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ABSOLUTELY CONTINUOUS MEASURES
FOR CERTAIN MAPS OF AN INTERVAL

by Micaar MISIUREWICZ*

o. Introduction

Dynamical properties of mappings of an interval into itself are intensely studied
from both  theoretical ” and “ experimental > (numerical experiments) points of view.
One of the most important theoretical problems (but also closely related to the problem
of reliability of numerical results) is to establish for which mappings there exist invariant
probabilistic measures, absolutely continuous with respect to the Lebesgue measure, how
many of them, and what are their ergodic properties. The aim of this paper is to answer
these questions for a certain class of mappings. They are essentially the piecewise
monotone mappings with non-positive Schwarzian derivative, no sinks and trajectories
of critical points staying far from critical points (the exact conditions can be found in
section g: conditions (i)-(vi)). For a slightly similar class of mappings M. Jakobson [3]
proved the existence of an absolutely continuous invariant measure. Our technique
is quite different and it enables us to obtain much information about our measures.

~ After the preliminary results of Sections 1-5, we prove the main theorems (theo-
rems (6.2) and (6.3)) in Section 6. For a mapping from our class, there exist a finite
number (but at least one) of ergodic invariant probabilistic measures, absolutely conti-
nuous with respect to the Lebesgue measure. Their densities are continuous on an
open dense set. Images of every finite measure, absolutely continuous with respect to
the Lebesgue measure, under nk-th iterations of the mapping (for a certain %), converge
strongly (as n—>o0) to a linear combination of those measures. The mapping with
every one of those measures is a skew product of a permutation of a finite set (in the
base) and an exact transformation.

In Section 7 we show that for most widely considered one-parameter families
of mappings (like x> 4ox(1—x)), our conditions ((i)-(vi)) are satisfied for a set of
parameters of power the continuum. The question, whether the measure of this set
of parameters is zero or positive, remains open. However, there is some evidence that

* This paper was written during the visit to the Institut des Hautes Etudes Scientifiques. The author gratefully
acknowledges the hospitality of I.LH.E.S. and the financial support of the Stiftung Volkswagenwerk for the visit.
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18 MICHAL MISIUREWICZ

it is zero for generic families. Namely, it can be decomposed into a countable union
of subsets, each of them arising from a point “ running through > a Cantor set, which
also depends on a parameter (one of these subsets is considered in Section 7). This
Cantor set has always measure zero and there are reasons to believe that our point “ runs
too fast ’ to stay in this Cantor set for a time of positive measure (in a generic case) (*).

In sections 8 and g we study the problem; when is the measure-theoretical entropy
(computable in numerical experiments as a characteristic exponent) equal to the topo-
logical entropy, which measures complexity of dynamics from the topological point of
view? The answer for the maps of our class is: almost never (we obtain infinitely many
independent necessary conditions).

The proof of the main results bases on the properties of the Schwarzian derivative.

2 1\ 2
It is defined as Sf :J;, ——%(JJFT) and the idea of applying it to mappings of an interval
belongs to D. Singer [10]. Two main properties are:

(1) S(fog)=(g")%.(Sfog)+Sg, and consequently if Sf<o and Sg<o then
S(fog)<o. In particular, if Sf<o then S(f")<o for all n>o.

(2) If Sf<o then \/;T" is convex on the components of the complement of

the set of critical points (see (3.1)) and consequently, | f’| has no positive strict local
minima.

One can find examples of mappings with negative Schwarzian derivative for
example in [10] and [5], and more properties of these mappings in [2].

With some additional work, it is possible to generalize the result of the paper,

replacing the hypotheses C* and Sf<o by C! with f Lipschitz and \/|—»I—7':| convex on
the components of the complement of the set of critical points of f (i.e. on the components
of I\A).

Throughout the whole paper we denote by A the Lebesgue measure, by f" the
n-th iterate of f, and by E the closure of E.

I would like to acknowledge very helpful discussions with J. Guckenheimer and
Z. Nitecki.

I. Stretching far from critical points

In this section, I will be a closed interval, U and V two open subsets of I consisting
of a finite number of intervals each, and such that U contains the endpoints of I and
UuV=1 and f:V—I will be a continuous mapping.

(1) Recently Jakobson proved that the absolutely continuous invariant measures exist for a set of parameters
of positive measure (‘‘ Absolutely continuous invariant measures for one-parameter families of one-dimensional
maps ”’, to appear in Commun. Math. Phys.). His set of parameters is much larger and his arguments seem to confirm
our conjecture.

18



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 19

We shall call an open interval JCV a homterval if for all positive integers n, /" maps
homeomorphically J onto its image. We shall say that f has no sinks if there does not
exist an interval JCV and a positive integer n such that /* maps J homeomorphically
into J.

Lemma (x.x). — If f has no sinks and J is a homterval, then the intervals "], n=o0, 1, 2, . .
are pairwise disjoint.

i

Proof. — Suppose that for some n>0 and £>o, f*(J) and f™**(J) are not disjoint.
Then for every p>o, f"*7%(J) and f™*®+U%J) are also not disjoint. Therefore, the

set K= U0 S"tP%(]) is an interval. For every p the map
e

n -+ pk —1
)
is a homeomorphism. But f*(K)CK and hence

k fn+(p+1)k

ln+pk(J) - (

is a homeomorphism, and thus f"'
f has sinks. m .
Notice that any image of a homterval is also a homterval.
The following theorem may be considered as a generalization of the Denjoy theorem
for a circle. It was proved by Z. Nitecki.

Theorem (x.2). — Let f have no sinks, be of class C!, f'(x)%0 for all x€V andlog | f’|
be a Lipschitz function on components of V. Then for every homterval J there exists m>o0 such

that f™(J) C U.

Proof. — Denote the Lipschitz constant of log | f'| by y. We shall show first:
(x.x) If K is an interval such that f” is defined on K then:
wpl(fY s
10gm <v Z MfHK)).

=0

Indeed, if a, beK then we have:

I(fn)l(a)lzﬂ—l lO ’ kd —lO ’ &
1°g7|(f")'(b)| Z [og Lf'(f*(a))| —log [/ (S*BNI-

Since the set f*(K) is an interval and is contained in V; it is contained in some component
of V. Hence:

log | f*(f*(a))| —log | f'(f*(0)| Sv[a—b| <yA(f*(K)),
and we obtain (1.1).

Set B=dist(I\U, I\V). Since the sets I\U and I\V are compact and disjoint,
we have p>o.

19



20 MICHAL MISIUREWICZ

Suppose that there exists a homterval J such that f*(J)\U=+@ for every n>o.
We claim that:

(r.2) there exists 7, such that for each n>n, every homterval containing /"(])
is disjoint from U.

Suppose that (1.2) is false. Then there exist >0, >0 and homtervals K and L
such that f"(J) CK, f"*¥(J)CL and both K and L contain the same endpoint of some
component of U and a piece of U adjacent to this endpoint. Then the interval KUL
is a homterval and f*(K UL) intersects K UL. This contradicts Lemma (1.1). Hence
(1.2) is true.

Let M be a maximal homterval containing f™(J). By (1.2) we have:

(x.3) For each n>o0 every homterval containing f*(M) is disjoint from U.

Now take an open interval L containing M, not equal to M and such that:

(1.4) %I\I/—‘I)—)<A(BI)_8—Y(B+M))+I'

We shall prove by induction that for every 4:

;\((jl; k((lf‘/l)))) < )\(BI) 41  and f* . is a homeomorphism.

For k=o it is obvious. Suppose that (1.5) holds for 2=o, 1, ..., n—1. We then

(x.5)

have A(S*(L)\S*(M))< i%k(f"(M))S_B. From this, (1.3) and the definition of B
it follows that f*(L)CV for k=o, ...,n—1. Hence (since L is an interval), /" is
a homeomorphism. By (1.1) and Lemma (1.1) we obtain: L
n-1
ML) AIAM)) _AIAM) v e
M/(M)) MSMM)) AM)
n-1 B8
< B ve+ ), 2o (5 + ) rom) < _‘3_87[(@ +1)H0—6-200] _ B
ey M) A(I)

This ends the proof of (1.5).

Since /™| is a homeomorphism for each >0, Lis a homterval. This contradicts
L

the maximality of M. m

Theorem (x.3). — Let f have no sinks, f be of class C°, f'(x)*0 for all xeV and
Sf<o. Then there exists m>1 such that, if fi(x)¢U for j=o, ..., m—1, one has
(™) (%) >1.

20



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 21

Proof. — Suppose that for every n>1 there exists x, such that:
(x.6) [(/") ()| <1
and
(x.7) fiix)¢U for j=o,...,n—I.

Take the maximal open interval J, containing x, and such that /" is defined on J,. The
point x, divides J, into two subintervals. Since S(f")<o, on one of these subintervals
we have |[(f")'|<1. Denote this subinterval by L,. By the maximality of J,, there
exists k(n)<n such that

(x.8) S¥)(L,) has a common endpoint with some component of V.

We claim that:

(x.9) ML,)—>o0 as n—>oc0.

If not, there exists a sequence (7;)>,, %€l and e>o0 such that m,—~o and
Xy —> %y as i—>00, N(L,)>c for every i, and all intervals L, are on the same side of x, .
For every j we have fi(x,)¢U if »,>j and hence fi(x)¢U. But one of the inter-
vals (xo—¢, %y) and (xy, %o+ ¢€) is a homterval, which contradicts Theortem (1.2). This
proves (1.9).

By (1.6) we have A(f™(L,))<A(L,), and therefore:

(x.10) A frEm (L)) >0 as  n—>oo.
In view of (1.8) and the fact that f*"(x)¢U, f*™(L,) contains some component
of the set UNV. Hence, there exists a component K of UNV and a sequence (%),

such that m—o as i—o0 and f¥(L,)DK for every i. From (1.10) we get
A(fri Hm)(K))—o0 as i—>oo and therefore:

(x.xx) n,—k(m)—>o as i—>o0.

Let a be some point of condensation of the sequence (f*")(x,)),. Since
SIS (x,))¢ U for m—Fk(n)>j, we obtain in view of (r.11):
(x.12) fi(a)¢U  for every j.

Let M be the minimal open interval such that KuU{a}CM. Then, by (1.11), M is
a homterval. This contradicts (1.12) and Theorem (1.2). m

2. Estimates 1

We want to obtain estimates, which enable us to prove the convergence of the
images of the Lebesgue measure to an absolutely continuous measure. In particular,
we want to estimate measures of inverse images of neighbourhoods of the set of critical
values of /. First we shall deal with the part of estimates which can be done in the
context similar to that of Section 1.

21



22 MICHAL MISIUREWICZ

In this section U is an open subset of I consisting of a finite number of intervals
and such that the endpoints of I belong to U. We denote by f:I\U—I a map of
class C! such that:

(2.1) |f'|Z>a>1

and the function log|f”’| is Lipschitz on the components of I\U, and by B a subset
of I\U such that f(B)CB and:

(2.2) B =dist(B, U)>o.

Define E,={xel:f*(x)¢U for k=o, ..., n—1} (notice that E, is a domain of /).
Now fix an element a of B and a number Ze€[o, 1) and define:

» |x—a|™% for x>a,
X)=
¢ ) for x<a,
) |[x—a|~% for x<a,
r x)=
© ? o for x>a.
Proposition (2.1). — There exist constants (independent on a and on whether supp o is

to the right or to the left of a) me(o, 1), E€(o, 1), 0>0 such that for every n>o:
(2-3) A(Eq) < 1"\,
(2.4) fE o A\ <(n—+1)BE".

Proof. — We can, instead of U, take a slightly smaller set and extend f onto the
complement of this set in such a way that all hypotheses still hold (perhaps « will be
slightly smaller and the Lipschitz constant of log | f’| slightly larger) and also the image
of every component of the domain of f is the whole interval. The new sets E, will be
perhaps slightly larger, but at least not smaller. Therefore we may simply assume
that the image of every component of I\U under f is the whole interval I.

We shall first prove (2.3). Let K be a component of E,, let v be a Lipschitz
constant for log|f’|. By the same arguments as in the proof of Theorem (1.2), (1.1)
holds. By (2.1) we have A(I)>A(f™(K))>o""*A(f*(K)), and thus:

n—1 . n—1 - © » 7\(1)
ZAMENSIMI) X ok LN X ai = .
k=0 k=0 i=t ®—I
YA

Set §=¢*"!. In such a way we obtain:
S‘;{Pl(f")'l

2. —x<3,

(2:3) i (7]~

22



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 23

We have f"(K)=I and f"(K\E,,,)=U. Therefore )\(I)_>_)\(K)i§{1f|(f”)’| and
)‘(U)S)‘(K\En+l)5111{p|(f”)’]' By (2.5) we get:

A(K) AK\E, ., MOBIUYT )

— >4 >14 S ey
MKNE, ) A(K) %(I)Sipl(f") l SA(I)
Set v;=—;\—(U—). Clearly 0<%<1. Wehave A(KNE, ;)<n\(K) for every compo-
e

nent K of E,. Summing over components of E,, we get A(E, ;)<=n.A(E,). Hence,
by induction we obtain (2.3).

Now we shall prove (2.4). Since f(B)CB, we have BCE, for all n. For
k=o, 1, 2, ..., denote by J, the component of E,Nsupp ¢ containing a. One of
the endpoints of J; is a; denote the other one by a,. We have:

n—1

(2 ° 6) En N Supp ? =kL_JOHk U.]n

where Hy=E, 0 (J\Ji+1)- .
The endpoints of f*(J,.,) are f*(a)eB and f*(a,,,)eU. From this, using (2.2)
(which is clearly true also for subintervals of K instead of K) and (2.5), we obtain:

B B B

— > > > < .
o e |2 G T T sup (Y12 S50 [ (7Y
Jks1 I k
Consequently, since f*(H,)C f*(E,)CE,_,, we have:
A(SfH(Hy) —¢
(2.7) fﬁkq’d)‘s)\(Hk)S:P‘PSW'“““H—J
SME, ) BhCSt(i?fI (S DF < AT B85 (T
k
Since [a—a,] <[ /() —/"(@)] <MD" e have:
lo=al _ 1 S OX( )
.8 - Sy —— |g—a 1< XV t—1yn
(2.8) [Len=[" e e a s T @y
1—
Set &=max(y, a*~!) and 6=ma.x()\(l)[3_c8c, %[)

Clearly, 0<t<1 and 6>o0. Now (2.4) follows from (2.6), (2.7) and (2.8). m

3. Estimates II

In this section (and the next ones) I will be a closed interval, A a finite subset
of I, containing its endpoints, and f|IN\A—I a continuous map, strictly monotone
on components of I\A.

23



24 MICHAL MISIUREWICZ

Sometimes (especially in later sections) we shall pretend that f is defined on the
whole of I. When speaking about f"(x) for an x such that f* is in fact not defined at x,
we shall mean a one-sided limit (it is usually clear which one).

However, in order to be more rigorous, we introduce (and sometimes use) the
following notations:

T=Ix{+, —}\{(left endpoint of I, —), (right endpoint of I, +)},
ia(x, +)=x,, Ta(x, —)=x_,

f: 11 given by f(x,¢)=(x, ¢)

right if e=+
left if e=—
right if e=-+
left if e=—

then ¥ is its first coordinate (ie. (y,.) =(y_) =y). We set A=In(Ax{+, —).
If the reader becomes confused about the use of the above notations, he cantalways
think about the case of f continuous and omit all ~’s and ~’s.

Now we make further assumptions on f.

(i) fis of class C3?,

where «’ is a limit of f{ ») as y tends to x from the { } and ¢'=¢ if and

only if f preserves the orientation in a { } neighbourhood of ». If xel

(ii) f'=*o,
(iii) Sf<o.
Consider f on a component of INA. Set g= '\/!If'l We have:
A S i
4 _—"2_ 7)
VIR i W L e o L W
8 ———;(——;g(?) +& —(P)_z—-)_ ;gSf.
Hence:
’ Sf
(3.1) (—‘_—__) =2
. ViFl T ir

This means that (iii) is equivalent to the following condition:

(iii’)

I
———"1s convex on components of I\A.
Vif|

From this it follows that one-sided limits of f’ at the elements of A exist. We
shall denote them as f” at the corresponding points. Clearly 7 exists also outside of A.
(iv) If fr(x)==x then (f*)’"(x)>1.

24



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 25

From (iv) it easily follows that f has no sinks. Indeed, if J is a subinterval of I
and f" maps homeomorphically J into itself, then there exists a point xeJx{+, —}
with f*(x)=x and (7> (x)<1.

(v) There exists a neighbourhood U of A such that for every acA and n>o,
(f"(@) e AU(I\U).

(vi) For every aeA there exist constants 3, «, @>0 and z>o0 such that:
alx—d|*<|f'(%)|So|x—al*

(@,a+3) if a=d,,

(@—3,a) if a

Taking smaller « and larger » we can obtain the above inequalities on the whole

corresponding component of INA. Clearly (vi) is satisfied if f has non-zero one-sided
derivatives (first, second or higher) at all elements of A.

for every xe

~

a

We make also two additional assumptions:
(vii) |f'|>1 on I\U,
(viii) if aeA is a periodic point for /> then it is a fixed point for f.

Lemma (3.1). — If f satisfies conditions (i)-(vi) then some iterate satisfies conditions (i)-(viii)
(perhaps with a different set A).

m—1
Proof. — Let m>1, f=fm K:kuof"‘(A). It is easy to see that (i)-(vi) are
= m—1
also satisfied by f, A instead of f, A. In (v) we take INJ_—_kUO F7¥U) instead of U.
In (vi) we use a simple computation showing that if ox%<g/(x)< 2" for 1=1, 2,
this is also true for i=4g with some o3, &3, #; where g;=g,0g, (we can take:

Uy = (uy +1) (4 1) —1).

It is also clear that if f satisfies also (vii) (resp. (viii)) then so does f

Now it remains to show that if f satisfies (i)-(vi) then some iterate satisfies (vii)
and some (perhaps an other) one satisfies (viii). But the first fact follows from
Theorem (1.3) and the second one is trivial (notice that an image of a periodic point
is periodic). m n ©

Set: A, ={acA:f(a)=a}, A,=A\A,, anilz_'lf’(A), Cziylf‘(A), B=C.

For a measurable function ¢ on I we denote by ¢A the measure which is absolutely
continuous with respect to A and with the density (i.e. Radon-Nikodym derivative) .

For a measure p. and a map g, g*(1) denotes the image of p under g, i.e. a measure
such that for every measurable set E:

(3-2) (" (w) (E)=u(g™'(E)).

25



26 MICHAL MISIUREWICZ

For an absolutely continuous map g, g, denotes its Perron-Frobenius operator, i.e. for
a measurable function ¢:

(&.(2)) - A=g"(9-2).
Notice that by (3.2), [, edr=[ g(e)dn

It is easy to check that we have (if g is differentiable):

?()
veri@ | g ()]

8.(e) (%)=
Proposition (3.2). — If f satisfies (i)-(iii) then for every xeI\G,:

n A(D)
(3-3) S (x )_dlst( &)

n—1
Proof. — Let J be a component of the set on which f™ is defined (i.e. I\IE0 FEA)).

The set f(]J) is an interval; denote it by (a, ). Set g=f"| . The map g is a homeo-
3

morphism and Sg>o. By the formula for the Schwarzian derivative of a composition
we have 0=S(id)=S(gog™)=S(g™ 1)+ ((g7")")?(Sgog™"). Hence S(g~')>o0. We have

a(1)=—"

is concave.

=|(g™")’|. By (3.1) applied for g~ the function ————
|g'[og™" Vig™)']
Therefore the function v/ |(g71)’] is convex, and consequently g,(1) is also convex (a
reader not convinced by this argument may look at Lemma (4.3)). Thus:

x—af:g*(l)dlzl(é;l_j—a;ﬂ
g*(l)(x)_<_ or S-chst)\(‘])(iﬂ)
: f g (I)dx_l(g_“l(f,_@
b—x]. o* o
(because 4, be). -

Summing over all components of I\kL—Jo f7¥(A), we obtain (3.3). m

Lemma (3.3). — Let g: (b,¢)—>R be a map of class C', g'>o. Let «, >0 and
u>0 be such that a(x—b)*<g'(x)<ew(x—b)* for every xe(b,c). Let o<{<1 and let
a function ¢ : (b,c)—>R be given by a formula ¢(x)=(x—b)"°. Then for some constants
8>0, 0<E<1 we have g.(9)(p)<8(y—g(8)™" for every ye(g(b), £(c))-

(%) < (x—8)"% 1

@) —a(x—b)" «
z—b ®

2(x)—2(b) _f t<f oft—brdt—of 1=

(x—5&)~°"* But:

Progf. — We have g,(e)(g(x) =

(x_b)u-i-l,

26



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 27

1

and hence x—b2> (u_—l—r (g(x)— g(b)))“1 . Putting y=g(x) we obtain:
(O]

—L+tu
I u-1 T+u
g*(cp)(y)S;( ” (g(x)~g(f))) :
{+u 1{ o \¢
Thus we put i:m, 8=; el I Clearly 0<t<1, §>0. m

Now we assume that f satisfies (i)-(viii). By (v), B\A is disjoint from U. Since
Sf<o and by the continuity of f”, there exist open intervals U,, acA, such that U U,

acA
left if a=4,
a

is disjoint from B\A, |f’|>«>1 on I\ U U, and & is the ] endpoint

a€EA

right if a=

of U,. It is easy to see that we can also have |f'|>p>1 on U, if aeA,.

Lemma (3.4). — For every ac A, there exist constants v, 3>0 and T, E€[o, 1) such that:
(3-4) SrO@<ylr—|F  for cwery n>0 and xeU,
(3-5) - )(f!‘(l))(y)S3|)’~(f(t7))v|‘E Jor every n>o0, yef(U,).

Ug

Proof. — By (viii) and the definition of A, we can assume that A,={aq,, ..., q,}
and no iterate of f takes g; to g; for j<i. Then we use induction, proving first (3.4)
for a,, then (3.5) for a,, then (3.4) for a,, then (3.5) for a,, etc.

To prove (3.4) for g; we write f*(1) in the form:

frm=(f G)*(f!‘“l(lf))wL(f‘I\G)*(f,.”“l(I))

where G= U Uaj, T={j:f(g)=a}. Then we obtain an estimation of the first
jeT

summand from (3.5) for jeT, and the second one from Proposition (3.2) and the
fact that by the definition of U,, dist(B\A, U U,)>o0. We get a finite sum of expressions

aEA
of the form y|x—4&;|~% (notice that a constant is also of this form for {=o0), and the

sum is not greater than some function of the same form. Thus we obtain (3.4), but
in general only for x from some semi-neighbourhood of &; smaller than U,. Using
once more Proposition (3.2) we obtain an estimation by a constant on the rest of U, .
Again, the sum of a function of the form y|x—4;|~% and a constant is not greater than
some function of the form y|x—a;|~¢.

(3.5) for g; follows from (3.4) for ¢; and Lemma (3.3). m

Lemma (3.5). — Let HCI and H,={x:f'(x)eH for i=o,...,k—1}. Then
Jfor every s, m we have:

f Sir)da< % sup(fl
H

k=s Hyn>0

I\H)‘ (S7(1)dn+MH, )

27



28 - MICHAL MISIUREWICZ

Proof. — Let G,=f""(H,)\H. Wehave f~'(H,)=G,UH,,,, and by induction

we get:
s+m—1

frE)= U fremmttiGyuH

s+m*

Hence:
s+m—1

meI)dx:x(f—WHs))s S OA(fTmRRGY) +A(H, 4 )

ki

TS ) a1, )

k=s J1(6p)

<2 SUP ,I\H)*(ﬂn(l))d)\+)‘(Hs+m)' L

k= S}Qn>0
Lemma (3.6). — For every ac A, and >0 there exists a neighbourhood W of & such that:
anU,,f* (1)dx<e  for every n>o.
Proof. — Let acA;. There exists a constant B>1 such that:
(3-6) | f(x)—a&|>p|x—a| for all xeU,.
The set V,={x:f'(x)eU, for i=o,...,k—1} is a neighbourhood of & in U,, and
by (3.6) we have:

(3-7) l(Vk)S—BT-
Therefore it is enough to prove that:
(3-8) sup | f™(1)dr—>o0 as s—oo.
m>04J Vg
First we write, as in the proof of Lemma (g.4):

f|I\U A=), SO+ ) (1),

where G= U U,, R={becA\{a} :f(b)=a}. The same arguments as in the proof of
bER

N\(GUT,)

Lemma (3.4) show that:

sup (f |

n>0

), (SN0 N8| y—al™f

I\U/+
for some constants 3>0, 0<E<1 (notice that RCA,, so we can use (3.5)). In
view of Lemma (3.5) (for H=U,; then H,=V,) and (3.7) we get:

AD
sup f’"(I)d)\<ZS ey e 8(}_)"‘
m>0 Vs B
® 1(1)1 oD 8 e e MD)
53k§81~.g(‘ﬁ) T ST T E (BT o e

as s—oo. This proves (3.8). m
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Lemma (3.7). — For every >0 there exists a neighbourhood W of B\A such that:
fwﬁ”(l)dl<s Jor every n>o.

Progf. — If we put AU U U, instead of U and B\A instead of B, then the hypo-

acA
theses of Section 2 are satisfied. Let E, be defined as in Section 2. Clearly, E, is a

neighbourhood of B\A. Hence, it is enough to prove that:

(3-9) sup | f™(1)dr—o0 as s—>o.

m>0JE
By Proposition (2.1) and Lemma (3.4) there exist constants =, £€(o, 1) and

0>0 such that AME)<7'A(I) for all s>o0 and:
U Ua)*(ﬂ"(l))dAS(s—H)egs for all s> o.

f sup(f
E;m>0 ael
Hence, by Lemma (3.5) (for H=1I\ UAUa, H,=E,) we obtain:

acA

sup ﬂ’”(l)d)\_<_k§ (s4+1)08 +1(I)n*—o0

m>04JE

as s—oo. This proves (3.9). m

Proposition (3.8). — If f satisfies (i)-(vi) then for every €>o0 there exists 3>0 such
that if GCI and ANG)<3 then fo,”(I)d)\<s Sor all n.

Proof. — Suppose first that f satisfies (i)-(viii). Since a function of the form
e(x)=v|x—a|7% (0<¢<1) is integrable at &, from Lemma (g.4) it follows that the
statement of Lemma (g.6) holds also for all aeA,. This and Lemmata (3.6) and (3.%)
imply that for every >0 there exists a neighbourhood W of B such that:

[, fr()dr<e  for all n.

Now suppose that f satisfies (i)-(vi). By Lemma (3.1), there exists m>1 such
that f™ satisfies (i)-(viii). In order to distinguish the sets A and B defined for different
iterates of f we shall use the symbols A( f*) and B( f*) for those sets defined for f*. There
exists ¢>1 such that the set on which f* is defined (i.e. INA(f*)) consists of at most
g components for k=o,1,...,m—I.

Fix ¢>o0. Since f™ satisfies (i)-(viii), there exists an open neighbourhood W
of B(f™) such that:

(3.10) fwﬁm"(l)dk<§ for all n>o.
Take:

_edist(B(f™), \W)
(3.11) 1=t

29



30 MICHAL MISIUREWICZ

Clearly n>o0. There exist neighbourhoods U, of A(f¥), k=o, 1, ...,m—1 such that:
(3.12) MU < .
Take:

(3.13) 8=3 min__inf|(f%)].

—1 I\U;
By (ii), also 8>o.
Suppose now that GCI and A(G)<3. Fix ke[o,m—1]. We want to estimate

fG fmmtk(1)dn. Let Jy, ..., ], be the components of INA(f*). By the definition of g,
we have p<g. We have:

(3.14) [ ferman=[  frosan
G k(6)
<[ it | oo fon(0)d
LIk N I\ (Upu W)
By (3.11), (3.12) and Proposition (3.2):
(3.15) f ()< A(U,). MD <=,
vaw” = dist(I\W, B(f™) ~ 3
By (3.11), (3.12), (3.13) and Proposition (3.2):
; m — M)
(3-16) 2] oo B8N HO NN g
NG A(I) q.3 A(I) €

.3 T < s T — < -
=TS (/)] Est@W, )~ Inf 1] dist (W, B/ 3
i\Vk k
Now from (3.14), (3.10), (3.15) and (3.16) we obtain fGﬂ’””+"(1)d7\<s. [
Lemma (3.9). — If f satisfies (i)-(vi) then A(B)=o.
Proof. — By Lemma (3. I) there exists m>1 such that f™ satisfies (i)-(viii).

We may assume that A(f™) = U STHA(S)). Then:

a)e (}f"(A(f))u U Faim).

The set U f ‘(A(f)) is finite, and hence it is enough to prove that A( U (f (C(f™)))=o.
But:

m—1

U (F(CUm)7C U FBU™M V@) : ael(f), o<i<m.

We have A( E—J FiB(f™))=o0 because by Lemma (3.7) (for n=o0), A(B(f™)=
The set {(f())" : acA(f), 0<i<m} is finite. m
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4. Functional spaces

If f satisfies (i)-(vi) then the existence of an invariant probabilistic measure,
absolutely continuous with respect to A, follows already from Proposition (3.8). It is

0

L I n—1
enough to take any weak-* limit of a subsequence of (— zf *()\)) . However, we want
Nk=0 n=1
to know something about ergodic properties of such measures, their densities and how

many of them there exist. Thus we are going to establish several auxilliary facts.
Let J be an open interval. We denote by Z,(]) the set consisting of all C" positive

. r ., .
functions t on J such that —= is concave, and the function o.

Vi

Lemma (4.1). — An integrable non-zero function © belongs to D,(]) if and only if v=g,(1)
Jor some C3 diffeomorphism g:J*—] with non-positive Schwarzian derivative.

Proof. — Let J* be an open interval, g:J*—] a C® diffcomorphism, t=g,(1).

As in the proof of Proposition (3.2) we deduce that _ is concave if and only if Sg<o.
This proves that if Sg<o then 7eZ,(]). T
Now assume that 1€ Z,(J), t+0 and 7 is integrable. Let g'(x)= f ”'r(t)a't, where

a is a left-hand endpoint of J. Set J*=g(J), g=g ' Clearly, we have t=g,(1),
g is a C® diffeomorphism and Sg<o. m

Lemma (4.2). — If ~, $eD(]) then ~+¢eD(]).
Proof. — Take [a,b]C]J, te(o, 1), c=ta+(1—t)b. We want to show that (if
T, y+0):

(4-1)

1 t 1—1i
> + .
V(o) + () ~ V(@) +d(@)  Vr(b)+ b(b)

Take affine functions p, ¢ such that:

. = -—l——, b= —— , o(a)= I_, o(b) = ———.
(4-2) e(a) o e(b) V) (@) Vo (4) Vb
Since =, $y€Z,(]J), we have:

<L G)<——.
e " Vie
Hence +(0) -9(0)< (6(0))~*+(s(0)) ™% ie.

V) +9()
I

V@) @)

(4-3) o(c)<

where o(x)
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Since p and ¢ are affine functions, their derivatives are constants. Denote these
derivatives by « and B respectively. We have:

1

9'(x) == (e(x))*. (= 2)(ale(*)"*+B(s(x)) ")
=(¢(%))* («(p(*)) " +B(a(x)) %),

9" (x)=3((x))*. (¢(x)*. (x(p(x)) ~*+B(a(x)) 7%
+ (@ (%))* (—3) (a*(p(x)) ~*+B*(a(x)) ™)

ot (aoa =5 ooy —sye EEE) T+ B(o()
—s(cp(x»[( (p(3)~*+B(s(x)) ) T ]

— %))8 x—zcx_z_“___p_z
= 3(6(3))* (6(0))~* (o(x) (p(x) G(x))<°’

i.e. the function ¢ is concave on [a, b]. Hence, ¢(x)>tp(a)+(1—t)@(b). By (4.2),
I I

(a)=m, @(b):m. Together with (4.3), this gives (4.1). m

Lemma (4.3). — Every element of Dy(]) is a convex function.

Proof. — Take [a,0]C]J, te(o, 1), c=ta+(1—1)b, t€Z,(J)\{0o}. We have:

1 t 1—1 I

> + = )
Vi) T Ve(e) V() Vel

where ¢(x)=

LIRS I T
[(\/T(a) \/r<b)) Vr(b)}
We have:

"(x) =—2(p(x))¥. L
¢l ==l (=~ )

2
I

"(x)=6(p(x 2—_.—;_)>
¢"(x)=6(¢(x)) (\/T(a) VAD) o

and therefore the function ¢ is convex. Thus:
() Set)<te(1)+(1—t)e(0)=tr(a) +(1—1)x(5). m

Now we consider again a mapping f which satisfies (i)-(vi). Denote by 2, the
set of all functions 7 on I\B such that ©| €Z,(]J) for all components J of I\B. We shall
J

consider on 9, the topology of uniform convergence on compact subsets of I\B (shortly
u.c.s. topology). Clearly, 2,C%Z, for all r.
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Lemma (4.4). — The set D, is closed in the space of all continuous functions on I\B with
the u.c.s. topology.

Proof. — Let J be a component of I\B, 7,eZ,(J) for n=1,2,... and 71,7

uniformly on compact subsets of J. Suppose that x,ye], t(x)=o0, 7(p)>0. Then

I
_— L < + oo, and from the concavity of it follows that

I
+00, ——— >
Va@ U VaRD) V) v

I

vV 7,(2)

——oo for all z belonging to the component of J\{ y} which does not contain x.

. I e . .
Since ——=——=">0, this is impossible. Therefore either =0 on the whole of J or
Va(2) I 1
is positive and —= —>—= uniformly on compact subsets of J. But then —= is concave,

ie. w€9,(]). Vs, Vs Vs

If we have a sequence of elements of &, convergent in the u.c.s. topology, then
we apply the above argument to every component J of I\B and conclude that the limit
function is also an element of Z,. m

Proposition (4.5). — Let o be a C? real function on 1. Let H be the closure of the convex
hull of the set { f(p)}i_o in the u.c.s. topology. Then:
(a) if e, then HC D,
(b) every element of H s continuous on I\B;
(c) H is compact;
(d) HCL'(A);
(e) the L topology and the u.c.s. topology coincide on H.

Proof. — Suppose first that pe2,. By Lemmata (4.1) and (4.2), all functions f*(p)
belong to %,, and therefore to &,. Hence, their convex combinations belong to Z,.
Now (a) follows from Lemma (4.4).

By Lemma (4.3), all functions f*(p), and therefore also their convex combinations,

are convex on the components of I\B. By Proposition (8.2), they are all bounded
_ A(I)
— PP dst(x, B)
subsets of I\B (cf. [1]). By Arzela-Ascoli’s theorem, from every sequence of these
functions we can choose a u.c.s. convergent subsequence. This proves (c) in the case
p€D,.

Let now p be an arbitrary C? real function on I. If for a C? positive function ©

"2 12 7\ 2
on I we have 7"'— 3(<) >0 then (—I—) e 1'r"3/2(«:"—— §(T—))<o, and consequently
27 V7 2 27

t€9,. Therefore %, contains an open cone in the space of C? functions on I. This
I

by the function o(x) Hence they are equicontinuous on compact

cone is non-empty, for instance because <(x)= , where a is a point to the left of I,

xX—a
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belongs to it. Hence, there exist two C? functions on I, ¢, ¢, which also belong to 2,
and such that ¢—{¢=p.

Thus, by (a), every convex combination of functions of the form f"(p) is a difference
of two elements of &, and therefore is continuous on I\B. Now (b) follows from the
fact that the u.c.s. limit of continuous functions is continuous.

If we have a sequence of convex combinations of functions of the form f*(¢), then
we can write every function as a difference of convex combinations of functions of the
form f*(¢) and f]*({), respectively. Since we know already that (c) holds for elements
of 9,, we can find a convergent subsequence of our sequence. This proves (c).

The function p is bounded on I and hence peLl!(2). We have:

" _ e
(4.4) [izEIa=] T

<ij,2_,,(£m—fmpm—jlpm

and hence all functions f"(p) (and consequently also their convex combinations) belong
to L'(a).

Let now (c,)"_, be a sequence of convex combinations of functions of the form f*(p),

dn(x)

and let 6,—>0, in the u.c.s. topology. We shall show that ¢,—>0, also in the L' topo-
logy. By Proposition (3.8) and Lemma (3.9), for every >0 there exists an open
neighbourhood W of B such that:

. "1)dn<——— for all n>o0.
(4-5) [ g 3sup|p| >

Since I\W is a compact subset of I\B, there exists 7, such that:
(4.6) f |6, —o0o|dA< < for all n>n,.
I\W 3

From (4.5), in view of Fatou’s lemma, it follows that:
(4-7) f IooldKSIigl_l)iwnff Icnld)\<§.

If n>n,, then from (4.5), (4.6) and (4.7) we obtain f]o‘ — 6| dr<e. Hence ¢,—05,
in L1,

Now (d) follows from (4.4) whereas (e) follows from the fact that the identity
mapping from H with the u.c.s. topology onto H with the L' topology is continuous,
and from (c). m

Theorem (4.6). — If f satisfies (1)-(vi), then there are no homtervals for f.

Proof. — Suppose that JCI is a homterval. Take a C? non-negative function
on I such that supppC], J.p d\>o0. By Proposition (4.5), there exists a sub-
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sequence ( f(p)), convergent to some function p in L'(A). Then fﬁ dx:fp dr\>o.

But f has no sinks and hence by Lemma (1.1) all intervals f™(J) are pairwise disjoint.
Hence f(p) converges to o pointwise—a contradiction. m

Lemma (4.7). — Let UCI be an open non-empty set. Then there exists n>o0 such
that f*(U) contains some component of I\B.

Proof. — By Theorem (4.6), there exists an interval (x,») CU and %, m>o0 such
that f*(x), f™(y)eA. Let n=max(k, m)+1. Take the maximal interval (x, z) disjoint

n—1
from A(f"= U f~'(A). Clearly 2z<yp and hence (r,2z)CU. But f™(x,2) is an
i=0

interval and its endpoints belong to B. m

5. Spectral Decomposition

In this section we still assume that f satisfies (i)-(vi). We shall decompose the
possible support of absolutely continuous invariant measures in a way in some sense
similar to the spectral decomposition for Axiom A diffeomorphisms. However, the
reader should remember that we are interested in absolutely continuous measures.
Therefore a part of the non-wandering set (a Cantor set of measure 0) can remain
outside our set (i.e. the set Us#).

Denote the set of all components of I\B by #. Since f*(B) CB, if for some J, Le ¢
the set f"(J) intersects L, then it contains L. Hence the reader can think about our
system as a topological Markov chain with a countable number of states or as a walking
on an oriented graph with a countable number of vertices.

We define two relations on _#:

J~L if and only if there exists >0 such that f*(J)DL,
J~L if and only if there exists >0 such that f"*(J)>JuUL.
Let &£ be the set of all elements Je_# such that, for every Le#, if J~L then L~].

Lemma (5.1). — The relations ~ and ~ are equivalence relations on H.

Proof. — 10. f°(J)>J =] UJ.

20, If J~L then L~]J by the definition of #. Let Jx~L. Then there exist
k,n>o0 such that f*(J)DJuUL, f®(L)D>J. Hence f"**(L)DLuU]J, ie. Lx]J.

30. If J~L and L~M then clearly J~M. Let J~L and Ja~M. Then
there exist %, m, n>0 such that f*(J)DJUL, f™(J)>JuM, f*(L)DJ. Hence
fErm+nL)DLUM, ie. LxM. m

Lemma (5.2). — The number of equivalence classes of the relation ~ is not greater than
Card A —2.
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Proof. — Let ¥C# be an equivalence class of the relation ~. We shall show

that the set K=U% contains in its interior an element of A which is not an endpoint
of 1.

Suppose that K does not contain such a point. Let J be an open interval contained
in K\A. Since f is a homeomorphism on intervals disjoint from A and maps them onto
intervals, and since f(K\A)CA, we obtain by induction that f"(J) is contained in K\A
and f"| is a homeomorphism for every n>o0. This contradicts Theorem (4.6). m

J

Set A ={U_g: % is an equivalence class of ~ in #}. We shall use the nota-
tion f*(K) instead of the more precise (f*(K))".

Lemma (5.3). — The set A is finite, and f maps elements of A~ onto elements of A .
Moreover, for every KeXd™ there exists n>1 such that f"(K)=K.

Proof. — Let J, L, M, Res#, J= L, f(J)OM, f(L)DR. Then there exist 2, m>o0
such that f*(J)DJUL and f™(M)D]J. Hence, f**"*'(M)DMUR, ie. Mx~R.
This shows that f maps elements of /" into elements of % .

Let Kex'. In view of the definition of # there exists n>1 such that f"(K)CK.

Then U f*(K) must be a closure of a union of all elements of some equivalence class
k=1

of ~. Hence, f"(K)=K and also f¥(K), k=1, ...,n—1, are all elements of X .
By Lemma (5.2), & is finite. m

Lemma (5.4). — Let KeX™ and let Je g, JCK. Then there exists n>o0 such that
SrJ)oK.

Proof. — By Theorem (1.3), there exists m>1 such that if Le ¢ and the sets L,
SfL), ..., fmYL) are disjoint from A, then A(f™(L))>A(L). Using this argument

repeatedly, we see that for n=o, 1, 2, ..., the set /*™(]J) is a union of a finite number
of intervals, each not shorter than a:min()\(‘]'), I&Tg.l} AMSf "(M)))>0.

MAA+Q

0<k<m

Since Je# and JCK, also Jes#. Hence there exists 2>1 such that f*(J)D].
If r>¢ then f*=9(])D>J and thus f*(J)Df*“(]J). Hence (f*(]))=_, is an
ascending sequence of sets. If Le¢, LCK, then there exists n>o0 such that
Sf™J)DJUL and therefore also f*™*(J)D L. Consequently, we obtain the following
situation: K is the closure of the union of an ascending sequence of sets (f*™(]))=_,,
and every term of this sequence is the union of a finite number of intervals, each not
shorter than .

Since inside I there is enough room only for a finite number of such intervals,

after some 7, their number must stabilize (although a priori it can be smaller for

0

U f*n(J)). As n(>n,) tends to infinity, these intervals can only become longer and
0

n =
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longer. Denote the limit intervals by K,, ..., K,. If xeK\f*"(]) and x,—%,
then x¥ must be an endpoint of a certain K.

Let aeI be an endpoint of some K; (a=4a. , if it is a left endpoint and a=d_
if it is a right one). We shall show that there exists a point e such that 4 is an interior
point of a certain K;, and f*""(b)=a for a certain n>o0. Suppose that this is not
true. Then a is an element of a periodic f*™-orbit consisting of endpoints of K/’s and
every element of this orbit has only one preimage (under 7*™). Together with the
fact that a is repelling, this implies that there exists a (one-sided) neighbourhood U
of & and an open non-empty set VCK such that f***(V) is disjoint from U for every
n>o0. Butby Lemma (4.7), some f*™ (V) contains an element of #. Since f**(K)CK,
this element is contained in K. Hence there exists r>o0 such that f**"(V)D]J, and
consequently f*(V) intersects U for a certain n—a contradiction.

Consequently, there exists £(a)>o0 such that deK;nf*a(]). Now if we take
¢ =max{/(a) : a is an endpoint of K;; i=1, ...,s}, we have K=f"/(]). m

Corollary (5.5). — Each KeX™ is a union of a finite number of intervals.

Remark (5.6). — If f is also continuous then each KeJ" is an interval.

Notice that in the case of f continuous, the proof of Lemma (5.4) becomes much
easier (each f*™(]) is an interval).

From Lemmata (4.7) and (5.4) it follows that:

Proposition (5.7). — If Kex" and f*(K)=K, then for every open non-empty
set UC U f~%(K) there exists n>0 such that f™(U)DK. In particular, f*| is
i=0 K

topologically exact.

6. Absolutely Continuous Invariant Measures

Now we shall apply the results of Sections 4 and 5 to obtain the main results of
the paper. As usual, fis a mapping satisfying (i)-(vi). By ||:|| we shall denote the
norm in the space L'(A), and by yy the characteristic function of a set M. Notice
that by (4.4), the L! norm of the operator f, is not greater than 1.

Lemma (6.1). — Let Kex', f¥(K)=K, M= U f~™(K). Let ¢ be a non-negative

n=0
continuous function on IN\B such that o<f@ dr<+ oo, supp ¢CK, f¥(9)=¢. Then for
u® dx

fcpd)\

every C2 function o on I, }1_{1}0 Y ST (o) = o m L'(A) and u.c.s.
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Progf. — Let p be a C? function on I.
Suppose that yy f¥*(p)—>p as i—>oo, in the L' topology. Set:
d)\ p dh

=1 S (e f and  ¢= f

fcp . fcpdx

Since f~™*(M)=M, we have:

Jwar= fMﬂ'fk(p)dx foa f dr=o.

If nj—m=¢£>0, then f{;={,. Clearly {;—¢ in the L' topology.

Suppose that ¢ is not equal a.e. to 0. By Proposition (4.5) we can assume that
¢ is continuous on IN\B. Then there are open non-empty sets U, VCM such that
n[.:‘ >o, up' <o. By Proposition (5.7), there exists #,>>0 such that f%*(U)DK and

U v

- ¢

SEE(V)DK. Hence, for every xeK\B and ¢>¢, we have |f£5#(¢)(x)|<FF*(|]) (%)
Denote c=||¢||—||f*()||. Since A(K)>o, we have:

e=[lblan—[| L2 dr=[(LEH(4]) — | £2H (@) dr>o.

I £>¢, then || ()| = LA R L@ | LAAHY)]], and thus:
(6.1) 16— IA%@)][>e  for all £+,

But there exist ¢, j such that ¢{=n—n>/¢,, H%—“PH<§ and || ¢;— ¢||<f. Hence:
2

11— ILED N N —LE DN < =l + [ — L5
<Ny — L2 — Dl <e.

ar

This contradicts (6.1). Hence, $ =0, and consequently, y f7™( J.
fcpd)\
L' topology. Now the u.c.s. convergence follows from Proposition (4.5). ®

“— —¢ in the

Theorem (6.2). — Let f satisfy (i1)-(vi), and let KeA". Then there exists k>1 and

a probability measure py , absolutely continuous with respect to the Lebesgue measure and f*-invariant
such that:

(a) fY(K)=K and the interiors of K and fi(K) are disjoint for i=1, ..., k—1,
(b) supp px =K,

d
(©) —Zeg,

dux
(d) 11\1}1; m —>0,
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. - ) d
(e) if M="L=]0f_”"(K) and yy.p€L'(N) then ’}1_1’1}0 m.ﬂ"k(p)=(fMpd7\)-7‘;\I§ in LI(0);

if additionally o is continuous on M then the convergence is also u.c.s.,
(£) the system (K, ¥, p.K) is exact,
K

(8) v s the unique probability measure on K, absolutely continuous with respect to \ and f *-invariant.

Proof. — Let k& be the smallest positive integer such that f*(K)=XK. By
Lemma (5.3), such an integer exists. Now (a) follows from Lemma (5.3).

By Proposition (4.5), the closed convex hull of {f*(1)}*_, is compact in L!(3)
and hence, by Markov-Kakutani theorem, it contains a fixed point ¢ of f* (if the reader
does not want to use strong theorems, he can take instead a point of condensation of

n—1 o)
the sequence {% p> ﬂ"(l)} ) We set pKzf"—’xi.x. Clearly w,(I)=1. Since
i=0
o dh
FHK)=K, we have 5

() (ug) =LF PoAR) = KK fE@). A=ypg, i.e. pgis fr-invariant.
fvir) " Lo

From the definition of g it follows that supp pg CK. Proposition (4.5) implies (c).

n=1

d .
Since pg(K)=1, ir}f ;,p;\—K>o for a certain component J of K\B. By Proposition (5.7),
there exists n>>o0 such that f™(J)DK. But |f’| is bounded and consequently

inf 2K,
) dn
This proves (d), and also ends the proof of (b).
We shall prove (e). Let M= U f~™(K), and let p be a function on I such that

n=0
Yu-p€LY(A). Let £>o0. There exists a C? function ¢ such that f |p—-q4dx<f. By
Lemma (6. 1) there exists n, such that for all z>n, we have: " 3

S0~ ([ an)

If n>n, then:

xu-ﬂ”k(P)—(fMde)%
snm.ﬂw—wlwl xu-ﬂ‘"@)“(fu‘”‘“)%

+“(L(¢—p>dx)%

<e.

This proves the convergence in L'(p).
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Let now p be also continuous. Let ¢>o0 and let E be a compact subset of M\B.

d,
Set £=sup TIV;\_K . Clearly £<+4 oo. Hence there exists a C? function ¢ such that
E
€

sup |p—¢|<8 where 8= By Lemma (6.1) there exists n, such that if
M

2(M(M)+1)&’

n>n, then:

<1 onE and

— <3 onE.

s ([ o) 2

If n>n, then:
()| < £ o— ) <BFF(1) (MM)—+I) <O(M)E+1)5 onE,

and consequently:

so0) ([ dx)""““ <1 fe) —f ()|

|- { o) | Lol

<(M(M)E +1) s+s+sx( =
This proves the u.c.s. convergence.

We shall prove (f). Suppose that the system (K, f "l s [‘LK) is not exact. Then
K

there exists a set ECK such that E=Knf~( f"*(E)) for all n>0 and o<ug(E)<I.
Then for every n>0 we have f”"( )=o0 outside f™(E) and hence:

d
} fK\’M AE );;‘dx
=ME) ug (K\ f(E)) = (E) ux (K\E) >0
This contradicts (e). Hence, the system (K, fE
At last, (g) follows from (e). m

J&( nk Az) 7\(E)

, p.K) 1s exact.

From Theorem (6.2), Lemma (5.3) and Lemma (5.2) we obtain easily

Theorem (6.3). — Let f satisfy (1)-(vi). Then there exist probability f-invariant
Measures Wy, . .., (e, absolutely continuous with respect to the Lebesgue measure, and a positive
integer k such that:

(a) supp w;=U%, for certain equivalence classes ¥ of the relation ~, i=1, ..., s,

(b) supp w;Nsupp w; is a finite set if 1],
(c) 1<s<Card A—z2,

)

(d) wy; s ergodic, i=1, ...,s,
dy .

(€) “* €Dy, i=1,...,5
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du.,
(f) inf —a’_:: over the set supp p\B is positive, i=1, ..., s,

k . S dy;
(g) if eeL'(n) then lim 3 frHi(o)= X% oc,;,% in L'(0), where o,=
TR =1 i=1
iof moreover p is continuous, then the comvergence is also u.c.s.,
(h) for every finite Borel measure v, absolutely continuous with respect to N and f-invariant, one

0] P
U F"(supp ;)
n=0

has v=3 op;, where a;=v( U f~"(supp w)).
i=1 n=0

7. Examples

We are going to show that for a large class of one-parameter families of mappings
(looking like 4ax(1—x)) conditions (i)-(vi) are satisfied for a set of parameters of power
the continuum.

Let F:[o,1]XI—I be a continuous mapping. For «€cl[o,1] we denote by
fo:I=>I the mapping given by f,(x)=F(a, x). Let I=[a,, a,]. We assume that:

(a) fula))=Ffu(e) =g, for all «efo, 1],

(b) fo(x)=ga, for all xel,

(c) for every ae(o, 1] there exists ¢,el such that f, is strictly increasing on [a,, ¢,]
and strictly decreasing on [c,, 4],

(d) filer) =ay.
Lemma (7.x). — The mapping otsc, is continuous.

Proof. — Fix ae(o, 1] and e>o0. By (c) there exists >0 such that
(7.1) if f()>fle)—n  then |x—g,|<e.

The mapping F is continuous and [o, 1]XI is compact. Therefore F is uniformly
continuous. Hence, there exists 3>0 such that:

(7.2) if |a—B|<d then |fa(x)——f6(x)|<2 for all xel.

Let |a—B|<3. By (7.2) we have:
Juleg)>Syleg) = 12 fyle) =2 >ulea) =

and by (7.1), |cz—c,|<e. m
Now define oy=sup{a:f,(c,)<c,}.

Lemma (7.2). — o,<I.

Proof. — By (a) and (d), we have ¢;<g,. The mapping ab f,(c,)—¢, is conti-
nuous in view of Lemma (7.1). Hence the set {«:f,(¢c,)>¢,} is open and contains 1. m
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Lemma (7.3). — For every oae(ay, 1] there exists exactly one b,e(c,, a,) and exactly
one b,e(ay,c,) such that f,(b,)=f,(b,)=20,.

Proof. — Let wa€(ay, 1]. Then f,(c,)—c,>0, f,(a;)—a;<o and therefore there
exists b,e(c,, @;) such that f,(b,)=20,. Itisunique because f, is decreasing on (c,, a,).
Now f,(a0)<by, fulc))>f,(by)=0, and therefore there exists b.(aq,c,) such that
Ja(by)=b,. It is unique because f, is strictly monotone on (g, c,). B

Now we must make a new assumption on f:

(e) there exists a neighbourhood U of the set {(«,¢,) : a€(0, 1]} in (0, 1]X I such that
for every ae(o, 1], U,={x: («, )€U} is an interval and f, satisfies the Lipschitz

condition with the constant /2 on u,.
Lemma (7.4). — There exists a>>a, such that f2(c,)>b..

Progof. — By (e), there exists €>o0 such that if |a—ay|<e then f, satisfies the

Lipschitz condition with the constant \/; on the interval [¢,—¢, ¢,+¢€]. By Lem-
mata (7.1) and (7.2), there exists a>a, such that |a—oy|<e and |¢,—f ¢, |<e.

Then f, satisfies the Lipschitz condition with the constant/ 2 on the interval e Sfule)]
and b, belongs to this interval. Hence:

I V2
(73) ;|ff(ca)_ba|§_7l‘fa(coc)_’ba|§ba_6a'
If by—c,>c,—b, then o<c¢,—b,<f(c,)—c,<e and f, satisfies the Lipschitz

condition with the constant v/2 also on the interval [6.,¢c,], and hence also:
I ’
(74) ;lﬁ?(ca)—bmlsca—bm'

But if b, —c,<c,—b, then (7.4) follows from (7.3).
Summing (7.8) and (7.4) we get | f;2(¢c,) —by| <b,—b,, and therefore f2(c,)>b,. m
Now we define o =sup{a:f2(c,)>5.}. By Lemma (7.4), we have o;>a,.
Let £=(t(n))>., be a o-1 sequence. Let D%=[b,, c,], D.=[c,, b, (for
o> o).

Lemma (7.5). — There exists a descending sequence (P,)i_ of closed intervals contained
n [oy, 1], such that:
(7.5) firam )eDE™  for mn=o,1, ...,k and for every acP,,
(7.6) there exist  B(k), y(R)eP,  such that  f35(cap) = cap

5 (em) = P zf () =o
i i by i E(R)=1.

Il
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Proof. — We shall use induction.

The functions am—b,, ab>¢,, ab>b, and abf3(c,) are continuous on [« 1]
and we have b, <c¢,<b,, f(c,)=b,,, f*(c)<bi. Hence it is obvious that there exists
an interval P, satisfying (7.5) and such that its endpoints (as 8(0) and y(0)) satisfy (7.6).

Suppose now that we have found already P,_; such that (7.5) and (7.6) hold
for #=m—1. The function ab>fi+>™(c,) is contlnuous. We have by (7.6):

5@‘;21)( v(m ))=b(m—1) and fﬁgv—n'-z?(cﬁm 1)_fﬁm 1(Ca(m 1)<b,m 1)*

Hence, as before, there exists an interval P,CP, , satisfying (7.5) for 2=m and
such that its endpoints (as B(m) and y(m)) satisfy (7.6) for k=m. m
From Lemma (7.5) it follows immediately that:

Proposition (7.6). — There exists o(8)e[oy, 1] such that f33*"(cys) D5y for
n=0,1,2, ...

Proposition (7.7). — There is no homterval joining c,z with a periodic point of foe .

Proof. — Denote f=f,z, ¢=C(ye)> b=byz, b =by. Suppose that J is a
homterval joining ¢ and p and f"(p)=p. Then f>"(p)=p and f>" preserves an orienta-
tion at p (and hence on J). We may assume that 2n>4 (otherwise take 4 instead of 2n).
Then, by the definition of «(£), f*"(c)ef[d’, b], and hence f*'(c)> Clearly p+c.
If p>c¢ then p=f2"(p)>f?"(c)>b, and consequently be]J. Then b —fz"(b)>f2" > b-
a contradiction.

If p<c then ¢<b<jf?(c), i.e. cef?(J). This contradicts the assumption that
J is a homterval. m

Proposition (77.8). — The point Coft) does not belong to the closure of the set { f;;,,;)(ca(z)) o

n=1*

Progf. — We use the same notation as in the preceeding proof. If «(§)=a,; then
U =b and {f*()}7, ={f(e), V', Bype.

Consider the case «(£)>a,. We have f?(c)<b4’, and hence there exists an open
interval V¢ such that if xeV then f2(x)<6’. Thus f"(c)¢V for n odd. For n even
and greater than 2 we have f"(c)ef([d’, 6]) C[b, ay]. For n=2, f"(c)<d'. Conse-
quently, since VC (&', 5), f"(c)¢V for all n>1. m

Theorem (77.9). — Let the family { f,}, c 10,17 Of mappings of 1=1[a,, a;] into itself satisfy
the following conditions:
(1) (o, x)>f,(x) s continuous,
(2) f, s of class C® for every ac€fo, 1],
(3) (e, x)>f,(x) s continuous,
(4) fo'(x)<o for every ac(o, 1], x€l,
(5) Sf.<o for ewery aelo, 1],
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(6) fulag) =fular)=ay for every aclo, 1],
(7) supj;)=aO:
(8) supfr=a,.

Then there exists a set O C [o, 1] of power the continuum such that f, satisfies conditions (i)-(vi)
Sor every a€0.

Proof. — Clearly, our family satisfies conditions (a)-(d). Fix Be(o, 1]. By (3),
there exists €>o such that if |a—B|<e and |x—cg|<e then |f¢'(x)l<\/; But

there exists 8>0 such thatif |a—B|<3 then [ca—cﬁ|<i. Hence, if |a—B|<min(3, ¢)
2
and |x——cal<z, then |f/(x)]<V'2. This proves (e).

Now we take a sequence £ and «() obtained in Proposition (7.6). We shall
prove that f,., satisfies (i)-(vi). As before, we denote f=f,z, ¢=rcyp)-

Conditions (i)-(iii) are satisfied by (2), (4) and (5) (notice that (ii) means that
f'(x)+0 at xeI\{ay, a,,c}). Suppose that (iv) is not satisfied. Then there exists a
periodic point p of period z such that |[(f")'(p)|<1. If p=a, then by (1), f(x)<x
for all x>a,. By (5), |(f*)’] has no positive strict local minima and hence there exists
an open interval J such that p is one of the endpoints of J and o<|(f*)'|| <1. We

7

can take as J a maximal such interval. Then the other endpoint of J is either an
endpoint of I or a point at which (f?")" is 0. In the first case we obtain a contradiction,
because f2*(J)CJ and consequently |(f*")’(x)|<1 for every k at the endpoint x
of J. But since f’(gy)>1, no image of x is g@,. In the second case, some image of J
is a homterval joining ¢ with a periodic point. This contradicts Proposition (7.7).
Hence (iv) holds.

Condition (v) follows from Proposition (7.8). Condition (vi) follows from the

fact that f'(ag)#o0, f'(a;)#+0, and f''(c)+0 (we take u=o0 for g, and g, and u=1
for ¢). m

8. Entropy

We still assume that f satisfies (i)-(vi). If fis also continuous then the topological
entropy of f is equal to the topological entropy of the corresponding symbolic system
(see e.g. [6]). Here we use for coding the partition into components of I\A. There-
fore, in the case of f not necessarily continuous we can define A( f) simply as the topo-
logical entropy of the corresponding symbolic system (cf. [8]). It is easy to see that
both systems are conjugate to each other after removing a countable number of points
from both spaces. Hence there is a one-to-one correspondence between probabilistic
invariant non-atomic measures, and thus the topological entropy so defined is equal
to the supremum of metric entropies.

44



ABSOLUTELY CONTINUOUS MEASURES FOR CERTAIN MAPS OF AN INTERVAL 45

The goal of this section is to give necessary conditions for an absolutely continuous
measure to be a measure with maximal entropy.

The first reason why an absolutely continuous measure may be not a measure
with maximal entropy, is that it often happens that h( f u)<lz( f). This reason
was pointed out by J. Guckenheimer.

supp
k—1

Notice that if Kex’, f¥(K)=K and % 2 f*(ug) is a measure with maximal
=0

entropy for f, then pg is a measure with maximal entropy for f*.

Theorem (8.1). — Let f satisfy (1)-(vi), Ked", f*(K)=K. If the absolutely continuous
measure ux is a measure with maximal entropy for f "l , then for every periodic point xeK\B of
K

period n for f¥, |(f™) (x)| =p" where lz(f"lK)=log B.

Proof. — In view of Corollary (5.5), K is a union of a finite number of intervals.
Since K is f*-invariant, we can “ cut out” the gaps between them and we obtain a
piecewise continuous mapping of an interval onto itself. By Proposition (5.7), f| is

K

strongly transitive (see [8]). By Theorem (6.3) (f), h( f".K)_>_ hux( f"] )>0. Hence,
K
by the theorem of Parry [8], f* ] is conjugate to a piecewise linear mapping g such that
K

|g'| =B (in the case of f continuous, this follows also from [4]). Denote this conjugacy
by o. Clearly, g satisfies (i)-(vi), and it has only one set in its “ spectral decompo-
sition ”’—the whole interval. Therefore there exists a unique g-invariant probabilistic

. . v . .
measure v, absolutely continuous with respect to A.  Clearly 700 I continuous on K\B.

Denote by » the measure (67 !)*(v), and by ¢ and ¢ the measure theoretical
jacobians of pg and x respectively (see [7]). We have:

(Seser)- 107y
b=

8.1 ’
o dox
dn
dv dv .
8 —(d_lo )-Q B 'd_)‘\ocof
( .2) CP—TOG—-—B—dV .
— —o
a o’

For every probabilistic f*-invariant measure £ on K we have, in view of (8.2):

dv d
(8.3) J‘log pdé=Ilog B —l—flog(zﬂoc)ofkd&—flog(d—:\oc)dizlog B.
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In view of Theorem (4.6), our systems have one-sided generators, and hence (see [7])
the measure-theoretic entropy is equal to the integral of the logarithm of the measure
theoretic jacobian. Thus, by (8.3) we get:

(8.4) il £~ h( )= [ og & du— [ log g

=(f10g ¢ dug —log B) +(10g B—flog @dux) =flog%dux~

If a function p belongs to L'(ug) then for the conditional expectation of p with respect
to the inverse image of the whole o-field under f*, we have the formula:

EuK(P |f—k(g)) () ZyGfEfk(z))% .

Hence:

(8.5) J (2t o=t 77408 e

I I
:fﬂef_%,k(x))(¢(y) - W)dux(x) :f(l —1)dug = o.

Assume now that py is a measure with maximal entropy for f "‘ , and that xeK\B,
K

fr(x)==x. By (8.4) and (8.5), we have ¢=1{¢ pg-almost everywhere. The whole
trajectory of x (under f*) is disjoint from B and hence, in view of (8.1), (8.2) and
Theorem (6.2) (c), ¢ and ¢ are continuous in some neighbourhood of the trajectory
of x. Thus, they are equal on the whole trajectory of x. Therefore by (8.1) and (8.2)
we obtain:

n—1

I ()] = TL4( )= TL g ) =0". m

1=0

n—

() ()1 = 1T

1
0
9. Entropy for quadratic maps

The best known (and easiest for computations) family of maps satisfying the
hypotheses of Theorem (7.9) is the family of maps f,: [0, 1] — [0, 1] given by the
quadratic polynomials f,(x)=4ax(1—x). Comparison of the graphs of topological
entropy [4] and the characteristic exponents [g9] of these maps suggests that the only
case when the metric and topological entropies are equal is a=1. In this case they
are clearly equal since f; is smoothly conjugate to the piecewise linear map with slope + 2.

It often happens that the topological entropy on the support of the absolutely
continuous measure is smaller that the topological entropy on the whole interval. As
J. Guckenheimer pointed out, this effect takes place e.g. when there is an interval J

containing ca(z—) invariant under f;2 and with o-th, 1-st and 2-nd images disjoint.
2
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Then the absolutely continuous measure is supported by JUf,(J)Uf2(]) (or even a
I +\/§

2

smaller set). But we have then lz( /s

)< -;;log 2 < log —&(f,). For our family
J

this happens for «e R 0.964200...] (of course, we consider only those «, for

which an absolutely continuous invariant measure exists).

This effect is unavoidable for such families. However, the question remains,
what happens in the case when the support of an absolutely continuous measure is an
interval. —

We are interested in the maps f, for which é(f.{ f;‘(—;—)} . Then the probabi-

n=1
listic invariant absolutely continuous measure is unique (since Card A=3g). We
shall denote this measure by p,. We shall use the notations of Section 7 (remember

that ca——-é for all oz).

Proposition (9.x). — The support of () is an interval.

Proof. — Let f=fip, b=byp), b =byr, B={yy- In the proof of Propo-
sition (7.8) we can take as V the maximal interval with the given properties. We

have VCsupp p and hence f3(V)Csupp p. But f%(V)3b’ and hence f3(V)sb. Since

. I
there are no homtervals, there exists n» such that f”+3(V)5§. Therefore:

o [12) (]

But this interval is invariant, and hence it must be equal to supp . m
We are going to show that p,; is not a measure with maximal entropy for an
uncountable set of sequences £. To simplify the computations we will work first with
the equivalent family of maps g5, where gg(x)=4"—B8, Befo, 2]. It is easy to check
1+V 1448 1+V1+48
2 2

that g; maps the interval [— ] into itself.

Lemma (9.2). — Let 0o<y<3<2 be such that g, has no periodic point of prime period 3
but g5 does. Then +v<7[4<3.

Progf. — Denote Wy(x) =g4(x) —x=x"—x—B. It is easy to check that:

(9-1) 8a(%) — x =W () . Py(x)
where
(9.2) Py(x) =Wy (x) . (Wg(x) + 2% +1)% + 28(Wp(x) + 25 1) 41

= 4 4 (1— 3B)#* +(1— 2B)# +(1— 3B + 369)4°
+(1—2 + 85+ (1—B + 26" — 7).
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From (g.2) it follows that if Wg(x)=o0 then:
Py(x) =2x(2x 41) +1=45" + 2x 4+ 1=32* +(x +1)*>o0.

Therefore x is a periodic point of prime period g if and only if Pg(x)=o.

If x=—1i\i;ii9 then gy(x)=x and hence Py(x)>o. If x=—l_i‘%4_ﬁ
3 —_—
then Pﬁ(x)=w=1>o. Hence, there exists ae(y, 3] and:
gp(x)—x
]e(_1+-\/x+4oc 1+\/1+4a)
2 ’ 2

such that P,(y)=o0 and P,(y)=o.

We also have P,(g,(y))=P,(g2(»))=o0 and the points y, g,(»), g2(y) are distinct.
We have:

(&) () —r1=(ga(x)—x)’ z=y=(Wa-Pa)'(y) =0

and hence also (g3)' (g,())=(g2)"(g2(y))=1. Thus:
(Wo.P) (g.(9) = (80 (£a(9)) —1—(W,.P,) (g,(9)) =0,

and analogically (W,.P;)(g2(»))=o0. Consequently, P,(g,(»))="P,(g2(y))=o0.

Hence, the polynomial P, has three double zeros. Since its degree is 6, it is a
square of a certain polynomial Q of degree 3. The coefficient of x® in P, is 1 and
therefore we may assume that also the coefficient of x* in Q is 1. Let:

Qx)=x*+ A" +Gx + -

Comparing coefficients of #°, x%, +* and x in P, and Q* we obtain:

2f,=1

2l +G=1—3¢
2?;0-1—211(2:1—20&
25l =1—20+ o |

From the first three equations we obtain successively: szi, C1=§—§oc, [ :i—icx
2 8 2 16 4
. I, 7 49 . 17
Then from the fourth equation we get —-«*—-a+—=o0, ie. a=-. W
4 8 64 4

Proposition (9.3). — ga has a periodic point of prime period 3 if and only if BZTZ‘ .

2 —1

Since

Proof. — We get from (g9.2): Py(x)=a+ B+ at+ x>+ 2 fx+1=

P, has no real zeros, g, has no periodic points of prime period 3. If zeC, |z|=1, then
2 Re(?)=(2 Re 2)>—2=g,(2 Re z). Hence, if we take as z a complex root of 1 of
degree 7, then 2 Re z will be a periodic point of g, of prime period 3.
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Now, if ﬁ}_% then g has a periodic point of prime period g by Lemma (g.2)
applied to y=p, 3d=2; if B<i then g has no periodic point of prime period g by
Lemma (g9.2) applied to y=o0, §=0. m

Since gg is (linearily) conjugate to f,, where azi(l +V1 +48), we obtain

Corollary (9.4 ). — f, has a periodic point of prime period 3 if and only if «>— ( +2V2 )

I—I—\/s

Lemma (9.5). — If ()< 4( 1+2V'2) then h, (E)(fag))<l g

Proof. — Let f=f,s), 1=tz By Proposition (9.1), supp u is an interval.
Hence (see [8]), f ' is conjugate to a piecewise linear map f with |f’|=p, where

W

=log B. It 1s easy to see that j is linearily conjugate to the map g given by

B« if x<1
g(x)—[ﬁ(Q——x) it x>1

supp U-)

on some subinterval of [o, 2], containing 1. Suppose that £,(f)>1

- 2 3

I+\/5. The trajectory 2p 3 2P , 28 is a periodic trajectory of prime
2 1402 148 1482

2
. e . 2 2

period 3. In order to see this, it is enough to notice that B 3 < g —< I

B3 I+B I+B )

1< P <B=g(1). Hence f has also a periodic trajectory of prime period g. This

contradicts Corollary (9.4). m

Then

1+\/§
—

B> log

and

Theorem (9.6). — For the family { f,}, c10.1)> Ja(%)=4ox(1—2x), fy: [0, 1] = [o, 1],
there exists a set AC O of power the continuum such that if o€ then the absolutely continuous
measure is not a measure with maximal entropy.

Proof. — Let A be the set of all «(£) such that there exists 2 with the property that
all blocks of 1’s appearing in & are shorter than k.

Let acA, f=f,, =, 0=0b,, =0, (remember that ézca). Since
fEr(b)eD!  for all n,

0

then b does not belong to { f”(i)] . Suppose that p is a measure with maximal
2
n=1

entropy. Then, by Theorem (8.1), we have |f'(d)|=p, where log p=h,(f). We

have 4ab(1—b)=bd, b+o0 and thus 4a(1—bd)=1, i.e. b=1—4i. Then
o

(9-3) B=I|f"(b)| =|40—8ba| = |42 —Ba + 2| =ga—2.
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1—}—\/3

Suppose first that oc<1(1 —}—2\/5). By Lemma (9.5) we have B< , and
hence by (9.3): 4 ’

(9-4) a<5+8\/3.

We have a—a(f)>a, and f;(l) —b,,. Since:
2

I I
b, =1—b, =— d 2 =g (1— ),
1 Ty an I 1( 2) 405 (1—oy)

&y
1 i s 3 5+Vs5
o, is a zero of a polynomial Q (x)=16x*—16x+1. By (9.4), o< D Since
Q(5 +8\/ ):7_352V5<0’ Q(é)zo and Q/(x) = 16x2(4_x—3), we must have

I 1\ I I . .
%= But A(;) = and hence > <oay. Consequently, «,<a,. This contradicts
2

Lemma (7.4).
Suppose now that oc_>_i(1—i—2\/;). Then, by (9.3):

(9-5) B>2V2—1.

We have log B==#,(f)<h(f). Take the intervals ‘]lz[f2(£), b'], J2:[b’, 1],
2 2

ng[é, b], J4=[b, f(é)] It is easy to see that the set of non-wandering points of f

4
is contained in {o}u U J;. The map f| is monotone for i=1, 2, 8, 4, and therefore
i=1 )

h(f) is equal to the topological entropyl of the symbolic system obtained by coding
with respect to {J;}i_; (sec e.g. [6]). We have f(J;) CJ,Uls, f(Js) CJas Sf(Js) Clas
JUJs) C€J1V]2U]s. Hence A(f) is not larger than the topological entropy of the topo-
0110
0001
0001
1110
nomial of this matrix is x.P(x), where P(x)=x*—2x—2. Hence B is not larger than
the largest zero of P. We have:

oo e}
and NG RN
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logical Markov chain with the transition matrix The characteristic poly-
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By (9.5), 622\/;—1>'\/§—. Hence P(24/2—1)<o. But:

P(2\/5—1)=18\/;—25>0,

a contradiction. m
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