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The theory of spherical functions on semi-simple Lie groups has been developed

by Gelfand, Neumark, Harish-Chandra, Godement and others.

Among them, Harish-

Chandra [13] proved that the totality of zonal spherical functions on a (connected)
non-compact semi-sim ple Lie group G with finite center, relative to a maximal compact
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6 ICHIRO SATAKE

subgroup U, can be canonically identified with a quotient space of the form C'/W,
where v denotes the ‘“ rank ” of G, i.e. the dimension of a maximal vector part of a Cartan
subgroup of G and W the restricted Weyl group of G. Recently the theory has been
extended to the case of some classical groups over p-adic fields by Mautner [17],
Tamagawa [23] and Bruhat [4], [5]. The main purpose of this paper is to show that
the principal part of the theory, including the above-mentioned theorem of Harish-
Chandra, holds for a wider class of reductive algebraic groups over p-adic fields,
containing all simple classical groups without center.

To be more precise, let & be a local field, G a Zariski-connected reductive algebraic
subgroup of GL(n, k), A a maximal &-trivial torus in G and N a maximal k-closed unipotent
subgroup of G, normalized by A (G, A, N, ... being understood as to represent the
groups of k-rational points); the pair (A, N) is then unique up to inner automorphisms
of G. Put dim A=v and denote by A" the unique maximal compact subgroup of A.
Then the restricted Weyl group of G relative to A, W=N(A)/Z(A), operates in a
natural way on A as a group of automorphisms, and hence also on the character group
(in the algebraic sense) of A, Y=X(A)(=Z"), and on the group of quasi-characters
(in the topological sense) of A/AY, Hom (A/AY, C') =Y®C(=C"). Now let k=R
or C, and let U be a maximal compact subgroup of G; the quotient space S=U\G
is then the associated symmetric space. A C®-function o on G is called a zonal
spherical function (or elementary spherical function) on G relative to U, if it satisfies
the following conditions

(1) o(ugy')=w(g) for all geG,u,u'eU,

(i) w(1)=1,

(ili) @, considered as a function on S, is an eigen-function for all invariant
differential operators on S.

As is well-known, the algebra (over C) of all invariant differential operators on S
is canonically isomorphic to the algebra of all W-invariant polynomial functions on
the dual of the Lie algebra of A, or, what is the same, on Y®G, so that it is actually a
polynomial algebra of v variables over G. (Thus the condition (iii) is reduced to
the v conditions corresponding to the generators of this algebra. Furthermore, it is
also known that the condition (iii) may be replaced by a similar condition for invariant
integral operators.) These being said, the theorem of Harish-Chandra asserts that the
set of all zonal spherical functions on G relative to U is identified with the quotient
space Y®C/W. The proof for this consists essentially in showing that, U, A, N being
taken suitably so that we have the decompositions

(%) G=U.A.U=U.AN,
the Fourier transformation with respect to zonal spherical functions (parametrized
by Y®C) gives actually an isomorphism from the algebra of the invariant differential

operators onto that of the W-invariant polynomial functions on Y®C.
The first difficulty, in translating these results from real to p-adic, arises from the
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THEORY OF SPHERICAL FUNCTIONS 7

difference of the nature of maximal compact subgroups. Whereas they are ¢ algebraic ”
and mutually conjugate in the real case, they have no more such a property in the p-adic
case. As a matter of fact, we have to say that, for the time being, our knowledge on
this subject is still very poor. Therefore, in this paper, we will make certain assumptions
on G, assuring the existence of a favorable maximal compact subgroup U (the
assumptions (I), (II) in § 3). These assumptions are nothing but p-adic analogues
of some well-known properties of semi-simple Lie groups; in particular, the condition (I)
implies the possibility of a decomposition like (), but A should now be replaced by a
bigger subgroup H, such that AcHcZ(A), and W-invariant. On the other hand, as
we shall show in Chapter III, these conditions are satisfied by * all ” known examples
of classical groups, by virtue of the theory of elementary divisors. Thus one may
hope to find a unified proof for these assumptions.

Now, under these assumptions, let #(G, U) denote the algebra (over Q) of all
invariant integral operators on U\G, whose kernel is given by a function on G with
compact carrier. One defines a zonal spherical function as a function on G satisfying (i),
(ii) and the condition (iii) stated in terms of #(G, U); then a zonal spherical function
determines a homomorphism (of algebras over C) from £ (G, U) onto C and vice versa.
On the other hand, call H* the unique maximal compact subgroup of H and put
M=H/H*(=2Z"). Then our main theorem (Th. g in § 6) asserts that Z(G, U) is
isomorphic to the algebra of all W-invariant polynomial functions on Hom(M, C")(=C"),
allowing this time negative powers in an obvious sense; thus Z(G, U) is an affine
algebra of (algebraic) dimension v over C. From this follows immediately the analogue
of the theorem of Harish-Chandra asserting that the totality of zonal spherical func-
tions on G relative to U is canonically identified with a quotient space of the form (C")"/W
(Th. 21in § 5). As examples, it will be shown that, in case G is a simple classical group
without center and U a maximal compact subgroup of G defined by a “ maximal
lattice , the algebra #(G, U) is actually a polynomial algebra of v variables over C
(Th. 7, 9 in §§ 8, 9). More precisely, the so-called (local) “ Hecke ring ” Z(G, U),
is a polynomial ring of v variables over Z.

These theorems are proved by the usual method of Fourier transformation and,
in fact, rather simply, compared with the real case. But to determine the explicit
form of zonal spherical functions and the Plancherel measure, it seems necessary to
know the (infinite) matrix of this Fourier transformation more explicitly. This has
been done by Mautner [17] for PL(2, £), but is still an open problem for the general
case. As a partial result in this direction, we will calculate in Appendix I (local) Hecke
series and especially {-functions attached to GL(n, ), where & is a central division
algebra over k, and to the group of symplectic similitudes.

Besides these, we will analyze in § 7 the behavior of zonal spherical functions
under a homomorphism A : G —G’, and especially under a k-isogeny (Th. 4). Here
we do not assume a priori the conditions (I), (II) on G, G’ in full, and will see how
(parts of) the conditions on the one of G, G’ imply the corresponding conditions on the
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8 ICHIRO SATAKE

other. As another application, we will determine in Appendix II all zonal spherical
functions of positive type, or, what amounts to the same, all unitary equivalence classes
of irreducible unitary representations of the first kind, of PL(2, &), obtaining again a
result quite analogous to the real case.

A part of results of this paper (N° 7.3) has been announced in a short note [19],
which will also serve as an introduction to this paper.

The author has much profited by seminars on Spherical functions, organized during
the period of 1960-62, by Professor Y. Akizuki, to whom this paper is dedicated with
sincere gratitude and respects.

Notations and Conventions. Throughout this paper, £ denotes a p-adic number
field, i.e. a finite extension of the p-adic number field Q,. The valuation-ring
in £ and its (unique) prime ideal are denoted by o, p=(x), respectively, = denoting
a prime element. We denote by | |, (or simply by | |) the normalized valuation
of k, i.e.

|E], =g~ %" for Eek,

¢ denoting the number of elements in the residue class field o/p.

All algebraic groups we consider are supposed to be affine, so that they are realized
as groups of matrices. Thanks to a result of Rosenlicht (Annali di Matematica, vol. 43
(1957), p- 44), in any such group, defined over £, the subgroup formed of k-rational
points is everywhere dense in the sense of the Zariski topology, provided all the connected
components contain a k-rational point. Hence, in this paper, we will understand by
an “ algebraic group over £ ”’ the group formed of k-rational points of an algebraic
group (in the sense of algebraic geometry) defined over k. If G is a (Zariski-) connected
algebraic group over k£ and if K is an overfield of %, the group formed of K-rational
points in the same algebraic group will be denoted by G¥.

In an algebraic group G over k, one can consider two kinds of topologies, i.e.
the p-adic topology and the Zariski topology. Without any specific reference, the words
¢ closed ™ (or ¢ k-closed ), ¢ connected * will be used exclusively in the sense of the Zariski
topology, while the words ¢ open ”, ¢ compact *’ will always be understood in the sense
of the p-adic topology. ¢ Closure” (in the sense of the Zariski topology) of M is denoted
by cI(M). When G, G’ are algebraic groups over £ and ¢ a k-morphism (i.e. a rational
homomorphism defined over k) from G into G’, the symbols Im ¢ = (G), Ker ¢ =97(1)
are used in the set-theoretical sense; thus ¢~*(1) is k-closed but ¢(G) isnot, and (in case G
is connected) the image of ¢ in the algebraic sense is cl(¢(G)). (More generally, the
similar convention is made for any rational map defined over k) In particular, for
a k-closed normal subgroup H of G, we denote (by abuse of notation) the factor group
in the algebraic sense by cl(G/H).

As usual, for any ring R with the unit element 1, R stands for the multiplicative
group of regular elements in R, and M,(R) for the ring of all » X n matrices with
coefficients in R. The unit matrix of degree n is denoted by 1, (or simply by 1).
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THEORY OF SPHERICAL FUNCTIONS 9

For X;eM, (R) (1<i<r), the symbol diag. (X, ..., X,) will represent a matrix of
degree n=2Xn; of the following form:

(0"
o X/

Z, Q, R, C denote, respectively, the ring of rational integers, the rational number field,
the real number field and the complex number field; the real and imaginary parts of seC
are denoted by Re s, Im s, respectively. For a finite set M, the symbol # M represents
the number of elements in M. For a map ¢ defined on a set M and for a subset M,
of M, the symbol ¢|M, stands for the restriction of ¢ to M.



CHAPTER 1
REDUCTIVE ALGEBRAIC GROUPS OVER p-ADIC FIELDS ()

§ 1. k-Borel subgroups.

1.X. k-Borel pairs. Let k be a p-adic number field. An algebraic group G
over k is called a torus, if it is connected, commutative and consisting only of semi-
simple elements. For a torus G over £, there exists a finite extension K/k such that GX
is K-isomorphic (i.e. birationally isomorphic over K) to (K"?; such a field K is called
a “ splitting field ” of G. In case this isomorphism is obtained in £, i.e. in case G is
k-isomorphic to (k")}, G is called a k-trivial torus. An algebraic group G over £ is called
unipotent, if it only contains unipotent elements; a unipotent algebraic group G over £ is
always connected and nilpotent.

Let G be an algebraic group over £. A maximal k-trivial torus (resp. maximal
k-unipotent subgroup) in G is a k-trivial torus (resp. k-closed unipotent subgroup)
in G which is maximal with respect to this property. A pair (A, N) of a maximal -trivial
torus A and a maximal k-unipotent subgroup N in G such that A normalizes N is called
a k-Borel pair. For such a pair (A, N), AN becomes a k-closed subgroup of G, called
a k-Borel subgroup of G, which is a semi-direct product over £ of A and N. A typical
example of a k-Borel pair is

G=GL(n, k),

A=D(n, k) (the group of all diagonal matrices in GL(n, k)),

N =T*(n, k) (the group of all upper unipotent matrices, i.e. matrices x= (&;)
with §,=1,§,=0 for i>j, in GL(n, k)).

It is known (Borel) that, for any pair (A, N) of a k-trivial torus A and a k-closed
unipotent subgroup N in G such that A normalizes N, there exists always a k-Borel
pair (A’, N’) with A’DA, N'DN and that all £-Borel pairs in G are conjugate to each
other with respect to the inner automorphisms of G [12]. It follows that, for any
Borel pair (A, N) in G, we can transform G by an inner automorphism of the ‘ ambient
group ” GL(n, k) in such a way that A coincides with the connected component of the
neutral element of GnD(n, k) and N coincides with GnT*(n, k).

(1) For the fundamental concepts on algebraic groups, see [1]; especially on algebraic toruses, see [18].
Cf. also [7], [12], [20].
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THEORY OF SPHERICAL FUNCTIONS It

1.2. The following proposition gives a characterization of k-Borel subgroups in
terms of the p-adic topology.

ProrosiTiON 1.1. Let G be an algebraic group over a p-adic number field k. Then,
JSor a k-closed subgroup ¥ of G, the homogeneous space G[H is compact (in the p-adic topology),
if and only if H contains a k-Borel subgroup of G.

Proof. 'The proof is obviously reduced to the case where G is connected. Hence,
assuming G to be connected, let H be a £-Borel subgroup of G. Then since G/H
is identified (birationally) with the set of k-rational points in a projective variety
defined over £ [12], it is compact; whence follows the ¢ if * part of the Proposition.
Conversely, let H' be a k-closed subgroup of G such that G/H’ is compact. One
can take a k-Borel subgroup H of G containing a k-Borel subgroup of H'. Then, from
what we have proved above, H'/(HnH’) is compact. Therefore HH’ is closed in
the p-adic topology, so that H/(HnH')=HH’/H’ is compact by the assumption.
But, since H is a k-Borel subgroup, it has a composition series (as algebraic group
overk): H=Hp»H;>...o0H,={1} such that the factor groups H,_,/H, are isomorphic
either to £* or to k; and it is then a trivial matter to prove inductively that
H,HnH')=H (1<i<r). Thus we get H=HnH’, i.e. HDH, q.e.d.

CoroLLARY. An algebraic group G over k is compact (in the p-adic topology) if and
only if k-Borel subgroups of G reduce to the neutral element.

In view of a decomposition theorem of Chevalley ([7], p. 144) it follows that
a compact algebraic group over £ is necessarily reductive, i.e. isogeneous to the direct
product of a semi-simple algebraic group and a torus.

Remark. Proposition 1.1 and its Corollary are also valid for algebraic groups
over R or C. (The same proof'!)

1.3. Maximal compact subgroups.

ProposiTiON 1.2. If an algebraic group G over k has a maximal compact subgroup,
G s reductive.

Progf. Suppose that G is not reductive. Then, by virtue of the decomposition
theorem of Chevalley, G has a £-closed unipotent normal subgroup N,= {1}. The
center N, of N,, being a unipotent commutative group, is k-isomorphic to a vector space
over £, i.e. we have a k-isomorphism f: N, —£™ (m>o0). Then the inner automorphism I,
defined by geG induces an automorphism of N,, which, by f, corresponds to a linear -
transformation, denoted by p,, of £*. Let U be a maximal compact subgroup of G
and let L,=o0"ck™ Then, U,={uecU|p,L;=L,} is an open subgroup of U and
hence is of finite index in U. Put

U=UyU, L= n ou,Lye
Then L is an “ p-lattice ” in £™ (see N© 8.1) invariant under p, (¢eU). It follows that
UY=U.f~(=~°L) (t=1,2,...)
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12 ICHIRO SATAKE

are all compact subgroups of G containing U, so that, by the maximality of U, one
gets f~Yn"'L)cU (i=1,2,...). This implies that N,cU, which is a contra-
diction, q.e.d.

Now, for a reductive algebraic group G over R, it is well-known that G has always
a maximal compact subgroup, which is R-closed, and that all maximal compact subgroups
of G are conjugate to each other with respect to the inner automorphisms of G.
Moreover, if (A, N) is an R-Borel pair in G and if A, denotes the connected component
(in the sense of the usual topology) of the neutral element of A, we have

(r.1) G=U.A N, Un(A_ N)={1}
for all maximal compact subgroup U, and
(r.2) G=UA,U

for a suitable U.

Unfortunately, in the p-adic case, we are not yet in possession of such a general
result. Since, however, the existence of a maximal compact subgroup with properties
similar to (1.1), (1.2) is indispensable to the theory of spherical functions, we will assume
it in § g; for classical groups, our assumptions will be verified case by case in Chapter III.
On the other hand, it should be noted that, in the p-adic case, the maximal compact
subgroups of a reductive algebraic group G are, if they exist, not necessarily conjugate to
each other with respect to the automorphisms of G and that they are not necessarily
corresponding in one-to-one way under a k-isogeny.

§ 2. Reductive algebraic groups.

2.1. In this section, G denotes a connected reductive algebraic group over
a p-adic number field £. Let A be a maximal k-trivial torus in G, Y the character
module of A and let
dim A =rank Y =v.

If {w,,...,7m,} is a system of generators of Y, the correspondence
(2.1) Asa — (n(a), ..., n,(a))e(K)

v

gives a k-isomorphism AZ(k")".

Let g, a be the Lie algebras of G, A, respectively. It is easy to see that, for any
k-homomorphism p from A into another algebraic group over %, the closure of the
image po(A) is again a k-trivial torus. Applying this to p = adjoint representation of G,
we have

(2.2) g=0o+ = g,
YET

b

where 1CY is the  restricted root system > relative to A [20] and
(2.3) g, ={xeg|Ad(a)x =v(a)x for all acA},
g,={xeg|Ad(a)x=0 for all acA}.
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THEORY OF SPHERICAL FUNCTIONS 13

It is clear that g, is the Lie algebra of Z(A) (=the centralizer of A). On the other
hand, for any linear order in Y, put

(2.4) n= 2 g,

¥>0

and call N the corresponding connected subgroup of G. Then we have [20]:
ProrosiTioN 2.1 The notations being as above, Z(A) is a connected reductive algebraic
group over k consisting of only semi-simple elements, N is a maximal k-unipotent subgroup of G,
normalized by Z(A), and Z(A).N is a semi-direct product of Z(A) and N over k.
2.2. For any connected reductive algebraic group G over £, we denote by X(G)
the module of all k-rational characters (i.e. k-morphisms of G into £°). Furthermore
we put

(2.5) Gl={geG|y(g) =1 for all yeX(G)}.

Then G! is a connected k-closed normal subgroup of G and there exists a k-trivial
torus A’ contained in the center of G such that

G=cl(G'. A", G'nA’=finite;

in other words, the natural homomorphism gives a &-isogeny: G! XA’'—>G. To see
this, let S, T the semi-simple and the torus parts of G, respectively. Since ScG?,
it is clear that the closure of the canonical image of G! in cl(G/S) is equal to cl(G/S).
On the other hand, for a torus, our assertion is known ([20], Prop. 1), i.e. if A’ denotes
the (unique) maximal k-trivial torus in T, we have a k-isogeny T? xA’—T. It follows
also that cl1(G/S)?, and consequently G! is connected. Under the k-isogeny T —cl(G/S),
induced by the canonical homomorphism, T? corresponds to cl(G/S)!, whence one
gets G'=cl(T*.S). Thus one has

G~TXS~TIXA'XS~GIxA’,

where G~ G’ means that G is isogeneous to G’. This proves our assertion. It follows
that the homomorphism X(G)—X(A’) defined by the restriction is injective and has
a finite cokernel.

In particular, if G consists only of semi-simple elements (which implies necessarily
that G is reductive), it follows from Proposition 2.1 that G=Z(A) (ie. A=A’ in
the above notation), and hence by Corollary to Proposition 1.1 that G! is compact.
Thus we obtain the following

ProrosiTiON 2.2 Let H be a connected algebraic group over k consisting only of semi-simple
elements and A the (unique ) maximal k-trivial torus in H.  Then H is compact and H is k-isogeneous
to the direct product of H and A.  Moreover, X(H) may be identified with a submodule of X(A)=Y
with finite index.

Let {x, ...,%} be a system of independent generators of X(H). Then the

mapping
(2.6) ®:Hsah—> (xy(h), - .., y,(h)) e (k)
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defines an injective homomorphism of H/H! into (£")". In case this mapping is
surjective, we say that H satisfies the condition (N).

2.3. We denote by u the unit group in £, i.e. u=p". Let H be a connected
algebraic group consisting only of semi-simple elements and put

(2.7) H"={heH|y(k)eu for all yeX(H)}.

Then we have the following

ProposiTioN 2.3. The notations being as above, H" is the unique maximal compact
subgroup of H; it is a normal subgroup of H, containing H.  Moreover, there exists a subgroup D
of H, isomorphic to Z° (v=rank X(H)), such that

(2.8) H=D.HY, DnH"={1}.

Proof. Let ®:H (k)" be as defined by (2.6). Then, since [Y : X(H)]<co
(Proposition 2.2), the restriction of ® on A is a k-isogeny. Therefore, as is well-known,
®(A) is an open subgroup (in the sense of the p-adic topology) of (k)
and so is also ®(H). Now it is clear that H" contains H!, which is compact. Since
H'H'=0(H") =®(H)n1w’, we see that H" is compact. Since H/H! is commutative,
H" is a normal subgroup of H. On the other hand, H/H"=®(H)/®(H"), being
isomorphic to Z', does not contain any compact subgroup. Therefore H" is a maximal

¥, of finite index,

compact subgroup and, since it is normal, it is the unique maximal compact subgroup.
The existence of the subgroup D is obvious, qg.e.d.
CoroLLARY. A"=AnH" s the unique maximal compact subgroup of A.
We put
X (H) = Hom(X(H), Z).

For every heH, the correspondence [, : X(H) -~Z defined by
(2.9) L(x) = ord, (k) for yeX(H)
is an element of X(H), and the correspondence k->J, is a homomorphism from H

into X(H), whose kernel is equal to H". Thus, denoting by M the image of this
homomorphism, one has

(2.10) H/H"=M.

When the decomposition (2.8) is fixed once for all, the homomorphism .-},
induces an isomorphism of D onto M. Hence, when /;,=m with deD, meM, one
writes

(2.11) d=n";

by definition, one has
(2.12) [ (m™) |, =g~ <%=~ for all yeX(H), meM,

< > denoting the pairing of X(H) and X(H).
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THEORY OF SPHERICAL FUNCTIONS 15

If, in particular, H satisfies the condition (N), one has M=X(H). This is
surely the case for A. Thus we obtain the following commutative diagram

A/A* M H/HM
(2 I 3) isom, inj.

¥ 2 X(H)
which allows us to consider that ¥ cM cX(H).

§ 3. Fundamental assumptions.

3.1.  Assumption (I). Let G be an algebraic group over £. We shall now make
two fundamental assumptions (I), (II) on G. In the first place, we assume

(I) There exist, in G, an open compact subgroup U, a connected (reductive) k-closed
subgroup H consisting only of semi-simple elements and a k-unipotent subgroup N normalized by H
such that the following conditions are satisfied:
(3.1) G=U.HN=U.H.U,
(3.2) UboH"

Let A be the unique maximal A-trivial torus in H; then we have
(3-3) AcHcZ(A).

Since AN is a k-closed subgroup of G such that G/AN is compact (by (3.1) and Propo-
sition 2.2), it follows from Proposition 1.1 that (A, N) is a £-Borel pair in G. Let D be
a subgroup of H as described in Proposition 2.3. Then by (3.1), (3.2) one has

(3.1)’ G=U.DN=U.D.U.

From this one concludes at once that U is a maximal compact subgroup of G and so,
by Proposition 1.2, that G is reductive.

Now HN is clearly a semi-direct product of H, N over £. Moreover one has
(3-4) HNnAU=H".(NnU).

In fact, for ueHNnU, write u=hn with heH,neN. Then the correspondence
u—h being a continuous homomorphism (with respect to the p-adic topology), one
concludes that its image is compact and so contained in H", by Proposition 2.3.

LEMMA §.1.  Under the assumption (1), suppose further that G is connected, that H satisfies
the condition (N) and that HnG* s connected, G' being defined by (2.5). Then we have
(3.5) G=H.G, U=H"U},

where Ul=UnGL
Proof. Since H contains the unique maximal -trivial torus A’ in the center
of G and since HnG! is connected, it follows from what we stated in n° 2.2
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16 ICHIRO SATAKE

that H~(HnG!) XA’ and G=cl(H.G!). Hence the restriction homomorphism
X(G)—>X(H) is injective and, if one identifies X(G) with its image (i.e. the annihilator
in X(H) of HnG', whichis connected), X(H)/X(G) hasno torsion[18]. Therefore one
may take a system of (independent) generators {y, ..., x,} of X(H) in such a way that
{%s -+ > %} (v'=rank X(G)) forms a system of generators of X(G). Since H satisfies
the condition (N), one concludes from this immediately that for any geG there exists
heH such that x(g) =yx(k) for all xeX(G), ie. A~ 'geG!, which proves the first
equality (3.5). If, in the above, geU, one has y(g)eu for all 3eX(G), so that
one may choose the above % so as to belong to H". This proves the second equality
(3-5), q.e.d.

Remark. In case H=Z(A), the third assumption in Lemma g.1 is surely
satisfied. In fact, call A” the connected component of the neutral element of AnG.
Then clearly A=cl(A’.A”) and one sees that Z(A)nG! is equal to the centralizer
of A” in Gt. Hence Z(A)nG! is connected ([x], Prop. 18.4).

It follows that, under the assumptions of Lemma 3.1, one may replace U by U?!
in (3.1), i.e.

(3.1)” G=ULHN=ULH.U.
Furthermore, since NcG?, one gets also
(3.6) Gl=UL (HhGYN=UL (HnG?).U

This shows that G, U, HAGY, N also satisfy assumption (I).

3.2. We give here several procedures which allow us to construct groups satisfying
assumption (I), starting from other such groups.

ProrosttioNn 3.1. If G, U, H,N, t=1,2) satisfy (I), so do also G;xG,,
U, <U,, H;xH,, N; xN,.

Trivial.

ProrositioN 3.2. Let G, U, H, N satisfy (1) and assume further that G, H satisfy
the conditions stated in Lemma 3.1. Let X=X(G) and X, a submodule of X such that X|X,

has no torsion. Put
G ={geGly(g)=1 for all xeX}.

Then, G", U =UnG",H'=HnG", N also satisfy assumption (I).

Proof. One identifies X with the character module of the &-trivial torus
cl(G/GY). Then, G" is the (complete) inverse image, under the canonical homo-
morphism G —cl(G/GY), of the annihilator of X, in cl(G/G?!), which is a subtorus by
the assumption [18]. Therefore G* is connected. As we have done in the proof
of Lemma 3.1, one may consider that XcX(H); then, by our assumptions, X(H)/X,
also has no torsion. Hence, by the same reason as above, H" is connected. Now,
since G* contains U? and N, it follows from (3.1)" that

G'=ULH'N=ULH.U!
and a fortiori (3.1) for G*, U", H', N. One has also H*=H"nG"cU’", i.e. (3.2), q.e.d.
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ProrosiTioN 3.3. Let G, U, H, N satisfy (I). Let Z be a k-trivial torus contained
in the center of G. Put

(3.7) H,={heH|"eZH" for some meZ}

and suppose that H, normalizes U. Then G=G/Z, U= H,U)/Z, H=H/Z,N=NZ/Z
also satisfy (I).
_ Proof. TFirst we note that, since Z is a k-trivial torus, the canonical homo-
morphism G-—cl(G/Z) is surjective, i.e. cl(G/Z)=G/[Z. Since Z is contained in
any maximal k-trivial torus, we have ZcH. Hence, from the definition, it follows
that H, is an open subgroup of H such that Hy/(ZH") is the torsion part of H/(ZH").
H,/Z is therefore the unique maximal compact subgroup of H=H/Z. Furthermore,
by the assumption, one sees that (HU)/Z=(H,/Z).(UZ/Z) is an open compact
subgroup of G=G/Z. Our Proposition is now obvious, q.e.d.

3.3. Weyl groups. Let the notations be as in N° g.1. For seN(H) (=the
normalizer of H), the inner automorphism I, defined by s induces an automorphism
of H, and hence that of X(H), which we call w,, by the formula

(3.8) (wyx) (shs™1) =y (k) for all heH, yeX(H).
Since A is the unique maximal £-trivial torus contained in the center of H,

I, leaves A invariant. Therefore, w, can be extended to a (uniquely determined)
automorphism of Y =X(A), which we denote again by w,, by

(3.9) (wgm) (sas™1) =x(a) for all aeA, neY.
The group formed of all w, (seN(H)) is called the (restricted) Weyl group of G

relative to H and is denoted by Wy. The kernel of the homomorphism s—w, being

given by N(H)nZ(A), one has

(3.10) W=N(H)/(NH)nZ(A)).

As stated above, W; may be regarded as a subgroup of the Weyl group W, of G relative

to A. In case G is connected, W, is the Weyl group of the restricted root system t in

the usual sense [20].
W;; also operates on X(H)=Hom(X(H), Z) in a natural manner, i.e. by

(3.11) <we, wy> =<, > for yeX(H), 0 eX(H).
Then (in the notation of n° 2.3), for seN(H), zeH, one gets from (2.9), (3.8), (3.11)
the relation
(3-12) Wby, =l gq-s.
Thus Wy leaves McX(H) invariant.

3.4. Assumption (II). Suppose that there is given a subgroup W of Wy such
that every weW can be written in the form w=uw, with ueN(H)nU. As we have
seen in n° 3.3, W operates on M. Taking a linear order in M, put

(3.13) A={meM|wm<m for all weW}.
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ER]

Then it is clear that A is a * fundamental domain ” of W in M, i.e. every meM
is equivalent, under W, to one and only one element in A. From (3.1)’, (3.12) and
from our assumption on W, it follows that

(3-14) G=tgAUrc'U.

Now we state our second assumption:

(II) The notations being as defined in n*® 2.3, 3.3, there exists a subgroup W of Wy such
that every weW can be written in the form w=uw, with ucN(H)nU and a linear order in M
satisfying the following property: If n"NnUn'U=o with meM,reA, we have m<r,
where A is a fundamental domain of W in M defined by (3.13).

This implies the following weaker condition:

(II,) The notations being as above, the double cosets Un"U (xeA) are mutually distinct.
(In other words, (3.14) is a disjoint union.)

In fact, let Un"U=Ur"U with r, r'eA. Since we have n"eU=x"U, it follows
from (II) that r'<r. Similarly we have r<r’ and so r=r'.

Under the assumption (II;), every geG can be expressed in the form

g=un"u, u,u'elU
with a uniquely determined reA; therefore one puts r=r(g). Then the function
r: G—A is characterized by the following properties
(3.15) r(ugu’) =r(g) for all geG, u, u'eU,

r(n") =r for all reA;

if moreover (II) is satisfied, we have

(3.16) r(n™n)>m for all meM, neN.

The existence of the function r satisfying (3.15), (3.16) (resp. (3.15)) is equivalent
to (II) (resp. (IL,)).

We list below some direct consequences of the assumption (II).

1° If m"®NnU+g, we have m=o0. In fact, it follows from (II) that m<o.
Since we have also n"®NnU = (m"NnU) '+¢, we have m>0; hence m=o.

20 For heH, one has

(3.17) h=ur™y~' (mod. H") with ueN(H)n U.
It follows that, for %, ’eH, one has UiU=UAR'U if and only if
k' =uhu~' (mod. HY) with ueNH)nU.

(Note that this is a consequence of only (II,).)

30 r(h) for heH is invariant under the inner automorphisms of G, i.e. if h, h'eH and
h' =ghg~! with geG, we have r(k')=r(h). In fact, it is clear that, in replacing £
by uhu~! with ueU, if necessary, we may assume, without any loss of generality,
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that feA, ie. [,=r(h) (and similarly that [,=r(k")). Now, let g=uhn with
ueU, hyeH, neN. Then one has

k' =ghg™' =uhynhn~ k7 v~ = u(hy hhy Y n'u~t
with n’eN. Hence, by (3.15), (3.16), one gets
r(h') =r((hyhhT M )0') 2 by s = b, =1(R).
Similarly, one gets r(k)>r(k’); hence r(k’)=r(h), as desired.
4° We have W=Wyz=W,. In fact, if W+ W,, there would be r+r’ in AnY such

that »=uwr with weW,, because Y is of finite index in M and AnY is a fundamental

domain of W in ¥. Then we would have =% = sn"s~* (mod. H") with seN(A), which
contradicts 3°.

§ 4. Haar measures.

4.1. In this section, G denotes an algebraic group over £ satisfying the
assumption (I) with respect to U, H, N. The groups G, U, H, N are then all
“ unimodular ”’, i.e. their left-invariant Haar measures are also right-invariant. We
denote by dg, du, dh, dn the volume-elements of the (both-sides-invariant) Haar
measures of G, U, H, N, respectively, normalized as follows:

(4.1) [ de= ] du=_  dh= (pdn=1.
Then the left- and right-invariant Haar measures of HN are given by
(4.2) dy(hn) = dh.dn, d,(hn) =3(k)dh.dn,

3 being a positive quasi-character of H (i.e. a continuous homomorphism of H into the

multiplicative group of positive real numbers with respect to the p-adic topology)
defined by

(4.3) d(hnh™") = 3(h)dn.
For any integrable function f on G, one has
[ f(@)de= [, [ fuhn)du.d,(tn),
or symbolically
(4.4) dg=du.d,(hn) = du.3(k)dh dn.

We need in Chapter II, § 5 the following transformation formula of the relatively
invariant measure on U/(UnHN).

Lemma 4.1. Let g,eG. For ueU, write gy'u=u'k'n’ with u'eU, h'eH, n’eN.
Then the cosets u'(UnHN), h'H" are uniquely determined by g, and u(UnHN). Denoting
by du the volume-element of a relatively invariant measure on U[(UnHN), we have
(4.5) du=3h)du’'.
(Note that, since 3(H")=1, 3&(k’) depends only on the coset 2’H".)
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Proof. By (3.4), the first statement is obvious. To prove the second,
let &, n be ¢ generic ” elements in H, N, respectively, and put g=uhn. Then
g lg=u'k'n'hn=u'(k'k) (k" 'n’hn). Hence, by (4.4) and by the invariance of the Haar
measures, one has

d(gy*g) = du’ S(WR)A(K'R)d(h=*n'hn)
=du' .3(h")3(h)dh dn
=dg=du.3(h)dh dn
whence follows (4.5), q.e.d.
4.2. An integral formula. Let

g=g,1+ 2 g,
YE?
be the decomposition of g given in N° 2.1. Since HcZ(A), all the subspaces g, (ye¥)
are invariant under Ad /4 (heH), Ad denoting the adjoint representation of G. One
denotes by R, (k) the restriction of Ad% to g,. Then det(R, (%)) is a k-rational
character of H, whose restriction to A is equal to d,.y (in the additive notation),

d, denoting the dimension of g,. Thus, identifying X(H) with a submodule of

Y=X(A), one gets d,.yeX(H) and

(4.6) det(R, (k) = (d,.v) (k) for heH.
Moreover, taking a so-called Weyl basis of gf=g®%k (k=algebraic closure of k),

one sees immediately that g_. may be identified with the dual of g, with respect to

the inner product induced by the Killing form. Since this inner product is invariant
under Ad & (heH), one has

(4.7) R_, is equivalent to ‘R
Now, for hAeH, denote by Ad, (%) the restriction of Ad /% on n= 2>:ogy, and put
Y
(4.8) A(R) =|det(Ady (k) —1,) |,
= II [det(R,(h) —1,) |,
¥>0

1,, 1, denoting the identity transformations on m, g,, respectively. Then we have
LEMMA 4.2. For heH with A(h)+o0, the mapping

Y, :Non—sn' =hnh~'n"?

is an injective rational mapping from N into itself, the image ¥, (N) contains a Lariski open set
in N and one has

(4-9) dn’ = A(h)dn
Proof. Every neN can be written uniquely in the form
n=expx= exp(y%oxy) with x= Ygoxyen, x,E9,
and one has, for keH,
hnh~' = exp(Ad(h)x) = exp( ZORY(h)xY).
¥ >
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Therefore one has hnk~'=n if and onmly if R, (k)x,==x, for all y>o; in particular,
if A(k)#o0, the latter condition implies that x=o, i.e. 2=1. Thus, for keH with
A(k)+o0, ¥, is an injective rational mapping from N into itself. Applying the same
consideration to N¥, £ denoting the algebraic closure of &, one sees that ¥, (N¥) contains
a Zariski open set in N* ([16], p. 88, Prop. 4). Now, let neN%. Since one has
¥, (n°) =¥, (n)° for all automorphisms ¢ of £ over £, it follows from the injectivity of ¥,
that, if W¥,(n)eN, one has n°=n for all o, i.e. neN. In other words, one has
¥, (N) =¥,(N) AN, which proves that ¥,(N) contains a Zariski open set in N.
Now to prove the last assertion, we regard xeN as a left-invariant vector-field

on N (in the algebraic sense) and denote by x, the tangent vector at zeN determined
by x. Then one has

(4.10) d¥y(x,) = (Ad(n) . (Ad(h) — 1)%)pusmis

d¥, denoting the ¢ differential ” of the rational mapping ¥,. In fact, by definitions,
one has for any rational function f on N, defined over £ and regular at n,,

w) = [ S Owe)]
and therefore

(d¥,.x,)(f) =x,(fs)
[%\f(}mo.exp(lx)h“.exp(———)\x)no_i)]

[ d% Sl (nyexp(h Ad(£)%) exp(—)\x)n(’,‘l)]

= [%\f(bnok_1no_1 .€xXp (7\ Ad(ﬂo) (Ad(}l) —1 )x)]

A=0

A=0

A=0

which proves (4.10). Now if we denote by @ an invariant differential form of the
highest degree on N and by ‘d¥, the linear mapping on the space of differential forms
on N extending the dual of dV¥),, it follows from (4.10) and from the fact that
det(Ad,(n,)) =1 that

WY, . 0pg-1p-r = det(Ad, (B) — 1,) o,.

Since we have symbolically dn=|w,|,, up to a constant multiple ([26], 2.2), we
obtain (4.9), q.e.d.

By the similar argument as above, we get also

3(k) =|det(Ad,(k))],
= II |det(R, (k) |,
¥>0

or by (4.6)
(4.11) 8= II |y, (in the multiplicative notation).

Y>0
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Put further
(4-12) D(h H |det Y(h)"“l'r) |§3/2

Then from the definitions and from (4.7) one gets easily the following relations

(4-13) D(k")=D(h),

(414) D) =54 (BAK.

It should be also noted that one has

(4.15) A(hy Tty = A(h) for all A, h eH.

LemMA 4.8. Let f be a (complex-valued) function on G with a compact carrier, satisfying
the relation

Slugu') =£(g) for all geG,u,ueU.
Then, for heH with A(h)+o0, we have
(4-16) D(B) [, f(ehe™")dg = (1) [ Sfikn)dn,

dg denoting the volume-element of a (suitably normalized) relatively invariant measure on G[A (1).
Proof. Since one has dg=du.dn.dh for g=unh, one has symbolically
dg=du.dn.dk, dk denoting the volume-element of a relatively invariant measure

on H/A; here we normalize d% in such a way that f dh =1. Then the left-hand side
of (4.16) is equal to

DIOY I a S (nhy R 0™ ) du dn dy
=D(k) [ o ( [ (S nk bl n) dn) dBy (by the assumption)
=DWAEY [ ([ Suhhi n)dn')dhy  (by (4.9), (4.15))

Since hhhy'=h (mod. H"), one gets from the assumption f(h hh7'n') =f(hn"); therefore,
by (4.13), (4.14), this last expression is equal to

:.33(;1) [ S(tn)dn, q.c.d.

Since D(k) is invariant under the inner automorphisms defined by elements
in N(H), this Lemma implies that, if one puts

Tty =5y [ ) dn,

f(=™), viewed as a function of meM, is invariant under the operation of the Weyl
group Wy.

(1) This is an analogue of an integral formula of Harish-Chandra ([13], p. 261).
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§ 5. Zonal spherical functions (!).

5.X.  The algebra £ (G, U). Let G be a unimodular locally compact group and U
a compact subgroup of G. We denote by Z=.2(G, U) the algebra over G formed
of all complex-valued continuous functions ¢ on G with compact carrier and satisfying
the condition

(5.1) o(ugu') =o(g) for all geG,u,u'eU,

b

the product in % being defined by the “ convolution

ox (o) = [ oleer!) bler)dey-

If U is an open subgroup and if the Haar measure of G is normalized in such
a way that f Udg= 1, the characteristic function ¢, of U is the unit element of the

algebra . Moreover, in this case, all Z-valued functions in % forms a subring, which
we denote by Z(G, U),. From the arithmetical point of view, it is important to
consider this ring.

The following theorem will be proved:

TueoreM 1. Let G be a connected algebraic group over a p-adic number field k and U
an open compact subgroup of G, satisfying the assumptions (I), (II) (see § 3), and let v be the
dimension of a maximal k-trivial torus in G. Then the algebra £ (G, U) is an affine algebra
of (algebraic) dimension v over G, i.e. a (commutative) integral domain with unit element, which
is finitely generated over G and of transcendence degree v over C. Moreover, if A (see n° 3.4)
is generated (as semi-group) by *®, ... x" and if ¢V denotes the characteristic function of
U="U, 2(G, U) is generated over C by ¢ (1<i<i).

Remark. 1If, besides the above assumptions, an additional condition that

(5.2) Ur'NnUnx"U=U=r" for all reA

is satisfied, we shall see that #(G, U), is generated (over Z) by ¢* (1<i<l).

(%) For the fundamental concepts on spherical functions, see [11], [22].
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5.2. G, U being as above, a complex-valued continuous function w on G in
called a zonal spherical function (abbreviated in the following as z.s.f.) on G relative to U,
if the following conditions are satisfied:

(1) o(ugw)=w(g) for all geG,u,u'eU.

(ii) o(1)=1.

" (ili) For every ¢, o is an eigen-function of the integral operator defined by o,
i.e. we have

(5.3) Px0 =N, 0

with \,€C.
We denote by Q=Q(G, U) the totality of zsf. on G relative to U. For
weQ, we denote A, in (5.3) by &(¢), i.e. we put '

(5-4) a(e) = [ pl)w(g ) de.

Then it is clear that & is a homomorphism (of algebras over C) from £ onto C.
Conversely, if U is an open subgroup of G, it is easy to see that any non-trivial
homomorphism  : % —-C comes in this way from a uniquely determined z.s.f.
([22], pp- 366-367). Thus, under the assumptions of Theorem 1, Q may be viewed as
a model of the affine algebra #. More precisely, the correspondence

Qs <« (&(cM), ..., &(W))

gives a bijection of Q onto an affine variety associated with Z=C[", ..., "].

5.3. Construction of z.s.f. From now on, until the end of § 6, we assume that G
is an algebraic group over k satisfying the assumption (I) with respect to the
subgroups U, H, N and that the Haar measures are normalized as stated in N° 4.1.

In order to construct z.s.f. depending on complex parameters, we make use of
the representations of the ¢ principal series ” of G. Namely, let « be a quasi-character
of H (i.e. a continuous homomorphism of H into G* with respect to the p-adic topology)
and call #* the Hilbert space formed of all complex-valued measurable functions f
on G satisfying the following conditions

(5.5) fghn) =a(h) f(g) for all geG, heH, neN,
(5-6) 1£1P= [ |.f (@) [Fdu<oo,
the inner product in s#* being defined by
<furf> = [ AW folw)du.
For g,eG, fes*, we put
(5-7) (T3.1)(g) =f(g5 '8)-
Then we have:
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ProrostTioN 5.1.  In the above notations, for every g,€G, feH*, we have T; feH”,
and Ty is a bounded operator on H#*. The correspondence g,—'T; is a strongly continuous
representation of G (with respect to the p-adic topology) by bounded operators on .

Proof. Itis clear that T}, fsatisfies the condition (5.5). Ifwe put U=U/(UnHN),
it follows from Lemma 4.1 that

I Tofllp=[5ls (e tu) 2 da
= [ | fwhn) 2 s()da
= [L1F@) [ [alh) [ 3(")d ",

Since |a(k’)|28(#) is a continuous function of u#(UnHN)eU, we have -
[a(h’) |2 3(h')<C with a positive constant C. Therefore we have [|T7 f|[?<C]|| f]}?
i.e. T;, is a bounded operator on s#*. Moreover, if g,eU, we may take as u'=g; 'y,
k'=n'=1, so that Tj (g,€U) is a unitary operator. Now the correspondence g,—Tj
is clearly a representation; to prove that it is strongly continuous, it is enough to show
that, for a fixed fes#*, g,—T; f is strongly continuous at gy=1. Since f can be
approximated by a continuous function in #* as closely as we wish (with respect to
the norm in J#*), we may assume that f is continuous. Then f is uniformly continuous
on U and our assertion is obvious, q.e.d.

From the above proof, we obtain.

CoOROLLARY 1. The representation T* is unitary, if and only if

(5.8) |a]28=1.

The representation T* is called ¢ of the first kind > (relative to U), if there exists
an element ¢+ o0 in #* such that Ti¢=4¢ for all ueU.

CoROLLARY 2. The representation 'T* is of the first kind, if and only if
(5-9) «(HY) =1.

Proof. If there exists ¢ as stated above, one has {(ukn) =a(h){(1), so that
$(1) * 0, «(H*)=1. Conversely if «(H*)=1, one can define {, satisfying the above
condition by putting

(5.10) Po(uhn) =a(h), q.e.d.
In case « satisfies condition (5.9), one sees readily that
(5-11) 0*(g) =<ty Tod,> = [ (g™ w)du

is a z.s.f. on G relative to U ([22], p. 370). In particular, if « is a restriction on H of
a quasi-character of G, denoted also by «, which is trivial on U and N, we have

(5-12) w*(g) =a"'(g).

5.4. Parametrization of z.s.f. Now we introduce complex parameters in {w*}cQ
as follows. If « is a quasi-character of H satisfying (5.9), « is uniquely determined
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by «(z™) (meM) (see N°2.3), and the correspondence m —log,«(x™) is a homomorphism
from M into €. Therefore one can find seX(H)®C such that

(5-13) a(m") =¢7 ™,
m.s denoting the natural pairing of meM cX(H) and seX(H)®C; such s is uniquely

2t M, where
og q

(5.14) M={seX(H)®C|m.seZ for all meM}.

determined modulo

Thus we obtain a canonical isomorphism

(5.15) Hom(H/HY, C') =~ X(H)@C/ (lzgiq M)

If {x, ..., %} is a system of generators of X(H), our correspondence can also
be defined by the relation

a(k) =T1|x;(h) |5i<s =Zs;x; with s;eC.

When (5.13) holds, we write a<>s. When 81§oc<—>s, we put o= ;.
Now the operation of weW =Wy on X(H) can be canonically extended to a
C-linear transformation of X(H)®C, leaving M invariant. Then we have
ProrposiTiON 5.2. We have

(5 16) m—s(g) = ms(g_l)a
(5.17) s = O Sor all weWj.

Proof. Asin Lemma 4.1, put gilu=u'h'n’. Then g’ =u(k'n’)~'=uk'"'n"" with
n"’eN. Hence from the definition and Lemma 4.1, we have

sl ) = [ balgew)d@ = [ alk)~*8(k) " du

= fﬁ%-ls-l(g;lu)dﬁ: o_4(8)

1 1
because, if 82ax<>s, one has (3 'a~!)<>—s. This proves (5.16). The proof of

(5.17) (depending on Lemma 4.3) will be given in N° 6.1, q.e.d.

In the following, we denote by W. (12m M) the group of  affine transformations ”
og ¢

of X(H)®C generated by W and by the group of translations defined by lzglq M.
Since W leaves M invariant, W. (1z;lq 1\7[) is actually a semi-direct product of these

two groups. From (5.17) it follows that two parameters s, s’eX(H)®C which are

equivalent with respect to W. (—2E A) give one and the same z.s.f. Actually we

will prove the following. log ¢
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THEOREM 2. The assumptions being as in Theorem 1, all z.s.f. & on G relative to U can
be written in the form o =, with seX(H)®C; and we have o=y for s,s'e X(H)®C,
if and only if s, s’ are equivalent with respect to W. ( 2mt M)

log ¢
Thus Q=Q(G, U) is analytically isomorphic to the quotient space

A

X(H)®C/W. ( ’*’g’q M)

§ 6. Proofs of the main results.

6.x. Fourier transform. We keep the notations in § 5. For ¢e.#, we define
its Fourier transform ¢ by

(6.1) 8(s) =ay(9) = [_o(g)ws(g™)de.
Then we have, if 85a<—>s,
8(s) =] [ o(e)¥u(gu)dg du (by (5.11))
= [ (&) ¥u(e)de (by (g, u) ~(gu™", u))
=f f f o (uhn), (uhn)du . S(h)dh dn (by (4.4))
= f f o (hn)a(h)S(k)dh dn (by (5.10)).

Hence, putting
1
(6.2) $(h) =8(h) [ _o(kn)dn,

which depends actually only on the class of % (mod. H"), we have

(6.3) 3(s) = X g(n" )'?32 (=) = Z 3 (r") g™

meM

Since ¢ has a compact carrier, one has ‘g(n™)+o0 for only finitely many meM.
Incidentally we notice that (5.17) is equivalent to the fact that the Fourier coefficients
‘¢ (m™) (meM) are invariant under the operation of the Weyl group W, which was already
established by Lemma 4.3. This remark completes the proof of Proposition 5.2. Now
by virtue of (5.17), we can further transform (6.3) in the form

~ ~ r —wr. s
(6.4) 3(8)= 5. 2 g
the second summation being taken over a complete set of representatives of W/W,, W,
denoting the subgroup of W consisting of all the weW leaving r invariant. Thus,
if we denote by {m®, ..., m™} a system of generators of M, % is a Fourier polynomial
(allowing negative powers) in qm(i) * (1<i<v) invariant under W. We denote the totality
of such Fourier polynomials by C[¢**]".
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6.2. Up to now, we have not used the connectedness of G and the assumption (II).
Now we shall show that, under these assumptions, the correspondence ¢ —3 gives
actually an isomorphism of #(G, U) onto C[¢"*]".

For reM, we denote by ¢, the characteristic function of the double coset U=n'U.
Then, by assumption (II,), {c,(reA)} forms a basis of Z(G, U) (over C). On the
other hand, if we put

(6.5) R()=, 5
{F, (reA)} forms a basis of C[¢¥*]". By (6.4), we have
(6.6) =2 C(n")Fy.

Here we have, for every r, meM,
1
(6.7) Ty(mm) =8(m") [ e (= n)dn
1
=8(n"™) .meas. of ((x~™Ur"U)nN).

Hence it follows from (II) that we have ¢ (n")=o0 for r,r’eA, r<r’, and it is clear
from the definition that 7 (n")+o0 for all reA. These mean that the infinite matrix
(.(=")) with the indices r, r'e A arranged in the linear order < is of the lower triangular
form with non-zero diagonal elements.

We shall now show that the matrix (¢,(z")) has actually an inverse matrix. For
that purpose, let T (resp. S) be the torus (resp. semi-simple) part of G, let A’ (resp. A”’) be
a maximal k-trivial torus in T (resp. S) such that A=cl(A’.A”), and put Yo=X(A)®Q,
Y=X(A)®Q,Yy=X(A")®Q and ?Q———}A{(A)(@Q_; then Y, is identified with the
direct sum of Yg and Yy, and ?Q with the dual space of Y, over Q. Moreover, call M”’
the intersection of Mc\?’Q with the annihilator of Yg. From what we have stated
in n° 2.2, M’ can be also defined as the submodule of M formed of all meM such
that |y(=™)|,=1 for all yeX(G). Then we have

LemMa 5.1. If n®NnUn'U%g¢ with m,reM, we have m=r(mod. M").

Proof. Let y be any k-rational character of G. Then, since N has no non-trivial
k-rational character, we have y(N)=1. On the other hand, we have clearly [y(u)|,=1
for all ueU. Therefore, if gen®NnUx"U, we have |x(g)|,=|x(=™)],=|x(x")|, and
so [x(m™7")[,=1. As this holds for all xeX(G), we have m—reM", q.e.d.

LemMA 5.2. For every xel, the set of x'e A such that r=r'(mod. M) and r'<r
is finite in number.

Proof. We extend the linear order in M to that in ?Q in a natural manner.
Then there exists a Q-linear form L on ?q, not identically zero, such that, for xe?q,
L(x)>o0 implies x>0 (and hence that x>0 implies L(x)>0). For each weW, w1,
we can define an order in ?Q by

x>0 < (1—w)x> o,
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which induces a linear order on the factor space of ?9 modulo the subspace formed
of all xe\?q such that wx=x. Hence, similarly as above, there exists a non-trivial
linear form L, on ?Q having the property that L, (x)>o0 implies x>wx (and hence
that x>wx implies L,(x)>0 and that x=wx implies L,(x) =o0). Therefore, if we put

Aq={xe¥o| x2wx  for all weW},
Aé:{xe?ale(x)>o for all weW},

Agqis contained in Ag and the interior of A is containedin Aq. Since W =W, is the Weyl
group of the restricted root system of G relative to A, we can conclude from this that
we have Aq=Aq and that Ay is a (closed) “ Weyl chamber ” of W. Thus Ay is actually
a closed cone defined by v”(=rankY") linear inequalities L,(x) =L, (*)> 0 (1<i<v”).

Now consider first the case where X(G)=1, i.e. Yq=Yq. The L/s being linearly
independent, we can write as L=2X\L; with ,,eQ. Here we assert that all ; are >o.
Clearly, it is enough to show that, if L;(x)>o0 for all ¢ (i.e. xeAg) and x+o0, then
L(x)>o0. From the assumption, it follows that ¥>wx and so L(x)>L(wx) for all weW.
But, since Yq={o0}, we have wezwwxz o. Hence, if L(x)<o0, we would have L(wx)=o0

for all weW. But this is impossible, because for any x+o0, the set {wx|weW} contains
always v’ linear independent vectors. It follows that, for any reA, the set {xeAgq|x<r}
is bounded, and therefore that {r'eA|r'<r} is finite.

In the general case, we have, from what we have proved above, L =3\L; (mod. Yg)
with A,>o0. Hence, if x—r is in the annihilator of Ygq and x<r, we have
L(r—=x) =Z\L(r—=x)>0. Therefore the set formed of all xeAq satisfying these
conditions is bounded, and so the intersection of it with A is finite, q.e.d.

From Lemmas 5.1, 2, we see that the matrix (7,(="))(r, r’eA) can be decomposed
into the direct sum of the (countably many) matrices (¢,(="))(r, r’€eA, r=r'(mod. M"")),
each of which is of the lower triangular form with respect to a set of indices isomorphic
to {1,2,...}. Hence (¢;(n")) has an inverse matrix of the same form. Thus we
conclude that the mapping ¢—¢ is an isomorphism (of vector spacesover C) from £ (G, U)
onto C[¢4"*]V. Since it is also a homomorphism of algebras over C, we have proved the
following theorem:

TueoreM 3. The assumptions being as in Theorem 1, the Fourier transformation ¢—¢
gives an isomorphism (of algebras over C) from £ (G, U) onto C[g"*]V, the algebra of all
Weinvariant Fourier polynomials in q*™"* with coefficients in C, {m®, ..., m"} denoting
a system of (independent) generators of M.

Remark 1. The connectedness of G was needed essentially only in the proof
of Lemma 5.1. (We used it also in the proof of Lemma 5.2, but this is not indis-
pensable.) As is seen from that proof, this condition may be weakened, without changing
the conclusion, into any one of the following conditions, where G® denotes the connected
component of the neutral element of G :

(O,) The rank of the character module X(G) is equal to that of X(G°).
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(O,) In the notation of the assumption (I), we have G°=(UnG H(UnG").

On the other hand, it follows from Lemma 5.1 that, if the condition (II) is
satisfied for a linear order in M, the same is also true for any linear order in M inducing
the same order in M"".

Remark 2. The formula (6.7) can be further transformed in the following form:

-1
(6.8) T =8 2(m™)Yms Y= # (U\(Ur"NnUr'U)).
In fact, one first observes that by (4.3)
meas. of (Nan~ 2Unr™) =§(=™)~%

On the other hand, it is easy to see that the cosets in (Nnz™™Ur™)\ (Nnz~Ur"U)
are in one-to-one correspondence with those in U\ (Ur®NnUn"U). From these
follows (6.8). Now, if the additional condition (5.2) is satisfied, we have y,=1 for
all reA. Therefore, in that case, the matrix (y,.) (r, ¥’ €A) and its inverse are integral,
so that the Fourier transformation ¢ —¢ gives actually an isomorphism (of rings) of

-1
the subring Z(G, U),= Z¢Z of £(G,U) onto the subring X (§ 2(x")F,)Z of
G[qu.s]W. reA TEA
Remark 3. From the definitions, we have

¢,(s) = # (U\Ur"U) (7).
Therefore we have .
(6.9) ay(n7) = # (U\Ur'U)™* 3 vq.3" 2(n")Fy,

v <

which shows that o (n~F) is a W-invariant Fourier polynomial in qi“‘(i){ But it
seems far more difficult to describe how ,(w~") depends on reA. In any case, it
is one of fundamental problems in our theory to obtain a handy expression (analogous
to the ¢ character formula ’?) for ,(=~") or for v,..

6.3. Proofs of Theorems 1, 2. The first half of Theorem 1 follows from Theorem g
immediately. To prove the second half, let {rl', ..., r"! be a set of generators
of A (as semi-group) and put ¢ =cy). (Note that A, being defined by a finite number
of linear inequalities with integral coefficients, has clearly a finite set of generators.)
The notations being as in the preceding paragraph, let A denote an intersection of A
with a coset modulo M"; by Lemma 5.2, A is isomorphic (as ordered set) with the
set of natural numbers. We prove, by induction on reA , that F, can be expressed
as polynomial in 2@, ..., 2® with coefficients in C.

For that purpose, denote, for every reA, by I, the vector space over C generated
by F, with r'eA, r'<r, r=r'(mod. M"”). Then it is clear that we have

(6.10) F.F.=F,, . (mod. M, . )
for every r,r'eA. It follows that
(6.11) For..cM vy, MO,
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On the other hand, by n° 5.2, we have
(6.12) ¢, =7\F, (mod. 9,)

-1
with A =v,8 2(=")+o.
Now let reA, and suppose that our assertion is true for all r'eA, r'<r. Since

l
{r", ..., r"} is a set of generators of A, r can be expressed in the form r= X nx?
. i=1
with n,eZ,n>o0. Then from (6.10), (6.11), (6.12) we have '

%

H?(i)"i =1 (noF)" = (HA:(';))F, (mod. M,).

Hence, applying the induction assumption on F,eI,, we conclude that F, is a poly-
nomial in ¢®’s with coefficients in C. It follows then by Theorem g that Z(G, U)
is generated over C by ¢ (1<i<!). .

(By the same arguments, replacing F, by § 2(x")F, and C by Z in the above
proof, we can also conclude that, under the condition (5.2), Z(G, U), is generated
(over Z) by ¢ (1<i<!).)

As to Theorem 2, we have to prove the following two statements:

1° Every weQ can be written in the form o =¢, with seX(H)®C.

20 We have o,=w,, if and only if

s’ =ws (mod. 2t M) with weW.
log ¢
To prove 19 let w be any z.s.f. on G relative to U. Let {m", ..., m"} be

a system of generators of M and put Xi=q’“m". Then, by Theorem g, £ can be
identified with the subalgebra of C[XF!, ..., X*'] formed of W-invariant elements.
Since C[X{?Y, ..., X*! is integral over %, the homomorphism & : #—C can be
extended to a homomorphism, denoted again by &, from C[X{', ..., X#'] onto C
([x6], p. 8, Th. 1, p. 12, Prop. 4). Since &(X;) =+ o0, one can put &(X;) =¢% with s5;€C.
Take seX(H)®C suchthat m®”.s =3, (1<i<v). Thenwehave & =&, sothat » = w,.

Proof of 20. For s,s’eX(H)®C, we have w,=w, if and only if ¢(s) =¢(s’)
for all €., or, what amounts to the same by Theorem 3, $(s) = §(s’) for all 3eC[¢"*]".

But this last condition is clearly equivalent to saying that s'=ws (mod. 2t M)
. log ¢
with weW.

§ 7. Homomorphisms.

7.1.  Let G, G’ be two algebraic groups satisfying the assumption (I) with respect
to U, H, N and to U’, H’, N’, respectively. We suppose further that there are
given WcWy, resp. W/ cWy, and their fundamental domains A, resp. A’ (defined
by (3.13)) and that G’ satisfies assumption (II,) with respect to A’. Let A be a
homomorphism from G into G’ satisfying the following conditions (i), (ii), (iii). (In
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this paragraph, it is enough to assume that A is continuous in the sense of the p-adic
topology.)
(i) AH)cH’, AN)cN’, ArU)cU".

Then, since A(H")cH™, A induces a homomorphism

M(ZH/HY) - M'(=ZH'/H™),

which we denote again by A, such that A(f,) =1[,, for all keH.
(ii) A(A)cA’,
(i) U is normal in 2~*(U").

It follows from (i), (iii) that

—1 AN
(7.1) A (U)—méJerc‘“U,
U =Unr" for all meM,,

where M, denotes the kernel of A : M—>M'. More generally, one obtains
LemMa 7.1. We have

(7-2) AU U) = U~ H(U) = U, UgnnU
=271 (U")gU= EM Un"gU (disjoint union).
m A

In other words, we have U’'A(g,)U’'=U'A(g)U’ if and only if we have
Ug,U=Ugr™U(=U=n"gU)

with meM,, where m is uniquely determined by g, g,.

Proof. According to (3.14), one puts g=u,n"u,, g =usm"u,, A(gy) =u;A(g)u; with
U, ..., €U u, u;cU r,r;eA; then one has A(uy)N(7")A(u,) = u(uy) A7) N () u, .
Hence from (i), (ii) and (II,) for G’, one gets A(r,) =A(r), sothat r;=r 4 m with meM,.
Then g =u,n"nt™u, = (uzu; ') g(uy 'n™u,) eUgn™U by (7.1) (and similarly g eUxn™gU).
To show the uniqueness of m, let Ugr®U=Ugr™ U with m, m’eM,. Then we
have Ugn™U=Ugr®Un™ ~®, so that gn™ "™ -™eUgn™U for all [eZ. But this is
impossible unless m=m’, because Ugn™U is compact and {gn™|m,eM,} is
discrete, q.e.d.

It follows, in particular, that in the above notation, if g=g,, we have r=r,,

i.e. G also satisfies (II,).
Now, let ¥=2(G, U), £'=2(G’, U’) and, for 9%, define ¢’€e £’ by

?(@) = [y 2(@)0=_Z (e
(73) p— — m 3 ’ ’ ’
[rop 2= elxg) i geUNQU,
0 if g¢UA(G)U".
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From Lemma 7.1 it is clear that ¢’ is well-defined and belongs to #’. We put
¢’=x"(). The mapping A" can also be defined as a linear mapping % —.%’ such that

(7-4) N'(er) =rg | for all reA.
We now assume further that A satisfies the condition
(iv) AMG). U =U"2A(G).

Prorosition 7.1. Let G, G’ be two algebraic groups over k satisfying (1), (II,) and
let X be a homomorphism from G into G’ satisfying (1), (ii), (iii), (iv). Then

a) X' is a homomorphism (of algebras over G) from ¥ (G, U) into £(G’, U").

b) For «'eQ(G’, U’"), we have o= w'oreQ(G, U) and

(7-5) (9) =6'(N(e)) for all 9e (G, U).
Proof. a) If \'(9,) =0 (i=1,2), we have
(91%05) (M(2)) = [, 9l(M(g)e)) oa(ei ") de;
= [ o) POM@M @) a0 M (g) ) (g,) (by (iv))
= [ PiMg8) 23 2 (8) ) dM(e)
—f(;/x " Mg j )‘Pl(gg1vl)dv1f)\_,(U,)CPz(vx—1g;102)d”2
(by (7.3)),

where the measure on A(G)=G/A~'(1) is normalized in such a way that the total
measure of the open subgroup A(G)nU'Z=A"!(U")/A"'(1) is equal to 1. Hence the
last expression is equal to

—f J Sy ?1(88)Pa(gz ‘0,)dg,dv,
=N"(p, % Po)A(8)-

On the other hand, if g'¢A(G)U’, we have clearly
(% 92)(g") = 7‘*(%* ®0) (&) =o.

b) It is clear that w’o) satisfies the conditions (i), (ii) of z.s.f. If A'(p)=¢’, we
get quite similarly as above

(9% 0) (M) = f (M@)o (8 dg
= A(g81) o' (M(g) ") dMg,)
= o ?(gg1v) oo (gr 1) dM(g,)dv

= | ,2(88) oM (g5 ) dg,

(% (o)) (8).
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Thus we have
p* (w'0n)(g) = (p'* ") (A(g)) = &'(¢") . ©'(M(g)),

which proves (iii) (in N° 5.1). At the same time, (7.5) is proved, q.e.d.

7.2. Isogenies. We first apply the above considerations to the case of a
k-isogeny. Let, as in N° 7.1, G, G’ be algebraic groups over % satisfying (I) and
suppose that G’ satisfies (II,); we suppose futher that G, G’ are connected and
that W=W,, W'=W,,, where A, A’ denote the unique maximal k-trivial toruses
in H, H’, respectively. Let A:G—>G’ be a k-isogeny satisfying (i). Then, A, N
and A’, N’ being the subgroups of G, G’, respectively, corresponding under A, we have

(7.6) A =the connected component of A"'(A’), A’=cl(A(A)),
N =the connected component of A~*(N’), N’=A(N).

From the maximality of U, we also have
(7-7) U=2"%(U).

Thus (iii) is trivially satisfied. Here A : M —M’ is injective, and, by our assumption,
W, W’ may be identified with each other canonically. Therefore, taking a linear order
in M induced from that in M’, we have

(78) A:)‘—l(A,)’

or A=A'nM, when we consider that McM'. Thus (ii) is also satisfied. Therefore,
as we stated in 7.1, G satisfies (II;). Furthermore, it is clear that if G’ satisfies (II),
so does also G.

To proceed further, let us first note that A is not necessarily surjective. In fact,
it is known that A(G) is a normal subgroup of G’ and that G'[\(G) is finite, commutative. ~(This
is true for any isogeny between connected algebraic groups over a p-adic field. See [15],
Prop. 3.) It follows, in particular, that A satisfies the condition (iv).

ProrosiTiON 7.2.  The assumptions being as above, G'[(\(G)U") is canonically isomorphic
to M'/A\(M).

Proof. Since A(G)U’ is a normal subgroup of G’ containing N'=A(N), we have,
by (3.1), G'=H'.A(G)U’. Next, we assert that

H'n (\(G)U’) =A(H)H™.

In fact, let H'n(A(G)U')ak"=A(g)u’ with geG, u'eU’ and put g=uhu, with
heH, u,, u,eU. Replacing & by uhu™"! with ueN(H)n U, if necessary, we may assume
that /,;, l, belong to one and the same fundamental domain w’A’ (w'eW’). Then,
from A =n(u)A(h)A(u)u’, we have r(h’)=r(A(h)) and so [.=l,, i.e. we obtain
k' =x(h)u’ with u”’eH™. This proves the inclusion c; the inverse inclusion is trivial.
It follows that

(7-8) G'/(MG)U") = H'/((H)H™).
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On the other hand, since M=H/H*, M'=H'/H™ and A(H")=A(H)nH", we have
(7-9) H'/G(H)H™) = M']\(M).

From these, we conclude the Proposition, q.e.d.
We denote by E the character group of G’/(A(G)U’) and consider £€E as a function
on G’. Then E operates on ¥'=%2(G’, U’) by

(7.10) (-9)(g") =E(g)-9'(g") for £€B, ¢'e .

The correspondence ¢'—>&¢’ is clearly an automorphism of %’ (as algebra over C).
We denote by Z(G’, U’)Z the subalgebra of £’ formed of all E-invariant elements.
Then we have

ProrosiTioN 7.3. The assumptions being as above, \* is an injective homomorphism
(of algebras over Q) from £ (G, U) into L(G’, U’) and its image is equal to £ (G’, U’)E.

Proof. Since A satisfies the conditions (i)~ (iv), it follows from Proposition 7.1
that A" is a homomorphism. Since A : M M’ is injective, it follows from (7.4) that A" is
injective. Finally, it is clear that an element ¢’ of #(G’, U’) belongs to the image of ",
if and only if its carrier is contained in U’A(G), and this latter condition is equivalent
to saying that ¢’ is invariant under E, q.e.d.

Remark. 1t is easy to see from the definition that

N(Z(G, U)g) =N'(£(G, U))nZ(G/, U')z=(ZL(G', U'))"
On the other hand, E operates also on Q'=Q(G’, U’). Namely, as is easily

seen, for every £e€E, w'eQ’, we have £.w'eQ’ ([22], Prop. 5) (in particular, putting
w'=1 (constant), we have £€Q’). From the definitions, it is clear that

(7.11) &'(89") =€ ' ().
Now, as stated in N 5.3, 5.4, a part of Q' is parametrized by

X(H’)@C/W’.(l—EE M’); for seX(H')®C, denote by w, the corresponding z.s.f.
0g q

on G’. Then we have the following

LemMA 7.2. If E,,|H’<—>sg(mod. 12m M') in the sense of N° 5.4, we have
og ¢

(7.12) 2_1.w;=ws'_+sg.
Remark. This Lemma is valid for any quasi-character £ of G’ which is trivial
on U’ and N'.
Proof. If 8%x<>s, one has
(&) = [ Yule’ 10w
Hence one obtains
£t ol(g) =E(g ™) [ dule’ T u)dw
= [ b’ 1),

259



36 ICHIRO SATAKE

1
because E(U’)=E(N')=1. As E<>s;, one has d%af<>s+s;. Hence the last

’

expression is equal to o, +,Z(g’), q.e.d.
By (7.11), (7.12) is equivalent to
(7-13) £.9'(s) =¢'(s+sy)-

Next, let us consider the correspondence Q'sw’ —>w=w'oAeQ more closely. Let
Ap t H>H’ be therestrictionof A on Hand %y : X(H') >X(H) its““dual ”. Then \yis
injective, with finite cokernel, so that it can be extended canonically to an isomorphism

X(H)®C - X(H)®C,

which we denote again by ;. Since we have y(M’) cM, it induces a homomorphism

from X(H)®C/W'. (l"“—’ M) onto X(H)®C/W. (ﬂ“— M) We now assert that the
log ¢ log ¢
following diagram is commutative:
Q Q’

(7-14)

X(H)®C/W. ( 2mt 1\71) « X(H)®C/W'. (ﬂ“_ M)
log ¢ log ¢

Namely we shall prove the following
Lemma 7.3. If seX(H)®C, s'eX(H)®C are such that s="24(s'), we have

(7-15) 05 = 0, 0M,
or equivalently, by (7.5),
(7.16) $(s) =No(s") for all pe£(G, U).

Proof. In view of (6.3) and the relation m.s=2A(m).s’' (meM), it is enough

to show that we have

~ )\(m))

To(m™) =0y (m for all r, meM.

By (6.8) and by the coincidence of 3 for G and G’, this is equivalent to
# (U\(Un'UnUr"N)) = # (U'\ (U'=" U’ AUz N")),

which can be proved as follows. From Lemma 7.1, we have A~ (U'r*?U’) = Un'U.
Since N’=A(N)cA(G), it follows that

A(@™N) A U'mOU’ =A(="Nn Ur"U).

260



THEORY OF SPHERICAL FUNCTIONS 37

This shows that the mapping
U\ (UrUnUnr™N) — U\(U'm*? U’ A U'r*®@N")

defined by Ug—>U"A(g) (gem™NnUn"U) is surjective. It is also injective because of
the relation (A(x™)N’)nU’=A(="NnU). This proves our assertion, q.e.d.
The formula (7.16) implies the commutativity of the diagram

2(G,U) s 26, U
(7.17)

Q" — Y,

where the second horizontal homomorphism is defined by the correspondence g™* — g™,

Finally, let us suppose that G’ (and hence also G) satisfies the assumption (II).
Then it follows that the mapping Q< Q' in (7.14) is surjective and that we have
oA =m0k for o[, w,cQ’ if and only if w;=E&.w, with £€E. In fact, the “if” part
being trivial, suppose that ;oA =w; o\ with s, s,eX(H)®C. Then, by Lemma 7.3,

2t M), and so slzsz(mod. W', EE‘A;,’(M)).
log ¢

we have Ag(s,) =2y(s,) (mod. W.
log ¢

On the other hand, by virtue of Proposition 7.2, we have

A A l A
(7.18) ‘)\gi(M)/M'=3 Zif s¢(mod. MI') [£€E |-
Hence it follows that s,=s,+s; (mod. W'.12m M’) with £e€E, and so, by
og ¢

Lemma 7.2, o, =E£'.w,, which proves the “ only if ” part. Thus Q can be identified
with Q’/E. Summing up, we obtain

THEOREM 4. Let G, G’ be two connected algebraic groups over k satisfying assumption (I)
with respect to U, H, N and to U’, H', N', respectively, and let \ be a k-isogeny from G to G’
such that N(H)cH’, \(N)cN’, A(U) cU’; suppose further that G’ satisfies (II) (with respect
to W =W,,). LetZE be the character group of G'|N(G)U’ (which is a finite commutative group).
Then, G satisfies also (II) with respect to W=W, and the linear order in M induced from that
in M'; and

a) E operates on L(G’, U’) by (7.10), and L (G, U) can be identified with £ (G’, U")=
by the mapping \* defined by (77.3). Moreover the diagram (7.17) is commutative.

b) E operates on Q(G’, U’) similarly, and Q(G, U) can be identified with Q(G’, U’)[/E
by the mapping Q(G’, U)s 0’ —>w'oheQ(G, U). Moreover the diagram (7.14) is commutative.

Remark. Supposing only that (II,) and Theorem g (hence also Theorem 2) hold
for G, U’, instead of assuming the assumption (II) for G’, in the above theorem, we
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can conclude that Theorem 3 for G, U, as well as the statements @), ), hold. In fact, in
view of the diagram (7.17) and Proposition 7.3, it is enough to show that Z(G’, U")=
and C[¢*™*]"" are corresponding under the isomorphism #£(G’, U")=C[¢"¥*]V.
But this follows immediately from (7.13) and (7.18).

7.3. As asecond application of N° 7.1, we consider the case where A is injective.
Namely, let G be a k-closed subgroup of G’ (both satisfying (I)), and suppose that
A=identity satisfies the conditions (i), (ii). Then, again from the maximality of A, N, U,

we get

(7.19) A =the connected component of A'nG,
N=N'nG, U=U'nG.

Thus (iii) is trivially satisfied. It follows that, if G’ satisfies (II,), so does also G.
On the other hand, since H*=HnH"™, A:M-—->M’ is injective, and by what we have
stated in N° 3.4, 3°, it can readily be seen that

(7.20) A=AnM.

Therefore, it is clear that, if G’ satisfies (II), so does also G (with respect to the
induced linear order in M).
Now, it is known (cf. No 8.2) that G’ =GL(n, k) satisfies the conditions (I), (II)
with respect to
H =A"=D(n, k), N =T%n,k),
U’ =GL(n, o),
W’'=@&, (symmetric group of = letters);

in this case, M’ is canonically identified with Z", and, taking the lexicographical linear
order in M’, we have
AN={m=m)eM'|m>...>2m,}.

For GcGL(n, k), put U=GnGL(n, 0). Then, the conditions (I) for G, U
and (i), (ii) for A=identity can be stated as follows:

(I") There exist, in G, a connected k-closed subgroup A contained in D(n, k) and a k-closed
subgroup N contained in T"(n, k), normalized by A, such that we have G=U.AN=U.A.U.

(I1") There exists a subgroup W of W, such that every weW can be written in the
Jorm w=uw, with ueN(A)nU, and that, for m=(m)eM (CZ") with wm<m for
all weW (with respect to the lexicographical order in Z"), we have m,> ...>m,.

Therefore, from what we have stated above, we obtain the following:

THEOREM 5 [19]. Let G be a (connected) k-closed subgroup of GL(n, k),
U=GnGL(n, 0), and suppose that G, U satisfy the conditions (I'), (I1"). Then Theorems 1,
2, g hold for G, U.

Asisseen from (7.20) and N°6. 2, the connectedness assumption on G is unnecessary.
Theorem 5 can be applied, for instance, to SL(n, k), Sp(n, &), SO(n, k, S), taken in a

suitable matricial expression.
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Example. SO(n, k, S). By definition,
SO(n, k, S) ={geGL(n, k) |'gSg=S, det g=1},

where S is a non-singular symmetric matrix of degree n. By a theorem of Witt, S can
be transformed into the following form

0 0 t\}v
S={o S, 0}n,, n=mny+2v,
t 0 o/}v

o 1
L= ( .t ) » 8o =symmetric matrix of degree n, corresponding to an * anisotropic
1o quadratic form (i.e. for xek™, ‘*Syx=o0 implies x=o0).

Then, from the theory of maximal lattices (cf. § 9), it can be verified that
G=S0(n, k, S) satisfies (I"), (II"). But, if we consider the group of similitudes with
respect to S instead, it appears that (I") is not always satisfied.

Remark. Proposition 7.1 cannot be applied, unless the condition (iv) is satisfied.
It can surely be applied to SL(n, £), and more generally to the situation considered in
Proposition 3.2. In these cases, Lemma 7.3 (i.e. commutativity of the diagram (7.14))
can also be proved.

7.4. Finally we apply our considerations in N° 7.1 to the situation considered
in Proposition 3.3. Namely, let G be an algebraic group over £ satisfying (I), (II,)
with respect to U, H, N, WcWy, let Z be a £-trivial torus contained in the center of G
and put

(7.21) G=G/z, U=(HU)/Z, H=H/Z, N=2ZN/Z,

H, being defined by (3.7). Suppose that H, normalizes U. Then G satisfies (I)
(Proposition 3.3). We now prove that G satisfies also (II,). In fact, put

(7.22) My={meM|xm=I, for some x€Z, zeZ}.

Then, M,~H,/H" and so M~H/H*~H/H,~M/M,. Since W operates trivially
on M,, the fundamental domain A consists of cosets modulo M,, and A=A/M, is
clearly a fundamental domain, in M, of the group WcW; (W=W) determined by W
in a natural way. (More precisely, we may assume, without any loss of generality,
that the linear order in M defining A is * adapted ” to M,, i.e. satisfies the condition
that, if m, m’'eM, m¢M,, m>o0, m=m’'(mod. M,), then m'>o0. Then, the linear
order in M induces in a natural way that in M= M/M,, and the fundamental domain
of W defined by the latter is precisely A.) Then, it is clear that

G= U TUrU (disjoint union),

reA

which proves our assertion. It is also clear that, if G satisfies (II) (with respect to a
linear order in M adapted to M,), so does also G (with respect to the * induced *’ linear
order in M).
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Now, call A the canonical homomorphism G—+G =G/Z. Then, by our assumptions,
) satisfies the condition (i)~ (iv) (U’, H’, N’, A’ being replaced by U, H, N, A, respec-
tively). We note that, in the notation of N° 7.1, we have A~}(U’) =H,U, M, =M,.

PROPOSITION 7.4. The notations and assumptions being as above, N is a surjective
homemorphism (of algebra over C) from £ (G, U) onto #(G, U), and its kernel is equal to the
tdeal generated by cy—cy (meM,), or, what amounts to the same, by co— cpi) (1<I<yy),
{m®, ..., m"} (vy=rank M) being a system of generators of M,.

Remark. It is easy to see that A'(Z(G, U)p) =2(G, U),. Therefore, by this
proposition, #(G, U), can be identified with the factor ring of #(G, U), by the ideal
generated by ¢,—c¢, (meM,).

Proof. The first statement is a direct consequence of Proposition 7.1, (7.4) and
what we have stated above. To prove the second, choose a system of representatives {r}
of A/M,. Then every ¢eZ(G, U) can be written uniquely in the form

(723) ¢= % % 7‘1',1110r+m

r:A/M, meM,
with A, ,€C, and we have

7‘*((9)= pX ( =z 7‘r,m) Cam) »

r:A/M, meM,
Therefore, we have 2’(¢) =o, if and only if
(7-24) L ym=0

meM,
for each r. On the other hand, from our assumption on H,y, we have )
Co% G = Cn* € =0y for all reM, meM,,
Hence, putting ¢”=cy@», we have, for m= Ei:n,-m(‘),
Grm= ()" (),

(¢ denoting the n-th power of ¢ with respect to the convolution. Thus our
assertion on the kernel of 1" is reduced to the following, easy, purely algebraic lemma:
LEMMA 7.4. Let

o(X) = > A Xy XweCIXEY, ..., X3

M1y ey Ny

Then, we have 2 L
s Ny

Ny, o

, =0, if and only if ¢ belongs to the ideal generated by 1—X,; (1<i<v).

s

Now assume that G is connected and satisfies (II) and consider the relation
between Q=Q(G,U) and Q=Q(G, U). By Proposition 7.4, Q can be identified
with the subset of Q formed of all weQ satisfying the condition

O (cg—¢Cy) =0 for all meM,,

or equivalently, if we write © =, with seX(H)®C,

Tn(s)=1 for all meM,.
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Now, from (6.3), we have
Cp(s) =g—™* for meM,.

In fact, from the definitions, we have 8’4%(7:"‘): 1 for meM,; and if ™ NaUr®U<%e
for meM,, m’eM, we have (™ "™N)nU=+¢ and so m'=m (N° 3.4, 19). Hence
by (6.7) we have

if m'=m,
{o if m'+m,

which proves our assertion. It follows that, for w,eQ, we have w,eQ, if and only if

(7.25) m.s=o0 (mod. 2t Z) for all meM,.
log ¢

This result can also be obtained from the commutativity of the following diagram:

Q <« Q

X(H)®C/W. (ffi M) « X(H)®C/W. (ﬁﬁ f/l)
log ¢ log ¢
which can be proved quite similarly as Lemma 7.3. Thus we obtain
PrOPOSITION 7.5. Let the notations and assumptions be as stated at the beginning of
the paragraph, assume further that G is connected and satisfies (I1) with respect to W cWy and
a linear order in M adapted to My. Then, G =G|Z satisfies also (1) with respect to W =Wg
and the induced linear order in M=M/|M,; and Q can be identified with the subset of Q formed
of all w, such that

m.s=0 (mod. 2 Z) Sor all meM,.
log ¢

Moreover, the diagram (7.26) ts commutative.
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Cuarter II1
CASES OF CLASSICAL GROUPS

§ 8. Cases of GL(n, &), SL(n, & and PL(n, K).

8.x. Theory of elementary divisors. Let & be a central division algebra of degree d
over k. The unique maximal order and its unique (two-sided) prime ideal are denoted
by O, P=(II), respectively, II denoting a generator of P. As is well-known, we
have pO=P? N(P)=p, N denoting the reduced norm of K/k.

Let V be an n-dimensional right vector space over & A subset L of V is called
an O-lattice, if L is a finitely generated (right) O-submodule of V such that LR=V.
For any subset X and an D-lattice L in V, we put

(L : X) = Min {ordgf | Ee &, XECL}.

An element x of V is called * primitive ” in L, if (L : x) =o.
Then the following statements are fundamental (see, for instance, [6]):
(E,) For any O-lattice L in V, there exists a basis (e,, ..., e,) such that

8.1) L=3 0.
. =1

Remark. As ¢,, we may take any primitive vector in L. It follows that the group
of units U (relative to L) operates transitively on the set of all primitive vectors in L.
(E,) Let L, L’ be two O-lattices in V.  Then there exists a basis (e,, . . ., e,) of V such that

L = Z eiD Py
8.2 i
( ) L = E eiglgri

with r,>...>r,. The ordered set of integers (r,, ..., r,) is uniquely determined, independently
of the choice of the basis (e, ...,e,).
We call (r,...,r,) the (exponential) elementary divisors of L’ relative to L and
denote it by e(L’:L):
e(L':L)=(r,, ..., 1,).

Remark 1. We have
(8.3) (L':L)y=r, (L:L)=—r,.
Remark 2. As e, we may take any vector such that (L:¢)=o, (L' :¢)=r,.
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8.2. Proofs of (I), (II) for GL(n, R). We now fix an O-lattice L in V and a basis
(¢ -..,e, of V satisfying (8.1) once for all, and set as follows:

G =the group of all (non-singular) K-linear transformations of V
=GL(n, R),

U ={ueG|uL=L}=GL(n, D),

H ={heG|he;=ek; with Ee (1<i<n)}

=D(n, ]) = (K",
N={neG[ne,i=q,-—l—.z<:.ei£ﬁ with £,eR (1<i<n)}
i<t
=T"(n, R).

Then, it is clear that G may be viewed as a connected algebraic group over %,
of which U is an open compact subgroup, H a connected £-closed subgroup consisting
of only semi-simple elements and N a £-unipotent subgroup normalized by H.
Moreover, the center of H is equal to A=D(n, k) and we have H=Z(A). The
condition (g.2) is obviously satisfied.

Now systems of generators of Y =X(A) and of X(H) are given, respectively, by

(8.4) 7, : Asa=diag.(§) — &, (1<i<n)
and by
(8.5) ¥ : Hakh=diag. (&) — NE, (1<ign),

N denoting the reduced norm of K/k. Here N is surjective, so that H satisfies the
condition (N). We have y,=dy, on A. Hence, if we identify ¥ with Z" by means
of (v, ...,m, and if we consider as YcMcX(H)cQ" we have

(8.6) M =X(H) =-Z"

For m=(m,/d, ..., m,[d)eM, we put
(8.7) n™ =diag.(II™, ..., II"»).

This notation is concordant with that introduced in N° 2.3.

It is clear that (in the notation of N° 3.4) we may take, as a group W, the symmetric
group &, of n letters, operating on M as a group of permutations of the coordinates.
Then, taking a lexicographical linear order in McQ” we have

(8.8) A={meM|m>...>m,}.

Applying (E,) to L'=gL, we see that we have geUn'U with reA, if and only

if e(gL:L)=dr. (e(gL:L) is called the * elementary divisors ” of g relative to L).
Therefore we have

G= U UrsU (disjoint union).

reA
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This proves G=UHU and (II,) with

I
(8.9) r(g) =7¢(gL : L).

We now give proofs for the remaining parts of the assumptions (I), (II).
Proof of G=U.HN. Let geG and put (L:ge)=—m,. Since U is transitive
on the set of all primitive elements in L, there exists ueU such that ge, Il ™ =ue,.
This means that we have
g=u(l'[’”‘ *)
o &

where g, is (a matrix of) a linear transformation induced by g on V/e, & (with respect
to the basis (¢, ..., ¢,)(mod. ¢R)). Therefore, by induction on n, we get the assertion.

Proof of (3.16). Let g=="n with m= (mJd, ..., m,/d), neN, and let
r=r(g)=(n/d, ...,r,/d). We have to prove that r>m. First, since (gL:L)=r,,
we have ¢II"egl;; on the other hand, ge,=e¢,II™ is primitive in gL.. Hence one
gets r,>m,. If r,=m,, it follows from Remark 2 to (E,) that there exists a basis
(€5 €35 - - -5 €,) of V such that

L=e9+ 3 4D,

gL=eP"+ ;26;5]3"‘-

This implies that, if we put g=( l *), the elementary divisors of g, (relative

o &4
to L=L/¢D) is given by (r, ...,7,). Hence, if one proceeds by induction on 7, one
gets (fyy ..y 7,)=(my, ..., m,) by the induction assumption, q.e.d.

Remark. If r=m, we see from the above proof that the ¢; may be chosen in

i-1
such a way that ¢ = ¢,(mod. % ¢,0). Itfollows that we may write g=un" with ueUnN.
In other words, we get =
TNnUn'U=(UnN)=".

This proves that the additional condition (5.2) is also satisfied. (Hence the same is
also true for any algebraic group GcGL(n, k) satisfying (I"), (II") stated in N° 7.3.)

8.3. Itis now established that all results in §§ 5-6 can be applied to G =GL(n, K),
U=GL(n,D). We shall determine here the isomorphism Z(G, U)=C[¢**]¥ more
explicitly. We identify X(H)®C with G" by means of the basis (y;, ..., %,). Then it

is clear from the definition that for m=(m,/d, ..., m,[/d)eM,s=(s;, ..., s,)eX(H)®C,
we have

(8.10) m.s=§1mis,..

On the other hand, it can readily be seen that for % =diag.(£)

(8.11) S(h) = ﬁ IN(E) I(;l+1—2i)d.
i=1
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1
Therefore, if 32« <> s in the sense of N° 5.4, we have

n i_’il
a(h) = T NG O,
or equivalently,

(8.12) (™) =q—2mi(si+ (s %_1)‘1) .

1

Now, C[¢"*]V is the algebra of all symmetric Fourier polynomialsin ¢+, ..., g% .
It is therefore generated over G by the fundamental symmetric polynomials

Fuo(s)= X —(sj o t8y) <x<
il )( ) i1<...<iuq (I % n)
and F,m(s)"!=¢%, where
8.1 r(“)_——(l,... f,o,...,o).
(8.13) p '

Putting ¢™ =¢,9, we have the following relation
~ 1 ®(n—x)d
(8.14) ¢¥ =gq2 Fix.

In fact, if in (6.6) T™(x)*0 with r=(r,/d)eA, we have by N° 6.2, r<r®,
Zr;=x, but this is possible only for r=r™. Hence by (6.8), (5.2), (8.11), we have

1
Su(n—x)d (
e for r=r%,

~) ‘8”% o
0 () = | 372 =
0 for r+r™,

which proves our assertion. Thus, as a special case of Theorem 1, we obtain the following

TueorEM 6 (). Let G=GL(n, &), U=GL(n, O), where K is a central division algebra
over k and O is the maximal order in R, and let ¢*) be as defined above. Then £ (G, U) is isomorphic
to the polynomial algebra C[X,, ..., X, _,, Xt by the correspondence ¢ —X; (1<i<n).

As remarked after Theorem 1, we can also conclude that £ (G, U), is a polynomial
ring Z[cY, ..., ", f0E),

8.4. Groups isogeneous to SL(n, ]). The notations being as before, we consider
first the case of

G =PL(n, &) =GL(n, &)/Z,
where
Z ==the center of GL(n, &) ={£1,|Eek’}.

In the notation of Proposition 3.3 and N° 7.4, one has
(8.15) H,={diag.(§,, ..., £,)|§eR’, ordgy¥,= ... =ordg,},

which surely normalizes U. Therefore, by Proposition 3.3, we see that G satisfies
the assumption (I) with respect to

(8.16) U=(H,U)/Z, H=H/Z, N=NZ/Z.

(1) TLis result was first obtained by Tamagawa [23] by a different method.
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Moreover, denoting always the things relative to G by the corresponding symbols
with bar, we have

¥ =X(&) = (S| Sm o} ¥,
8. _ (2 1
(8-17) X(H) = {Zm,y;| Zm; =0} cX(H),

M=M/M,, M,= ?Il,(m, ooy m)|meZi-

If we take, as W, the group induced by W=®&, on M, and, as the linear order
in M, that induced from the lexicographical order in M, we have

A=A/M,.
Thus the assumption (II) is also satisfied.
Moreover, X(H)®C may be identified with the linear subspace
{s=0(5-. Sn)|25¢=0}

of X(H) ®C=C" and if we denote by m the class of meM=%Z” modulo M,,

m.s (meM, seX(H)®C) is given by the same formula as (8.12). On the other hand,
we have §(n™) =38(x™), and «(x®)=a(x®) for all aeHom(H/H", C')=Hom(H/H,, C").
Now, by Proposition 7.4, we have

(8.18) Z(G, U)=Z(G, U)/(co—¢");
by Theorem 6, this is isomorphic to
ClXy, v Xy, X57]/(1—X,)
=CX,, ..., X, 4]

by the correspondence ¢ =¢u—X; (1<isn—1).

Now we have X(G) ={N}, Ndenoting the reduced norm of M, (RK)/k, and it
is known that all (connected) algebraic groups isogeneous to PL(n, &) are given by

(8.19) G ={(g, £) eGL(n, &) x ¥’ |N(g) =" }/{ (Ex,, E") |Eck}

where r is a positive integer dividing nd. Applying Propositions 3.1, 3.2, 3.3 and
No 7.2, one sees at once that all these groups satisfy (I), (ITI) with respect to the maximal
compact subgroups

* * d *
(8.20) UMW={(E1,.u, n)|EeR’, ueU, nek, ord%5=;ordpn}/{(£ln, £ |Eek’}.
In particular, we have
GY=G'=SL(n, &) ={geGL(n, &) |N(g) =1}
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Denoting always the things relative to G" by the corresponding symbols with superscript®,
we have

HY=HnGY={h=diag.(&)| H N() =1},

A% = (the connected compone;lt of AnGWY) ={a=diag.(£) | I1§,=1},

Y =X (AY) = Y/Z(Sn), '
(B.21)  X(HY)=X(H)/Z(Zy),

M® —{m — (m/d)eM|Zm, o},

WW = (restriction of W1= S, on MW),

AV =AnMW.
X(H")®C may be identified with the factor space

X(H)®C/(2y)C=C"/{(s, ..., 5)|scC};

and if we denote by s the class of seX(H)®C modulo (Zy,)C,
m.s (meM%, seX(H")®C)

is given by the same formula as (8.10), and formulas (8.11), (8.12) remain true
for h, 7™eHY,

From the results in § 7 (Th. 4, Rem. in N° 7.3, Prop. 7.5), the following diagram

1S commutative
Q.(l) ~€ /
\Q

C"/{(S,...,S)} {(‘ﬁ"":sn),?si:o}

\

e

(8.22)

Cn
Finally, let A be the canonical isogeny G"” -G, and put

E, =character group of G/A(G")U.

_rl
We have A(G")U=(N"}4").H,U)/Z, and it is easy to see that, for geG,

~ nd ~
we have geN~'(£"").H,U, if and only if ord,N(g) =o(mod. %,), where x,= (n, ndr).

It follows that E, is a cyclic group of order x,.

By Theorem 4, we see that the natural mapping Q(G", UM« Q(G,U) is 1:%
and that £(G", U”) can be identified with the subalgebra of Z(G, U) formed of
all E -invariant elements. Under the Fourier transformation, this subalgebra corresponds
to the algebra formed of all symmetric Fourier polynomials in ¢*% consisting of
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only terms of degree divisible by x,. This means that, under the isomorphism
Z(G, U)=C[X,, ..., X,_,] stated above, Z(G", U") corresponds to the subalgebra
formed of all polynomials in X, ..., X,_, consisting of only terms of weight divisible
by %,. Thus we have proved

THEOREM 7. The notations being as above, £(G,U) is isomorphic to the poly-
nomial algebra C[X,, ..., X, _,] by the correspondence ¢ —~X,. Under this isomorphism,
ZL(G", UMY  corresponds to the subalgebra formed of all polynomials having only terms of
weight divisible by the greatest common divisor of n, nd|r.

In view of Remarks after Propositions 7.3, 7.4, we see also that
)z=2Z[W, ...,c" Y] and that L(G", U"), corresponds to the subring of
)z formed of the polynomials of the type described in the above theorem.

Z(G,U
ZG,U

§ 9. Cases of groups of similitudes (‘).

9.X. Theory of elementary divisors. We treat the following five cases simultaneously:

(O) the case concerning a quadratic form,

(Sp) the case concerning an alternating form,

(U) the case concerning a hermitian form,

(U*) the case concerning a quaternionic hermitian form,

(U~) the case concerning a quaternionic anti-hermitian form.

For proofs of the results in this paragraph, see [g9], Ch. II, § g for (O), [2x], § 1
or [5] for (Sp), [5] for (U), [21], § 3 for (U™), [24] for (U™) (%).

Let K be equal to £ in the cases (O), (Sp), a quadratic extension field of %, of
ramification exponent e, in the case (U) and a (unique) central quaternion division
algebra over £ in the cases (U™), (U7). We denote the (unique) maximal order in K
and its prime ideal by O, P=(II), respectively.

Let V be an n-dimensional (right) vector space over K with a non-degenerate
bilinear (resp. sesquilinear) form < > of the following type:

symmetric bilinear form in the case (O),
alternating bilinear form in the case (Sp),
hermitian sesquilinear form in the cases (U), (U*),
anti-hermitian sesquilinear form in the case (U™).

Let v be the Witt index of V and put n=mny+2v. A system of vectors {¢,, ¢ (1<i<v)}
in V is called ¢ canonical ”, if the following conditions are satisfied

<e;, > =3, <e;,e>=<e¢

]

€>=0 for all i, ;.

i ¢

(1) For the fundamental concepts on quadratic forms, hermitian forms, etc., and the corresponding classical
groups, see [2], [8], [9]. Cf. also [25].

(2) Though these references still do not cover the results in full generality, it is not difficult to complete
them, e.g. by generalizing the method in [9]. The author should also mention that the main idea in this section
has been given by Tamagawa through several lectures at University of Tokyo in 1960.
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For an D-lattice L in V, we define its (exponential) norm n(L) as follows:
(9.1)

Minjordp(_l_<x, x>) IxGLE in the case (O),
2
Min{ord,<x, y>|x, yeL} in the case (Sp),
n(L) = [£2]
Max{l|<wx, x>ep" ¢, <x, y>eP forallx, yeL} in the case (U),
Min{ordy<x, > |x, yeL} in the case (U™),
Max{l|<x, x>e(P)~ for all xeL} in the case (U™),

where P2 is the different of K/k in the case (U) and (P)~ ={—E|£eP'}(€ =conju-
gate of &) in the case (U™). (Note that, in the case (U), if ¢=1, the conditions

148
« <z, x>ep[+7] for all xeL ” and “ <, y>eP' for all x, yeL > are equivalent,
while, if e=2,3=1, the second condition implies the first.) An D-lattice L is called
maximal, if it is maximal among the D-lattices in V with the same norm.

Now the following results- are known:

(E,) For any maximal O-lattice L of norm [ in V, there exists a canonical system
{e;, ¢ (1<i<v)} such that

(9.2) L=3 0+ 2 P +1Y,

where LY is the unique maximal O-lattice in Vo= (Ze,K +2e/K)L (L denoting the orthogonal

complement) of the smallest possible norm >1.(n(LY) =1 or [41.)
Remark 1. We have dim V,=n,<4 for (O), =o for (Sp), <2 for (U), <1 for (U")
and <3 for (U7); and LY is defined as follows:

(9.3) Lg’={ero|g<x, x>ep', for (O)
resp.<x, x> 2 fi
p-<x, x>ep- ¢ 7, or (U)
[H—_l]
resp.<x, x>ep' 27, for (U*)
resp.<x, x>¢(P) 7} for (U7).

Remark 2. As e, (resp. e, ¢]), we may take any primitive isotropic vector in L
(resp. any pair of isotropic vectors e;, ¢; such that <e;, ;> =1, (L :¢;) =0, (L :¢) =1).
It follows that the group of units (group of linear transformations leaving < > and L
invariant) operates transitively on the set of all primitive isotropic vectors (resp. of
all pairs of isotropic vectors satistying the above conditions).

(E;) Let L, L' be two maximal O-lattices in V, of norm [, I', respectively. Then there
exists a canonical system {e;, e (1<i<v)} in V such that

(0-4) L=2 a0+ ap+Ly,
L= 3 o+ 2 =nit L)
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I
2
independently of the choice of the canonical system {e;, ¢;}.
We call (r,, ...,r,) the elementary divisors of L' relative to L and denote it
by e(L’:L).
Remark 1. We have

(9-5) (L' :L)y=r, (L:L)=r+I—L.

with r>...2r,2—-('—1). The ordered set of integers (ry, ..., 1,) is uniquely determined,

Remark 2. As e; (resp. e, ¢{), we may take any isotropic vector such that
(L :e) =o0, (L' : ¢;) =r; (resp. any pair of isotropic vectors e, ¢; such that <e,, ¢;> =1,
(L:e)=o0, (L :ey)=ry, (L:e) =1l (L' :¢) ==1'"—m).

9.2. Proofs of (1), (II) for groups of similitudes. 'We now fix any maximal O-lattice L
in V and a canonical system {¢;, ¢/ (1<i<v)} satisfying (9.2) once for all; we take
furthermore a basis (f;, ..., f,) of Ly and understand that a K-linear transformation
of V is represented by a matrix, whenever necessary, with respect to the following basis of V:

(€15 + v sy f1s v v s Sus oy oo vs8).

In the following, we make a convention that the index i always ranges over 1, ...,v.
Let us set as follows:

b

G=the group of all *“ proper *’ similitudes of V with respect to < >

=the connected component of {geGL(n, K)|<gx, gy>=u(g)<x,y> for all x, yeV}
(u: G —k is the ¢ multiplicator ).

Remark. The group of all similitudes is already connected except for (O) with n
even and for (U™). For these cases, proper similitudes are defined by the condition

det(g) = u(g)? resp. ﬁ(g) =u(g)" N denoting the reduced norm of M, (K)/k.
(9-6)

' o O B
U={ueG|uL=L}——=SueG]u, u el O O P,
( PO /]

H={heG|he,=¢t;, he;=¢E; with £, £ eK}
—{h=diag.(&;, ..., & ko, By Y, - ., Eeb 1Y) |Ei€KT, Egek’, hyeGy with pg(hy) =&}
NS (K')' <k if ny=o,
TH(K) X Gy if 7> o,
G, =the group of proper similitudes of V,
( pwo=multiplicator of G, )

N:GnT"(n,K)—{n——( 0 :\1 b eG}.

|
| 10 NI
N

2.4
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It is clear that U is an open compact subgroup of G, H a connected k-closed
subgroup of G consisting of only semi-simple elements and N a k-unipotent subgroup
normalized by H. Moreover, the center of H is equal to

(9.7) A =the connected component of GnD(n k)
={a=diag.(§, ..., &, Eoln,s EPETY ..., EEt )& Eo"fk*},
where (and henceforth) we put
_ |1 if ng=o,
) |2 if ny>o0;
we have also H=7Z(A).
Now systems of generators of Y=X(A) and of X(H) are given, respectively, by

7t Asa — (1<igy),
.8
(9 ) No= (2)p' a—égo
and by
¥ : Hah —> NE; (1<igv),
pih—E except for (O), n: odd,
(9.9) to=11
0 Z* for (O), n: odd,

N denoting the reduced norm of K/k.

Proof of (3.2). One has H*ZW xXGj, U denoting the group of units in K’
and G{={hyeGy|ord,w(ky) =0}. From the uniqueness of maximal lattice of a given
norm in V,, it follows that %,eG} leaves L invariant, so that we have H"cU, as
desired.

We denote by 4 and e the degree and the ramification exponent of K/k,
respectively, i.e.

d=e=1 for (O), (Sp),
d=2, e¢=1o0r 2 for (U),
d=e=2 for (U*), (U7);
and define d,, ¢, (¢, dividing d,) as follows
J— { (2) except for (O), n: odd,
T for (O), n:odd,
(9.10)

2
ord,u(G) = ord,u,(G,) = (B—O)Z.

Since we have y;=dn, (1<i<v) on A, it follows that, if we identify ¥ with Z’+1
by means of (%, ...,n,7,) and if we consider as YcMcX(H)cQ’'*!, we have
M= iz“ % eiz,
(9.11) . IO
X(H)= :1Z X Z Z.
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For m=(me, ..., m[e, mle)eM, we put
w_ | diag.(II™, .. TI™, m™II~™, ... ¢"™]I1~™) if n,=o,

(9.12) = e m = o :
diag.(II™, ..., II"™, o™, uy(o)™II™™, ..., go(=)™I~™) if n,>o,

where @ denotes an element of G, such that ordu,(s)=2/¢. This notation is
concordant with that introduced in N° 2.3.

Now, except for the case (O) with n==2v (which will be treated separately in N°g.5),
it can readily be seen that one may take, as W (operating on M ={m = (m,/e, my/e,) }),
the group generated by all permutations of (m,, ..., m,) and by the automorphism
w (1<i<v) defined as follows:

€
(9-13) w“=§ =)™
(mi—m; (i)

Then, taking a linear order in M induced from the lexicographical linear order in Q
through the injection

Mam_,(ﬁ, L @m m <2)'"o_'_n_1)e¢v,
e e ¢ e ' e
we have
7 2)e
(9.14) A= r=(J, _9)|r,.,rer,r1>...>rv>_)_r0,
\ e ¢ 2 ¢,

Now applying (E,) to L’=gL, we see that, except for the case (O) with n=2v,
we have geUn'U with r=(rje, r,/e,)eA, if and only if e(gL:L)=(r, ...,r,) and
ord, u(g) = (2)/é5.7o.

Therefore we have
G=rgAU-r:’U (disjoint union).

This proves G=UHU and (II,) with
I 1
(9.15) r(g) = (e(el : 1, yordu(e)).

Proof of G=U.HN. If v=o0, we have G=H, and our assertion is trivial.
Let v>1. Let geG andlet (L: g¢) =—m,. Then ge,II™™ being a primitive isotropic
vector in L, one can find ueU with p(z)=1 such that ge,II7™™ =ue,. Then, since
we have <u~!gr, e,>=u(g)<x,e>I"™ =0 for all xe(¢,K)L (= orthogonal comple-
ment of ¢,K), we see that «~'g is of the following form
™ % *
ug={o & *
o o p@I™

where g, is a similitude induced by g on (¢,K)1/e,K (with respect to the basis (e,, ..., €)
(mod. ¢,K)). Hence our assertion follows from an induction on v.
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Proof of (3.16). Let g=="rn with m= (me, myfe)eM, neN and let
r=r(g) = (;/e, 1o/e,)-

We have to prove r>m. First it is clear that 7,=(¢/(2))ord,u(g) =m,. Hence,
if v=o0, the assertion is trivial. Let v>1. Since (gL :L)=r,, we have ¢II"egL;
on the other hand, ge;=¢II™ is primitive in gL. Hence we get n>m,. If r,=m,,
we have (L:e¢)=o, (¢L:¢)=r, and hence, by Remark 2 after (E,), there exists
an isotropic vector e’ such that <e;, ¢{'> =1, (L:¢ )=/, (gL :¢{) =Il+4eord, pu(g) —r,.
We now assert that, for any isotropic vector ¢;” with the properties <e, ¢;"> =1, (L : ¢;") =/,
one can find ueUnN of the form

I * *
u=|o0 1,_, *
o o I

such that we;=e,, ue;=¢/’. In fact, put

e =e,atef+w  with a, BeK, we(e, K +¢K)L
Then, from the conditions on ¢;’, we have =1 and « +a-+<w,w>=o0. It follows
that the K-linear transformation # defined by

\ e —>e¢;
u: e —e'

x—>—e<lx,w> +x

meets all our requirements. Now, if we put ¢ =g l¢'u(g)lI"", we have
<ey, e >=<ge,e>M"=1 and (L:¢)=(gL: e;')+r,—e.ord,u(g) =1, so that, by
the same reason as above, one can find u’eUnN of the same form as u such that

’ 1 T
ue=e=g"ell",
rt gttt =110 —r
we=e" =g e'u(g) 17"

I = *
Therefore, if we put g=|{ o g * , we have
o o p(gl~n
In" o o
ulgi'= o g o

o o w(gl"

It follows that r(g)=r(u"'gu')=(ri/e, 7(g1)), and, by the induction assumption,
that 7(g,) = (rafe, . . ., 1./e, Toleq) = (myfe, . . ., m,[e, myley), which completes the proof.
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Remark. If m=r, an easy induction on v shows that g can be written in the
form g=urn'u, with u;,u,eUnN. But, since n'u;n~"eUnN, this implies that

#NaUZU = (UnN)='.

Thus the additional condition (5.2) is again satisfied.

9.3. The notations being as before, and still excepting the case (O), n=2v, we
can now apply the results of Chapter II to determine £ (G, U)=C[¢"*]V¥ more explicitly.
It is convenient to distinguish the following three cases:

1° (2)efe;=1, that is, e=1, ¢y=(2),

20 (2)efey=2,

3° (2)efe,=4, that is, e=2, ¢,=1, (2) =2.

From (9.14), it can readily be seen that A is generated (as semi-group) by the
following (v 2) vectors:

+ r(O)’ r(l)a e ey r(v_l), r(V)’ in Case Io,
L0 g0 e in Cases 2°, 3°,
where
i
. 1 I )
rl) = (z, 30,0 o) (1<),
Wy x 0
V= (1,...,1, (Case 1°)
(2)
2 .
(9.16) I, ..oy I, — in Case 1°,
(2)
(0) —
rVY = I I 1 :
(_’ Rp— in Case 29,
e e’ e,
(1, ..., 1, 1) in Case g°.

We put ?=cy), ™ =cny. Then, from Theorem 1, we obtain the following

TueoreM 8. Let G be the group of proper similitudes, U a maximal compact subgroup
of G defined by a maximal O-lattice, and let ¢ (0<i<v), ™ be as defined above. ~ Then, except for
the case (O), n=2v, L(G,U) isa polynomial algebra C[cO*, ¢V, ..., =Y, ™ in Case 10
and C[O%L, W) ... ™ in the other cases.

Remark. We obtain also a more precise result that

LG, U)y=Z[cO%L, W, .., ¥=0 ™ or Z[cO=L W, ..., V],

The Fourier transformation of these ¢ are described as follows. We iden-
tify X(H)®C with C'*! by means of the basis (3, --.5 X Xo)- Then, for
m = (m;fe, myfe,) €M, s = (s;, o) eX(H)®C, we have

m.s=é i misi—i—do

—myS,
€i=1 ) 0%0>
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or
— Zmj 5
(9.17) q—m.squ I3 q6—moso
where
d do
=9 Q=q"-
We put
X, =Fum(s)= <Z< gt Si e E Sy (1<%gY),
X, =F(s)=g;", _E_ g%
o<x<Vv
_ —lési S
=g *t T (gF 441 2),
(9.18) i=1 \
—2s —-Zs; :
gy *°qy 1t in Case 19,
Xy=Fuo(s)= qo_""q:%s‘ in Case 2°,
q(,_s°q_2§s‘ in Case 3°.

Then, by N° 6.2, we obtain the following relation:

=X,
(9-19) CREIVE W SE D W & (1<i<y),
eV =xX] (in Case 19),

where
__..1 () —-1 (v)'
Ny=T1008 2(nt), A =3 E(n").

9.4. The notations being as before, let us now consider the group G=G/Z,
Z being the center of G. We exclude here the cases (O), n=2, and (U7), n=1,
where G is commutative and Theorem g below holds trivially. Then, except for the
case (U), we have Z={£1,|tek’}. In the notation of Proposition 3.3, one has

(9.20) H, = {k=diag.((&), ko> (E i11))] _zordqgﬁi =ord&}.

We shall show that H, actually normalizes U. In fact, let heH,, written as above,
and let ordgy&,=r. Then, ord,u,(k,)=2r/e, and we see, from the uniqueness of
the maximal lattice of a given norm in V,, that A LY=L+ =L0P". It follows
that AL =3e¢f,0 + Ze/EE P+ h LY =LP'. Therefore, for every ueU, we have
uhL=#hL, ie. h'wheU, as desired. Thus, by Proposition 3.3 and N° 7.4, we see
that G satisfies the assumptions (I), (II). Since

(9'21) M0=r(0)z:

279



56 ICHIRO SATAKE

we conclude by Proposition 7.4, Theorem 8 (or directly by Theorem 1) that

2(G, U) = 2(G, U) (e
=C[", ...,e™] or C[cY, ..., "]

where ¢ =¢;,, ¥ = (r'mod. M,).

In the case (U), we have Z={£1,|6eK'}. Though Z is a non-trivial torus,
the first Galois cohomology in Z being trivial, we still have G =G/Z=cl(G/Z). Then
one sees immediately that all conclusions of Proposition 3.4 and N° 7.4 remain true
with H,=ZH". Thus we obtain again the same result.

TueoREM Q.  The notations being as above and excepting the case (O) with n=2v, £ (G, U)
is a polynomial algebra C[cY, ..., =Y ¢V in Case 19 and C[cY, ...,c™]in the other
cases. /

Now, except for the case (U), the semi-simple part of G is G. We note that
X(G) ={y,} with yx, given in (9.9). Though H does not always satisfy (N), it follows
easily from a theorem of Witt that we have G=HG' and U=H"U". Hence, we
can still apply Proposition 3.2 and N° 7.3, concluding that G' satisfies the assump-
tions (I), (II). Denoting by A the canonical isogeny G'->G, we see that, for geG,

one has g(mod. Z)ex(G")U ifand only if ord,p(g) =0 (mod. E) . Hence [G:A(G)U] =2
in Case 1° and G=1(G)U in the other cases. ¢

In the case (U), we have to consider the group of all K-rational characters (instead
of X(G)), which is generated by w and det. The semi-simple part of G is

G ={geG|u(g) =det(g) =1};
and, more generally, all (connected) algebraic groups isogeneous to G are given by

(9.22) G ={(g, £)eG x K'|det(g) =", u(g) =EE}{(E1,, &) |EeK"}.

where r is a positive integer dividing n. Since we have again the relations
G=HGY, U=H"(UnGW) (1), itis easy to extend the considerations in N°s 3.2, 7.2 to
see that all these groups satisfy (I), (II) with respect to the maximal compact subgroups

(9.28) UM ={(E1,.u,n)|EeK", ueU, neK’, r.ordgt = ordgn}/{(E1,, £") |E€eK}

Moreover, denontig by A the canonical isogeny G"—G, we see that, for geG, one has
g(mod. Z)ex(G")U if and only if ord,u(g) = o(mod. e%) . Hence [G:72(G")U]=2 in

Case 19, r:odd, and G=xA(G")U for all the other cases. (Note that in Case 1°n

is necessarily even.)

(1) In order to have U=H"(U n G} in tte case (U) vih n=2v, e=g2, it is necessary to make a
restriction that n(L) = ord & (mod. 2), where « is an element of k such that K=k('\/a). In the contrary
case, Gl1), U() do not satisfy condition (I).
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9.5. The case (O) with n=2v. We have ¢=¢,=(2)=1 and H=A. In this
case, one takes as W the group generated by all permutations of (m,, ..., m,) and by
wWw) (3,<i,) with @ defined by (9.13). Then, taking the same linear order in M
as before, one has

(9-24) A={r=(r, 1) |7, 1€Z, 1,>...>1,_;>Max{r,, r,—r,}}.

It is not hard to prove I), II) in modifying the proofs given in N° g.2. The only points
to be noted are the following:

1° Let G be the group of all similitudes and ﬁz{géﬁ] gL=L}. Then the
arguments in N° g.2 can be applied to E, ﬁ, A, N. It follows, in particular, that
G=T.AN, which implies G=U.AN.

2° For r=(r;,, r,)eA, we have

(UnU)nG=Ur'U if r,="

b

(9.25) —
(Un0)nG =UrUuUr*™U  (disjoint union) if r,+ ’_;

This impliess G=UAU and (II,).

3° In the proof of (3.16), the induction argument should be applied for v>2,
the cases v=o0, 1 being trivial.

Proof of 2°. We have [ﬁ : U]l=2 and, as a representative of the coset TJ——U,

one may take wuy,cU such that wuyr™uy t—m"m for all meM. Hence our assertions

. ‘. . 7
are obvious, except for the disjointness of Ur'U, Un*™rU for r with r,+-2. To prove
2

this last point, suppose that it were not true. Then one can find ueU—U such
that wur~'eU. We may assume, without any loss of generality, that =n(L)=o

1, . . u u .
and 7,>2. Then, denoting « in the from ( ! 12) with u,, u,, U, u,c M, (0), one
2

Uy Uy
sees that u, = o(mod. p); consequently, u,, u, are non-singular. Putting u, =xu,,
. o o
U, =yu,, one has from the relation ‘u( O)uzp.(u)(L o) that w, v are skew
L

symmetric and ‘4, (v +'xvp)u,=p(u)1. It follows that

det(u) :dct(; }1)) .det(:;‘ O)

Uy

=det(1—axy) det(y,) det(u,)
=p(u)

i.e. ueU, which is a contradiction, q.e.d.
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Now A is generated by the following vectors

i

™ =(1,...,1,0,...,0) (1<i<v—2),
(9.26) ™ '=(1,...,...,1,0,1),
Y=(1,...,...,1,1,1),

+r0=4(1,...,...,1,1,2).

Therefore, putting ¢ =c), V' =cguy, ™ =y, we conclude:

TueoreM 8 add. In the case (O) with n=2v,v>2, Z(G, U) is a polynomial algebra
CLV%, (O =2, O )
H 2 b b *

Similarly, for G=G/Z, U=UZ|Z, we obtain

THEOREM g add. In the case (O) with n=2v,v>2, L(G, U) is a polynomial algebra
C[c%, ..., =3, g ],

It should be noted that by means of the mapping
(9-27) 2 (G, T)29->¢|Ge£(G, U)

&z (ﬁ, ﬁ) can be identified with a subalgebra of #(G, U) consisting of elements
invariant under the outer automorphism of G defined by #,. On the other hand,
we have [G:A(G)U]=2 and #£(G,U') can be identified with a subalgebra
CleY, ..., =3, g0 g ggv™] of (G, U).

Remark. We can consider _?(6, ﬁ), in general, for the case (O) with n even.

But, except for the above case, the correspondence (9.27) is an isomorphism of % (’6, ﬁ)
onto Z(G, U).
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APPENDIX I

CALCULATION OF SOME
(LOCAL) HECKE SERIES AND {-FUNCTIONS ATTACHED TO CLASSICAL GROUPS

1. Case of GL(n, 8). Let & be a central division algebra over k£, G =GL(n, & and let the notations be
as introduced in n° 8. 2.

For a non-negative integer m,, put
~
(1) Xm, = {¢€GL(n, ) NM,,(D) |ordp N(g) =my}.

Then we have
Xm, = U Ur'y,
rE€ Ay,
where
n
(2) At =(r=(ld)eN|r;=0, T r;=my)
=1
n

={r=(r/d)eM|n>=...2r,20, X r;=mp}.
i=1

Therefore, denoting by Tine the characteristic function of Im., we have
(3) Tm = 2 O
me
The (local) “Hecke series” attached to G is, by definition, a formal power series with coefficients
in £(G, U), defined as follows:
o0
@ (W)= T 1, Y™
me=0

Our purpose here is to obtain the ‘“Euler expression” for this t(Y). By virtue of our main results (Th. 3,
Ne 8.3), ©(Y) may be equivalently replaced by its Fourier transform

=
(5) s, V)= X Tp,(5)Y™,
me =0
which is a formal power series with coefficients in C[g%?, ..., ¢F sn]e’n.

Now, by (6.3), (6.2), one has
2, (8= T T, (m)g—ms,
meM
L
’?mn(nm) =32 (n), J‘ N‘rm.(nm n)dn,

where
1 n+1_ .
= —aX (= —i)m; —Zm;s;
8% (xm) = ¢ "( 2 )‘, gms—g i
d};(n-—i)m;
J‘ o (Fn)dn = meas. of (NN~ ®M, (L)) =¢ * if m;>o, )';mizmo,
o otherwise.
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It follows that

x© n—1 — g
®) A5, V)= X B gtz e Ems ym,
Mo =0 m; =0
Emi=mo

[oe] n dn_1—8~
= 3 1l Sy
M1y ey, =0 =1

n—1
= ﬁ (l—qd 2 _S‘Y)_l.
=1

This shows that T(s, Y), hence also 7(Y), is actually a rational function in Y. By (8.14), (s, Y) may also
be written in the form
n gxn=1) -1
2 (s, Y)={1+ 2 (—1)*g 2 ( p q_s"l_"'_s"»t)Y“}

®x=1 1< <y

n dx(u—-l) -1
=l1+ 2 (—g 2 TV
w® =
or equivalently,

du(u—-l) —1
(7) T(Y)=(x+ (—1)%g 2 J"’Y") .

I M=

1

This formula was first obtained by Tamagawa [23].

Now the quasi-character I'Nl(g)l;; A of G is considered as a z.s.f. and, in fact, from (5. 12) and (8.12) we
have

N5 * =0, (0)

with

ta, 2+ 34 ...,7\——"'2"111).

s;\=(7\+"2 2

The corresponding % (s,, 1) is nothing other than the usual “ {-function >’ of G:

®) L) =% (5, 1) = I (1—gfi == 2)=1,
=1

2. As another example, we consider in the rest of this Appendix the case where G is the group of
similitudes with respect to an alternating bilinear form, whose matrix we suppose to be of the following form:

o L)}v L o ..I
(l o/ v’ T\ o)’

In this case, we put

() %, = (6EGNM,(9)|ord, u(g) = m.
Then we have
¥, = U UsdU
0 +
reAm‘
with
(IO) A;,:):{r:(ria ’o)eAlri> 0, 7q—1;=0, Tg=1mg}

={r=(r;, m) EM|me=r= ... 2r,=my2}.
The series T(Y), T (S, Y) are defined in the same way as in N° 1.
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Now, for m = (m;, my)eM, we have

é \%ﬂmo—g(v—i+l)mi
(11) 3 (nm) =g i ,
Z \'Lv%i)mo + E‘i(?‘,‘- _mi)
~ g if my=m, and o<m;<my(1<i<
(12) Tm;(ﬂm):m.;r,z‘..ar\,on(r")(mi)q if myg=m; and o<m;<my(1<igV),

o otherwise,
where Yir)m,) is the y for GL(v, k), i.e.
Yiry) (mp) = 7 (U\(U; “(T‘)Ul nu, =) N;))
with Uy =GL(v, 0), Ny =T%(y, k).

Proof of (11). First an easy computation shows that n€N can be written uniquely in the form

X, o 1, Yot
(13) ”=(o L‘Xflu)(o )

Iy
with

1 xﬁ
X, = ( e ) €TU(v, k), Y;5 = (y35) : symmetric.
o I

1

hl (o]
Hence for hz(o 50"’!1_1’-) with Ay =diag. (§;), we have
—1 -1
A h_l h1X1h1 o] Iy EO h1Y12hlL
"= o MK e ) \ o 1, )
Thus the transformation n—>Anh~1! induces the following transformations:
-1 -1
Xl - h1X1h1 or x,-]- -»&ixijij >
—1 —
Y12 —)EO h1Y12}l1 or }’1'1‘_)‘&0 1&)’,,57
Since dn= II dxy II dy;j, we have
1<j i<y
_v(v+1)
—1
3y =TI |E;| 1517 - 18l 2 I [&;] 15
1<j 1<)
_vv+1) v
=g 2 I |g20—i+D), q.ed.

1
Proof of (12). One has

1
?'mé () = 82 () fNT'": (w™n)dn

T being the characteristic function of X defined by (g9). Hence we have f‘r\'m‘,‘(nm)*o, only if my=m’ and

o<m;<my (1<i<v). Hence, assuming this, let us consider the condition for 7™ (n€N) to be integral. Writing neN
in the form (13), we see that n™n is integral, if and only if

AMIX,, meemIX) T, X Y,

are integral. If we call (r;) the elementary divisors of ﬂ:("'i)Xl, the integrity condition for the first two is equivalent
to saying that (r;) satisfies the condition

(14) Me= 11 .. =1y 0.
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Moreover, writing ™) X1=u17c('t')u2, Yio=1u; 1Y1'2‘uz_1 with u;, u,eUy, we see that n(mi')Xlle is integral,

v
z;'r‘
if and only if ) Yl'2 is integral, and that, for a fixed X;, the measure of such Yl'z’s isequal tog! . Thus we

conclude that the measure of the n’s for which the elementary divisors of ™) X, are (r;) is equal to

v v
Dir, Dirg

f X ) (7.:(""') X)) dXy.q 5 1(7':('"0')) Yir)m) 9 o,

where 8, y are the ones for GL(v, k), i.e.
—2(v+1—2)m;
sam) =g
From these follows (12), q.e.d.
From (12) we obtain the following formula:

o —Zmys;
(15) s V)= T ( S Bug ¢ )Y'g
- me =0 \0<m; <m,
where we put
Zi(ry—m,) wHh o
(16) Bm = (Z)Y(ri)(m‘-) qt s Yo=g * Y,
T

the summation on (r;) being taken over all (7;) satisfying the condition (14). (Note that we have Bj=o,
unless o<m;<my.)

8. We can calculate B, explicitly for v=1,2. For v=1, it is clear that

6 {1 if o<m,<my,
myuMme | o otherwise,

so that we have

1

(1—=Yo) (1—g ™ "Y,)"

(6, Y) =

(Since G=XGL(2, k), this is, of course, a special case of (6).)

For v=2, we know that Y(r:)m) is given explicitly as follows:
LA %

1= if ry =Max{my, mg},ry +r =my +my,
(17) Yirdm) = 3 g "™ (1—q~ 1Y)  if r;>Max{my, mp}, ry +ra=my + my,
[ otherwise,

whence we obtain immediately

1 + Min {m , mg, my—my , my—mg} (I—q—l) if o< m;< my,
(18) B, g, me =

o otherwise.

[ee]
(19) (s, ¥)= X ( Z Bmg™® "'”*“') Yo
my =0 Osmi <m,

l__q—(l + 8 +s,)Y§

(1—Yo) (1—g ™ Y (1— g™ **Yo) (1— g™ 1Y)

In terms of the notations introduced in N° 9.3 (Case 1°), we may write

2 2
~ 1—¢°XoY
(s, Y) = .
3 9
1— X, Y + ¢*Xo(2 + X Y2 — 2 XX Y3 + £FX2v4
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On the other hand, the transformation formula (9.19) can also be calculated explicitly as follows:

0 =X,,
(20) o0 = (®—1) +¢?Xy,

3
A 2 ’ — ’
7(2) =¢2X;.
Thus we get the following formula which was obtained also by Shimura:

1—q20)y2

(a1) ) = Y T O F ) £ ) Ve RO YE ooy

In general, it might be conjectured that T(s,Y) is a rational function in Y, of the following form:

polynomial of degree 2'—2 in Yy

11 (1—g %, — =~ %, Y)
iy <o <dyg
o<x<y

,‘E (S, Y) = (?)

4. Calculation of {-function. From (5.12) and (11), we have

@)y =0, (@

with
_ v(iv+1)
55, = (V,V—I, . 1,)\0——————4——).
Therefore
A A
=7(8, ,1)= °d,
S =2 0= [y l60) e
is the usual {-function.
More generally, we shall put
(22) sm.=(x+v, ...,x+1,xo—‘L:r”)

and calculate
-—2(A+v+1—i)m,-

25y, Y) = Zfmg * Yoo,
W+,
2o
where Y;=g¢ Y.
For that purpose, we introduce some notations. We denote by p = (pg, p1, - - -» p,) an ordered set of integers
such that
Po=0<p;<...<p, =W
An element r=(r;) satisfying (14) is called of type p if
= =T Dl 1= =1 > =Ty

and, when that is so, we write r€p. Then we obtain the following formula

3 g g S +vHi—im 5 by — I+,
(23) (mi)ﬁm" o Q"’m,gf,a..zrv >0
(f‘)EP
where 1
— -—
1— e (I—
Q (1—g™7)...(1—¢"")

. Mi(r—g7Y... (I—q"("i“p.'-,)))°
i

In fact, we have

—ZA+v+1—dim; —Z";()\+v+1—-i)q
S Bng * = 2 Yypymyd
(my) g, ) O
—ZA+v+1-i)r;
=2 7# (Ul\Uch('i) U,)q ¢ s
(ry)
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where the summations on (r;) are taken over all (r;) satisfying (14). Here we have easily

# (U\UnUy) =[U, : Uyn (W Un ~ )]
v +1—2i)r;

=q¢" Q..
if (r;) is of type p. From these follows (23).
From (23) we get
—Z+i)r;
(24) T(spa YV =2Q, b g ¢ Yo
e M= 1= 21,20
(r)) Ep
pilps +1)
—;A—
1 ®—1 q 2 Y I
=2Q,. {1 o |.
o 1Yo iy _pi;\_p'("@;l) Y+
1—q \’0 1—gq 2 Yo

Thus we see that ?(s}\’ > Y) Is actually a rational function of the following form:

polynomial of degree v—1 in Y,

TSy Y) = , iG]
(1=, 11 (r—q ? Yo)
i=1

In particular, we have

__polynomial of degree v—1 in q_7‘°

v(v+1)_i(i+1)_)\°)

(25) C) "
m(_, = e
i=0

ArpEnDIX II
DETERMINATION OF ZONAL SPHERICAL FUNCTIONS OF POSITIVE TYPE ON PL(2, &)

1. ZQ.s.f. of positive type. Let G be a unimodular locally compact group and U a compact subgroup.
A zs.f. @ on G relative to U is called ¢ of positive type *, if it satisfies the condition

X foG“’(gg'—l)@(g)@dgdg'; o

for all pe#(G, U). The totality of such w’s is denoted by QT =Q¥ (G, U). It is well-known that we have,
for weQ™, |

(2) O)(g_ 1) =@’

¥ lo(g)|<T.

A character of G (i.e. a continuous homomorphism of G into the multiplicative group of complex numbers of

absolute value 1) which is trivial on U is contained in Q%; in particular, the constant 1 belongs to Qt. For
9eZ(G, U), we have clearly

@ 1(0) = [ vle)de.
Lemva 1. Let weQ™.

a) If 9e2(G,U) is  self-adjoint * (ie. @(g™Y)=0(g)), then G(q) is real.
b) If e€£(G,U) is *“ non-negative > (i.e. @(g)=o0), then we have

(5) [&(9)|< 1(e).
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Proof. a) From the assumption and (2), we have

5@ = [e@) ol e = [ ole=o(g)de= (o).
b) From the assumption and (3), we have
|66 1< [o@) |ote™ lde< [ole)de=1 (@), geed

In case £(G, U) is commutative, it is known [11] that, for every irreducible unitary representation T of G
in a Hilbert space ##, the dimension of the subspace %# of # formed of all the elements invariant under T, (x€U)
is at most 1. When we have actually dim %# =1 (where s# need not be supposed irreducible), call vy an element
in %% with ||ge||=1; then the function defined by
(6) (,)(g)=<vo, Tgvo>

is a z.s.f. of positive type. Conversely, every weQ* is obtained in this way. Thus Q7 is in one-to-one corres-
pondence with the set of all unitary equivalence classes of the irreducible unitary representations of G such
that %¢ % {0} (i.e. * of the first kind *’).

2. Case of PL(2, &). In the following, we propose to determine all z.s.f. of positive type on G = PL(2, )
relative to U (in the notations of N° 8.4), & being a central division algebra over k. By the results in § 8, we know
that Q=Q(G, U) is parametrized by §=(s,—s) with s€C; hence we write o, instead of wg. We have
ws =wg if and only if

2 i
' =4 (mod. Z).
<) oz ¢

Now let %,, T, be as defined in Appendix I, N° 1 and denote by 7, the characteristic function of
%, = (¥,H,)/Z. Then we have

~ dm q(m+1)s__q
8) @s(Tm) =q 2. —

79—9q
d denoting the degree of /k. In fact, as is easily seen (or by (7.5), (7.26)), we have &4(T,) = Bs(Tp) = Fp(s, —).
By Appendix I, N° 1, we have

—(m +1)s

E]
8

Plss—s)= T Top(nm)gmaTms
m = (my,m,)

dm+(m my)s
o 2~ My
D Y
m,-?O
my +my=m

dm

_ q? . q(mH;:qq_::mH)s
In particular, we get i

(©) 84 =2 (¢ +47)

and, as 1 =g,

(10) ’ 17) =g+ 1.

Now, let m,eﬁ+. Then, since 1, is clearly self-adjoint and non-negative, it follows from Lemma 1 that &4(T,)
is real and that we have

|85(7) [< g%+ 1.

From (g), this implies that, for s€ C with m,eﬁ +, we have only the following three possibilities:
1° Re s=o,

20 —-11<Re 3<-‘{, Re s +0, Im s=o (mod. ——E—-Z),
2 2 log ¢
T

_,d
3° :::}_—_;(mod igg—q‘z)
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We know already, by Corollary 1 to Proposition 5.1, that the case 1° comes from the unitary representations
of G of the * principal series . (Note that in general the representation T* constructed in N° 5.3 is reducible and
1

containing the irreducible representation corresponding to «, (82a<—>s) just once. For the case where T? itself

is irreducible, see Bruhat [3].) On the other hand, it is clear that the case 3° is realized by the usual characters
of G, i.e.

wg=1 for sE:I:g (mod. f?gr_%z)’
(11) < ] ]
i@ = ()"0 for =4 S (mod fog. zqz)’

g denoting the class of geGL(2, &) modulo Z and fﬁdenoting the reduced norm of M,(8)/k.

In the rest of this Appendix, we shall show that the case 2° with sER comes also from certain unitary
representations of G (called “ supplementary series ). In view of Lemma 7.2, applied to the second character
in (r1), this implies actually that the whole case 2° takes place. Thus we shall have the following theorem:

THEOREM. Let & be a central division algebra of degree d over k. Then the totality of zonal spherical functions of
positive type on a=PL(2, R) relative to U is given by the W= _ g with s in the ranges 1°, 20, 3° listed above.

This result, as well as its proof, is quite analogous to that in the real or complex case (see, for instance [10]).

8. Another formulation of the representations of principal series. In order to construct representations of
supplementary series, it will be convenient to modify the representation (s#%*, T%) given in N° 5.3 in the
following way.

Let G=GL(2, & and we use the same notations as in N° 8.2. Put further

1 o
(12) Nl={n;=(x I)lxeﬁ}_
Then, as is well-known (and easily verified), we have the following “ cellular decomposition *’:
G=NENUEN, o= (7 ),

in other words, every g€G can be written uniquely either in the form g=nAn or in the form g=in
with n’eN’, heH, neN. Hence, N’ can be identified with a subset of U = U/(UNHN)__G/HN, and in fact one
has then U=N'U{class of t}. If ﬁaiu—)n; (x€8R), and if dx denotes an (additive) Haar measure of &, the
following transformation formula of the measures is easily verified:

(13) di=clyt(n)) dx,
where ¢ is a constant and g is as defined by (5.10) (i.e. if n:;:uhn, we have {g(n,) =8(k)). If the Haar
measures are normalized in such a way that f[_]dzi:J‘Ddxz 1, we have ¢=(1 —l—q_d)—l.

Before proceeding further, we prepare some routine properties of (non-commutative) linear fractional
transformations.

LemMa 2. Let g= (iﬁ ‘?2) €GL(2, R), x€R] and suppose that —xgyo+ gao+0. Then we have
21 22
(14) (2 gm)“l(r V=(4, 9) (* ) (: —e12J (e x))
&1 g x 1 g x 1/ \o J(g %)/ \o I
where we put
(15) g x = (—xgra+ go0) ” H(xe11—een),

Jg™h %) = (—xgro+g02) "
It follows immediately that we have
(ge)™tx=gr L (g ),
(16) -1 -1 -1 -1
J((gg))™ %) =J(gy g ~-x)](g™ " %)
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for all g, g,eGL(2, &), x€K, whenever the right hand side has meaning. Moreover, we have

(17) IN(g ™ xp—g x|, = [ NGa—x0) [, [NU (e ™4 20J (™4 )N (g) |,
(18) dlg™ %) =N~ 0) 12 [N(g) [y s,

N,’NI denoting the reduced norms of R/k, Mg(8)/k, respectively. By virtue of (16), the proofs of (17), (18) are

reduced to the cases of g= (c: i)’ (‘: ;)’ (501 F:))
2
1

Now let a be a quasi-character of H such that 850«—)(51, s9) and let #%*, T* be as defined in N° 5.3. By
what we mentioned above, f€#% is uniquely determined by its restriction on N’; hence we put f(x) = f(n;) (xeR)
and consider f€#% as a function on R Then, it is clear that, if E<—>n;, we have

) =47 (n)f (x).

Thus, in view of (13) and (5.6), #% may be regarded as the Hilbert space formed of all (classes of) measurable
functions f on & such that

1R =cf | LARY3 b )< o,

the inner product being defined by

(19) <fihs> =¢f  ARREY v
By Lemma 2, the operation of T;‘(geG) is given by

~ —_ d
(20) T () =f(g~ 0 INJ(e™ L ) |5 5T+ N(g)], " T

Note that, in view of the relation

B A N Ty

we have
1 if x€©
(21) 4 x o0 —ge—d .
Yo(ny) = ( a(o x_l) =|N(x) l;l s if x¢ 9.
4. Changing the inner product. The notations being as before, let hereafter s, =s, s, =-—s (which implies
that « is real) and put
(22) p=—2Res—d.

Let Jl"g be the subspace of #% formed of all continuous functions on & with compact carrier. We now
consider an integral operator defined as follows:

(23) AP =§goals) [ [NG—) 5 fls) sy

PrOPOSITION.  The notations being as above, if ¢>—d, A is a hermitian operator on #%, whose domain of definition
contains .at/’g. If moreover p<o, A is a positive semi-definite.

Proof. Let I be an integer and let {x;} be a system of representatives of &/ P! denote by €124 the charac-
teristic function of x;+ P%. Then, if p>—d, an easy computation gives

—d

— I—q -
(24) Afl.x,-=¢aa=sll o +4) L T “E IN(x—x,) [°e, i -
{ 1—g° j#i

It follows, in particular, that, for €& with ordg x sufficiently small, we have (Acy, z,) (%) =q—m¢a(x). This
shows that Acy, ,,€#7%, and more generally that Afex* forall fex 3‘. From the definition, A is clearly hermitian.
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Now to prove that A (p<o) is positive semi-definite, it is enough to show that, for every »x>o,/, the matrix
(<Acy, g, c,,z’.>) of degree q"d, with x;, x; ranging over a system of representatives of ml—“/ P! is positive
definite. From (24), we have

if i=j,
o™ | N(xj—x;) [P if %],

Hence, writing the matrix in question, with the indices ordered suitably, in the form cq—“°+2d)A(“), one has

1—aq— Alx—1) *p
A(o) = -_—"q (>qp), AP = ( o . (k? I):
1—qg— P4 7° Alx—1)
qmi
I...1
whence, putting EX = ( e ) and making use of the assumption p<o, one can prove by an easy induction
on x that r...1
AW > 2 EM > (e=1).
This completes the proof.
It follows that, defining a new inner product in X’g by
(25) <f1s o> =c<AfLS> =c<fi, AfR>
= [ [ 1NGy—) PG fuo) i (—d<p<o)
! 8

and completing .}f’g with respect to this inner product, one obtains a Hilbert space, which we denote by #'%,
From (17), (18) one sees at once that the operator T;‘(geG) defined by (20) is a unitary operator of #’%. Finally,
from (21) and (24), it can readily be seen that {,€%¢'* and that

1—g P ¥
Aq’G:)\q)a’ l=——_—’

whence one gets
U T;4/m>'/<%, q’a>l =<q, T;"pa> =w*g).

Thus one concludes that the z.s.f. of positive type associated with (#'%, T%) (or, more precisely, with the irre-
ducible component of it containing ¢,) is precisely w®.

In particular, if s is real, we have —d[2<s<o, and the representation T* gives actually a representation
of G=G/Z. This completes the proof of our Theorem.
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