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ON VALUATION IN SEMILATTICES

P.V. RAMANA MURTY
SR. TERESA ENGELBERT

INTRODUCTION

The purpose of this paper is to extend some of the results

obtained in [5] to semilattices. To do so, we need a defi-

nition of valuation in semilattices. It is from the survey

made by B.Manjardet [4], we take a suitable définition of valu-
ation in semilattices.

Before entering into the matter of this paper, we shall

summarize the results we generalize from [5] and [9]. A real

valued function v defined on a lattice L is called a valuation

on L if for any pair of elEments a,b E L;

A valuation is called isotone if a  b implies v(a)  v(b) and
strictly isotone if a  b implies v(a)  v(b) ([l]~ page 231).
A real valued function d defined on a set S is called a pseudo-
me tri c on S if
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A pseudo-metric d on S is called a metric on S if d(x,y) = 0
implies x = y for x,y E 3[lJo G.Birkhoff in [11 has shown that
an isotone valuation on a lattice L induces a pseudo-metric on

L given by d(x,y) = v(xvy)-v(xAy) for all x,y E L and this
pseudo-metric satisfies the inequality

Chapter 10, Theorem 1). La [7J it is proved that if L
is a lattice with least élément 0 and d is a pseudometric on L
such that d(t v x,t vy) + d(t Ax,t Ay)  d(x,Y) for all x,y,t E L;
then there exists an isotone valuation v on L such that

d(x,y) = v(x v y)- v(x n y) for all x,y e L. This v is unique

upto a constant additive factor. Moreover if d is induced by an

isotone valuation, we have the equations

The first theorem of [5] establishes a one-to-one correspondence
between the isotone valuations preserving 0 and the pseudometrics

satisfying the above ine-quality.

Theorem l ([5])

In a lattice L with least element 0, there is a one-to-one

correspondence between the isotone valuations preserving 0 and

the pseudo-metrics satisfying the inequality

A valuation on a lattice L is called distributive if

It ils known that in a metric distributive lattice,
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([1], page 234, problem 2)a However in theorems 2 and 3 of [5]
the implications d(a,b)+d(b,c)=d(a,c) =&#x3E; b E [a A c,a v c] and

are characterized indi-

vidually. In fact the first is equivalent to saying that the
isotone valuation which induces the pseudo-metric is strictly
isotone and the second is equivalent to the distributivity of
the valuation. Hence the above result turns out to be a coro-

llary of these two theorems.

Theorem 2 I ·
Let v be an isotone valuation on a lattice L. Then v is strict-

ly isotone if and only if

where d is the pseudo-metric induced by v.

Theorem 3 ([5]):

Let v be an isotone valuation on a lattice L. Then v is distri-

butive if and only if

r-orollar liL2ll:
In a rnetric-âistributive lattice

Combining Theorems 2 and 3 we get theorem 4 of [5].

Theorem 4 -( [ 5-- : .

Let v be an isotone valuation on a lattice L. Then for

only if L is distributive and v is strictly isotone.

In [8] it is shown that if L is a lattice and v is a
strictly isotone valuation on L, the distributivity of L is

équivalent to the distributivity of the valuation([8],page 109).
However, in a lattice L with an isotone valuation, the distri-

butivity of L guarantees the distributivity of the valuation.

But the converse need not be true. For example the constant

valuation on any lattice L is an isotone valuation which is dis-

tributive. But L need not even be modular.
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In [9] Wilcox and Smiley have proved that if v is a strict-
ly isotone function defined on a lattice L such that

then

whenever

=v(b) + v(c). It is this theorem of [9] that we extend to
join-semilattices. We also give an example to show that the
extension is proper.

Theorem 1.2 9’ ;
If v is an affine dimension function defined on a lattice L, then

(a v b) A c = a v (b A c) for a  c holds for a given pair b, c EL
whenever v(b vc) + v(b A c) = v(b) + v(c) o

Now coming to this paper, in the first theorem we prove
that the inequali ty d ( x, y ) is equi-
valent to the following three equalities ..

iii )d( a , a A b ) +d (a A b ,b ) = d(a,b~; thereby making it possible
to extend many of the results on valuation in lattices to valua-

tion in semilattices (see theorems 3 4,5,6 of this paper). Also

we observe that if L is a join-semilattice with 0, the set of all

isotone valuations preserving 0 is a commutative semi-group with

0 isomorphic to the semi-group of all pseudo-metrics satisfying

(1), (2) and (3’), [Theorem 7]. Theorem 2 of this paper shows
. 

that the theorem of Wilcox and Smiley ([9], Theorem 1.2) is true
for join-semilattices, with a strictly isotone upper valuation.

If L is a lattice with a strictly isotone valuation, then L is

modular ([8]). In theorem 3 we show that if v is a strictly
isotone valuation on a join-semilattice L, then L is a lattice

and hence modular. In theorem 11 we show that in a distributive

semilattice every isotone valuation is distributive; thus exten-

ding the result of [8], page 109. In theorem 13 we characterize

the implication "b E [t,a vc] =&#x3E; d(a,b)+d(b,c)=d(a,c)n for all
t E (alc) . It is equivalent to the distributivity of v. In

theorem v14 we prove that if =&#x3E;b E [t,av c]11
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for all t E (aic)v. then L is a lattice. We also give suitablev

examples wherever necessary.

NOTATIONS AND DEFINITIONS

As far as possible we follow the notations used by B.Monjardet
in [4].

Let L be a join-semilattice. We denote the least element

by 0. [x) denotes the set of all upper bounds oî x in L and
(x], the set of all lower bounds.

Definition 1: ,

A real valued function v defined on a join-semilattice L is
called a valuation on L if and only v(a)+v(b)=v(a vb)+ v-(a,b)

Where for v(z) exists

in L.

Définition 2:

A valuation v on a join-semilattice L is said to be distributive

Definition 3:

A real-valued function v defined on a join-semilattice L is

called an upper valuation on L, if for a,b, c E L,

Definition 4:

A join-semilattice L is called distributive if a  b v c(a,b, c E L)

implies the existence of b irci E L with b  b and such
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Definition 5:

A join-semilattice L is called modular if a  bvc(a/b,c6L)
implies that there exist bl ,c E L such that bl  b ans

such that a

RESULTS

THEOREM 1:

Let d be a pseudo-metric on a lattice L with least element 0.

Then the inequality d(t v x, t d(x,y) is equi-
valent to the following three equalities

Proof : .

First suppose that d satisfies the above inequality. Let abc.

(Triangle inequality)

Now by triangle inequality we have

in the above inequality

we have

Adding
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and hence

Conversely suppose that d is a pseudo-metric on L satis-
fying the equalities ~1 ) , (2) and (3). We shall show that d

satisfies the above inequality. First we shall prove that

similarly since :

Adding

By (2) and (3) this becomes

Now we shall prove that

and

Now we shall prove that d satisfies the above ineaualityo
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Hence the result.

In the following theorem we extend the result of Wilcox

and Smiley (obtained for lattices) to semilattices.

THEOREM 2 :

v is a strictly’ isotone upper valuation on a join-semilattice Lo
Let b, c E L such that b n c exists and v(b v c)+v(b A c)=v(b)+v(c).
Then for a  c, (a v b ) A c exists and (a v b ) A c = a v (b Ac).

Proof :

Since v is an upper valuation

v(a)+v(b) &#x3E; v(a v, b) + v(t) for t  a,b. Let a  c;

Clearly a v (b A c)  a v b and c. Therefore a v (b A c) is a lower

bound of a vb and c. Let x be any other lower bound of a v b and

c. Then x v a v (b a v b and c. Since v is an upper valua-

tion this implies
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Now we have

since

Therefore

since v is isotone

Therefore and

this implies as v is strictly isotone.

Hence x Therefore a v ~b As) is the greatest lower
bound of a v b and c, so that a v (b A c ) = (avb)Ac.

EXAMPLE 1

We give an example of a join-semilattice (which is not a lattice)
with a strictly isotone upper valuation in which the above theorem

holds.

Consider the infinite join-semi-
lattice in Figure.l. Here a and e

are greater than every élément of

the infinite chain of non-negative

integers with least élément 0 and

without a greatest el ement. v is

a strictly isotone upper valuation

on L. For any element x,v(x) is

given in the bracket. b A c exists

and v(b v c)+v(b Ac)=v(b)+ v(c)
a A e does not exist. Here

av (b Ac) = a v d = d and

(a vb)AC = bAc = d and hence
a v (b nc) _ (a v b) n c. This is

Figure 1
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true for ail a, c E L with a  c. Hence the theorem holds in this

example.

EXAMPLE 2

The following example shows that the above result is not true for
isotone valuations. Consider the infinite join-semilattice L
in Here e and f are greater than every element of the
infinite chain of non-negative integers with least element 0
and without a greatest element.

v is an isotone upper valuation on L. (3)
For any élément x,v(x) is given in the
bracket. b A c exi sts and

does not exist .

thi s result is not true for an isotone

valuationo

Figure 2

Next theorem shows that no strictly isotone valuation can

exist on a proper join-semilattice.

THEOREM 3 :

Let L be a join-semilattice with 0. If v is a strictly isotone

valuation on L, then L is a lattice and hence modular.

Procf:

We have to show that given any two elements a and b; their glb
exists in L.

is a lower bound of both a and b. Let c be any other lower
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bound. Then c v z is a lower bound of both a and b which implies
v(c v z )  V(Z0) but as v is isotone v(c v z ) &#x3E; v(z ) and henceo - 0 o - 0

v(c vz0) = v(z ). Again because v is strictly isotone we geto 0

c v z = z so that c  z . Hence z is the glb of a and b.O o - 0 0

Therefore L is a lattice. Since v is strictly isotone, L is

modular.

EXAMPLE 3

Any number of isotone valuations can

exist on a join semi-lattice L;
directed belowo For example a con-

stant valuation is an isotone valua-

tion on a join semi-lattice. The

valuation as shown in Figo3 is an

example of a non-trivial isotone

valuation on a join-semilattice Lo

Where every point x on the infinite

chain is a lower bound of b and c. Fig. 3

Although the following theorems 4 and 5 are stated in [4]
for completeness we give proofs of the same.

THEOREM 4

An isotone valuation v on a join-semilattice L with 0 induces a

pseudometric on L given by d(a,b) = v(a v b )-v-(a,b) which satis-
fies the following three equalities

Proof:

Since an isotone valuation on a join-semilattice L is an isotone

upper (increasing) valuation on L; it induces a pseudometric on

L given by d(a,b)~ 2v(avb) - v(a) -v(b) which satisfies (1) and

(2) ( [2], Theorem 1 and Note 3).
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Now we have to prove (3’) also.

Hence

Hence

Hence

THEOREM 5

Let L be a join-semilattice with least element 0 and d be a

pseudo-metric on L satisfying 

such that

Then there exists on isotone valuation v on L preserving 0 such

that d(a,b~ ~ v(avb) -v-(a,b) for all a,b E Lo

Proof :
wrr*wrr

Define v(x) = Then v(O) =d(0,0) = 0. If x  y, we get

o Ç x  y so that d(O,x) +d(x,y) =d(O,y) by (i) that is
v(x) + d(x,y) = v(y). This implies v(x) Ç v(y) since d(x,y) ~ o.
Therefore v is isotone and v preserves 0. 

so that

and

Adding

a and where t is such that
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Then by (1) we have

Adding

Adding (i) and (ii) we get

Subtracting (ii) from (i)

s o that

from (iii) and (iv) we get

and

Thus v is an isotone valuation on L preserving 0.

From the following Lemma we see that isotone valuations on

a join-semilattice, L with least element 0 from a semi-group.

Lemma 6:

Let L be a join-semilattice with 0. If v 1 and v2 are isotone
valuations on L. Then v1+V2 and av, are isotone valuations on L
where a is a non-negative real number and 

Proof:

First we shall prove that
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Therefore exists and is equal to

Now

so that vl+ V2 is a valuation on L. Obviously it is msotone.

Next we shall prove that

so that

and hence ~ 1 That is

and hence

exists and Moreover

so that av is a

a valuation on L. Obviously it is isotone.

In the following theorem we show that on a join-semilattice
L with 0, the isotone valuations preserving C correspond one-to-
one to the pseudo-metric satisfying ~1). (2) and (3’) of theorem-5
Moreover it is an isomorphism of’ semi-groups. Although the

first part of the following theorem is stated in [4] we give a
proof of the same for the saké of completeness.
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THEOREM 7

The set of ail isotone valuations preserving 0 on a join-semi-
lattice L with 0 is an additive abelian semigroüp with 0 which is

isomorphic to the semi-group of all pseudometrics satisfying
( 1 ) , (2) and ~ 3 · ) . Moreover if a is the mapping, then

Q ( av) = a for all a &#x3E; 0( a is a real number).

Proof:

Let L be a join-semilattice with least element 0 and d be a

pseudometric satisfying ~1 ) , (2) and ~3 ~ ) of theorem 5. Let v d
be the isotone valuation induced by d and d-,. be the pseudo-

vd
metric induced by vd. Then

Hence d =d.
vd
Conversely suppose that v is an isotone valuation on L

preserving 0. Let dv be the pseudometric induced by v. Then d v
satisfies (1). (2) and (31). Let vd be the isotone valuation

v

induced by dv. Then we claim that 
V 

v

Thus v =v. Thus the correspondence is one-to-one.
v
MoreovEr, by Lemma 1, it is easily seen that the set of all

isotone valuations preserving 0 is an additive abelian semi-

group. Let g :v - d v where dv is the pseudo-metric induced
by v be the mapping. Now we claim that a is a homomorphism.
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More over if 

Hence the result.

LEMMA 8:

Let L be a join-semilattice with least élément 0 and v an iso-

tone valuation on L. Then x &#x3E;a, y &#x3E;b imply v"(x~y) ~ v-( a,b)
Proof:

LLMMA 9:

Let L be a join-semilattice with least élément 0 and with an

isotone valuation v such that v-(a,b,c) exists for a,b,c E Lo

Proof :

( i ~ we have by definition,

so that
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Putting we have and hence

But so that ~ @

Also since

Therefore

Now implies

So that

implies z  a,b,c so that

Now ,

As above putting and we hav e

and

Hence

Therefcre

EXAMPLE 4:

shall give an example ot’ a distributive join-sernilattice.



36

The lattice L in Fig.4 represents a
distributive join-semilattice with

0 and 1. a y b=1, a Ab does not

exist, since any point on the infi-

nite chain which has no upper bound

is a lower bound of both a and b

a  a v b implies there exists

a  a ~ x  b such that a = a v x.

x  a v b implies there exist x  a,
x  b such that x = x v x. Then L

is distributive. Fig.4
LEMMA 10:

If L is à distributive join semilattice with least element 0 then

where @

Proof:

so that

Since L is distributive z 1  b v c implies there exist birci EL
such that b, and z 1 = b1 v Putting t 4=b1v t1
and t 5 = C1 v t3 we have zl  a and b so that bia,b.
Also a~b so that t4 = and hence

Therefore

Similarly
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and implies

by lemma 8

Hence

Therefore

From (1) and

by Lemma

by lemma

It is well known that in a distributive lattice every

isotone valuation is distributive. In the following theorem it is

shown that the same is true even for semilattices the fact of

which is not available in the literature.
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THEOREM 11:

In a distributive join-semilattice with least element 0, every
isotone valuation is distributive.

Proof:

Let L be a distributive join-semilattice with least élément 0
and with an isotone valuationv. We shall prove that v is distriv

butive.

Hence

Therefore v is distributive.

. LEMMA 12:

Let L be a join-semilattice with least élément 0 al1à with an iso-

tone valuationvsuch that v (a~b~c) exists for all a,b,c E L .

Then if -

then,

Proof:

(i) We hâve by définition
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implies z  a,b, c so that

putting
t

we get t2 and
so that and 1

so that

and hence

1,,ence

(ii) By définition

then z  c,a so that

putting
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In [5] we have proved that an isotone valuation v on a
lattice L is distributive if and only if

However in the following theorem it is extended for semilattices.

THEOIIEX 13:

Let v be an isotone valuation on a join-semilattice L with o.
Then v is distributive if and only if

whenever

Pro 0 f :

First suppose that v is distributive and b E [t,a v c] for some
t E (alc) v so that we have t  b  av c and a v b v c .. av4c.

t  a, c and b and hence

Hence implies

since v is distributive we have

Conversely suppose thatt

First we shall prove that
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Hence

by Lemma 9(1)

Next we shall prove that v(x~ - v(y)

se that

But

Hence

so that

Therefore .L...1. .l. ’- -L J...’

So thatk-U 1 a

Hence
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ii e 

by Lctnma 12(ii)

" ° O ’1"" o

V 

/V ’ 1- ’, , / - - àJ l rn l :::: v:: 
c 

-=-::::

values ~7 we get



43

Hence v ifs disrtibutivge 

In [5] we proveo tha-~-- if v is an isotone valuation

on a lattice L, then v ix strictly isotonc if and only if

But by theorem 3 o-1 this if v is strictly isotone, the

joir; semilattice T’hus B’¡’ (’ 
@ thé follcvling theorem

14 :

Let v be an isogone on a jill-3En1ilattice L ci, té

ind.ceu 

. 1 a 
V

Proof :

First Bve s11&#x26;11 prove :...:2’ t v is strictiy isotone. Let x,y E L

a.c x  yo Since - If poscibic lEt

implies ~.

°°I*&#x3E; x " Y l. ,- C’ 1 icilce V(y)* ’~0

that v is s"--ce v 1  strictly isotcbne by

theorem 3 L is t1 
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