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Denny Gu l i ck 

1. I n t r o d u c t i o n 

L e t T "be a c o m p l e t e l y r e g u l a r Hausdor f f s p a c e 9 and l e t 

T 
R = the se t o f a l l r e a l - v a l u e d f u n c t i o n s on T . 

L S C ( T ) = the s e t o f a l l l o w e r semi-con t inuous func t i ons i n R 

T 
C ( T ) = the s e t o f a l l cont inuous f u n c t i o n s i n R • 

Cons ider the f o l l o w i n g t h r e e c o n d i t i o n s on an a r b i t r a r y such T . 

C o n d i t i o n A . For each h€R , t h e r e i s an f £ C ( T ) such t h a t f ^ h . 

C o n d i t i o n B. For each g € L S C ( T ) , t h e r e i s an f é C ( T ) such tha t f * g . 

C o n d i t i o n C. For each h*R , t h e r e i s a g c L S C ( T ) such t ha t g ^ h . 

When does T s a t i s f y each o f the j u s t -men t ioned c o n d i t i o n s ? 

I f we r e p l a c e ^ by = i n the c o n d i t i o n s , then the r e sponses are 

s i m p l e . I n d e e d , C o n d i t i o n A becomes C ( T ) = R , C o n d i t i o n B b e ­

comes C ( T ) = L S C ( T ) , and C o n d i t i o n C becomes L S C ( T ) = R T , and 

each o f t he se occurs p r e c i s e l y when T i s d i s c r e t e . 

However , f i n d i n g t h o s e T which s a t i s f y the C o n d i t i o n s A , B, 

and C as a c t u a l l y posed does n o t i n v o l v e such a t r i v i a l t a s k , and 

we d e v o t e t h i s a r t i c l e to an a t tempt a t c h a r a c t e r i z i n g i n te rms 

o f T when Cond i t i ons A , B, o r C h o l d . 

Of course C o n d i t i o n s A , B, and C ho ld whenever T i s d i s c r e t e . 

O n e 9 s f i r s t i m p r e s s i o n might be t ha t i f T i s ' not d i s c r e t e then T 

would not s a t i s f y any o f t he c o n d i t i o n s . The s i t u a t i o n which occu r s 
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when T = [o flJ r e i n f o r c e s t h i s impress ion* Indeed , l e t ( * n ) ^ i 

enumerate the r a t i o n a l s i n [0 , l ] , and l e t 

in, t = t f o r some n<= W 

0, a l l o t h e r t € J p , l ] 

f l / t , O ^ t ¿1 
« b C t ) - / 

CO, f o r t « 0 

Then h.Q £ R and i s unbounded on e v e r y non-empty open subset o f 

[0,1], and gQ£:LSC(T) and i s unbounded on [o , l ] • T o g e t h e r t h e s e 

f a c t s imply s t r a igh t away tha t T = jj0,lj s a t i s f i e s none o f the 

Cond i t ions A f B, o r C. 

In S e c t i o n 2 we show tha t i t i s c o n s i s t e n t w i t h the usual 

axioms o f s e t t heo ry t o assume tha t no n o n - d i s c r e t e T e x i s t s 

s a t i s f y i n g C o n d i t i o n A . We then t a c k l e the problem o f those T 

which s a t i s f y C o n d i t i o n B, and show tha t i f T does s a t i s f y Con­

d i t i o n B, then T must be a P - s p a c e . However , a l l those n o n - d i s c r e t e 

P-spaces we know do not s a t i s f y C o n d i t i o n B, and i t remains unanswer­

ed whether or not any n o n - d i s c r e t e ones e x i s t . We end S e c t i o n 2 by 

s tudy ing those T which s a t i s f y C o n d i t i o n C. I n p a r t i c u l a r we show 

that i f T i s denumerable, or i f T i s d i s c r e t e excep t f o r one 

e lement , then i t s a t i s f i e s C o n d i t i o n C, w h i l e i f T c o n t a i n s no 

i s o l a t e d p o i n t s and e i t h e r i s non-meager s a t i s f y i n g t he second 

c o u n t a b i l i t y axiom or i s l o c a l l y compact, then T does not s a t i s f y 

C o n d i t i o n C# 

In S e c t i o n 3 *e d i scuss Cond i t i on C i n a l o c a l l y convex space 

s e t t i n g . I f C 0 ( T ) denotes the space o f r e a l - v a l u e d con t inuous 

f u n c t i o n s on T t endowed w i t h the s imple convergence t o p o l o g y , then 

we show t h a t T s a t i s f i e s C o n d i t i o n C p r e c i s e l y when the b i d u a l 

C " ( T ) o f C(T) i s i d e n t i f i e d w i t h E T as a l o c a l l y convex space , 
s s 

We a l s o d e l v e i n t o v a r i o u s p r o p e r t i e s o f C » ( T ) and C " ( T ) , i n c l u d -

i n g when they are b a r r e l e d o r when they a re b o m o l o g i c a l * 

We conclude the paper lay c o l l e c t i n g t o g e t h e r some open q u e s t i o n s . 
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The p resen t paper has grown out o f our r e c e n t a r t i c l e [ 5 ] , i n 

w h i c h we concen t r a t ed on the d u a l i t y theory f o r C t t ( T ) . A t t he 

Confe rence i n Bordeaux we d i scus sed and our a t tempt to r e n d e r 

t h a t t a l k i n a somewhat more g e n e r a l c o n t e x t f o r these P r o c e e d i n g s 

r e s u l t e d i n the p r e s e n t paper . The o v e r l a p between the two a r t i c l e s 

r e s i d e s p r i m a r i l y i n t he e a r l y p a r t o f S e c t i o n 3 o f t h e p r e s e n t 

p a p e r , where we mere ly o u t l i n e c e r t a i n o f the d u a l i t y p r o p e r t i e s 

o f C ( T ) . N e v e r t h e l e s s , i t i s our i n t e n t i o n t h a t t he two papers 

c an "be read i n d e p e n d e n t l y , and tha t they should s e r v e as companions 

o f one another* 

B e f o r e we b e g i n the paper p rope r we d e s c r i b e our n o t a t i o n a l 

c o n v e n t i o n s . Throughout t he paper T s tands f o r a c o m p l e t e l y 

r e g u l a r Hausdorff space . I f S and S 1 a r e subsets o f T , then 

S \ S f » j t € S : t<£S fJ , w h i l e deno tes the c h a r a c t e r i s t i c 

f u n c t i o n o f S i n T • We r e c a l l from [V] t ha t T i s e x t r e m a l l y 

d i s c o n n e c t e d i f e v e r y open s e t i n T has an open c l o s u r e i n T , 

and T i s a P-space p r o v i d e d t ha t coun tab le i n t e r s e c t i o n s o f open 

s e t s i n T are a lways open (and P - p o i n t s a re d e s c r i b e d a c c o r d i n g l y ) . 

As i n [W], £T i s the S tone-Cech c o m p a c t i f i c a t i o n o f T , w h i l e 

vT i s the r e p l e t i o n ( o r the H e w i t t r e a l - c o m p a c t i f i c a t i o n ) o f T . 

We w r i t e h > 0 f o r the s t r i c t l y p o s i t i v e h € B , meaning t h a t 

h ( t ) > 0 f o r a l l t £ T • I f ne N ( w i t h N the s e t o f p o s i t i v e 

i n t e g e r s ) , then the nth t r u n c a t i n g f u n c t i o n & n i s d e f i n e d on the 

r e a l s by 

f r , i f I r U n 

0 (r) 
n Lnr/ |r( , i f | r t > n 

F o r compact T t he space M(T) i s the c o l l e c t i o n o f a l l r e a l - v a l u e d 

bounded Radon measures on T , and the p o i n t mass a t t £T i s . 

I f £ i s a l o c a l l y convex space and A Q B , then co b a l A i s 

shorthand f o r the convex ba lanced h u l l o f A , and 

co ba l A - j | o a f n : f a 6 A , ¿ 1 ^ 1 * 1 , and m€ N } . 
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The c o l l e c t i o n o f a l l r e a l - v a l u e d continuous l i n e a r forms on E i s 

the dual E f o f E , and we c l o t h e B f i n the dual t o p o l o g y , w h i c h 

i s the t o p o l o g y o f uniform conve rgence on the bounded subsets o f E . 

The b i d u a l o f E i s E" , and by d e f i n i t i o n E" i s the dual o f E f 

w i t h i t s dual t o p o l o g y . I f A ^ E , then the p o l a r A^ i n B F o f A 

i s g i v e n by the formula 

A^ mfye** : [ < p ( f ) | * 1 , f o r a l l f e A ^ • 

I f В С Е 1 , then the p o l a r B? i n E o f Б i s g i v e n by the fo rmula 

B? = ^ f € E : | < p ( f ) | ^ l , f o r a l l <p6 • 

F i n a l l y , i n our p r e s e n t a t i o n we employ " i f f " f o r the more 

cumbersome " i f and o n l y i f " . 
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2. A n a l y s i s o f C o n d i t i o n s A, B, and C 

I n o rde r t o d i scuss C o n d i t i o n A , we f i r s t r e c a l l t ha t a s e t T 

i s measurable ("non-modere" i n French £2]) i f f t h e r e e x i s t s a non-

t r i v i a l countably a d d i t i v e measure on the power se t o f T which 

assumes only the v a l u e s 0 and 1 and such tha t j * - ({t$ = 0 f o r 

a l l t € T ( s e e [ * + ] ) • A c a r d i n a l i s c a l l e d measurable i f f t h e r e 

e x i s t s a measurable se t T w i t h the same c a r d i n a l i t y . The f o l l o w i n g 

theorem presen t s s e v e r a l s ta tements e q u i v a l e n t to t h e statement tha t 

t he se t T i s measurable , and r e s u l t s i n pa r t from a d i s c u s s i o n w i t h 

M. Haddad, t o whom we would l i k e t o exp res s our a p p r e c i a t i o n . We 

n o t e b e f o r e s t a t i n g Theorem 1 tha t c e r t a i n o f the s ta tements i n i t 

a r e a l ready known t o be e q u i v a l e n t ( s e e Chapter 12 o f [*+J). 

THEOREM 1. L e t T be a s e t , l e t T d be the se t T w i t h the d i s ­

c r e t e t o p o l o g y , and l e t T Q = T U ^ Q J , w i t h " t Q ^ T . Then the f o l ­

l o w i n g s tatements a re e q u i v a l e n t : 

a . There e x i s t s a n o n - d i s c r e t e t o p o l o g y t on TQ such t h a t 

TQ s a t i s f i e s C o n d i t i o n A . 

b . There e x i s t s a n o n - d i s c r e t e t o p o l o g y t on TQ such t h a t T i s 

d i s c r e t e f o r t , and such tha t i f ( u
n ) ^ L i i s a Q y p a r t i t i o n 

m 

o f T, then U U n i s a d e l e t e d neighborhood o f t Q , f o r some m. 

c . There e x i s t s a n o n - d i s c r e t e t o p o l o g y ^ on TQ such tha t T i s 

d i s c r e t e f o r X , and such tha t i f ( u

n ) n = l i s p a r t i t i o n 

o f T, then U m i s a d e l e t e d neighborhood o f t Q , f o r some m. 

d . There e x i s t s a n o n - d i s c r e t e t o p o l o g y on T Q which r ende r s T Q 

an e x t r e m a l l y d i sconnec ted P - s p a c e . 

e . A f r e e u l t r a f i l t e r c l o s e d under coun tab le i n t e r s e c t i o n s e x i s t s 

on T . 

f . T i s measurable . 

g . - D T D * T d . 
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Proof* Toprove tha t ( a ) = > ( b ) , l e t ( u

n ) n _ i b e a P a r t i t i o n o f T f 

and equip T Q w i th the t o p o l o g y o f ( a ) . De f ine h on T Q by 

fn. a l l t e U , a l l ne N 
h ( t ) = { n 

(.0, t = t Q 

By ( a ) t he re e x i s t s an f e C ( T Q ) such that f ^ h . S ince f i s 

continuous at t Q , we know tha t f ^ m on some neighborhood o f t Q . 

By the d e f i n i t i o n o f h. Q U i s t h e r e f o r e a d e l e t e d ne ighborhood 

o f t Q , so that the t o p o l o g y f o f ( a ) i s the t o p o l o g y we sought 

i n o rder t o p rove ( b ) . Now assume ( b ) and l e t be the n e i g h ­

borhood f i l t e r o f t Q i n t . I f & = £F \ ( t 0 } : F e S^} , then l e t 

be an u l t r a f i l t e r i n T c o n t a i n i n g the f i l t e r «2 • L e t % 

denote the t o p o l o g y on T Q d e r i v e d from f by s u b s t i t u t i n g the 

neighborhood f i l t e r = JF u \ t Q ] : F 6 o f t Q i n f f o r ^ • 

Le t ( u

n ) ^ l i *>e a p a r t i t i o n o f T. By ( b ) the re i s an m such 

tha t O ^3* c ^ # Since A i s an u l t r a f i l t e r , one o f t h e s e 

s e t s i n ( U
N)J [ - l » 8 a y u m » i s i n ^ # Thus w i t h r e s p e c t to Xt we 

have ( c ) . To prove that ( c ) = ^ ( d ) t l e t U be open i n the non-

d i s c r e t e t o p o l o g y on T Q o f ( c ) . I f t 0 £ U , then U = U • I f 

t Q £ U , then [u, T \ u | i s a p a r t i t i o n of T , so tha t by ( c ) 

e i t h e r U or T \ U i s a d e l e t e d neighborhood o f t Q • E i t h e r way 

U i s open in TQ , whereupon TQ i s e x t r e m a l l y d i s c o n n e c t e d . To 

show that T Q i s a P -space , i t s u f f i c e s to show that t Q i s a 

P - p o i n t . To t ha t end, l e t ( u

n ) ^ - i b e a d e c r e a s i n g sequence o f <FCUW 

neighborhoods o f t Q , each minus the p o i n t t Q , and l e t = T • 

Then the c o l l e c t i o n j A U f ju V IT - . 1 T i l forms a p a r t i t i o n o f 
I * « J n * i n U+L> n=JJ ^ 

T, so must by ( c ) con ta in a d e l e t e d neighborhood o f t Q . E v i d e n t l y 

the only p o s s i b i l i t y i s that C\ U n be t h i s d e l e t e d ne ighborhood , 

p r o v i n g tha t t Q i s a P - p o i n t . Next we prove tha t ( d ) = M e ) . F o r 

tha t we l e t T A be t h a t of ( d ) , and l e t 9, be the ne ighborhood 

f i l t e r o f t Q i n T Q and l e t ^ » J P s \TQ\: P e . Then 2r i s 

a f i l t e r on T , and s i n c e T Q i s a P - s p a c e , ^ i s c l o s e d under 
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countable i n t e r s e c t i o n s . Next we show tha t & i S a n u l t r a f i l t e r . 

L e t S S T . Then T Q = S u T \ S , so assume tha t t g 6 S • Since T Q 

i s ex t r ema l ly d i sconnec ted , and s i n c e S i s open i n TQ , we know 

tha t S* = S U - [ t 0 j i s open i n T Q , which means tha t S t By 

c o n s t r u c t i o n $f i s f r e e ( s e e \k]) • Thus ( e ) h o l d s . We assume 

nex t the e x i s t e n c e on T o f the u l t r a f i l t e r < ^ o f ( e ) and we 

d e f i n e on the power se t o f T by 

( l , i f 

( 0 f i f 

By the p r o p e r t i e s o f ^ i t i s immediate tha t ^A- i s t h e d e s i r e d 

measure g i v i n g us ( f ) . The e q u i v a l e n c e o f ( f ) and ( g ) i s p r e ­

c i s e l y the content of Theorem 1 2 . 2 i n IV]. A somewhat d i f f e r e n t 

p r o o f that ( f ) = ^ ( g ) goes as f o l l o w s . L e t yu. be the measure on 
T 

T a s s o c i a t e d w i t h the m e a s u r a b i l i t y o f T . L e t hfeR , l e t p<£N, 

and d e f i n e U n p = | t € T : ( n - l ) / 2 p £ h( t ) <: n / 2 p j, f o r a l l n&Z 

(where Z denotes the c o l l e c t i o n o f a l l i n t e g e r s ) . Then ( u

n p ) n 6 z 

p a r t i t i o n s T, and by the d e f i n i t i o n o f /*- we see tha t f o r each 

pe N the re e x i s t s an n £ Z such tha t / « - ( u

n p ) = 1# Because ju- i s 
P P 

T 
countab ly a d d i t i v e , l i m h(U ) e x i s t s , so we d e f i n e tf on R by 

p->oo n p p 

^ > ( h ) = l i m h(U ) , a l l h € R T

 t 

Sure ly y> i s w e l l - d e f i n e d , and a f t e r a l i t t l e computat ion we see 
T 

t ha t <̂  i s a p o s i t i v e l i n e a r form on R • By H e w i t t ' s Theorem 

[7. Theorem 22 j , y corresponds to a measure supported on a compact 

subset K o f v T ^ • Because the only compact subsets o f T d a re 

f i n i t e , and because our o r i g i n a l JJU a n n i h i l a t e s a l l f i n i t e subsets 

o f T , we know that K ^ T • Thus * » T d £ T d , which p roves ( g ) . 

F i n a l l y we show tha t ( g ) = M a ) . To do i t , l e t t o € v T d X T d 9 8 1 1 1 ( 1 

l e t T Q « T u { t Q ] have the t o p o l o g y induced from v T d . I f h i s 

d e f i n e d on T Q , then g =* h | T i s i n C ( T d ) , so g has a c o n t i n -
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uous ex tens ion g de f ined on T Q . L e t t i n g f = | g | + ^ i i C * 0 ) | , we 

observe that f £ C ( T Q ) and f^[h)t comple t ing the p r o o f tha t 

< g ) - » ( a ) . | 

We remark a t t h i s po in t tha t t h e r e are e q u i v a l e n t ways o f say­

i n g tha t T i s measurable o ther than those mentioned i n Theorem 1 ; 

see f o r in s t ance [ 2 ] . However the ones s t a t ed here are the ones 

which play a r o l e i n the present a r t i c l e * The f o l l o w i n g two c o r o l ­

l a r i e s t e l l us d e f i n i t i v e l y when the re e x i s t T s a t i s f y i n g Con­

d i t i o n A . 

COROLLARY 2. There e x i s t s a n o n - d i s c r e t e T s a t i s f y i n g Cond i t ion A 

i f f the re e x i s t s a measurable c a r d i n a l . 

P r o o f . I f T i s n o n - d i s c r e t e and s a t i s f i e s Condi t ion A, then w i t h 

any s t ronge r n o n - d i s c r e t e t o p o l o g y i t s a t i s f i e s c o n d i t i o n A. So 

take any s t ronger n o n - d i s c r e t e t o p o l o g y on T f o r which a l l but 

one poin t o f T i s i s o l a t e d . That space i s the T Q o f s tatement ( a 

i n Theorem 1 . Since ( a ) » ^ ( f ) f t he re e x i s t s a measurable c a r d i n a l . 

On the o ther hand, ( f ) = » ( a ) i n Theorem 1 y i e l d s the c o n v e r s e . | 

COROLLARY 3 . I t i s c o n s i s t e n t w i t h the Zermelo-Fraenkel axioms t o 

assume that no T e x i s t s s a t i s f y i n g Cond i t ion A . 

P r o o f . C o r o l l a r y 2, t o g e t h e r w i th Theorem 1 2 . 5 and the remarks i n 

12 .6 o f [ > ] t y i e l d s the r e s u l t . I 

I n con t r a s t t o C o r o l l a r i e s 2 and 3, i t i s not known ( a t l e a s t 

t o us ) i f i t i s c o n s i s t e n t to assume tha t a T s a t i s f y i n g Condi­

t i o n A — or e q u i v a l e n t l y a T o f measurable c a r d i n a l — does 

e x i s t . I f we assume tha t such a c a r d i n a l e x i s t s , i t must be huge. 

Such a c a r d i n a l ^ must be ex t remely u l t r a - s u p e r - g i a n t i n a c c e s s i b l e f 

and indeed t h e r e must e x i s t c< i n a c c e s s i b l e c a r d i n a l s l e s s than <* , 

by a theorem o f Tarsk i [ l 2 ] . In a d d i t i o n , i f we assume tha t such 

a c a r d i n a l e x i s t s , then curious phenomena occur i n se t t heo ry QlcT] » 
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On the other hand, more r e c e n t l y J. S i l v e r proved tha t i f the 

Zermelo-Fraenkel axioms, t o g e t h e r w i t h t he axiom o f cho ice and 

the axiom o f the e x i s t e n c e o f a measurable c a r d i n a l , are c o n s i s t e n t , 

then i t i s c o n s i s t e n t t o assume i n a d d i t i o n t h a t the g e n e r a l i z e d 

continuum hypothes i s ho lds [ l l ] • 

We turn our a t t e n t i o n to C o n d i t i o n B, and beg in w i t h a p r e l i m ­

ina ry r e s u l t . 

LEMMA L e t -A . denote the o r d i n a l s l e s s than some i n f i n i t e l i m i t 

o r d i n a l , and l e t ±Q€ T • Assume tha t t h e r e e x i s t s a c o l l e c t i o n 

( U ^ ) J ^ J ^ o f open neighborhoods o f such tha t 

( i ) U ^ U j f o r a l l / y A * J L v i t h / ~ c j l . 

( i i ) Whenever V i s a neighborhood o f t Q t he re i s a A v e JL 

such tha t f o r each ^ >^y an m e N e x i s t s for which 

Then T does not s a t i s f y C o n d i t i o n B . 

P r o o f , For any n o n - l i m i t o r d i n a l \ e-J[_t l e t n^ e- N such that n^ - n 

i s a l i m i t o r d i n a l ( o r 0 ) , and l e t ,A^= ^ \eJJ = l £ » Def ine g by 

A « A » » i A + n /n*i X+m 
O 

I f A i A ^ A ^ w i t h then u ^ i + n ^ ^ u ^ + m » 8 0 w c h a v e e a s i l y t ha t 

g ( t ) a 0 » f o r a l l * € U ^ and a l l n 6 N • Thus g i s r e a l -

v a l u e d . Because ^ u

A + m i s a lways c l o s e d i n T and U ^ + n a lways 

i s open, we know tha t g £ L S C ( T ) . L e t V be a neighborhood of t Q , 

l e t \*JLawith <\>>y*y 1 and l e t n e N • By hypothes i s t h e r e e x i s t s a 

t d ( V n U ^ + n ) \ ( V n U a ^ n + D i ) f o r some m £ N # Then g ( t ) ^ n , so 

t h a t g i s unbounded on eve ry such neighborhood V of t Q , which 

i s t r u e of no f € C ( T ) . Thus T does not s a t i s f y C o n d i t i o n B * | 

THEOREM 5' I f T s a t i s f i e s Cond i t i on B , then T i s a P - s p a c e . 

P r o o f . Assume that " t 0 £ T i s not a P - p o i n t . Then t h e r e e x i s t s a 
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sequence ( u
n ) ^ L i o f open neighborhoods o f t Q such that fj U n i s 

not a neighborhood o f tg , and we can as w e l l assume tha t u

n + i — ^ n 

f o r a l l n . Since f*) U i s not a neighborhood of t A , i t i s c l e a r 

that f o r any neighborhood V o f tg and any n , t h e r e e x i s t s an 

m n > n such tha t V A ^ n * V r , ^ m • Thus the hypotheses o f Lemma h 
n 

are s a t i s f i e d , and we can d e r i v e the d e s i r e d c o n c l u s i o n . I 

Unfor tuna te ly the converse to Theorem 5 i s f a l s e . Indeed , l e t 

T be the n o n - l i m i t o r d i n a l s l e s s than the f i r s t uncountable ĉ >, , 

w i th a;, ad jo ined , and c l o t h e T i n the o rde r t o p o l o g y . Then T i s 

a P - space . I t i s easy t o see tha t o>, f u l f i l l s the hypotheses on 

t^ i n Lemma h9 where - A . = [l9cot)* Consequently T does not s a t i s ­

fy Cond i t ion B. 

That Cond i t ion A i m p l i e s Cond i t i on B means tha t i f we assume 

the e x i s t e n c e o f measurable c a r d i n a l s , then we know that t he re e x i s t 

T f s which s a t i s f y Cond i t i on B. However, wi thou t the e x i s t e n c e o f 

measurable c a r d i n a l s we do not know any T which s a t i s f y C o n d i t i o n B, 

and e v i d e n t l y none e x i s t s which has but one n o n - i s o l a t e d p o i n t ( l i k e 

the TQ i n Theorem 1 ) . Conce ivab ly no such T e x i s t s wi thout t he 

e x i s t e n c e o f measurable c a r d i n a l s . T h i s p o s s i b i l i t y becomes p l a u s i b l e 

when we note tha t every P-space i s b a s i c a l l y d isconnected (P rob l em hK 

oi M ) , whereas a n o n - d i s c r e t e e x t r e m a l l y d isconnected space e x i s t s 

only i f measurable c a r d i n a l s e x i s t (Problem 12H o f jV]) — a s l i g h / t l y 

s t r onge r r e s u l t than ( d ) = M f ) of our Theorem 1. I n o the r w o r d s , 

to f i n d a n o n - d i s c r e t e space which s a t i s f i e s Cond i t ion B but which 

has non-measurable c a r d i n a l i t y , one must l o c a t e a T o f r e a s o n a b l e 

c a r d i n a l i t y which i s more d i sconnec ted than b a s i c a l l y d i s c o n n e c t e d 

but which i s not q u i t e e x t r e m a l l y d i sconnec t ed . That j o b may n o t toe 

so ea sy . Another way o f l o o k i n g at the s i t u a t i o n i s as f o l l o w s . 

I f we assume tha t a l l c a r d i n a l s are non-measurable, then a n o n - d i s ­

c r e t e space T s a t i s f i e s Cond i t i on B only i f eve ry p o i n t w i s e bounded 

fami ly i n C ( T ) i s dominated by a continuous func t ion but t h e r e e x -
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i s t s a fami ly ( f x ^ U J L — C ^ S U ° h t h & t 1 5 1 1 5 ^ C ^ T * ^ s e e 

Problem 3N i n M ) . 

A n o n - d i s c r e t e compact T cannot s a t i s f y Cond i t ion B because 

a compact P-space i s n e c e s s a r i l y f i n i t e , by Problem *fK o f [h]. 

But a n o n - d i s c r e t e r e p l e t e T s a t i s f y i n g Cond i t i on B i s not ru l ed 

out a p r i o r i * What we know i s the f o l l o w i n g r e s u l t * 

PROPOSITION 6. I f T s a t i s f i e s C o n d i t i o n B, then v T a l so s a t i s ­

f i e s Condi t ion B* 

Proof* L e t g £ L S C ( v T ) . I f g = g | T , then g ^ L S C ( T ) , so that 

by hypothes i s t h e r e e x i s t s an f € C ( T ) w i t h f ^ g • Now l e t 

t g € - t f T N T . Por each £ > 0 , t h e r e e x i s t s a neighborhood U £ o f 

t Q on which g ^ g ( t Q ) - L • The continuous e x t e n s i o n f o f f 

on t>T g i v e s f ( t Q ) > g ( t Q ) • Thus f > g • I 

Prom now on we concen t ra t e on Cond i t i on C. Unl ike the problems 

c o n f r o n t i n g us i n f i n d i n g n o n - d i s c r e t e T s a t i s f y i n g e i t h e r Con­

d i t i o n A or Condi t ion B , i t i s t r i v i a l t o f i n d n o n - d i s c r e t e T 

s a t i s f y i n g Condi t ion C , and we can d e s c r i b e wi th no e f f o r t two 

t y p e s o f such T • 

I n the f i r s t p l a c e , i f T i s denumerable, w i t h any comple t e ly 

r e g u l a r Hausdorff t o p o l o g y whatever , then T s a t i s f i e s Cond i t i on C. 
m 

To see t h i s , j u s t l e t T = ("k^^Li 8 1 1 ( 1 l e t h <£R • Merely d e f i n e 

g on T by g ( t n ) = m a x £ l h ( t m ) | : m = l , * . * , n } - , f o r each n e N . 

Then g é L S C ( T ) and g ^ h . 

Por the second t y p e , we note t ha t there are n o n - d i s c r e t e T o f 

a r b i t r a r i l y l a r g e c a r d i n a l i t y which s a t i s f y Cond i t i on C. Por i f T 

i s any space which conta ins but one n o n - i s o l a t e d element , then 

T 

any h£ R i s lower semi-cont inuous excep t p o s s i b l y a t tQ , so 

such an h can be ma jo r i zed by a s u i t a b l e g £ L S C ( T ) . 

On the o the r hand, i f T = £o , l ] , then T does not s a t i s f y 

Condi t ion C , as we saw at t h e ou t se t o f the paper* Because i n some 
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sense i n any space s a t i s f y i n g Condi t ion C the re seem to be lower 

semi-continuous func t ions which o s c i l l a t e a r b i t r a r i l y w i l d l y , l e t 

us make the f o l l o w i n g s l i g h t l y p i c t o r i a l d e f i n i t i o n ( a s i n e f f e c t 

we di d i n • 

DEFINITION 7- The space T i s w i l d l y o s c i l l a t o r y i f f T s a t i s f i e s 

Condi t ion C ( i . e . , i f f o r each h € E , the re e x i s t s a g e LSC(T) 

such that g ^ h ) • I f T i s not w i l d l y o s c i l l a t o r y , we say tha t 

T i s m i l d l y o s c i l l a t o r y . 

I n ana lyz ing which T are w i l d l y ( o r m i l d l y ) o s c i l l a t o r y , we 

w i l l r e f e r to what we c a l l everywhere unbounded f u n c t i o n s . We say 
T 

that h6 E i s everywhere "unbounded i f f h i s unbounded on each 

non-empty open subset of T . A f t e r a moment's r e f l e c t i o n you w i l l 

agree that T i s m i l d l y o s c i l l a t o r y i f on the one hand LSC(T) 

conta ins no p o s i t i v e everywhere unbounded funct ion wh i l e on the 
T 

other hand R does conta in an everywhere unbounded func t ion . 

(Perhaps the converse i s v a l i d t o o , f o r those T which con ta in 

no i s o l a t e d p o i n t s . ) 

What type o f T admit no p o s i t i v e everywhere unbounded func­

t i o n i n LSC(T)? R e c a l l that T i s non-meager i f f T i s not the 

countable union o f c lo sed nowhere dense subsets [8, p . 213) • Then 

we can s t a t e and prove the f o l l o w i n g p r o p o s i t i o n . 

PROPOSITION 8. T i s non-meager i f f LSC(T) admits no p o s i t i v e 

everywhere unbounded func t i on . 
P r o o f . I f T i s non-meager and i f g 6 L S C ( T ) i s p o s i t i v e , l e t 

S n = | t 6 T : g ( t ) £ n } , f o r each n £ N . 

Then each S i s c l o s e d i n T and Qs^ = T . Because T i s u ««1 u 

non-meager, the re i s an i n t e g e r n such tha t conta ins a non-empty 

open subset . For the converse , assume that LSC(T) admits no 

p o s i t i v e everywhere unbounded func t ion . L e t (S ) ° * - » be an i n c r e a s -
n n= l 
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ing sequence of c l o sed subsets wi th union T, and f o r each n€,N 

l e t g ( t ) = n f o r a i l t ^ S n ^ S ^ i (where S Q = 0 ) . Then 

g £ L S C ( T ) and i s p o s i t i v e , and consequent ly by hypothes i s t h e r e 

e x i s t s an mGN and an open subset U C T such that g ( t ) £ m f o r 

a l l t e U . Thus U C \JS . Now the r e g u l a r i t y o f T y i e l d s a 
*»( n 

non-empty open subset V o f T such tha t V C U and also a p < m 

such that V C S p . | 

Since a l l Ba i re spaces , and in p a r t i c u l a r a l l l o c a l l y compact 

spaces , are non-meager, P r o p o s i t i o n 8 a t t e s t s that f o r any such T f 

the space LSC(T) conta ins no p o s i t i v e everywhere unbounded funct ion. 

I f T contains no n o n - i s o l a t e d p o i n t s , then the non-ex i s t ence 

o f an everywhere unbounded func t ion on T i s c l o s e l y r e l a t e d to 

Condi t ion ( b ) of Theorem 1 . In f a c t , T admits no everywhere 

unbounded funct ion p r e c i s e l y when f o r each p a r t i t i o n (^xJnLl °* 

T there e x i s t s a n o n - i s o l a t e d t € T and an m. e N such that (b IL 

i s a d e l e t e d neighborhood o f t • As i s e v i d e n t , t h i s l a t t e r cond i ­

t i o n i s a modestly weakened v e r s i o n of c o n d i t i o n ( b ) , and i s exac t ly 

c o n d i t i o n ( b ) i n the even t tha t T has e x a c t l y one n o n - i s o l a t e d 

e lement . 

Remember that Theorem 1 and C o r o l l a r y 3 t e l l us i n e f f e c t that 

i t i s cons i s ten t w i t h the usual axioms o f se t theory to assume that 

any T wi th one n o n - i s o l a t e d poin t (and indeed any n o n - d i s c r e t e T) 

does not s a t i s f y c o n d i t i o n ( b ) . T h e r e f o r e , w i th a l i t t l e o f the 

pol lyanna i n us we con jec ture that i t i s cons i s t en t wi th the usual 

axioms o f set theory t o assume that e v e i y T which conta ins no 

i s o l a t e d po in t s admits an everywhere unbounded func t ion . I f our 

con jec ture happens to be t r u e , then at l e a s t f o r those T wi thout 

i s o l a t e d po in t s a c r i t e r i o n f o r T t o be m i l d l y o s c i l l a t o r y ( o r t o 

not s a t i s f y Condi t ion C) would e v o l v e : such a space would be m i l d l y 

o s c i l l a t o r y i f T were non-meager. 
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Without a p r o o f o f the c o n j e c t u r e , we can in any case p rove t ha t 

many T admit everywhere unbounded func t ions . We begin w i th the 

f o l l o w i n g s imple o b s e r v a t i o n . 

PROPOSITION 9- I f T i s sepa rab le , then T admits an everywhere 

unbounded func t ion . 

P r o o f . I f ( * n ) ^ j [ i s dense i n T f then l e t b ( t n ) « n, f o r a l l 

n £ N , and l e t h ( t ) = 0 f o r a l l o ther t € T . | 

As a r e s u l t o f P r o p o s i t i o n 9, i f T i s separable and non-

meager—l ike the r ea l s—then T i s m i l d l y o s c i l l a t o r y . Moreover , 

by us ing Hamel bases we can e a s i l y show tha t any t o p o l o g i c a l v e c t o r 

space T o v e r the r e a l s admits an everywhere unbounded f u n c t i o n , 

and moreover such a T i s a l so m i l d l y o s c i l l a t o r y . 

Next we w i l l show tha t each l o c a l l y compact space wi thout 

i s o l a t e d po in t s admits an everywhere unbounded func t ion . We w i l l 

u t i l i z e the no t ion o f what might be c a l l e d "homocard ina l i ty" . We 

say that a space T i s homocardinal i f f card U = card T f o r any 

non-empty open U i n T (where "card" stands f o r " c a r d i n a l i t y " ) . 

We are then ready to s t a t e and prove P r o p o s i t i o n 10, the bas i c i d e a 

f o r whose proof i s due to J. Saint-Raymond. 

PROPOSITION 10. Le t T have no i s o l a t e d p o i n t s , and l e t S ^ T w i t h 

S = T . L e t ^ e a p a i r w i s e d i s j o i n t c o l l e c t i o n o f homo-

ca rd ina l open subsets o f T .such that 

( a ) IJTA - T 

( b ) For each X±JL% t he re e x i s t s a base IX X « ( U ^ L _ of open 
^ a o ire I 

subsets f o r TA such tha t card UL^ ^ card ( U A T N S ) , f o r a l l 

v*rA $ and such that i f card ( U j y n S) =TQ0$ then we have 

card ( U A Y N S) s card . 

Then S (and hence T ) supports an everywhere unbounded f u n c t i o n . 
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P r o o f . F i x \>*Jt and l e t "Ux - (Uj s a "fc is fy p roper ty ( b ) . 

Designate by <t the o r d i n a l such that we may (and w i l l ) i d e n t i f y 

Pv wi th the o r d i n a l s l e s s than c< • I f card (XL v H S ) * TflL f o r 

some Y^r. I then by assumption ( b ) we know that card UN v = W . 

But i s homocardinal , so t h i s means tha t card T A = 7^ . Con­

sequent ly we can d e f i n e h. on T. as i n P r o p o s i t i o n 9. Hence-

f o r t h we can t h e r e f o r e assume that card (U^ y R \ S) ̂  ?fy f o r each 

V £ p , and f o r the moment we f i x V £ p # Then 

card yo < oc = card l card (U^ y n S ) . 

U t i l i z i n g these i n e q u a l i t i e s , we can by t r a n s f i n i t e i nduc t ion f i n d 

a d i s t i n c t sequence ( t . ^ U. ̂  S such tha t 

^nA^T * ^m\>* 1 f o r a l l 1 r 6 ^ suck tha t ff*^, and a l l m , n £ N . 

Define h ^ on T ^ by 

fn , i f t s t » v , f o r some n e N and V ^ P , . 
h> ( t ) - J n > ° * ° A ° 

^0, a l l o the r t 6 T^ . 

S ince (U* v V , « comprises a base f o r open s e t s i n T* , t h i s 

means tha t h. i s e v i d e n t l y unbounded on a l l non-empty open sub-

s e t s o f T. r\ S (and hence on a l l those non-empty open subsets of 

T > o ) . F i n a l l y , u t i l i z i n g the f a c t tha t the T ^ ' s are p a i r w i s e 

d i s j o i n t , we can l e t h "be de f ined on T by 

V ( t ) , a l l t e T , , a l l AeJt. 
h ( t ) = < 

0, a l l o ther t € T . 

Then h i n h e r i t s the r e q u i r e d p roper ty from the k ^ f s , s i n c e 

Xj (i^rss) = s" = T . | 

The S which appears i n P r o p o s i t i o n 10 i s not needed i n o rder 

t o d e r i v e the f o l l o w i n g p r o p o s i t i o n , but i t w i l l appear i n Example 12 

and w i l l play an e s s e n t i a l r o l e i n P r o p o s i t i o n 17 i n Sec t i on 3. 

The next r e s u l t i s e s s e n t i a l l y due to J. Saint-Raymond. 
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PEOPOSITION 1 1 . I f T i s l o c a l l y compact and contains no i s o l a t e d 

po in t s , then T supports an everywhere unbounded function—and 

thus T i s m i l d l y o s c i l l a t o r y . 

P r o o f . F i r s t , by Zorn ' s Lemma l e t (T^ be a maximal c o l l e c t i o n 

of pa i rwise d i s j o i n t open homocardinal subsets o f T . I f by chance 

U TV * T , then there would e x i s t an open V £ ( T \ UYA) w i th 

minimal c a r d i n a l i t y * Th i s V would be homocardinal, c o n t r a d i c t i n g 

the maximality o f (T* ) . » . Thus LTTT = T . F ix A * ^ , and f o r a 

pair s , t € T ^ , l e t Ug^CT^ be r e l a t i v e l y compact and open, and 

such that s £ U s t but t ^ . To show that ^VL^ ^ U s t^s t € T 

i s a basis for open se t s of T^ , l e t U be any non-empty open 

subset o f T^ , l e t s ^ U , and l e t t Q € T^\[s}. Then U ^ . \ U i s 

compact. E i the r IT. C U or e l s e there e x i s t s an n such tha t 
sx Q 

s x n * m | s t

n

 s t 0 

which means that 

U 's t " ^ U s t " ft TTAT ^ U > s x 0 »m* s x n »*o s t n 

confirming that i s a base f o r open se t s o f T^ . Moreover , 

card 1A> a card T^ , so that by l e t t i n g S = T in P r o p o s i t i o n 10, 

we demonstrate the ex i s t ence of an everywhere unbounded func t ion 

on T . That T i s t h e r e f o r e m i l d l y o s c i l l a t o r y now f o l l o w s from 

P r o p o s i t i o n 8. | 

In prepara t ion f o r P r o p o s i t i o n 17$which appears l a t e r on, we 

g i v e now an example of a T which admits an everywhere unbounded 

funct ion on a s p e c i a l , n o n - t r i v i a l dense subset S . 

EXAMPLE 12 . Le t T = If and l e t S denote the c o l l e c t i o n o f 

a l l P -po in t s o f T . I f we assume the continuum I jypothes is , then 

S i s dense i n T by Problem 6V o f D+] . We w i l l show that S 

admits an everywhere unbounded func t ion . To that end, l e t U be 
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non-empty and open in T , so that U/^S * 0 . I f ( U n S ) c. ( 8 n ) ^ L ^ > 

then l e t s ^ U n S , and f o r a l l n ^ 2 l e t V n C U be a neighborhood 

o f s n such tha t s ^ V . Then V = ^ V i s a non-empty G. l n ^ n m-i n o 

conta in ing s^g S , so V i s a neighborhood of s^ • But Vr\ S ̂ { s - ^ 

and s^ i s not i s o l a t e d , which means tha t S cannot be dense i n T, 

c o n t r a d i c t i n g our previous a s s e r t i o n . Thus fo r every non-empty U 

i n T , we know that card ( U r i S ) ^ ^ . Since N i s l o c a l l y compact, 

the space T i s compact by 6.9d o f {h] , so tha t by the proof of 

P r o p o s i t i o n 1 1 there e x i s t s a c o l l e c t i o n (T^ o f pa i rwise d i s ­

j o i n t , homocardinal, open subsets o f T such that = T . 

Problem 6S o f [*f] t e l l s us that there i s a bas is o f open se t s i n T 

(and hence in each T^ ) o f c a r d i n a l i t y • Then P r o p o s i t i o n 10 

f i n i s h e s the proof that there e x i s t s an everywhere unbounded func t ion 

on S. 

In showing that a g i v e n T i s w i l d l y or m i l d l y o s c i l l a t o r y , 

we have had to lean h e a v i l y on the hypothesis that T conta in no 

i s o l a t e d p o i n t s . As y e t we have found no method fo r c ircumventing 

t h i s hypo thes i s , even when T i s l o c a l l y compact and very down to 

ea r th . For example, i f T i s the o rd ina l s l e s s than the f i r s t 

uncountable o>, ( o r l e s s than any to* >c*>,), then T i s l o c a l l y compact 

and i s moreover eminently s t ruc tured . I s T w i l d l y o s c i l l a t o r y ? 

I t seems t o us that whatever be the r e p l y , i t s proof cannot be 

c o n s t r u c t i v e . Could the answer conce ivab ly e n t a i l a new axiom? 
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3* W i l d l y o s c i l l a t o r y spaces and l o c a l l y convex spaces 

In t h i s s e c t i o n we determine which T are w i l d l y ( o r m i l d l y ) 

o s c i l l a t o r y in the contex t o f l o c a l l y convex spaces . To begin w i t h , 

we l e t C U T ) denote the space C(T) wi th the t o p o l o g y o f s imple s 

convergence on the elements o f T. I t i s the a n a l y s i s i n [ l ] o f 

va r i ous s p e c i a l l o c a l l y convex space p r o p e r t i e s o f C S ( T ) which 

o r i g i n a l l y drew our a t t e n t i o n t o C U T ) . 
s 

Cer t a in c h a r a c t e r i s t i c s o f C U T ) are e v i d e n t . I n the f i r s t 
s 

p l a c e , C U T ) i s always dense i n R when R c a r r i e s i t s product 
T 

t o p o l o g y . Moreover , C U T ) = R i f f T i s d i s c r e t e , as we men-
s 

t ioned at the outse t o f the a r t i c l e . Because the supremum o f a 

se t o f continuous funct ions i s always lower semi-continuous ( though 

poss ib ly i n f i n i t e - v a l u e d ) , the c o l l e c t i o n ( B g ) g ^ LSC(T) g > 0 
forms a base f o r the bounded se t s o f C U T ) , where by d e f i n i t i o n 

s 
B g - {t € C S ( T ) : | f k g ] . 

The d u a l i t y theory f o r C _ ( T ) i s by and l a r g e known ( s e e E5j)» 
s 

we mention a few pe r t i nen t p r o p e r t i e s o f C U T ) at t h i s p o i n t . As 
s 

a v e c t o r space the dual C U T ) i s i d e n t i f i e d w i t h the se t o f a l l 
s 

f i n i t e l i n e a r combinations o f poin t masses ^ , t € . T , and e v i d e n t ­

l y ( B g ) g 6 I S C ( T ) g > 0 f o r m s a * > a s i s f o r neighborhoods o f 0 i n 

C ^ ( T ) i n the dual t o p o l o g y , where i n the i d e n t i f i c a t i o n we o b t a i n 
B6

g « co b a l | S t / g ( t ) : t ^ T j 
[5, Lemma 2 ] . As a r e s u l t , the only subsets o f C ^ ( T ) which a re 
bounded in the dual topo logy of C U T ) are those conta ined i n 

s 

f i n i t e - d i m e n s i o n a l subspaces C o r o l l a r y . An immediate c o n s e ­

quence of t h i s i s the f a c t that C U T ) i s always a semi-Montel 
s 

space. 
T 

P r i m a r i l y because the (weak) complet ion o f C g ( T ) i s R , the b idual C U T ) o f C U T ) admits the f o l l o w i n g i d e n t i f i c a t i o n : s s 
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C£(T) = [ h e R T : g?\h\ f o r some g 6 L S C ( T ) ] . 

The bidual topo logy on C " ( T ) turns out to be the t o p o l o g y o f 

s imple convergence, s ince the hounded subsets o f C ^ ( T ) are con­

t a ined i n f i n i t e dimensional subspaces. ICow the form that C " ( T ) 

takes as a v e c t o r space may remind you o f our o r i g i n a l Condi t ion C. 

The r e l a t i o n s h i p w i l l be s p e l l e d out d i r e c t l y in Theorem 16 . 

From the c h a r a c t e r i z a t i o n o f C " ( T ) , we observe that C " ( T ) 
s s 

m fp 
l i e s between C ( T ) and R , so that C " ( T ) i s always dense i n R . 

s s 
The f a c t tha t C " ( T ) conta ins a l l func t ions bounded on T p lays a 

s 
d e c i s i v e r o l e in the s t ruc ture o f C " ( T ) , as we begin t o see i n the 

s 
f o l l o w i n g lemma. 

LEMMA 1 3 . The c o l l e c t i o n ( D

n ) h € R

T ^ > 0 f o r m s a b a s e f o r t t i e 

hounded subsets o f C £ ( T ) , where I> h = { k e C£(T) : | k | * h } . More­

o v e r , i f ( ^ n ) ^ ! ^ T » "tben t h e r e e x i s t s a k e D ^ such tha t 

k ( t n ) m h ( t n ) , f o r n = l , . . . , m . 

P r o o f . That the c o l l e c t i o n forms a base f o r the bounded se t s i s 

t r i v i a l , s ince the t opo logy on C^'(T) i s the t o p o l o g y o f s imple 

convergence . I f he R T w i th h > 0 , and i f ( " ^ J ^ i ^ T » t h e n 

T 
d e f i n e k € R by 

Ch(t ) , n - 1 , . . . , m 
k ( t ) - « n 

(.0, a l l o ther t £ T 

Since C " ( T ) conta ins a l l the bounded funct ions def ined on T , s 
we know tha t k 6 C ^ ( T ) and hence that k 6. . 1 

PROPOSITION Ih a. C' ' ' (T) = ( R T ) » f o r each T . 
s 

b . C g ( T ) i s a Montel space, f o r each T . 

T 
P r o o f . Par t ( b ) f o l l o w s from ( a ) s ince (R ) • i s a Montel space 
f o r a l l T. Consequently we on ly need prove ( a ) . However, as a 

T v e c t o r space, C?(T) = (R ) f , and in a d d i t i o n , C ' ( T ) i s a semi-s s m 
Montel space, which means that C^CT) = (R ) f as a v e c t o r space . 
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Thus we only have to make c e r t a i n that C*"(T) has the r i g h t t o p o -
s 

l o g y . I t i s easy t o check tha t se t s o f the form co bal / h ( t ) r t e T } , 
T 

where h € R and h>0 , form a base o f neighborhoods of 0 i n 

( R T ) f . But v i a Lemma 13 the c o l l e c t i o n ( ^ h ^ R 1 , h > 0 f o r m s 

a base o f neighborhoods o f 0 i n C ' " ( T ) . I t t h e r e f o r e s u f f i c e s 
3 

T 
to prove that f o r each h e R wi th h > 0 , we have 

])£ = co bal £ $ t / h ( t ) s t f i l } . 

On the one hand, c l e a r l y D £ 2 co ka l { $ t / h ( t ) : t € l } . On the 

o ther hand, i f C g ( T ) but co ba l | £ t / h ( t ) : t £ T | , then 

r* I n 

where the ( c

n ) ^ _ i a*1** " t i i e ^ n ^ n = l a r e a P P r ° P r i a : t e > where J L i c

n t > l f 
and where l c

n l > ° > f o r n = 1 , . • . , m . Now l e t k£ C£(T) be 

def ined by 

k ( t ) = / ( | C n l / C n } h ( t n ) ' f o r * - ^ » n - 1 m 

1 0 , a l l o ther t £ T 

Then k £ D h w h i l e /« - ( l c ) = ^ L i c n l > : L • T h u 3 J^^Bh ' A s a r e s u l t  

B

n ^ co b&l jS^/hit) : t T | , and the p roo f i s comple te .1 

As an immediate consequence o f P r o p o s i t i o n Ik we have 

COROLLARY 1 5 . C " " ( T ) = R T f o r each T . 
s 

I t i s apparent by v i r t u e o f C o r o l l a r y 15 that al though C a ( T ) 
s 

i s r e f l e x i v e only when T i s d i s c r e t e , on the o ther hand, C g M ( T ) 

i s always r e f l e x i v e . 

For each T , the i n c l u s i o n s 
c s ( T ) £ c ; ( T ) c C J M ( T ) ~ R T 

ho ld . I n a d d i t i o n , C ( T ) = C " ( T ) i f f T i s d i s c r e t e . I t i s 
S O 

t h e r e f o r e very natural t o ask when C " ( T ) = fiA (which i t turns out 

i s the same as asking when C " ( T ) i s r e f l e x i v e ! ) . The answer i s 
s 
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contained i n Theorem 1 6 , which i s c l o s e l y r e l a t e d to Theorem 9 i n [5 ] . 

Before we s t a t e Theorem 16 we r e c a l l tha t a l o c a l l y convex space f o r 

which a l l weak* compact subsets i n i t s dual are e qui continuous i s 

c a l l e d a s t r i c t l y Mackey space ( s e e £3])» 

THEOREM 1 6 . For an a r b i t r a r y T f the f o l l o w i n g statements are 

e q u i v a l e n t : 

a. CJ(T) - R T . 

b . T i s w i l d l y o s c i l l a t o r y ( i . e . , T s a t i s f i e s Condi t ion C ) • 

c . C ' ( T ) i s b o r n o l o g i c a l . 
s 

d. C U T ) i s u l t r a b o r n o l o g i c a l . 

©• C ! ( T ) i s i n f r a b a r r e l e d . s 
f . C*Q(T) i s a Montel space, 

g . C » ( T ) i s b a r r e l e d . 
s 

h. C ^ ( T ) i s a s t rong Mackey space* 

i . There e x i s t s a comple te ly r e g u l a r Hausdorff space U and a 

homeomorphism tp z C" (T)—>C a (U) which i s onto and which p r e -• s s 

se rves e i t h e r the na tura l o rder or the natural po in tw i se 

m u l t i p l i c a t i o n o f both spaces . 

P r o o f . The f a c t tha t ( a ) ^ = ^ ( b ) i s obv ious . Assume that ( b ) 

h o l d s , and l e t B C C ' ( T ) be convex and balanced and absorb a l l 
s 

bounded subsets of C ^ ( T ) . Then B 2 co bal { 5 ^ / h ( t ) : t £ T j f o r 
T 

some he R w i t h h > 0 • By ( b ) we know tha t there i s a s t r i c t l y 

p o s i t i v e g £ L S C ( T ) such tha t h ^ g , so tha t 

B 2 co bal j $ t / g ( t ) : t f i l j a • 
Consequently B i s a neighborhood o f 0 i n C U T ) , v e r i f y i n g that 

s 

C ^ ( T ) i s b o r n o l o g i c a l . Thus ( c ) h o l d s . Because t h e bounded 

subsets of C S ( T ) are r e l a t i v e l y compact in CJCT), we have 

(c)^=5>(d) and a l so < e ) * > - * < f ) « - * ( g ) ( s e e [8 , p . 23l] ) . I n any 

l o c a l l y convex space, ( d ) = - ^ ( e ) and ( g ) — M h ) • Now to show 
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tha t ( h ) = ^ ( a ) , assume that ( a ) i s f a l s e . Le t h€ R T \ C " ( T ) , 

and l e t D = fo} U [ h ( t ) % ^ : t e TJ • Note tha t D i s compact 

( thus au toma t i ca l l y weak* compact) in C ^ ( T ) s ince any neighborhood 

o f 0 i n C " ( T ) contains a l l but f i n i t e l y many elements of D. 

However, i f D were e qui cont inuous, then the re would n e c e s s a r i l y 

be a g € l S C ( T ) such tha t g > 0 and such that 

D 9 2 B* = co bal \ S t / g ( t ) : te ?} . 

But then | h l < g , which i s f a l s e s ince h ^ C J J ( T ) • Thus C ^ ( T ) 

i s not a s t rong Mackey space , which completes the p r o o f tha t 

( h ) « = » ( a ) • That ( a ) = £ > ( i ) comes from l e t t i n g U be T w i t h 
IT T 

the d i s c r e t e t o p o l o g y , so tha t C S ( U ) = R = R • Then <{ i s mere ly 

the i d e n t i t y f u n c t i o n . F i n a l l y , to prove that ( i ) — 5 * ( a ) , we 

observe that i f f ( g ) = 1 , then <p(D ) = B1 . However, D i s 

compact i n C£(T) , wh i l e B-ĵ  i s compact i n C S ( U ) i f f U i s 

d i s c r e t e . Thus C B ( U ) i s r e f l e x i v e , and consequent ly C*I(T) i s 
s s 

rp 
also r e f l e x i v e , so by C o r o l l a r y 1 5 , we ob t a in C " ( T ) « R , which 

s 
proves ( a ) • | 

Severa l comments are i n order w i t h r e spec t t o Theorem 1 6 . 

F i r s t o f a l l , the equ iva lence o f ( a ) and ( b ) f u l f i l l s our 

promise t o c h a r a c t e r i z e i n l o c a l l y convex space terms those T 

which a re w i l d l y o s c i l l a t o r y . Secondly, the ^ o f ( i ) need 

not be l i n e a r . However, i f ^ happens to be a l i n e a r homeomorphism 

onto C

S ( U ) , then we con jec tu re that need not p r e s e r v e e i t h e r 

the order o r the m u l t i p l i c a t i o n of the spaces e n t a i l e d i n o rde r 

fo r ( i ) t o be equ iva len t t o ( a ) . 

F i n a l l y , the c o n d i t i o n " C U T ) i s a Mackey space" i s con-
s 

sp icuously absent from the array o f statements i n Theorem 1 6 , and 

f o r a v e i y good reason . We simply do not know f o r what T the 

space C* ( T ) i s a Mackey space. Conceivably C*(T) i s a Mackey 
S 8 

space i f f T i s w i l d l y o s c i l l a t o r y , but to prove i t one would i n 
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a l l l i k e l i h o o d need a much more pene t r a t i ng understanding of the 

convex compact subsets of C£(T) than we now have. I n f a c t , f o r 

us to f ind even one T f o r which C f ( T ) i s not a Mackey space has 
s 

been no t r i v i a l task. We present the example as P r o p o s i t i o n 1 7 . 

PROPOSITION 1 7 . I f T = ^3N\N and i f we assume the continuum 

hypo thes i s , then C * ( T ) i s not a Mackey space. 

s 

P r o o f . Le t S be the se t o f P - p o i n t s i n T . By Example 12 we 

know that S i s dense i n T , and that t he r e e x i s t s a ( p o s i t i v e ) 
T 

€ R which i s everywhere unbounded on S • Since T i s compact, 

P r o p o s i t i o n 8 t e l l s us tha t no p o s i t i v e g d L S C ( T ) i s everywhere 

unbounded. T h e r e f o r e , i f h = ^ o ^ g o n T | ^ h e n k i s n o t major­

i z e d by any g £ L S C ( T ) . Now l e t 
A = { h ( * ) f y t ) 5 % 6 T ) » 

T 
so tha t A C C " ( T ) , and l e t D = co ba l A R . Ev iden t ly D i s s 

T 

compact i n R • Using the f a c t tha t each po in t o f S i s a P -po in t 

i n T , we w i l l show that D S C £ ( T ) • With an argument s i m i l a r to 

one found i n Example 1 1 o f [6] , we w i l l f i r s t show tha t i f k e D , 

then k ( t ) * 0 f o r at most countably many t £ T (which such t 
T 

o f course must be i n S ) . In that d i r e c t i o n , l e t k e R and 

assume that k ( s ) * 0 f o r uncountably many 86 S • For each r > 0 , 

l e t 
S p = j s 6 S : h ( s ) £ r } , 

so that U S W a S . Then t h e r e n e c e s s a r i l y e x i s t s an e > 0 and r>o r 

r f > 0 such that ( k ( t ) f > £ f o r uncountably many (and hence countably 

many) elements o f S p f . Nex t , l e t p € N such tha t p € . / 2 > r f 

and l e t C ^ ) ] ^ C S f t such that ) k ( s m ) | > €. , f o r a l l m€,N • 

F i n a l l y , l e t 

V = { d € R T : | K s m ) | ^ e / 2 , m ~ l , . . . , p } , 

so that V i s a neighborhood o f 0 i n R T . Now i f J6.V, then 
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( ( k + j ) ( s m ) | >£ /2 , f o r a l l m - l , . . . , P , whereupon 

I ; | ( k + j ) ( s ) | > p e / 2 > r « . 

On the o ther hand, i f j f £ co bal A , then 

f o r appropr ia te ( t n ) £ = 1 <S T and ( c n ) ^ = s l , where Sj \ c n t ¿ 1 , and 

where without l o s s o f g e n e r a l i t y we can assume that C"tn)^-i— * s m^m- l ' 

Since h ( s m ) ^ r* f o r a l l m = l , . . . , p , we have 

*•« ' HE/ 

Thus ( k + V ) 0 co bal A = 0 , so that k ^ D . Consequently i f k £ D , 

then k ( t ) ± 0 f o r at most countably many t £ T . Now we can 

e a s i l y prove tha t D ^ C " ( T ) . For i f k £ D , then T S k ^ C O ) i a 

contained i n some countable set ( u

n ) ^ l i ^= S > 8 1 1 ( 1 s ince S c o n s i s t s 

e n t i r e l y of elements which are P -po in t s in T , t h i s means tha t t h e r e 

e x i s t s a sequence ( u

n)^Li
 o f P&irwise d i s j o i n t open subsets o f T 

such that u € U f f o r a l l n £N • I f we l e t 
n n f 

/>*/ n 

then G C L S C ( T ) , w h i l e G ̂  |k| , so tha t k £ C £ ( T ) . This p roves 

that D £ C J J ( T ) . By the d e f i n i t i o n o f the Mackey t o p o l o g y , the 

se t i s a neighborhood o f 0 in the Mackey topo logy o f C f ( T ) . 
s 

On the other hand, i f were a neighborhood o f 0 in C ' ( T ) 

with i t s dual t o p o l o g y , then the re would have t o he a p o s i t i v e 

G E L S C ( T ) such that ^ . But then B ^ ^ D^* ^ D o A , 

f o r c i n g fhj ^ g , which con t r ad i c t s the a s s e r t i o n at t h e beg inn ing 

o f the p roof that no such g can be everywhere unbounded on S • 

Thus i s not a neighborhood o f 0 i n C i ( T ) f which means 

f i n a l l y tha t C ' ( T ) i s not a Mackey space. | 

The presence o f t he dense se t o f P -po in t s i n the T o f P r o p o ­

s i t i o n 1 7 was c r i t i c a l t o our argument. I f the re had been no dense 

58 



Domination in Analysis 

subset of P - p o i n t s , then such a D might not be conta ined i n C " ( T ) 
s 

and t h e r e f o r e could not be used to show that C U T ) i s not a Mackey 
s 

space . Witness the f o l l o w i n g example, where T = [o,l] and where 

S s» ( S j ^ ^ L i denotes the r a t i o n a l s i n [ o , l ] . L e t 

f 2 2 n , f o r t = s „ , a l l n s N 
h 0 ( t ) " I r I u (JD, f o r a l l o ther t e [0,1J 

Then hQ i s p o s i t i v e and unbounded on every open subset o f S and 

o f T , L e t h = h 0 ^ , and l e t A = ^h (" t ) 1 ^ ( t } : t6{p,l]J. Then 

A i s r e l a t i v e l y compact i n C " (D ) , l J ) , w h i l e on the o t h e r hand 
s 

RCo,i] 
D = co ba l A 

i s not conta ined i n Cg([0,lj ) . The reason why i s tha t i f 

then (\)^l—co b a l A —11 — C 5 ( E°>y I f h f = l i m > t h e n 

h ' C s ^ ) > 2 n f o r each n £ N , so that consequent ly h f i s unbounded 

everywhere on [ 0 , l ] and thus by P r o p o s i t i o n 8 we know that h f 

cannot be in C J ( [ O f l | ) • 

The example jus t c i t e d proves nothing i n regard to whether or 

not C ^ ( [ 0 , l ] ) i s a Mackey space. In f a c t , we do not know i f 

C ^ ( [ 0 , 1 ] ) i s a Mackey space . Of course , i f C ^ ( T ) i s a Mackey 

space p r e c i s e l y when T i s w i l d l y o s c i l l a t o r y , then o b v i o u s l y 

C ^ ( [ 0 , l ] ) would have t o be a non-Mackey space . 

Once one has gone t h i s f a r w i th C f T ) , C U T ) , and C " ( T ) , he 
3 s s 

q u i t e na tu r a l l y cas t s a f u r t h e r g l ance toward the l o c a l l y convex 

space s t ruc ture o f C£(T) . Without e f f o r t he f i n d s tha t C£(T) 

i s complete i f f T i s d i s c r e t e , and moreover C " ( T ) i s semi-com-

p l e t e i f f T i s d i s c r e t e . I n a d d i t i o n , he r e a d i l y obse rves tha t 

C£(T) i s m e t r i z a b l e i f f card T £ 7Q o > w h i l e C£(T) i s s epa rab l e 

i f f the c a r d i n a l i t y o f T i s no g r e a t e r than tha t o f the continuum. 

In a s l i g h t l y d i f f e r e n t d i r e c t i o n he d i s c o v e r s tha t C " ( T ) i s 
s 5 9 
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ba r r e l ed f o r each T . We prove t h i s r e s u l t now. I t w i l l be used 

in the p r o o f s o f P r o p o s i t i o n 19 and C o r o l l a r y 20, which a l though 

concerning C " ( T ) , n e v e r t h e l e s s hark back to Condi t ion A and the s 

i deas occu r r ing at the beginning o f t h i s paper . 

PROPOSITION 1 8 . C ^ ( T ) i s b a r r e l e d f o r every T . 

P r o o f . Assume tha t A 9 C ' " ( T ) i s conta ined i n no f i n i t e d imensional — s 

subspace of C ^ ' ( T ) . Then the re e x i s t ( ^ n ) 1 J l 1 £ T and ^ J ^ c A 

such that t n £ supp/c^ and t n<£ supp /A J Û f o r a l l n > m . V i a 

Lemma 1 . 3 o f [ l ] we can f i n d (by t ak ing a s u i t a b l e subsequence i f 

necessa ry ) a* p a i r w i s e d i s j o i n t c o l l e c t i o n ( U n ) ^ ^ o f open subsets 

o f T a s soc i a t ed wi th ( t ^ ) * f n such tha t t e IT f o r a l l n <£ N . 
n n=l n n 

I n d u c t i v e l y l e t h = a^ X T T t where a _ > 0 i s chosen t o be so u m m ' U 1 m 

l a r g e that 2 , \){ > m . Then h = 5 l h n € L S C ( T ) and hence 

h £ C " ( T ) . In a d d i t i o n s 

i>vhH = i>«< 2 . v i > m » f o r a l J L m £ N -
Consequently A i s not weak* bounded i n C ' 1 1 ( T ) . The weak* bound-

s 

ed subsets hence a re au toma t i ca l ly equicont inuous . Th i s j u s t means 

that C " ( T ) i s b a r r e l e d . I 
S 

The f a l l o u t from P r o p o s i t i o n 18 i nc ludes the f o l l o w i n g f a c t s . 

The space C " ( T ) i s i n f r a b a r r e l e d , i s a Mackey space, and i s more-s 

over a s t r ong ly Mackey space . You might th ink tha t under these 

circumstances C " ( T ) should always be b o r n o l o g i c a l . That t h i s 
s 

hunch i s e s s e n t i a l l y — b u t not e x a c t l y — a c c u r a t e i s the content o f 

the f o l l o w i n g f i n a l p r o p o s i t i o n . 

PROPOSITION 19. C " ( T ) i s b o r n o l o g i c a l i f f T i s non-measurable. 

s 

P r o o f . Assume that T i s non-measurable. We w i l l p rove tha t 

C " ( T ) i s b o r n o l o g i c a l . Since C " ( T ) i s b a r r e l e d by P r o p o s i t i o n 18 , 
S 

t h i s means tha t C M ( T ) i s a Mackey space . Thus we need on ly show 
S 

60 



Domination in Analysis 

tha t any l i n e a r form Lf on C£(T) which i s bounded on a l l bounded 

subsets o f C^ (T) i s continuous—which would mean that <f c o r r e s ­

ponds to a measure o f the form A = ¿ ^ 5 + , t £ T • Now any l i n e a r 
n 

form (f which i s bounded on the bounded subsets o f C£(T) i s 

bounded on D-ĵ  = j h € R T : |h| - ijj t s o tha t by the Riesz-Kakutani 

Theorem <f corresponds on the span of to a / A 6 M ( | 3 T d ) > where 

T d denotes the set T w i th the d i s c r e t e t o p o l o g y . The correspond­

ence i s g i v e n by 
(p ( h ) - J hd/c = / c ( h ) , f o r a l l h bounded on T, 
T r x d 

where h i s the (un ique) continuous ex tens ion o f h to ^3T d • 

Now assume that there e x i s t s an i n f i n i t e sequence ("^^Li — 

i n the support of J*- • By Lemma 1 . 3 o f [ l ] , the re e x i s t s a subse­

quence ( t ^ )^Li - ^ T d 9 a n d a l s o * h e sequence (Up)^Li o f p a i r w i s e 

d i s j o i n t open subsets o f ^ T d , such tha t t € U f o r a l l p 6 N . 
P 

Without l o s s o f g e n e r a l i t y we w i l l assume that y M U p ) = ^ p ^ O * f o r 

each p . Le t h p = (pA p )J^ j > l e t h

p = I T 9 a n d l e t h = %fhV9 

IP P 
Then he R because the U ' s are p a i r w i s e d i s j o i n t . Also h > 0 

and hp6 f o r each p • But f o r each p ^ N we have 

(f ( h p ) = A ( h p ) = p , 

c o n t r a d i c t i n g the f a c t that if i s bounded on each bounded subset , 

inc lud ing . Consequently = <ZLan ^ t 9 w i " t h ^ n ^ n = l — / ^ d * 
n 

Next we assume that t^£ T d a n d a i • 0 • ĴT assumption T 

i s non-measurable, so that Theorem 1 2 . 2 o f [h\ t e l l s us tha t 

V T d = T d , and thus by Theorem 8.^ o f [h] t he re e x i s t s an h 6 R T 

such that the continuous ex tens ion h to u T d g i v e s h ( t ^ ) = oo 

and h = 0 on (tn^n~2
 # B u t t h e n l f ^ n ° ^ h * * * 0 * r ender ing <f 

unbounded on . This c o n t r a d i c t i o n proves that T N E T f o r each 

n. Consequently on the span o f the form (f corresponds to 

M = 2^a

n£+ T and each t e T • F i n a l l y , l e t h 6 C " ( T ) , and f o r 
/7*/ Ti 
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each ne N l e t h * n (h - ( £ » h ) ) £ C " ( T ) . I f h» = sup Ih | , 
n n 8 n € l f n 

then h f 6 R and ( k n ) J L i ^ D h f • S i n c e <f i s hounded on D^, 

we know tha t 

<f (h - ( 0 n « h ) ) = r ( h n / n ) - ^ 0 , 
whereupon 

^ ( h ) = l i m tf(0 o h) = / - ( h ) • 
n - * » -

Thus ^ corresponds t o on a l l o f C£(T) f meaning that < p 6 C g " ( T ) . 

Th is i s e x a c t l y what we needed to prove in order f o r C M ( T ) to he 
s 

b o r n o l o g i c a l . To prove the conve r se , l e t T be measurable . Then 

v T d * T d b y T h e c r e m 1 2 * 2 o f M # P o r ^ ^ d ^ T d t h e m e a s u r e 

desc r ibe s a l i n e a r form tP bounded on a l l bounded subsets o f 
x0 1 

T 
R (and hence on a l l bounded subsets o f C ^ ( T ) ) • But i s not 
continuous on C " ( T ) because i t does not correspond to a measure 

s 

of the form J l a

n £ t i w i t h t n £ T . Thus C£(T) i s not bo rno-
n 

l o g i c a l . | 

COEOLLARY 20. There e x i s t s a T s a t i s f y i n g Condi t ion A i f f 

there e x i s t s a T such that C " ( T ) i s not b o r n o l o g i c a l . 
s 

P r o o f . This f o l l o w s d i r e c t l y from Theorem 1 and P r o p o s i t i o n 1 9 . I 

We f i r s t observe that the c a r d i n a l i t y o f T determines more 

when C ^ ( T ) i s b o r n o l o g i c a l than does the t o p o l o g y on T . T h i s 

was a l s o the case f o r m e t r i s a b i l i t y and s e p a r a b i l i t y o f C ^ ( T ) . 

In each o f these cases the f a c t tha t C " ( T ) con ta ins a l l the bound-

ed func t ions on T p layed a c r i t i c a l p a r t . 

Al though the j u s t - p r o v e d P r o p o s i t i o n 7 o f [9} e f f e c t i v e l y g i v e s 

our P r o p o s i t i o n 19, our p r o o f — q u i t e independent from tha t i n [£J — 
might shed some l i g h t on when C " ( T ) i s u l t r a b o m o l o g l c a l . N e v e r -

t h e l e s s a p r o o f o f a c r i t e r i o n under which C " ( T ) i s u l t r a b o r n o l o g i -

c a l would probably i n v o l v e a deeper understanding o f t he convex 

compact subsets o f C g ( T ) than we now have . 
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Unresolved Quest ions 

We c o l l e c t here s e v e r a l open ques t ions which arose during the 

course o f t h i s paper . 

1 . I s i t cons i s t en t wi th the usual axioms o f se t theory to assume 

that no n o n - d i s c r e t e T e x i s t s which s a t i s f i e s Condi t ion B ? 

2 . I s i t cons i s t en t w i t h the usual axioms o f se t theory to assume 

that i f T conta ins no i s o l a t e d p o i n t s then the re e x i s t s an 
m 

everywhere unbounded func t ion i n R ? 

3 . I f there e x i s t s an eve iywhere unbounded funct ion i n LSC(T) , 

then i s T w i l d l y o s c i l l a t o r y ? 

i+ # I s the re a manageable c r i t e r i o n in terms o f T a lone which 

t e l l s p r e c i s e l y when T i s w i l d l y o s c i l l a t o r y ? 

5 # I f T c o n s i s t s o f the o r d i n a l s l e s s than the f i r s t uncountable 

6U, ( o r fo r tha t mat te r , those l e s s than to* f o r any * > 0 ) , 

i s T w i l d l y o s c i l l a t o r y ? 

6. Can the if occu r r ing i n Theorem 16 be r ep l aced by a homeomorphism 

which i s merely l i n e a r and onto? 

7. I s C ^ ( T ) a Mackey space i f f T i s w i l d l y o s c i l l a t o r y ? In 

p a r t i c u l a r , i s C ^ CCo t I j ) a Mackey space? 

8. I s C " ( T ) u l t r a b o r n o l o g i c a l f o r a l l non-measurable T ? 
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