in step 1 in § 11 that we can
make the modification so that F(») depends continuously on » and F(y») =y outside
a small neighborhood of #’, but F(x’) & #’. It is clear from the construction used in
step 1 in § 11 that Wo F(y) > W(y») when F(y)# y. In this way, we see that all
the conditions on the mapping F listed in the lemma will be satisfied.

For example, in the case x; = fy(x;i_,), % 1> fo(%{), we modify y by increasing y;
slightly. The only way a small enough modification of y of this type could fail to be
in Z, (x) is if x = (x»,);. But this cannot be:

% =Jo(xim 1) < fol(%4)iza) < (x4)is
where the strict inequality is a consequence of the fact that x ¢ 0%, .

The case x; = fi(%;_1), #%i,1>/fi(x;) may be treated similarly.

In the case x; = x;, we have that for some i, either x;_,<=x;_,, ¥ =%, and
X1 X, OF %_,<xi_4, %, =x%;, and x;,,<x;,, (or both), since x=+ x’, by
assumption. In either case, we have

a ’ ’ ’ ’
2% [A(xi_ 1, %5) + (%, 21 1)] > o,
since h;, > 0 and
0
5;. [h(xi—la xi) + h‘(xi) xi+1)] = 0,

since x was assumed to maximize W, and therefore is an equilibrium sequence by
Proposition (4.1). So, by slightly increasing y;, we get F(y) having the required
properties.

The case (x,); = #; may be treated similarly. O

174



A CRITERION FOR THE NON-EXISTENCE OF INVARIANT CIRCLES 175

End of the Proof of Proposition (4.2). — Let % be a bound point in
Z, () N{W =W, inimax)- If & =x or x,_ then it is an equilibrium sequence.
Otherwise, x’ ¢ 2%, (), according to the lemma and the definition of bound point.
Since this is so, it follows, just as in the proof of Proposition (3.3), that
oW (x)
x

1

ho(%;_ 15 %) + hy(xi, %14) =

so, x is an equilibrium sequence. O

13. Proof of Lemma (6.1)

Let p:R —R/Z denote the projection. The intervals p[+?,x], ieZ are
mutually disjoint subsets of R/Z, by the fact that ¢ is strictly order-preserving, the
fact that ¢, (¢ + 1) = ¢,(¢) + 1, and the fact that  is irrational. Hence,

(13.1) 2 (s —a) <1
Since ) < x; <}, we obtain

o)

(13.2) ‘~Z_ [ A%, % 1) — B(x, 2 1)] < 2C,
where
(13.3) C = max {sup k,, sup £, }.

Note that C is finite, since k(x + 1, 2" + 1) = A(x, x’), and &, and £, are continuous. [J

14. Proof of Lemma (6.2)

Let x=(...,%,...)e%,, and suppose G_,(x)>o0. We will construct
9’ €Y, such that F, (¢') > F, (¢,). This will contradict our assumption that ¢,
maximizes F_ over Y.

Choose a large positive integer N and a small positive number 8. Define ¢’ € Y, by

?'(s) = x ift+o—8<s<t+w, |i<N,
?'(5) = @,(5), for all other s.
For fixed N and small enough 3§ (depending on N), ¢’ is well-defined by the above
specifications.
For N large enough and 8 small enough, we have F (¢') > F (¢,). Indeed,

F@) —Folod = [ [hlx, 50) — hou(9) 9uls + @)1 d

i=—N Jt+wi—

+f T Tl 905 + ©)) — Bpa(s), guls + )] ds

+ oN—3
t—a(N+1)

+ s [h(CPQ(S), x——N) - h((?m(-f), "Pw(s + 0)))] ds.

t—o(N+1)—
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It follows that if we fix N, then

. Fm @’ - F(.o ‘Pw NGt
%1_13 (#) 5 (%) =i=Z_N (h(%;5 % 11) — h(x3, ¥11))

+ [A(xws #x41) — A%, 2% 1 0)] + ALy, 2) — AG2x_y), 22N)]

Therefore, we will have F,(¢’) — F,(p,) > o for small enough 3, if the right side

above is positive. But, as N — oo, the right side converges to G (x), which is positive

by assumption. Hence, the right side is positive for all sufficiently large N, and we

obtain the existence of ¢’ for which F (¢’) > F (9,), which is the desired contradiction.
We have shown G,(x) <o, for all xe€Z,,. In particular G, (x') < o.
Define G/ (x) in the same way as G, (x), but with x° replaced by 1, i.e.

Gul) = Z_(h(xs %i1) — (6, xi44)-

We may show that G (x) <o, forall xeZ,,, by an argument just like that which
we have just given. Clearly G (x°) = — G_(x'), so from G (x°) <o, we obtain
G,(#!) > 0. We have shown both G, (x!) <o and G_,(x') >0, so we have
G, (#!) =o0. O

15. Proof of Proposition (g9.1)

We set %% = 3,(¢t —) and x'! = g,(t +), following the notation we introduced
in § 6. We define 0%, , ={xecZ,,: for some i, we have x; =21 or x =4} or
So(x) = x4 or fi(x) =x,,,}. In the proof we are about to give, 9%, , plays a
role analogous to that played by 0%, , in the proof of Proposition (4.1) (§ 11) and that
played by 0%, (x) in the proof of Proposition (4.2) (§ 12). However, in this case
Z, . is infinite dimensional (in fact, a Hilbert cube manifold), and 2%, ; has no
intrinsic topological meaning. But this doesn’t affect the proof any.

Suppose * = (...,%,...) €%, and G,(x) = o.

Step 1. — We will show that if x € 0Z,,,, then x = x° or x'. There are several
cases to be considered:

Case 1. — x; = x) for some i. If x4+ 2% then either there exists ¢ such that
x_,>x_, and x;, = x) or there exists an ¢ such that x =} and x>} ;.
Consider the first subcase. Since k>0 and x,,> 2!,

ho(x;— 15 %) + hy(%is %4 1) > h2(x?_ %) + h1(x?’ x?+ 1) =0,

so if we replace x by &’ by slightly increasing x;, we find G, (x') > G (¥) = 0. But
since x' €%, ,, this contradicts Lemma (6.2).
The subcase when x; =1 and x;,,> 1), , may be treated similarly.

Case 2. — x; = x! for some i. Similar to Case 1.
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Case 3. — x;, = fo(x;,_1), for some ¢. If we had x; =f,(x;,_,) for all large i,
it would follow that

p(fo) = lim “—

i+ g i>+w g

which contradicts our assumption that p(fy) < . Hence, there exists i for which
X =Jfo(xi_1) and x,,> f(x). Then

ho(x;_ 15 %) + hy(xis %1 1) = bu(%, %40 > 0,

so, slightly increasing »; produces x' eZ,, for which G, (x") > G,(x) =o. This
contradicts Lemma (6.2).

Case 4. — x; = f1(%;_,), for some 7. Similar to Case 3.

Step 2. — If x = x° or x1, then it is an equilibrium point. Otherwise, it is not
in 0%, ,, by Step 1.

In the latter case, if we had hy(x;_,, %;) + Ay(%;, ;1) = o for some i, then
by slightly increasing or decreasing x;, we would get x'e€Z,, for which
G,(x") > G,_(x) = o. This contradicts Lemma (6.2). Therefore, x is an equilibrium
pomnt. O

16. Proof of Proposition (10.1)

We begin with the case when o is irrational. Suppose that the conclusion of
Proposition (10.1) does not hold. One possibility is that there exist two orbits (x;, ;)
and (x{,y;) in M, (= M;,) such that x<x, x<x, and x> x for :<k<j,
where ¢ and j are some positive integers such that 7> i 4 1. In this case,
x=(...,%,...)eZ,;, and *' =(...,%,...)€Z%,, for the same value of ¢
We define x”,x"" € Z,,, by

x =x, k<iork>j,

=, 1 <k<j,
x =%, k<iork>j

We have
Gol#) + Gul#”) — Gyl®) — Gy(¥)
= h(%;, %p1) + h(xh % 40) — h(x, %i100) — R(%5, %4 1) + A(%_ 15 %)
+ k(% _1, %) — h(x;_1, %) — h(%}, % 1)

= | L, [ 4 5 f; | huas, 1) ds dt > o.

Zie1 %
Since G, (x) = G,(x') = o, we obtain
G, (*") + G,(x"") > o.

This contradicts Lemma (6.2).
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Another possibility is that there exist two orbits (x;,%) and (x;,%)) in M
such that x<x and x>x, for all j>i Again x=(...,x,...) and
x = (..., %, ...) are both in % ,, for some £. In this case we define

X =x%, ki,
..

=x;, t<Ek,

x =ux, k<i,

=x, t<k

We have
G,(x") + G,(x"") — G,(x) — G, (x)

= b 5 42) o+ BO 3ig 1) — Bl 5 42) — B 34)
= f:' f:;-iﬂ hys(s, t) ds dt > o.

So, again we get a contradiction. _
The remaining possibility leads to a contradiction in the same way. For every
possibility of the conclusion of Proposition (10.1) being false when w is irrational, we
have obtained a contradiction. So, we have proved Proposition (10.1) when @ is
irrational.
Now, suppose o = p/q, where p and ¢ are relatively prime integers, ¢> o. Let
x and x" € Z, , both maximize W over %, ,. We set

r

x;" = min(x;, x{),

rrr

%" = max(x;, %;).

It is easily verified that x,x'"" €%, ,. Moreover, the argument we have just given
shows that W(x") + W(x'") — W(x) — W(x’) > o, unless x;<«j, for all 7, or
x < %, for all ¢, or x;, = x;, for all 2.

For, we can evaluate W(x"") + W(x"') — W(x) — W(x’) in the same way as
we evaluated G, (x”) + G, (*""") — G, (¥) — G,(x') above. The resulting sum has
a positive summand for every ¢ for which x, <« and x,_,> %, ,, or x;<x; and
X 12> %41, OF %, <x and x,_ ,>x ,, or x; < x and x{,,>x;,;. Theseare
all the summands, so W(x") + W(x""") — W(x) — W(x') > o.

But, since x and x" maximize W over %, , and x",x"' €%, ,, this inequality
gives a contradiction. Hence, we have x;<=x], for all i, or x/ <ux;, for all 7, or
x;, = x; for all . O

17. Proof of Lemma (6.3)

We use the notation of § 13. The reasoning used in § 13 shows that the inter-
vals p[#°(¢);, ¥1(¢);] C R/Z are mutually disjoint, where ¢ ranges over the maximal
independent set I of points of discontinuity of ¢, and ¢ ranges over Z. It follows that

ST (a0 — A0)) < 1.

tETl t=—®
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From this and the fact that ) <x, <x} for xe€%,,, we obtain

@

X sup 2| A(x, X 41) — B(x0(2);, ()4 1)| < 2G,

tEI 2€EX ¢ 1=~

where C is given by (13.3).

Obviously, G, > — sup X | h(x;, 1) — k(x°(t);, 2°(t); 4 0)], on oo

ze.‘l‘m,, 1= — 0

Hence

o]

AW, < sup X | A(x, 240) — A0, 2°(8)i 1)),

ze%‘w,‘ 1= — 00
so we get
' T AW, ,<2C. O

tel

18. More on Minimax Orbits

Let fe #! and let o(f;) < < p(fy). We consider a closed non-void subset M
of M; , which is invariant under f and T. In view of Proposition (10.1) (proved
in § 16), such a set is f-monotone. In the case w is irrational, we have M, , C M,
since for any (x,) € M, the closure of {f*Ti(x,9):4,j€Z} contains M -

By a complementary interval of =, M, we will mean the closure of a component of
the complement of 7, M. Let J be a complementary interval of 7, M. We will denote
its endpoints by xJ = x°(J), and x} = #'(J),, where a3< xl. Let 3%, 5 e[o, 1] be
numbers defined by (23,30) e M, (#,98) e M. Set fi(xi,5) = (&, 3i), for j=o, 1,
ieZ. Set *=x"(J)=(...,4,...) and »'=4(]) =(...,%},...).

In the case o is irrational, we let £ ={x= (..., %, ...) eZ 10 <4<,
for 1 eZ}. For x e€Z;, we have

Ew (R(x;5 % 41) — h(x?, x?+1)) = Zw (B(x;5 % 44) — h(x}; x:+1))-

= — 1= —~

Gy(x) =

In the case o is rational, say ® = plg in lowest terms, we let
H={x=(.,%...)eX: < x<x and x,, =x+ p, for icZ}.
We let

g—1 .
Gu(x) = B (h(x:, %i11) — (s, 511)) = W(x) — W().
Since x° maximizes W over %, ,, we have G,(x) < o everywhere. Since x! also
maximizes W over %, ,, we have G,(#!) = G,(x°) = o.
Now we are again in the situation considered § 3. In other words, Zj is a compact,
Hausdorff space, which is connected and locally pathwise connected, G, is a continuous
function on %, and G, takes its maximum value at x° and x'. Clearly x° 4 1,
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Definition. — We let AW denote the negative of the minimax value of G, : %5 — R
associated to x° and xl.

This generalizes two definitions which we have made previously. In the case that
o isirrational, M = M,,, t is a point of discontinuity of ¢, and J = [¢(¢t —), (¢ +)],
we have AW; = AW, ;. (The latter was defined in § 6.) In the case that o = p/g,
we consider a max (f, T)-Birkhoff orbit M of type (p, g). The obvious action of Z2
(generated by f and T) on the set of complementary intervals of =, M is transitive, It
follows that AW is independent of the choice of the interval J, complementary to =; M,
in this case. Moreover, if (...(%;,%), ...) is an f~orbit in M, then

(x8.1) AW; =W, \\/

p,q,max ~ ''p,q,x, minimax>

where x = (..., %, ...). This is what we denoted AW,, in § 4, although AW,,
will not be proved to be independent of the choice of x €%, maximizing W (or,

equivalently, of the choice of max (f, T)-Birkhoff orbit M) until § 19.

Proposition (x8.x1). — Let x € Zy and suppose G, (x) = — AW;. If x is bound
with respect to (G, &y, +°, x*), then x is an equilibrium sequence.

According to Proposition (3.2) such bound points exist.

Since x = (...,%;, ...) is an equilibrium sequence, there is associated an
orbit (..., (x;, %), ...) of f. We will call this a minimax orbit of frequency e associated to J.

Proposition (18.1) generalizes both Proposition (4.2) and Proposition (7.1).

We set 2% = {x € %) : for some i, we have x; =) or x =& or fo(x) = x,,
or fi(x) =%.,..} If o=plg, then %; is a g¢-dimensional manifold with boun-
dary o%Z;. On the other hand, if  is irrational, then Zj is infinite dimensional (in
fact, a Hilbert cube manifold), and 0% has no intrinsic topological meaning. However,
this is of no importance in what we do.

We have the following generalization of the lemma in § 12. For aeR, let
Zy (> a) ={x" €Z;: G,(x') > a}.

Lemma. — Let %' € 0%y and suppose x' &+ x0 or x*. Let a = G (x'). Then there
is a continuous mapping ¥ of Xy (> a) into itself which satisfies:
1) G,oF> G,
2) G, o F(x') > G,(x),
8) G o F(x") = G,(x") = F(x") = 1",

for all x" € Xy (> a).
If we take o = pfg, and let M be a max (f, T)-Birkhoff orbit of type (p, q),
this lemma becomes a restatement of the lemma in § 12, since 2 = %, (x), where

(... (%, %), ...) is an appropriate f-orbit in M and x=(...,%,...), and G,
differs from W by a constant.
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Proof. — Same as the proof of the lemma in § 12, with appropriate notational
changes. Note that since F( ) is a modification of y obtained by increasing or decreasing
a single coordinate »; of », the fact that G, is defined by an infinite sum causes no
difficulty. O

Proof of Proposition (18.1). — If x = x° or x%, then it is an equilibrium sequence.
Otherwise, it is not in 0%}, by the lemma. Suppose

ho(%;_ 15 %) + hy(%;, %;44) * o.

Depending on the sign, we may construct F(y) by slightly increasing or decreasing
the ¢-th coordinate of y, for all » in a small neighborhood of x and letting F(y) =y
outside such a small neighborhood. Such an F satisfies the conditions we gave in the
definition of a free point. Therefore, x is free. But, we assumed x was bound. This
contradiction shows that

hz("i—n xa‘) + hl(xi’ xi-}-l) =0,

so x is an equilibrium sequence. O

19. Comparison of Minimax Orbits

Let (f, ®) € 2. We consider two closed non-void subsets M, M’ of M, both
of which are invariant under f and T. We suppose M C M'.
Proposition (19.1). — Let J be a complementary interval of =, M. Then
AW = max { AWy, : J' is a complementary interval of =) M' and J' C J}.

We let J; = [x°(J");, ¥1(J');], in the notation of § 18. Obviously,
AWji)1; = AWy,

for any integers  and j. We will say that two complementary intervals J’ and J" of n, M
are w-independent if J'' % J; +j, for all i,jeZ.

Lemma (19.2). — Z AW < o, where the sum is taken over a maximal w-independent
-

set of complementary intervals of m, M'.

Progof. — Same as the proof of Lemma (6.3) (§ 17). O

From Lemma (19.2), it follows that {AW} :]J is a complementary interval
of n; M' and J'CJ} has a maximum.

Notation: For x e ®ry M, we define ¥ = (...,%;,...) by choosing » so that
(x,7) e M}, and setting %=, f(x,7).
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Proof of Proposition (19.1). — For each complementary interval J' of =; M, let
C; be the connected component of {xeZ;:G,(x) > — AW;} which contains
%°(J’). In view of the definition of AW}, we have that Cj, also contains x1(J’). We let

C=vu{C:JJCJlu{f:xen, M Nn]J}.
It is easily seen that G is a connected subset of Z'; which contains x°(J) and x'(J). Hence
AW; < max {AW, .},
where J' ranges over all complementary intervals of =, M’ such that J' CJ.
. To prove the opposite inequality, we define a retraction
nyt T3> %y,
for each complementary interval J' of nr; M’ in J. We set
T3, (%) = 2°(J")s  if %, < x0(J);
= % if 20(J'); < % < #(J');
=#(J) ()<«
We will show that G, o ;(x) > G,(x) with equality only if w; ;(x) = «.

The algebra is a little easier if we do this in two steps. Let x° = x9(J’),
x; = max(+), x;), x;’ = min(a}, x;). The argument used in § 16 shows that

Gu(¥) + Gu(x") 2 Gu(x) + Gy (x9),
with equality if and only if x =’. Since M'C M], it follows from the defining

property of M that G,(x°) = o. Moreover, G,(x'") < o, since this is true for all
elements of £;. Hence

G, (x') 2 G, (#),
with equality only if x = «'.
Now set ! = #1(J"), #" = min(x}, x{), ™ = max(}, x/). Again, we find
Go(x"") + G, (™) > G, (%) + G, (),
and G,(x!) =0, G, (*™) <o, so we obtain
G, (¥") 2 G, (+).
Since x""" = m; ;(x), we have shown
G, oy (%) = G, (%).
Let C be the connected component of {xeZj:G,(x) > — AW;} which

contains x°(J) and #!(J). Then =; ;(C) is a connected subset of Zj, which contains
x°(J’) and x'(J’). Consequently, the inequality above implies

AW, < AW;. O
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Proposition (4.3) follows from Proposition (19.1). For, take o = pfq,
M ={(x; +j,%) :i,j €Z}, where y;, = hy(x;,%,,), and take M'=M,. If Jis a
complementary interval of wm; M, then (18.1) holds. Hence, Proposition (19.1) and
the fact that AW; is independent of the choice of complementary interval J of n; M
(in this case) imply that

Wp,q,-’c,minimax = Wpyq,max - n}la"x AWJ!,

where J’ runs over all complementary intervals of M’. Since M’ is independent of «x,
this shows that W, , . .. is independent of x, which is the statement of Propo-
sition (4.3).

20. Proof of Proposition (5.2)

We will prove Proposition (5.2) using the definition of AW, given in § 6.

First, suppose that there is an f~invariant circle, going once around the annulus,
of rotation number w. Its lifting to A is a curve which separates A into two parts.
From the monotone twist hypothesis, it follows that points in the lower part advance
slower than the rate », and points in the upper part advance faster. Hence, M, is
not in the lower or upper part; it is in the curve itself.

Lemma (20.1). — M., is the invariant curve.

Proof. — By a theorem of G. D. Birkhoff [10, § 44] and [11, § 3], the invariant
curve is the graph of a Lipschitz function p:R — [o, 1]. It is enough to show that
graph p C M, since M cannot properly contain graph u, by the monotone property
of M, (Proposition (10.1)). If M = graph p, we are done. Otherwise, we consider
a complementary interval J of m, M,. Let x) and %, denote its endpoints. Let
x = i, (), e=o0,1. Let x*=(...,4,...), e=o0,1. For x €], let
x; = 7y f (%, n(%)). Let x = (..., %, ...). Itis enough to prove that

0

(20.1) 2 (h(x, %iyq) — B(x, %), 4) = o,

for, then, we will have graph p|J C M;,.

First, we will give a formal argument which indicates why (20.1) should be true.
Then we will give the rigorous version of the formal argument.

Formally, we differentiate (20.1) with respect to x,:

P oo
= Z (h(xi: xi+1) — h(x?, x:?+ 1))
3x0 i=—00
< dx; dx;
- ;:%w (hl(x"’ %i11) dx, + ha(x; %4 1) 7}“%})
< » dx
=. % (hl(xi’ i+ 1) + hz(x,'_l, x,;)) 2;— = 0.
i=—o o

We have hy(x;, ;1) + hs(x;_1, x;) = 0, because graph p is f~invariant.
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The difficulties with this argument are, first, that x;is not necessarily a differentiable
function of x,. Second, we have to justify differentiating under the summation sign
and changing the order of summation in the second sum.

By Birkhoff’s theorem, . is Lipschitz, so x; is a Lipschitz function of x,. Obviously,
%;is an increasing function of ¥,.  Since x; is a Lipschitz function of x,, its derivative dx;/dx,
exists almost everywhere, and

_f a5 dxo f

since the Fundamental Theorem of Calculus is true for absolutely continuous functions,
and any Lipschitz function is absolutely continuous (cf. [30, 11.7]).
The reasoning which gives (1g3.1) is valid in this case, too, so we get
e dx;
z
dx0

=]

dig= 2 (xf —x)) <1.

i=— 00 i=—0

Since &, and %, are bounded and continuous, the sums which appear in the above
calculation are absolutely convergent in the L! norm on functions defined on J. So,
the changes of order of summation are valid if the various terms appearing are considered
as elements of L(J). So, we get

To=2§ | t=— 0

% ® dx,
0:.[ [ 2 hy(x, x;+1)d + ho(x;, * )—;—1 dx,

o d
= a=z_:oo . Eh(xz‘, Xi11) 4%,

[*o)

= X (h(x, x,1) — k(27,20 1). O

i=—o0

From Lemma (20.1), it follows immediately that AW, = o, for the definition
of the latter given in § 6. We have in this way shown that the existence of an invariant
circle implies AW, = o.

Conversely, suppose AW, = o. From the definition of AW, given in § 6, it
follows that for every point ¢ of discontinuity of ¢,, we have that Z_,(>o0) is
connected. It follows that =;(M,) = R. In view of the monotonicity of M, it
follows easily from this that M|, is the graph of a function. The projection of this graph
on the annulus is the required circle. O

21. Convergence in Measure

Let (f, w) € 2. If o is irrational, the set M /T supports a unique Borel prob-
ability measure p, which is finvariant. This is a consequence of the semi-conjugacy
of f| (M,/T) with the rotation of the circle through w. Note that p, is also the only
Borel probability measure on M//T which is f-invariant. This is because every f-orbit
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in M /T is either in M_/T or is homoclinic to M_/T (i.e. approaches arbitrarily close
to M,/T under indefinite forward and backward iteration).

When o is rational, M;,/T may support more than one Borel probability measure
which is finvariant. In fact, the fergodic Borel probability measures on M/ /T are
in 1 — 1 correspondence with the f~orbits in M, [T; each f~orbit supports one such
measure. In particular, M /T supports only one finvariant Borel probability measure
if and only if M/T is reduced to a single f~orbit. This is the same as saying that M/,
is reduced to a single (f, T) orbit. Obviously, this is the case for generic f.

We provide the space of Borel probability measures on A/T with the weak topology.
A basis of open sets for this topology consists of sets of the form

{ew:a<u(f)y<b, fori=1,...,n}

where ;< b; are real numbers and f; is a continuous function on A/T, for i =1, ..., n.
We will indicate the dependence of p, on f explicitly, by writing g .

Proposition (2x.x). — When (f,w) €D and o = plq, let y;, denote any Borel
probability measure on M [T which is f-invariant. (For other (f, w) e 2D, let p; , be as
defined above.) The mapping (f, ©) — w; , s continuous at all points of D where it is
uniquely defined, i.e. where o is irrational or where o = p[q and there is only one max ( f, T)-
Birkhoff orbit of type (p, q).

Proof. — Let p;, be an element of X, , which maximizes F; ,. When o is
irrational, ¢; , is unique by the main result of [22]. When « = p/g and there is
only one max (f, T)-Birkhoff orbit of type (p, ¢), it is easily seen that ¢, , is unique.

To ¢; , we may associate a measure (., as follows. We define
nf,o)(t) = hl(qJI,w(t)! cpf,m(t + ")))-

Then (¢; ,,, 7;,,) is 2 mapping of R into A. Let ny: A — A/T denote the projection.
We set

Weo = (TCT° (cpl,on 'nf,w))* (El- | [0’ I]),

where p denotes the Lebesgue measure on [0, 1]. Then p,, is an finvariant Borel
probability measure on M  /T. In fact, the correspondence ¢, >, is a
1 — 1 correspondence between elements of X, , which maximize F, , and finvariant
probability measures on M; ,/T. This correspondence is bi-continuous, where we use
the weak topology on measures and the topology on the ¢, , defined by the metric 4
of [21]. Moreover, because ¢; , is obtained by maximizing F, , over a compact
space X;,, and F; () depends continuously on f, ©, and ¢, it follows that ¢ ,
depends continuously on f and o, wherever it is uniquely defined. There is a slight
technical difficulty in this argument caused by the fact that the space X, depends
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on f and w. But this is overcome by the observation that for each (f, ) € 2 there
is a compact set KCX, = such that

¢, EKCXy o,

for all (f’, &") in a sufficiently small neighborhood of ( f, ), where ¢, ., may be any
element of X, . which maximizes F, , over X, ... O

Proof of Proposition (9.3). — Immediate from Proposition (21.1) and the fact that
M, , = supp y,,- O

22. Lemmas Concerning Convergence of Sets

For what we do in the next couple of sections, we will need some elementary
results from general topology.

Definition. — By a basis # of a filter &, one means a subcollection # C % such
that for every U e &, there exists V € # such that VCU.

Definition. — Let &F be a filter on a set X. We say a sequence x, %X, ... of
elements of X is F-convergent if for each U € &, there exists a positive integer N such
that x; e U, for all ¢ > N.

Lemma (22.1). — Let F be a filter on a set X. Let Y be a topological space. For each
xeX, let Z, be a subset of Y. Suppose that there is a countable basis for F and a countable
basis for the topology of Y. '

Let ye linzl Sup Z,. Then there exists an F-convergent sequence %y, %5, ... of elements

of X such that

yeliminfZ, = lirin sup Z,.

1—>©

Proof. — Let Uy, U,, ... be a countable basis for #. Since Y has a countable
basis for its topology, the system of neighborhoods of » in Y has a countable basis,
Vi Vg, ... Since ye linxl sup Z,, we may choose, for each positive integer ¢, an

element x; € U; such that Z,;,, "V, + 0. Then
(22.1) y eliminfZ,, ,.

Let V,, V,, ... be a basis for the topology of Y. We construct, by induction

On j, SEQUENCES Xy, Xy, - ..  We have just constructed xyy, %51, ... Suppose %y, g, . .

has been constructed. If V; nlimsup Z; , = 9, we let x;;,, = x;;, forall &. Other-
1>+ ©

wise, we choose 3 eV,NnlimsupZ,; ;,; we let x,;,,=12x; for i<j, and let

%4+1j+1 %+2,j+1> %+3j+1> - - - D€ a subsequence of % ;, %12 ;5 % +3,j - - - such that

(22.2) yyeliminfZ,,; 4.
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The same argument which shows the existence of the sequence x;;, %5, ... such that
(22.1) holds also shows the existence of the subsequence x; 1.1, % 2415 %13j41> -
such that (22.2) holds.

We let x; = x;. Then we have that
li?}» i)nf ZynV;+ 0 <= ligr}> sup Z NV, + 0.

Since V;, V,, ... is a basis for the topology of Y, and H?l infZ,, and lim sup Z,;
are both closed, it follows that
ll{r—l) Lnf Zz(‘i) == ll?})iup Zx(").
Since y eliminfZ,; ,, and x,, x,, ... is a subsequence of xy;, %5, %3, ..., we have
1> 4

that y e h'n_1> gonf Z,,.
Clearly xy;, %5, ... is #-convergent (since x; € U,), so its subsequence x, x,, ...
is also &-convergent. (I

We will adopt the following standard notation. We will say that ngl Z, exists
and write ’

(22.3) Z,= £1g1 Z

z

to mean that

Z,= hr:,x f1nf Z,= 111}’1 . sup Z,.

In general, there is no convenient topology on the set of subsets of Y such that
(22.3) can be interpreted as convergence in that topology [25, p. 179]. However, in
a special case there is: We suppose Y is a compact metric space, and the sets Z, are all
closed subsets of Y. Let d denote the metric on Y, and use the same symbol to denote
the Hausdorff metric on the set of closed, non-void subsets of Y. Recall from [18] that
this is the metric defined by

(22.4) d(Zy, Z,) = max {sup inf d(x, y), sup inf d(x, y)},
where x ranges of Z; and y ranges over Z,.

We then have the following elementary result: If each Z, is a closed, non-void
subset of the compact metric space Y, then the definition of (22.3) which we gave above

is equivalent to convergence with respect to the Hausdorff metric.
In § 24, it will be useful to have a generalization of this result:

Lemma (22.2). — Let Y be a metric space, T an isometry of Y. Suppose Y [T is compact.
Define the Hausdorff metric on the set of T-invariant, closed, non-void subsets of Y by (22.4).
Suppose each Z, is a T-invariant, closed, non-void subset of Y. Then the definition of (22.3)
which we gave above is equivalent to convergence with respect to the Hausdorff metric.

The proof is elementary. One way to proceed is to observe that the Hausdorff
metric on T-orbits is a metric on Y/T. Its underlying topology is the quotient topology,
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associated to the projection Y — Y/T. Since we have a metric on Y/T, we may speak
of the Hausdorff metric on closed, non-void subsets of Y/T. The natural 1 — 1 corre-
spondence between T-invariant, closed, non-void subsets of Y and closed, non-void
subsets of Y/T is an isometry with respect to the Hausdorff metrics. Since lim inf and
lim sup of T-invariant sets commute with passage to the quotient by T, Lemma (22.2)
reduces to the special case of it quoted just before the statement of it.

We omit the details. O

23. Upper Semi-Continuity of M;

Let (f, ») €2 and suppose o is irrational. Let (xo,%,) € limsup M; .. By
(f', @) >(f, @)
Lemma (22.1), there is a sequence (f;, &;);_y 5 ... of elements of & which converges to
(f, ) as ¢ - o0, such that M = lirg M/, o exists and (%, ) € M.  Since (%, ,)
is an arbitrary element of limsup M; ., it is enough to show that (x,5,) € M;,,
(f'y ") >(f, w)

in order to prove Proposition (9.2). Since (%y,5,) € M, it is then enough to prove
MCM .

In order to prove M C M; ,, we first develop several properties of M.

By Proposition (9.3) (proved in § 21), we have M,  CM.

Lemma (23.1). — M. is_f-monotone ( for the projection on the first factor, in the sense defined
in § 10). Moreover, M satisfies a Lipschitz condition of the form: There exists L > o such
that (xs.y)a (x’s.y’) eM = I.yl —.yl <L |x’ - xl'

In this and the next section, it will be convenient to use the following abbreviations:
Notation. — We set M%) = My, o>, G =G; ., G =Gy ui B=h(f), b = hy,.

Proof of Lemma (23.1). — Since M® is (f, T)-invariant and jf-monotone, and
M = lim M"%, we obtain that M is weakly f-monotone, in the sense that for (x,y) e M,
(¥,9) e M, we have
x <x =>mfix,y) <mfix,y), forall ieZ.
Since f commutes with T and A/T is compact, (4.2) implies that there exists
3> o such that

—1
3(7t1f(x3.y)) >3 and _ a(Tle (xa)’)) > 8,
o o
for all (x,) e B. Likewise, there exists C> o such that

B(vrlf(x,y)))<c q oA
ox ox ’
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forall (x,5) eB. If L = C/3, then (x,%) €B, (+,»') €B and |y —y|>L|* —x
imply

S, 0) > mfl%y)  and  m fTH ) < fTHx ),
or nlf(x,7)”) < ﬂlf(x’.y) and Trlf_l(x’xy,) > nlf_l(xxy)'
Since M is weakly f~-monotone, this shows that M satisfies the Lipschitz condition, and
is f-monotone. 0O

Lemma (23.2). — If J is a complementary interval of =, M, then
G(x%) = G(a1),

where x° = x°(J) and x' = x2(]J).

Note that since M;,CM, we have JC[g;,(t—), ¢ ,(t+)], for some
teR. (Recall from § 6 that ¢, , = ¢, denotes the unique element of X, , which

maximizes F; ,. We have =, M;, = ¢; ,(R).) Then x%x'eZ ., so G(x°) and
G(x1) are defined, and the equation G(x°) = G(x!) is equivalent to

(23.1) j=2—oo (h(le._,_l,x}) _h(x;')+13 x;’)) = 0.

This sum is absolutely convergent, in view of (13.1), which refers to the endpoints of
the interval [o;,(t —), ¢; ,(¢ +)], but obviously implies the same result for the
endpoints of J.

Proof of Lemma (23.2). — Suppose G(x°) > G(x1). Let
5=, <N,
=%, |j|>N,

where N is some large positive integer. Then G(x') > G(x), if N is large enough.
Since M = lim M%, we have ©; M = Jlim =, M®.  According to Lemma (22.2),

1> 0

this can be interpreted as convergence with respect to the Hausdorff metric. (Take
Y=R, T(¢) =t+ 1, to apply Lemma (22.2).) It follows that we can choose, for
each positive integer i, a complementary interval J® of M® such that

— L )
J = lim J%
Set 2°(JU);, = A9, x'(J9); = x]9. Define
x;(i’ — ;?(t), IJI S N,

= x}(‘), |7l > N.
We have

%0 = lim 90,
J i>w 7

1 i 4100
% = lim x;",

1> 00
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although convergence is not uniform in j. Also A; — & uniformly as ¢ —c. We have

N
Gi(x) — Gi#) = B (5, 50 — h(x, 5)),
j=—N-—
N
and G(¥) = Gl) = T (h(x,.,2) — hlxh 21,0),

so it follows that
lim G;(x'%) — G;(x'") = G(+") — G(a") > o.

1>

Moreover, G;(x'¥) = o, for large enough i, by the defining property of M%), Hence,
G;(¥'") > o, for large enough i. But, this contradicts Lemma (6.2). O
The following is a slight variation on the notation introduced in § 19.

Notation. — If x en; M, we define ¥ = (.. ..) by choosing » so that
(%,9) €M, and setting %; = m, fi(x, ).

If x em; M, then either x e n; M, , or x €], for some complementary interval J
of 7y M; ,. In the latter case, J = [o(¢ —), (¢ 4)], for some point ¢ of discontinuity
of ¢=¢;,. Since M;,CM and M is f-monotone, it follows that %eZ,,,
when xeJ = [o(t —), ot +)]-

Proof that M CM;,. Consider xe] nm M, where J = [¢(t—),e(t+)]
and ¢ is a point of discontinuity of ¢ = ¢, . It is enough to show that G(%¥) = o.
For arbitrary x €J, we define ¥ = (...,%;, ...), as follows. If xe]J n=; M,
we have already defined x. Otherwise, x is contamed in a complementary interval [x°, x1]
of 1y M. We have 2% x' €] n=; M, and we define
o= (1 —NZ 4+ A8, where x = (1 —2) x° 4 Al

It follows easily from Lemma (23.1) that #; is a Lipschitz function of . Moreover,

© @(t+) dx. ) . .
> f —de= X (p(t+ of +) — ot + o —)) < 1.
j=—wdJot-) | dx j=—w
Now we may reason exactly as in the proof of Lemma (20.1) and conclude that
G(%) is an absolutely continuous function of x €], and

dG(% -
dEcx) =.=§ (ha(%i_15 %) + hl(x,,x,+1))

on J\Z, where Z is a set of measure o in J.
For x ey M N J, we have that & is an equilibrium sequence, by the f~invariance
of M. Hence

dG(%)
dx

By Lemma (23.2), the value of the function x+» G(%) is the same on both endpoints
of a complementary interval of m; M in J. These facts together with the absolute conti-

=o0, on (J n=w M)\Z.
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nuity of x> G(¥) imply that x> G(¥) is constant on =, M NnJ. Since it is zero
on the endpoints of J, we get that it is zero everywhere on =, M N J.

This finishes the proof of Proposition (9.2). O

Another proof of Proposition (9.2) follows from Aubry’s work. For, by Aubry’s
work, there is an identification of =, M; , with the set of m.e. states. This is a deep
result, and Proposition (9.2) is an immediate consequence of it.

24. Proof of Proposition (9.4)

Note that Propositions (5.1) and (6.4) follow immediately from Proposition (g.4).
Let (f, ») €2 and let o be irrational. Since & has a countable basis for its
topology, it is easily seen that in order to prove that AW is continuous at (f, ®), it is

sufficient to prove that a sequence (f;, ®,), (f3, @), ... which tends to (f, ») has a
subsequence ( fiy), @), (fig)> @ig)s - - - such that
AW}, o = lim AWy, o -
It follows from Lemma (22.1) that any sequence (f;, o), (f3, ®p), ... which

tends to ( f, ») hasa subsequence ( f), @y)), - .. such that jlirg M, otiy €Xists.  There-
fore, it will be enough to prove:

Lemma (24.1). — Let (fy, 1), (f2, 03), ... be a sequence in 2 which converges to
(f, w) € D, where o is irrational, and suppose

(24. I) M = ll_in M/’(“), m“)
exists.  Then
AW, , = ,«IE’E}, AW 1), iy

In the rest of this section, we will use the following abbreviations, which we
introduced in § 23: M(l) == M;(i),m(i)’ G = G,,m, Gi = Gf(i),o.)(i)? h == hf’ h’- = hf(l)’ and
the further abbreviations: AW = AW, ,, AW, = AW, .-

Lemma (24.2). — Under the hypotheses of Lemma (24.1), we have

AW < lim inf AW;.

1> 00

Proof. — By Proposition (19.1) and the definition of AW, we may choose a
complementary interval J of m; M so that

AW = AW;.
From (24.1), one easily deduces
(24.2) 7 M = lim m, MO,
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Since m; M and 7w, M%) are invariant under the translation x> x + 1, it follows from
Lemma (22.2) that (24.2) may be interpreted as convergence in the Hausdorff metric.
Consequently, we may choose complementary intervals J® to m,; M®) such that

J9 =], asi-—oo.

Let x® = 2°(J), #' =#'(]), «% =(J%), ' =4'(J®). Obviously,

(24-3) A0 > 0 s al as i oo,

although convergence is not uniform in j.
Let 8> 0. For each i, we may choose a continuous path x"% in % connec-
ting x°" and #'" such that

(24.4) G;(»%) > — AW;6) — §/10,

for all ¢e[o,1]. This is a consequence of the definition of minimax value (§ 3) and
the definition of AW; (§ 18).

Choose N so large that
(24.5) 2 (x — 47) < 3/20C,

lil>N

where C is given by (13.3). It is possible to find such an N by (13.1).

Since o; - ® and o is irrational, there exists #, such that if > i, and o, is
rational, then

(24.6) ;2 2(N + 100),

where o; = p;/g; in lowest terms.

Since f; —f in the C! topology and f; commutes with T, we obtain that the
first and second partial derivatives of /; converge uniformly to the corresponding partial
derivatives of &. From (13.3), it follows that there exists ¢, > i, such that

ohy(x, x' ohy(x, x'
(24.7) sup _L(;__x_) < 2C, sup ,((’)x’x ) < 2C,

B; X B; X

for i > 1,, where B, is the domain of ;, i.e. B; = {(x, #") e R?: fiy(x) < &’ < fi;(x)}.
From now on, we fix 7> 1,. In the case o, is irrational, we set
@ — x;,,(i), 71 <N + 2,
— 20, |j|>N 43,
xb@hor =00 || <N + o
=x9  |j|>N+ 2
We have #400* xh(h* e &), provided 8 is small enough, by (24.5) and the fact
that M®/T is uniformly bounded away from the boundary of the annulus. In the
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case o; is rational, we write ; = p;/g; in lowest terms, and define x}*»* and x}©®*
by the same formulas as above when

_Eei<
2 —2
and for other j define x®* and x%* so that s =" 4 p  and
bl = xb@» 4 p. With this definition, we again have “') o xh @ e Iy,
Whether o; is rational or irrational, we have

(24-8) |G l) t) + G. ( I(z), **) . Gi(xt‘(i)) . G‘(xo,(i'))l
— l > {ﬁ;(x;:(i), xgiil)) + h,-(x;”("), xt,(,'))

j=—-N—3 N+2
— B, ) — RO, 0} <2C T (s — g0,
j=—N—-2,N+2
by (24.7) and the Mean Value Theorem.
From (24.3) and (24 5), we get that there exists i, > ¢; such that
(24.9) xP0 — 290 < §/20C,
when |j| =N+ 2 and i >4,. From now on, we suppose > i,.
Since G;(x*%) = o0 and G;(x"®*) <o, inequalities (24.8) and (24.9) imply
G;(+"h) = Gy(a1) — §f5.
Using (24.4), we get
(24.10) G;(x»%*) > — AW;6) — 3 §/10.
Let 8, = 3/80G(N + 3). By (24.3), we may choose 3 > ¢, such that
Ix;'(i)_"xﬂ< 3, e=0,1, [j|<N +3,
for > i;. Furthermore, we may choose 7, > i; such that
(24.11) sup | h; — k| < 3/40(N + 3),
for 1 >1,. From now on, we suppose %> i,.
We may choose a continuous curve ¢+ x%* in %} such that

[ — | <8, [|jISN+3, tefo,1]
K =ux, |j|>N+ao,
0, * 0 1,%

Wt =x xr=x, |jI<N+a2.

Note that the curve ¢+ x"* depends on 7. But, we may suppress ¢ from the notation,
because ¢ is fixed throughout the discussion.

We have
G(s*) = I (M %10 — ks 1)
N+2
=j=—213—3 (h(j s ifa) — B3, 4. 2)s
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since x* =x), for |j|> N + 2. Likewise,

N+2
G ) = B (RO ) — R, 2).
Hence, |G(x") — Gy(")| < 4(N + 3) sup |k — k|
N+2 . .
o3 IR 0 — A )]
N+2
T TGO, ) — b )]

< 4(N + 3) sup |k, — k| + 8C(N + 3) 8, < 3/5.

Combining this with (24.10), we get

(24.12) G(x"*) > — AW i) — §/2,

for all ¢ e o, 1].

We define a continuous curve ¢ x' in Zj by
%=y |/l <N+ 2,
=(1—t)x +t |j|>N+ 2.

By (24.5), (13.3), and the Mean Value Theorem, we have
|G(#) — G(#*)| < §/10.

From this and (24.12), we get
G(x') > — AW;6) — 3,

for all te[o, 1]. Obviously, AW;u < AW,.

We have, in this way, found a continuous curve &' in &}, connecting x° and 1,
such that

G(¥) > — AW, — 3,

so AW < AW, + 3. Since 8> o was arbitrary and ¢ > i, was arbitrary, this proves
Lemma (24.2). O

Lemma (24.3). — Under the hypotheses of Lemma (24.1), we have
AW > lim sup AW,.
Proof. — By the hypotheses we assumed on f, we have that 4 is twice continuously
differentiable on the interior of B, and its second partial derivatives extend continuously

to the boundary of B. Let 4y, £y, kyy denote the appropriate second partial derivatives
of h. Let

C, = max(|hy | + 2 |hp| + |Aal)-
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Note that the maximum of the function in the parenthesis actually exists, because
h(x, ") = h(x + 1, %" 4 1) and the quotient of B by the equivalence relation generated
by (%, %) ~ (x + 1,% 4 1) is compact. Let 8> o and let

3, = 8/20 max {C, G, }, ‘

where G is given by (13.3).

Let J;, Js» ... be a maximal w-independent set of complementary intervals
of 1y M. (We defined the notion of w-independent intervals in § 19.) Such a maximal
w-independent set may be finite (and possibly empty) or countably infinite. For
each J; in this set, and each integer j, we let J; = [«°(]));, #1(J;);]. Obviously, the
collection of all p(J;) is the set of all complementary intervals of pm; M in R/Z. Since
eJy) Ne(Jiy) = 9, when (i,5) + (¢,j'), we have

z 1Jsl < 1,
where |J| denotes the length of J. Hence we may find a non-negative integer n and
positive integer N such that

(24.13) Z{|J;l:i>nor |j|>N}<3$,.

Of course, » may be taken no larger than the number of complementary intervals in
a maximal o-independent set. For example, if there are no such complementary
intervals (i.e. M is a curve), then we may, and will, take n = o.

Let 3, = 38/40(2N + 2) C.

Consider a positive integer i, let J' be a complementary interval of m; M, and
let Ji = [x°(J");» x*(J');]. Since (24.1) and (24.2) are valid for the Hausdorff metric,
we have that for i, large enough, if > i, then there exist integers &, ..., @, with
dy 1> a, + 2N + 100, such that:

1) For « =1, ...,k there exist b,,¢,€Z, 1 <b, <n, such that

|%5(J3) — 27 < 8,
when a, —1<j<a,+ 2N 4+ 1, ¢ =0 or 1, where we set
Jf-“’ = (Jb(a));’—-a(a)—N + ¢q-

2) b, * by, if az o

3) Suppose either: a) o; is irrational and j does not satisfy a, <j < a, + 2N,
for any « =1,...,k, or b) w,is rational, ; = p,/¢g; in lowest terms and j does not
satisfy a, <j + ¢;¢{ <a, + 2N, for any / €Z and any a« =1, ...,k In either case,

1Jil < 3.

In other words, since m; M® differs by very little from =n; M in the Hausdorff
metric, we have that each J; either has length < 3, or p(J;) differs by very lit'le from
one of the p(J,) for 1 <i<n, and |/| <N. This is because there exists n> o

such that p(J;) has length < 8; —n when ¢> =2 or |/|< N, by (24.13). Moreover,
when p(]J;) differs by very little from one of the p(J;) then p(J;, ;) differs by very little
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from p(Ji,;;) when |£+j | <N+ 1, since M® differs by very little from M in
the Hausdorff metric, and f; is uniformly close to f.
From now on, we suppose > i,.

Notation. — We set J® = J©,
5 = #(JF) = £, e =o,1,
2 = 25(J9),
% =) =50 e=o,1,

= ().
For each « =1, ..., k, we choose a continuous curve vy, in Zy« connecting x%*
and x' such that
(24.14) Gy,(t) > — AW — 310

> — AW — 3/10,
for all ¢ €[o,1]. We may do this by the definition of AW; (§ 18) and the definition
of minimax value (§ 3). We define vy, :[o, 1] - %@ by
Yalt); = Ya(®);, i |j — e —N| <N,
= ), if j —a, — N> N,
=x%, ifj—ae —N<—-N.
By definition of G,

Gya(t) — Gra(t) = j=§:‘;wh(Y;(t)js Ya(8)j+1) — Al¥a(t)js Yal(t)j41)-

From (24.13) and the definition of vy,, we obtain

IOl = B ) — 0] <

From (13.3), the Mean Value Theorem, and the definition of §,, we then obtain
|G(t) — Gra(t)| < 2G'8, < 310,

for all ¢e[o,1]. From this and (24.14), we obtain

(24.15) Gr.(t) > — AW — 35,

for all ¢ e [o, 1].

If w, is rational, we set o, = p;/q;, in lowest terms, ¢;> o. If w; is irrational,
we set ¢; = + . We choose i; > i, such that if ¢> ¢, then

(24.16) — gi/2< a; — 100< g, + 2N + 100 < g;f2.

It is possible to choose such an i, since o is irrational and ®; > as ¢ —-oco. From
now on, we will suppose that > i,.
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r

There exists a continuous curve vy, :[o, 1] - %, such that
(24.17) lva (8); — Ya(8);] < 8,
for a, — 1 <j<a, + 2N 4+ 1,
Y=, e=o1,
for a,<j<a,+ 2N,
YA (t); =, if ¢/2>j>a, + 2N,
and @), =4, if —¢gl2<j<a,.

This is because J; is very close to Ji¥ in the appropriate range (condition 1 in the
definition of ay, ..., a).

Note that J', J, v., y. , etc., depend on i. However, we may suppress i from
the notation, because we keep it fixed throughout the discussion.

Choose 7, > ¢y, so thatif ¢ > 7,, then (24.7) holds. From now on, we suppose
i > i,. To continue the proof of Lemma (24.3), we will need the following result:

Sublemma 1. — Let Ae{— 0}UZ and BeZ u{+ o}, and suppose A < B.
Suppose max{|Jl, |Js|}< n. Then

B—1
]JE-“A hi(le” x;l+ ) — hi(x,?l, x;')l+ V| < 4Cn,
provided v is small enough.

Proof. — In the case o; is rational, we have that the above sum vanishes when

A(0) +q(i) ¢ B—1
B — A is an integral multiple of ¢;. It follows that we may subtract X% from X,
A(0) A

for any integer A, and any positive integer ¢, without changing the value of the sum.
Consequently, we may assume, without loss of generality, that |B — A| < ¢/2. We
will assume this in the following argument.

Define »' by
X =x if A <j<B,
=%, otherwise,
in the case o; is irrational, and
=ax, if£eZ such that A <j+¢g; <B,

xj,

!
%5

o

otherwise,

in the case ; = p;/¢;. Since M,/T is uniformly bounded away from the boundary
of the annulus, we have #' € X, provided that 7 is small enough.
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By Lemma (6.2), we have G;(x') < o. By the definition of #!, this is the same as
B—1

jEA(hi( s J+1) - h( X J'l'l))
S by 15 #8) — B33y, 25) + hi(xg, 23 41) — hi(xp, 2544)-
By (24.7), the Mean Value Theorem, and the hypothesis of the sublemma, the right
side of this inequality is < 4Cyv. Hence,

E k; (x, ’ J+1) (%Y X5 ,+1) < 4G,

Interchanging +” and x in this argument (including the definition of ') and using

the fact that G;(x') = o (by Lemma (6.2)), we obtain
B—

1
j;Ahi(x;'): A1) — by x5,) < 4G,
Combining these two inequalities gives the required result. O

Remarks. — In the case w; is irrational, if A = — o0 or B = + oo, the right
side of the estimate may be improved to 2C». If J' is replaced by J® and #; by &, the
estimate of Sublemma 1 still holds, with the right side half as large, because we may
use (13.3) in place of (24.7).

Choose i3 > 7, so thatif ¢ > ¢;, then (24.11) holds. From now on, we suppose
12> 1.

By the definition of G and y,, we have

ale)—2
Gy.(t) = Z [h(x, £F)) — A=, )]
j=— ala) +2N
+ ,-=,:‘:‘=)_1 (a(va®) > Ya(®)j41) — RO, 23]

By Sublemma 1 and the remarks following it,
a(ax)—2

(o
| 2 T, £f) — G, 9201 < G Jigh-a| < Oy,

where the last inequality is a consequence of Jf,"(‘;)_l = Jya,—~n—1 and (24.13). By
the definition of G; and vy, , we have

Givyi(t) =A+ A"+ A",
g+ 1

where, setting L = — [ ], we define

A = hi(xga x£+1) - hi(x([),,a xg+ 1)1 if g < 00,
=o, if q;= oo,
a(x)—2

A= B G ) — G ),
j=L+1
a(a) +2N
A= i=a‘(§)—1 (s (835 3 (8)544) — hi(x;'), x2+1))-
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Then |A| <2C|Ji,4|, by (24.7) and the Mean Value Theorem, and |A’| < 4Cqy,

where 1 = max{|]Ji 4|, |Jsn—1|}, by Sublemma 1. By condition g in the definition
of a;, ..., a, and (24.16), 7 <3;. Hence

|A] +|A’| < 6C3,.
Consequently,
[G; vy () — Gyn(t)| < 8C 8, + 2(2N + 2) sup |k — &;]

a(x) + 2N

+J ,,(Z [R(vs (855 Yo (8)511) — R(ya(®);s Yu(®)j11)]
a(x) + 2N ) !
+ ,-=a(2.z)_1 |h(x]', 2311) — A(x™, 27 |

< 8C3, + 2(2N + 2) sup |k — k| + 4(2N + 2) C 3§, < 6 3/10,

where the second inequality is a consequence of (24.1%), condition 1 in the definition
of a;, ...,a, (13.3), and the Mean Value Theorem, and the last inequality follows
from (24.11) and the definitions of §; and §,. Combining the inequality which we
have just derived with (24.15), we obtain

(24.18) Giv/(t) 2 — AW — 3,
for all ¢ e o, 1].
For 1 <a<k+ 1, we define vy, :[o, 1] - %} Dby setting
Y (8); = (1 —t) % -l—txJ ,
when any one of the following conditions holds:
1) a=1 and —¢gf2<j<a, or
2) 1<a<k+1 and a¢,_, +2N<j<a,, or
3) a =k +1 and g, + 2N <j < g/2,
and by setting
Y @#); =%, ifa>1and —¢gl2<j<a,_,+ 2N,
Y.'(t); =%, fa<k+1 and g, <j<g/o.
In order to complete the proof of Lemma (24.3), we need the following elementary
result from calculus.
Sublemma 2. — Let u be a C? real valued function on an interval [a, b]. Then
u((x — &) a + 1B) — (1 — 1) u(a) — u(B)| < sup || (b — a)’/8,
[a, 3]

everywhere on [a, b].

Proof. — Let
o(t) =u((1 —t) a + tb) — (1 — ¢t) u(a) — tu(b).
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Obviously, »(a) = »(b) = o. Let#, be a point in [o, 1] where |o(#)| takes its maximum.
Then ¢'(t,) =0 and

lote)| = | [, ds [ ato(6)| < sup |07 | 2.

Similarly,
|2(to) | < sup |9”] (1 — £)*/2.

Since ?(t) = (b — a)?u"'((1 —¢t)a+ th), and ¢ <1/2 or 1 —¢ < 1[2, we get
|9(t) | < sup |u”| (b —a)?8. O

Since f; —f in the C! topology, it follows that % — % in the G2 topology.
From this and the definition of C,, it follows that we may choose i, > i3 such that
if 1> i, then

(24.19) |hi,11| + 2 |"i,12| + Ihi,zzl < 2Gy,

everywhere on B;, where £, 4, etc., denote the appropriate second partial derivatives
of ;. From now on, we suppose i>i,. Applying Sublemma 2 to

Giva" (1) = 2 (v (8);, Yo" (8);40) — Bulas %5%0)),

we obtain
|G Y/u(t) . (I . t) G Y”'(O 1_Y;//( )l
I
1 ). e . < - ’ ‘|2
8 ? ‘El[lopll dt2 h’l(Y ( )]’ Ya (t)J+1) _ 4 % Cl |JJ l Py

where X’ denotes summation over the following set of j’s:
i

{—a/2<j<a} if =1,
{g,_1 +2N<j<a}, if1<a<k+1
{a,<Jj < g2}, if « =k 4 1.

The last inequality above is a consequence of the fact that the second derivative of vy’ (¢);

vamshcs by the definition of v, (t);, of the fact that the first derivative of Y"’(t)J equals

x — ' =Jj|, for j appearing in the summation, and vanishes for other j, and of

(24.19). By condition 3 in the definition of 4, ..., @, we have |]J;| <38, for those j

which appear in the sum X’. By (13.1) and its obvious analogue for rational «;,
2

we have
Z{Jil:—gl2<j<gfe}< 1
Hence,

T8 < 5
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Together with our previous inequality and the definition of §;, this implies
(24.20) |Giva"(8) — (1 — &) Gy (0) — 1G v (1) | < Gy 8,/4 < §/10.
Setting L = — [(¢; + 1)/2], we have G;v;’(0) = o0, and
Givi’(0) =A+ A" + A",
if «> 1, where

A = hi(xtl):’ xi'+1) - hi(xgs xg+1) if ;< oo,

=o0 if ¢, = oo,
a(e — 1)+ 2N
! —_ 1' 1’ 01 01
A = . 2 (hi(xj ) xj+1) - hi(xj s xj+1))>
j=L+1
"o v o v v
A= hi(xa(a—1)+2N’ xa(a—1)+2N+1) - ki(xa(a——l)+2N’ xu(a—1)+2N+1)'

Furthermore,
|Al, |A”] < 2C 8y,

by (24.7), the Mean Value Theorem, and condition 3 in the definition of q,, ..., 4, and
|A"| < 4C 3,

by Sublemma 1 and condition g in the definition of a,, ..., q,. Hence

(24.21) |Giva"(0)| < 8C 3, < 235,

by the definition of §,. A similar argument shows that
(24.22) |Give" (1) < 2 3/5.

From (24.20-22), we get

(24.23) 1Giva" ()] <3,

for all ¢ € [o, 1].

We define y:[o, 1] — %} as the cocatenation of vi"”, ¥i', v2', ¥2's -+ o5 Yb'» Yes1»
in that order. In other words,

20 — 2 o1
2k + 17— — 2k +4 1
20(——I< < 20

t .
2k +1— —2k+1

Y(t) = va"((2k 4 1) ¢ — 20 + 2),

= v/((2k + 1) t — 20 + 1),

It is obvious from the definitions that y is well-defined and continuous, i.e. the two
definitions of it given at the common endpoints of adjacent intervals are equal. Thus,
v is a continuous curve in %, connecting x°(J’) and x1(J’). By (24.18) and (24.23),

Gix(t) > — AW — 3,
for all ¢e€[o, 1]. Hence,
AW; < AW + 3.
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Since 3 is an arbitrary positive number, we thereby obtain the conclusion of Lemma (24.3).
O

Proof of Lemma (24.1). — Immediate from Lemmas (24.2) and (24.3). O

Proof of Proposition (9.4). — From Lemma (24.1), by the discussion at the beginning
of this section. O

25. The Peierls Energy Barrier

Our purpose in this section is to relate what we have done to something Aubry,
Le Daeron, and André did in [7]. We will explain a version of a result of these authors,
which makes sense in our context.

We suppose @ is an irrational number such that p(f)) < o< p(f). We will
suppose that M,/T is a Cantor set, not a circle. Equivalently, =, M, + R. Let J
be a complementary interval of =; M. For x €], we define

V(x) = max{G(¥) : ¥ € Xj, %, = x}.
Here, X; and G, are as defined in § 18. By Lemma (6.2), V(x) <o.
Definition. — The Peierls energy barrier associated to J is max{— V(x) :x €J}.

Note that V(x) is a continuous function of x, so — V(x) actually takes a maximum
in J. Obviously, the Peierls energy barrier associated to J is a lower bound for AWj.

However, the Peierls energy barrier associated to J; = [x°(]);, #}(J;)] depends
on i, in contrast to AWy, , which is independent of i¢. In fact, we have |]J;| —o,
as ¢ >4 oo, From this, it follows easily that the Peierls energy barrier associated to J;
tends to 0 as 7 -+ co. Moreover, one can produce examples where AW; is greater
than the maximum of the Peierls energy barrier associated to the J;.

The definition of the Peierls energy barrier which we have given above is not the
same as that which Aubry, Le Daeron, and André gave in [7]. However, it is equivalent
to their definition, as may easily be shown by means of a suitable variant of the Funda-
mental Lemma of [7]. The difference between the two definitions is that in defining V (x),
the authors of [7] allow ¥ to vary over a larger space than our X;. However, their
methods show that the maximum over this larger space is still achieved for % e X,
so the different definitions arrive at the same result.

The analogue of our Proposition (5.2) which is proved in [7] may be stated in
our terminology, as follows: JCm;(M,) if and only if the Peierls energy barrier
associated to J vanishes. Aubry, Le Daeron, and André also have a result for rational »
(which we do not have).
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