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INVERSE COEFFICIENT PROBLEMS FOR VARIATIONAL INEQUALITIES:
OPTIMALITY CONDITIONS AND NUMERICAL REALIZATION*

MICHAEL HINTERMULLER

Abstract. We consider the identification of a distributed parameter in an elliptic variational in-
equality. On the basis of an optimal control problem formulation, the application of a primal-dual
penalization technique enables us to prove the existence of multipliers giving a first order characteriza-
tion of the optimal solution. Concerning the parameter we consider different regularity requirements.
For the numerical realization we utilize a complementarity function, which allows us to rewrite the
optimality conditions as a set of equalities. Finally, numerical results obtained from a least squares
type algorithm emphasize the feasibility of our approach.
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1. INTRODUCTION

In this paper, we focus on the identification of a distributed parameter in a variational inequality. Specifically,
we consider the problem of identifying u € U := {w € H*(Q)|w > € > 0 a.e. in Q} in

/Qe(u)VyV(v —y)da > (f(u),v—y) forallve K, yeK, (1.1)

from given data y; € L*(Q), where K = {y € H(Q)ly > 0}. We assume that e € C?(Ry;Ry), with
e(z) > e>0forall 2> ¢ >0, and that e~! : Ry — Ry exists. Moreover, f(u) = Fu+ g, with g € H=1(Q)
and F € L(U, H~1(Q)) completely continuous, i.e. {u,} C U converging to u weakly in U implies that {Fu,,}
converges to Fu strongly in H~1(2). Further, (-,-) = (-, ‘) r-1,m1 denotes the duality pairing between HL(Q)
and its dual H~!(Q). The domain 2 is a bounded subset of R%, with 1 < d < 3 and a sufficiently smooth
boundary I'.

Identification problems for variational inequalities of type (1.1) frequently occur in practical applications. One
instance is the elastohydrodynamic lubrication problem in a journal bearing, where e(z) = u~123, f(u) = fca"},—i,
with p the constant viscosity coefficient and ¢ a constant relative velocity; see for instance [2,10,15,16]. The
coefficient depends on the distributed height function v between two rotating surfaces, and y represents the
pressure in the lubricant which fills the gap between the surfaces. The pressure y must satisfy y > 0, and
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u has to be strictly positive in order to avoid damage of the surfaces. Since only the pressure is accessible via
measurements 4, the task is to recover the distributed height function u from 4.

A commonly used technique to identify the parameter w in (1.1) from measurements y, is to use a least squares
formulation which, in our case, results in the following bilevel optimal control problem where we consider

1
minimize §|y(u) —yal?s + %|u|%] (1.2)
(P) subject to uel, (1.3)
. 1
yiu) = angin {5 [ cCwIVyPaz — (@l >0} (1.4
with | - |p2 denoting the L?-norm in . Moreover, U is endowed with the norm | - |y = | - |gz. We remark

that in Section 4.3 we also address the case of rough coefficients, i.e. we reduce the regularity requirements
for the parameter u. The term $|ulZ in (1.2) corresponds to Tikhonov’s regularization with parameter a > 0.
Generalizations of (1.2), like minimize hy(y) + ha(u), are possible which (under appropriate assumptions on hy
and hs) do not pose additional difficulties; see [1,4,18].

The term bilevel refers to the fact that in the optimal control problem (P) (1.4) again is a lower level infinite
dimensional optimization problem. Compared to a standard (constrained) optimal control problem, the bilevel
character of (P) poses additional difficulties. In fact, if (1.4) in (P) is replaced by its optimality system (as a so
called equilibrium constraint for (P)), i.e.

/Qe(u)Vy(u)Vv do — (f(u),v) — [ dwdx = 0 forallve HY(Q),

Q
A>0, y(u) >0, /)\y(u)dx —_— (1.5)
Q

then the existence of multipliers for the upper level problem may fail. See for instance [7, 18] for a discussion
in the case where u enters the variational inequality in an affine way. Note also that the multiplier of the lower
level problem, i.e. A, appears as a primal variable in the upper level problem.

In this paper we guarantee existence of multipliers for (P) where classical (Lagrange) approaches based on
(1.5) fail; see for instance [7]. This is achieved by a primal-dual penalization technique. In addition, the
optimality system for (P), which is derived on the basis of this penalization technique and the utilization of
the concept of complementarity functions, is amenable to numerical realization. We shall mention that our
approach extending a technique used in [18] differs significantly from relaxation and/or dualization techniques
like in [4,5,19], regularization techniques like in [1], and techniques based on the conical derivative as in [22].
Besides the nonlinearity considered here, the first order characterization derived subsequently is more general
than the one in [8], where the optimality system is based on two special directions in control space. Moreover,
in contrast to the newly derived system many of the aforementioned first order characterizations cannot be used
for numerical realization.

In order to find numerically a stationary point for problem (P), the discretized first order system is solved
by a stabilized Gauss Newton method; see [12]. The choice of algorithm together with its globalization strategy
is based on smoothness properties of the reformulation of the complementarity condition. Analogous ideas are
developed in [13] and [21] but in a different context. Moreover, we take care of the fact that without further
assumptions the parameter u cannot be estimated from y on the singular set S, = {z € Q|Vy(z) = 0}; see [17]
in the case of variational equalities.

The paper is organized as follows: In Section 2 we prove the existence of a solution of (P). The primal-dual
reformulation of the lower level problem eliminating y > 0 from the set of explicit constraints is introduced in
Section 3. Moreover, the complementarity condition is reformulated by means of a complementarity function.
This technique results in an equivalent formulation of (P) which is well suited for numerical realization. Section 4
is concerned with the derivation of first order conditions for (P). This is done by regularization and passage
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to the limit. Another aspect addressed in Section 4 is the reduction of regularity requirements for u. In Section 5
we describe a Gauss Newton based method to solve the discretized first order system. Finally, numerical results
shall emphasize the feasibility of our approach.

Throughout the paper we shall invoke the following notation: The norm in a space S(f2) is denoted by |- |g,
(-,-) stands for the L*-inner product. By (-,-) = (-,-)g-1 g1 we indicate the duality pairing between H}(€2)
and its dual H=1(Q). The relations “>” and “=" in function spaces are understood in the pointwise almost
everywhere sense. Moreover, C, C7, Cy shall denote generic positive constants which can take different values
on different occasions. We use “—” for convergence in the strong sense, “—” for convergence in the weak sense,
and “” for weak® convergence.

2. EXISTENCE OF A SOLUTION OF PROBLEM (P)

In this section, we will prove that the bilevel optimal control problem (P) admits a solution (y*,u*) €
HL(Q) x U. First note that for fixed u € U the functional

7'w) = 3 [ eIVyPde = (fw.0). T @) R

is Gateaux differentiable and, due to e(u) > € > 0 a.e. in Q, strictly convex. The set K = {y € H}(Q)|y > 0}
is convex and closed. Thus by standard arguments it is seen that (1.4) admits a unique solution y(u) € H1(Q).
The optimal y(u) is characterized by

(J“(y(u)),y —y(u)) >0 forallyec K (2.1)

where J*' denotes the Gateaux derivative of J*. Note that for v € HL(Q)
(J"(y),v) = a"(y,v) = (f(u),v), (2.2)
with a“(y,v) = (e(u)Vy, Vv), and that due to our assumptions on U and e the bilinear form a* : H:(Q) x

H}(Q) — R is symmetric, bounded and H} (€)-elliptic. The boundedness ensues from the compact embedding
of H%(Q2) in C*¥ (), with 0 < v < 1, and the regularity of e. If we choose y =0 € K in (2.1), then

Cly(w)li < a*(y(u),y(w) < (f(u),y(u)) < [f(@)lm-1ly(w)|m

implying |y(u)|g: < C|f(u)|g-1-
For the mapping u +— y(u) the following continuity property holds.

Lemma 2.1. Let ® : U — H}(Q) be given by ®(u) = y(u) and {u,} C U be a sequence converging to u weakly
in U. Then {®(u,)} converges to y(u) strongly in H}(SY), i.e. the mapping ® is completely continuous.

Proof. For u € U define the operator A* € L(HJ (), H(€)) by (A%y,v) = a*(y,v) for all y,v € H}(Q). Since
H?(Q) is compactly embedded in C°(Q2) and e € C?(Ry;Ry), we obtain

|A“ — A% g1 — 0 for wu, —uinU. (2.3)
From (2.1) and (2.2) we obtain
(A" y(un), y(un) = y(um)) = (f (un), y(un) — y(um)) <0
and (by interchanging the role of y(u,) and y(u.m,))

<Aumy(um)ay(um) - y(un» - <f(um>; y(um) - y(un)> S 0.
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Addition of the previous two equations and estimation yield

0 = (A" (y(un) —ylum)) + (A" = A" )y(um), y(un) — y(um))
+ (f(um) = f(un), y(un) — y(um))
> Cly(un) — y(um)ﬁ{g — [At — Atm H-'—H]} |y(um)|Hg ly(un) — y(um)|Hg
— [ f(um) = f(un)|a-1ly(un) — y(um)|H;.

Hence, we obtain

[y(un) = y(um)ly < C (JA" — A"

-t | f () =1+ 1f (um) = f(un) 1) -

Since {u,} converges to u weakly in U (by assumption), the previous estimate together with (2.3) and the
complete continuity of f yield the existence of ¥ € H}(Q) such that {y(u,)} converges to § strongly in H(€).
Letting n tend to oo in a* (y(un),y — y(un)) = (f(un),y — y(uy,)) results in a*(g,y — y) > (f(u),y — y) for all
y € K. Then g = y(u) follows from the uniqueness of y(u). O

Next we can establish the main result of this section.
Theorem 2.2. There exists an optimal solution (y*,u*) € HX(Q) x U of (P).

Proof. Let k = inf{3|y(u) — ya|%. + Z|ul}|u € U}, and let {u,} C U be a sequence satisfying

1 o 1
k< §|y(un) —yali> + §|Un|2U <K+ o

Then {u,} is weakly compact in U. Hence, there exists a subsequence {u, )} such that wu,y)y — u* in U
and y(upr)) — y(u*) = y* in HL(2), where the second assertion holds due to Lemma 2.1. The weak lower
semicontinuity of norms yields

1 «
§|y* — yal3e + §|U*|%J = K,

and hence (y*,u*) is optimal solution of (P). O

3. REFORMULATION OF THE LOWER LEVEL PROBLEM

In this section, we shall utilize a primal-dual reformulation technique for (1.4) in order to eliminate y € K
from the set of explicit constraints. In the spirit of penalizing violations of y > 0, let us consider the problem

1 _
minimize JZ (y) := J*(y) + %| max{\ — cy,0}|7. over y € H}(Q), (3.1)

where A € L?(2), with X\ > 0, is arbitrarily fixed, and ¢ > 0. The role of X is discussed at the end of this section.
Note that J¥(-) and | max{A —c-,0}|2, are Gateaux-differentiable and strictly convex and convex, respectively.
This together with boundedness from below, radial unboundedness and semi continuity of J¥(-) guarantee the
existence and uniqueness of the solution y.(u) € H2(Q) of (3.1). It is readily checked (by differentiation of J*)
that it satisfies

a" (ye(u), dy) — (f (), dy) — (max{\ — cye(u),0},dy) =0 (3:2)
for all d, = y — y.(u) with y € H}(2). Observe that for d, = —y.(u) condition (3.2) becomes

a" (ye(u), ye(u)) = (f (), ye(w)) + (max{X — eye(u), 0}, ye(w)).
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Since (max{\ — cy.(u),0}, ye(u)) < |A r2|ye(u)| gz, it follows that [ye(u)|g < C(|f(u)|g-1 + IA|L2). Note that
due to our definition of A* € L(H}(Q2), H=1(2)) the first order optimality condition (3.2) can equivalently be
written as

Aye(u) — f(u) — max{\ — cy.(u),0} =0 in H(Q). (3.3)

Next we shall study the asymptotic behaviour of {y.,(u)} for ¢; — oo.

Lemma 3.1. Let {¢;} C Ry be a sequence of penalty parameters satisfying ¢; — oo for I — oo. Then the
sequence {yc,(u)} converges to y(u) strongly in H:(Q).

Proof. First observe that

1 -
T (Yer (1)) < TG (e, (w) < T (y) < T(y) + 2—Cl|>\|%2 for all y € K. (3-4)

For the specific choice y = 0 € K we obtain

Y

15 2 1 3\ 2 U
2_Cl|/\|L2 2—Cl| max{A — ey, (v),0}72 + J“(ye, (1))
1 _
> 2_Cz| max{\ — c;ye, (1), 03|72 — (f (u),ye,(u)) + Clye, (U)ﬁ{;' (3.5)

This yields |y, (u)|g1 < C, where the constant C' is independent of {c;}. Hence, there exists a subsequence
{ciry} such that y, ., (u) = 7 in H}(Q). For k — oo (3.5) yields

A
| max{— ~ Yy (u)’ 0}|2L2 —0

Ci(k)
implying § € K, and c¢f.(3.4)
@) = 5a*(5,9) — (/). 8) < 2a"(.) — (f(u).y) = J*(y) forall y € K.

From the uniqueness of the solution of (1.4) we obtain § = y(u), and thus y,, (u) — y(u) in H}(Q).
Moreover, we deduce lima™(yc, (v), ye, (uv)) = a*(y(u),y(u)). For sufficiently small v > 0 the functional
U(z) = a"(z,2) — v|z|%: is weakly lower semicontinuous. Hence,

@ (y(w), y() = Ayl < liminf (0" (e (w), v (1)) = Vlye () )

IN

a"(y(u), y(w)) — limsup ylye, (u) 7
—00
implying lim sup 7|y, (u)ﬁ{g < 7|y(u)|§{; This together with the weak lower semicontinuity yields

lim ylye, (w) B = Y|y (u) i,
and thus y., (u) — y(u) in H(Q). O
Based on the reformulation (3.1) we shall now consider the penalized version of (P) which is to
. 1 2 &2
minimize §|yc(u) — Yalg2 + §|u|U

(Pe) .
subject to uel,

Ye(u) = argmin {J(y)|y € H) ()} (3.6)
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Before we prove existence of a solution of (P.), we state a continuity result which is analogous to the complete
continuity of ® (see Lem. 2.1). For this purpose define

Q. U — HYQ), Po(u) = yelu).

Lemma 3.2. The mapping ®. is completely continuous uniformly in ¢ € RY.

Proof. Consider the first order condition (3.2) first with (u,dy) = (un, Ye(um) — ye(un)) € U x HE(Q) and then
with (u,dy) = (U, ye(un) — ye(um)) € U x HX(Q). Adding both resulting equalities yields

0 = a" (yc(uil)’ yc(um) - yc(un)) - C}um (yc(um)a yc(um) - yc(un))
- (max{/\ - Cyc(un)’ 0} - max{)\ - Cyc(um)7 0}, yc(um) - yc(un))
+ <f(um) - f(un)ayc(um) - yc(un»a

which is equivalent to

0 = <Aun (yc(szm) - yc(un)) + (Aum j Aun)yC(um>a yc(um) - yc(“n»
+ (maX{)‘ - Cyc(un)v 0} - maX{)‘ - cyc(um)a 0}7 yc(um) - yc(“n))
= (f(um) = fun), ye(um) — ye(un))-

There obviously holds

(max{\ — cye(un),0} — max{\ — cye(um), 0}, ye(tum) — ye(un)) > 0.

Thus we obtain

|yc(um) - yc(un)|H; S C (|Au” — At

w1 o) -2 + [N L2) + |f (um) = f(un)lgr-1) - (3.7)

From |AY%~ — A“|H71<_Hi — 0 for u, — w in U, the complete continuity of f and the uniqueness of y.(u) we
deduce the complete continuity of ®.. Uniformity w.r.t. ¢ follows from |yc(u)|g1 < C(|f(w)|g—1 + |A|r2) and
(3.7) where in both cases the upper bounds do not depend on c. O

Concerning the existence of a solution of (P.), the following result holds.
Theorem 3.3. There exists an optimal solution (y*,u?) € HL(Q) x U of (P.).

Proof. The proof follows the lines for that of Theorem 2.2. We only have to consider y.(u) and Lemma 3.2
instead of y(u) and Lemma 2.1. O

In the sequel, we shall call (y,u) € HL(Q) x U a strong-weak accumulation point of a sequence {(yn,u,)}
if there exists a subsequence {n(k)} such that y,) — y in HL(Q) and Upky — w in U, d.e. {(Un(k)s Unk))}
converges strongly-weakly to (y,u).

Lemma 3.2 and Theorem 3.3 yield the following result.

Theorem 3.4. Let {c,} C Ry be a sequence of penalty parameters satisfying ¢, — oo for n — oo, and let
(e, (te,), ue, ) be a solution of (Pe,). Then a strong-weak accumulation point (y*,u*) € H}(2) x U of the
sequence {(ye,, (e, ), Ue, )} as ¢, — o0 exists, and every such accumulation point is a solution of (P).

Proof. Let {(yec, (tc, ), uc,)} denote a sequence of optimal solutions to (P.) with ¢ replaced by the sequence
{¢n}. For arbitrary u € U let y., (u) be a solution of (3.2) for ¢ = ¢,,. Then

1 a 1 «
10 e, = al3e + Slue, [ < 51y, (w) — yalie + Sl (33)
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From |y., (u)| < C(|f(u)|g-1 + |A|z2) we infer that |u., | is bounded independently of {c, }. Hence, there exist
a subsequence {n(k)} and u* € U such that u.,,, — u* in U. Moreover, we have

|ycn(k)(ucn(k)) - y(U*)lHé < |ycn(k)(ucn(k)) ~ Yenm (U*)|H§ + |ycn(k) (u*) — y(U*)lH(%?

where the first term on the right hand side vanishes as k — oo by Lemma 3.2, and the second term becomes
zero as k — oo by Lemma 3.1. Thus, yc,,, (e, ,) — y(u*) = y* in H}(Q). We further deduce that

auc”(k) (ycn(k) (ucn(k) )) ycn(k) (uCn(k))) - au (y*7 y*)

From Lemma 3.1 it follows that y.,,, (u) — y(u) in H}(Q). Therefore, from (3.8) we infer

«
[y(w) = vals + Slul}

1 o, 1
Sly *yd|%2+5|u |2ué§

2
for all solutions (y(u),w) of (1.4). This proves the assertion. O

The remainder of this section clarifies the role of X. In fact, for a specific choice we derive important
properties of the solution of (3.2). But before we state the corresponding result, we shall introduce the notion
of a complementarity function. For optimization problems with inequality constraints the first order conditions
typically include a complementarity condition. For instance, in the case of the simple inequality constraint
y > 0 the corresponding complementarity condition is

y>0, A>0, (y,A)=0,

where \ denotes the pertinent Lagrange multiplier. This condition is not immediately amenable to numerical
realization, and in the context of bilevel problems (where the complementarity condition becomes a constraint
in the upper level problem) the existence of Lagrange multipliers may fail; see [7,14,18,20]. A possible remedy
is based on a reformulation with a complementarity function. A function © : R? — R is called complementarity
function iff the relation
O(a,b)=0 <= a>0, b>0, ab=0

is satisfied. There exist many instances in the literature like the Fischer-Burmeister function ©pgp(a,b) =
va? 4+ b2 — (a+b) (see [13]), or the Moreau-Yosida based function Oyy(a,b) = a — max{a — ¢b,0}, with ¢ > 0
arbitrarily fixed (see [6]). For other choices (for more general complementarity problems) and references we
refer to [21].

This concept of reformulation by means of complementarity functions is used in the next result. From now
on, we invoke the following assumption:

f:U— L3(Q). (A)
Theorem 3.5. Let (A) be fulfilled, and let {c,} C Ry satisfy ¢, — oo for n — oo and © be a complementarity
function. For A := Au) = max{—f(u),0} we have y.,(u) > 0. Moreover {A., (u)}$>,; = {max{\(u) —
cnYe, (1),0}}52 | is uniformly bounded in L?(Q)) and converges weakly to \(u) € L*(Q) satisfying
A'y(u) = f(u) + M), and O (u),y(u)) =0 a.e. in Q. (3.9)
Proof. Multiplying (3.3) by v = max{—y,, (u),0} yields

0 = (A", (u),v) — (f(u) + Mu),v) — cn(v,v) < (A", (u),v) < ~ClolF, < 0.
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Assume that Q_ = {y.,(u) < 0} # 0. From the above relation we deduce that y., (u)jgz = 0 which is a
contradiction. Hence, we have y., (uv) > 0 a.e. in Q. From the definition of A, (u) we immediately obtain

0 < A, (v) < Au) a.e. in Q.

This implies that there exists a weakly convergent subsequence {A,,, (u)}. Let A(u) € L*(2) denote the weak
limit, point. For ¢,,(x) — 0o we obtain from Lemma 3.1 that y., ., (u) converges to y(u) strongly in H, (£2). Thus

we have <Auy6n(k) (u)v ycn(k) (u)> - <f(u) + )\(U), y(u>> Since
(A'y — A%z, y—z)=a"(y—z,y—2) > Cly — zﬁﬁ for all y, 2 € H:(Q),

the operator A" is monotone. Moreover A" is hemicontinuous, and thus maximal monotone [1]. Therefore, we
have

<Auycn(k) (u) - Au'z’ Yen (u) - Z> >0
implying for ¢, ) — oo
(f(u) + Mu) — Az, y(u) — 2) >0 forall z € H:(Q).
The maximal monotonicity of A" then yields A%y(u) = f(u) + A(u). This shows the uniqueness of the weak
limit A(u) of {Ac,,, (u)}. Moreover, for all ¢, > 0 we have A, (u) € {A € L*(Q)|X > 0} implying A, (u) >0
and

A
—# < =Y, (u) <0 ae. in {zx € Q. (u)(z) > 0}.
Hence, y., ()X, (u) — 0 in LY(Q) for ¢, — oo. From vy, (u)), (u) = y(u)A(u) in L=®(Q)* we deduce
y(u)A(u) =0 a.e. in , and it follows that ©(A(u),y(u)) = 0 a.e. in Q. This completes the proof. O

4. FIRST ORDER CONDITIONS

This section is devoted to the development of first order necessary optimality conditions for the bilevel
problem (P). First we regularize the non differentiable max-operation which appears in (3.2).

4.1. Regularization

Consider the following C!-regularization of z +— max{z,0}:

T for x > %,
max.{z,0} = ¢ £(z+£)? for |z < £,
0 for x < —ic.
Then there obviously holds max.{z,0} = [ __sgn.(t)dt, with
1 for x > i,
sgn,(z) =< cle+ 5) for |z < &,
0 for x < —%.
Note that sgn.(x) > 0 for all .
Next consider the regularized version of (P.) which is to
minimize 1|y yal2s + a|u|2
~ Z - — Yd -
(P.) 5 2 T 5 Uy

subject to u€e U,
Auy - f(u) - maxc{j‘ — ¢y, 0} = 07
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where ¢ > 0 and A € L*(), with A > 0. Define W.(z) = [’ max.{t,0}dt, and consider

. 1.
minimize J¢'(y) := J“(y) +/ Z\IIC()\ —cy)dz over y € HX(Q). (4.1)
Q

Some simple manipulations show that

22 1

< W, (z) < —
0= (m>_max<4802 > TR

1
) for x > 0, f@§\ﬂc(m) for z < 0.

Moreover, from its definition it is easily seen that W, is monotonically increasing, and

1 1
/ V. (A= cv)dz < / -VU.(N)dr <o forallve K. (4.2)
0 C 0 C
Concerning the existence of a solution of (4.1) the following result holds.

Lemma 4.1. (a) For all ¢ > 0 and u € U problem (4.1) admits a unique solution jj.(u) € HL(Q).
(b) For c,, — oo the sequence {4, (u)} converges to y(u), the unique solution of (1.4), strongly in HL().

Proof. (a) The existence of the unique solution §.(u) of (4.1) for some ¢ > 0 follows from the monotonicity of
U, the property (4.2) and the properties of J*(y) (see Sect. 2).
(b) Due to the continuous differentiability of ¥, the unique solution satisfies the first order conditions

A"Fe(u) — f(u) — max.{\ — cge(u),0} = 0. (4.3)
Now consider (4.3) with ¢ = ¢,,. Multiplication by ., (u) yields
Cl|?3cn(u)|%{g < [f(u)|L2|Te, (W) + Calfe, (w)|m2
implying |7, (u)| g3 < C, where the constant C' is independent of ¢,,. Thus, there exists a subsequence {ge,, ,, (u)}

converging to some § weakly in HZ(Q).
Next we show that g € K. For this purpose define

Qc_n(k) = {5‘ - Cn(k)gcn(k)(u) <0} and an(k) = {5‘ - cn(k)gcn(k)(u) > 0},
and observe that
. 1 _
JE (Pe, (w)) < J(y) +/ C—\I/C”()\)da: for all y € K.
Q tn

For y := 0 € K this results in

/Q Ciqz%(X)dx+c|f(u)|L2 > /Q cilllcn(j\—cngjcn(u))dx.

n n

Since U, (A — ¢, (u)) > —1/(48¢2), the sequence { [, c; ' W, (A — ¢uFe, (u))dz} is uniformly bounded. This
yields the uniform boundedness of

1 N ~
{~/Q Cn(k) \chn(k) (A= En(k)Yen ) (U))dx} )

en (k)
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which tends to 0 as ¢,y — oo, and the uniform boundedness of

1 - -
{/Q %‘I’cn(k) (A = ey Ten o (U))dm} .

+
Cn (k)

From U, . (z) > (2°/2) for all z > 0 it follows that c;(lk)| max{\ — ¢k Je, ., (), 0} » is uniformly bounded

and
1

klim | max{ A— e, (1), 0}[72 =0.

Cn(k)
Since A > 0, the last equation implies § > 0.
Finally, let v € K be arbitrarily fixed. Then for some 0 < n < 1

1/ - 5 1/ .
(7 G () + /Q e Venr O3 = n@ Ty (0)d2) < 5 (Gl () + 100 = Gy ()

1 - - -
e (3 s (80 4700 = e 10

which is equivalent to
U~ ~ 77 u ~ ~ ~
a (ycn(k) (u)’ U= Yenm (u)) + §a (U ~ Yenm (u)7 U= Ye,m) (u)) - <f(u)’ U= Yenm (u)>

1 1 N .
1 [ e (3 g 10+ 100 = G (1))
1 Ja Cn(k)

1 1 - .
= /Q %\ycw@ — Catiylien g, (W))dz > 0.

For cp(x) — oo it follows that

a“(gj,v—g))—l—ga“(v—yj,v—yj)—<f(u),v—g)) >0 forallveK.

Then n — 07 yields
a"(g,v —§) = (f(u),v—7) foralveK,
which coincides with (2.1). Thus, we have § = y(u).

The strong convergence of {g., (u)} towards y(u) ensues from arguments similar to those in the proof of
Lemma 3.1 with y, (u) and J* replaced by g, (u) and J*. O

The next theorem is an analogue to Theorem 3.5.

Theorem 4.2. Let (A) be fulfilled, and let {c,} C Ry satisfy ¢, — 00 as n — oo and © be a complementarity
function. Then for X := \u) = max{—f(u),0} we have g, (u) > 0. Moreover {\.,(u)}>>; = {max., {\(u) —
e, (1), 01152, is uniformly bounded in L*(Q) and converges weakly to A(u) € L?(Q) satisfying

A"y(u) = f(u) + AMu), and O(A(u),y(u)) =0 a.e. in Q.

Proof. From the definition of max.{x,0} we immediately obtain that max.{z,0} > max{z,0} > z. Using this
fact and multiplying (4.3) by v = max{—g,, (u),0} we obtain

0 < (A"Fe,, (u),v) — (f(u) + max{—f(u),0},v) — cu|v[7, (4.4)
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which implies (A", (u),v) > 0. Assume that Q_ = {7, (u) <0} # 0. From (4.4) it follows that
0 < (A%, (u),v) < ~Clof <0,

and thus e, (u),q- = 0 which is a contradiction. Hence, we have g, (u) > 0 a.e. in €.

The definition of max, yields
1

2¢cq }
This implies that there exists a weakly convergent subsequence {S\Cn(m (u)}. Let M(u) € L3() denote the weak

0 < Ae, (1) < max{A(u),

limit point. From the previous lemma we know that ., (u) converges to y(u) strongly in H}(Q) as ¢, — oc.
Thus we have

(A s ey ) = (f(w) + Aw), y(u)).
The maximal monotonicity of A* (see proof of Th. 3.5) then yields A%y(u) = f(u)+A(u) implying the uniqueness
of the weak limit A(u). For all ¢,, > 0 we have ., (u) > 0 by similar arguments as in the proof of Theorem 3.5.
Moreover,

A 1 <
_Mw) < —fo.(u) <0 ae. in {z € QA (u)(z) > 0}.
Cn 2¢,,?
The assertion O(A(u),y(u)) = 0 a.e. in § then ensues from the same arguments as in the proof of Theorem 3.5.
O

The complete continuity of the mapping u +— éc(u) = g.(u) is established next.
Lemma 4.3. The mapping ®. is completely continuous uniformly in ¢ € R*.

Proof. The proof essentially follows that of Lemma 3.2. Instead of (3.2) consider now (4.3), and observe that
max, satisfies

(max A — cfe(un),0} — max A — cfe(Um), 0}, Te(tm) — e (un)) > 0. g

Finally, we can guarantee that a sequence of optimal solutions of the regularized problems (P, ) tends (in the
strong-weak sense) towards an optimal solution of the original problem (P).

Theorem 4.4. (a) For ¢ > 0 there exists an optimal solution (j*,4%) € HX(Q) x U of (P.).

(b) Let {c,} C Ry satisfy ¢, — oo as n — oo. Then a strong-weak accumulation point (y*,u*) € HX(Q) x U of
the sequence {(7; ,u: )} of optimal solutions to {(P.,)} as n — oo exists, and every such accumulation point
is a solution of (P).

Proof. The proofs of (a) and (b) are similar to the proofs of Theorem 3.3 and Theorem 3.4, respectively. O

4.2. First order necessary conditions

Consider the regularized equilibrium constraint of problem (P.), i.e.
E(y,u) = Ay — f(u) — max.{\ —cy,0}, &:HXQ) xU — H Q).

Let E = &' denote the Gateaux-derivative of £, and recall that f(u) = Fu+ g (note that the analysis so far did
not require the affine nature of f(u)). Hence, for (dy,d,) € H(Q) x U we have

E(y,u)(dy,d,) = A%dy + A" (y)d,, — Fd,, + csgn (A — cy)d,,
with (A" (y)dy,v)u+ v = (€' (u)d,Vy, Vv), where U* is the dual of U. Define the bilinear form a¥* : H}() x

HO1 (Q) — R by B
a’"(dy,v) = (e(u)Vdy, Vv) + c(sgn (A — cy)dy, v).
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Let F* denote the adjoint operator of F, and define the linear functional f¥*:U — H~! by
(F(du), v) = (€' (w)duVy, Vv) = (Frv, du)

for all v € H}(Q2). From sgn.(x) > 0 for all z it immediately ensues that a¥“(v,v) > C|v|§{é for allv € H} ().

The boundedness of a¥* in H}(Q), i.e. a¥“(v,w) < Clv|g:|w|q:, is a consequence of sgn.(x) < 1 for all .
The Lax-Milgram theorem then ensures the surjectivity of E.
Now it is an easy exercise to derive first order optimality conditions characterizing an optimal solution (77, @)

of the regularized problem (P.). For this purpose, let B denote the representer of | - | and B* its dual. Then
we have

s —ya+ A" s + esgn. (A — cil)pr = 0, (4.5)
(aB*Bu + e (u*)Vy: - Vps — F*pr,u—a)) > 0 forallueU, (4.6)
At —max A — ¢t 0y = f(a@}), (4.7)

where p* € H!(Q) denotes the adjoint state.
We will use the above first order conditions as c¢ is replaced by a sequence {c¢,} with ¢, — oo in order to
derive first order necessary conditions for the bilevel control problem (P).

Theorem 4.5. Assume that (A) is satisfied, F € L(U,L*(Q)), and let {c,} C Ry satisfy ¢, — oo for
n — 00. Moreover, let © be a complementarity function. Then for each sequence {(yy ,u} )} of solutions of
the problems (P,, ) converging strongly-weakly to (y*,u*), a solution of (P), there exist a subsequence {n(k)}
and multipliers (p*,u*) € HLX(Q) x L>(Q)* such that e,y Converges to p* weakly in HY(Q), and fig, ) =
Cn(k)S8Ne, o (A = Cn(k) U, ) )Pe, ) » With 0 < X € L2(Q) suitably chosen, converges to p* weakly* in L°°(£2)*.
Moreover, p* and u* satisfy the first order conditions

AVp Yt —ya = O, (4.8)

(aB*Bu* + €' (u*)Vy* - Vp* — F*p*,u—u*) > 0 foraluel, (4.9)
p*A =0, 'yt = 0, (4.10)

AV y =X = f(u), (4.11)

O\, y*) = 0 ae inQ, (4.12)

where \* € L*(Q) is the weak limit of {;\z}, with 5\2 =max., {\ — ¢, J; ,0}. Moreover, we have

a” (", xy") + (" —yaxy®) = 0 forallx e CHQ), (4.13)
(Y* —ya,p") +a* (p*,p7) < 0. (4.14)

Proof. Let {(% ,u; )} denote a sequence of solutions to (P., ) which converges to (y*,u*), a solution of (P),

n

strongly-weakly in H!(2) x U. Multiplying (4.5) by P, yields

0 = (5, —vya.bs,) +a"n (5L, 55,) + ealsgne, (X = eufis, )b, . B, ) (4.15)
> (fe, = yaBe,) + C1lpz, |5y + cnlsgn,, (A = eafi, )P, Pe,,)-

From sgn., > 0 we obtain

Cilps, | H + enlsene, A — e, ), 5s,) < C, (4.16)
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where the constant C' is independent of {c,}. Next define

1 for x> 9,
ps(x) = s for |z <4,
-1 forxz < -6
From this definition it follows that
0 = (g5, —yaps(B2,)) + (p5(P:, ) VDy,  e(ar, )VDe,)
+ (cnsgn,, (A — cn¥y, )Py, ps(Pe, ) (4.17)

> —|gs, = yalor + (casgne, (A — a2, )P, p5(P,,))

where inequality holds due to |ps (5}, )|z~ < 1 and pjs(x) > 0 for all z. Since sgn,, (z) < 1, cosgn,, (A—cng} ) =0
and fiy = cpsgn, (A — ¢ @5 )ps, , relation (4.17) yields for 6 — 0

e, |2 < 9e, — valrr, (4.18)

where we additionally used ps(py, )ps, — |ps | as 6 — 0. Note that the right hand side above is uniformly
bounded (with respect to {c,}). Thus, due to (4.16) there exist a subsequence {n(k)}, p* € HL(Q) and
p* € L(Q)" such that {p;  } converges to p* weakly in HL(Q), and {az, ,,} converges to p* weakly™ i
L>(Q)*. Now, (4.8) and (4.9) immediately follow from (4.5) and (4.6), respectively. Moreover, (4.14) holds due
o (4.15).

]()ue ’20 the assumption I € L(U, L>(£2)) and the weak convergence of {@} } in U, there exists a constant
M independent of {c,} such that |Fa} [p~ < M. Thus, for A > max{—g,0} + M we have y* > 0 (see
Theorem 4.2). For 5\2 = max., {\ — c,g; ,0} it follows that 5\2 < max{\, (2¢c,)"1}. Hence, for a subsequence
{n(k)} we have that {S\zn(m} converges to \* weakly in L?(Q) and A" y* — \* = f(u*), O(\*,y*) = 0 a.e. in
Q. This proves (4.11) and (4.12). B

In order to establish the first part of (4.10) define S = {2z € Q|0 < sgn, (A —c,7; )(z) < 1}. On S we obtain

B B /_\—cngj:” X—cngjn 1
AL = maxe {\—cn¥; 0} :/ sgn, (t)dt = / Cn (t + 5 ) dt

—o0 —1/(2¢cn) Cn

cn [~ 1 < 1
— -n )\7 n~* 2 _ )\7 n~*
[( cn¥e,)” + Cn( cn¥e,) + 402}

n

1 - . 1 1 - .
< Cn <(>\ —cnfi )+ E) = 9, Blen (A —cn¥e,)-

Thus, we can infer that

/|pcn Cn dm—/ |pcn Cn d:EJF/Q |pcn Cn

< g L1715, Lz 32,
n

1/2
< ezl o+ (s, 0 et )it it ) 15 L
Q
< EWZJLIJF (C_n> Ao, |2 —0,
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where the next to the last inequality comes from the fact that sgn., (A—c, g ) = 0 implies max., {A—ca 7}, ,0} =
0 which in turn implies A} =0, and 0 < sgn, (A — ¢, ) < 1. The last inequality uses (4.16). From

max{|fg, [, NG, 1120 155, A8, [0} <
with C independent of {c,}, it follows that ﬁznj\zn converges to p*A* weakly™ in L*°(Q)*. Thus we derive

p*A* =0 a.e. in Q.
We further have

—[i5 Ui = —casgn, (A — ca@i )i, i =3 0 in LY(Q). (4.19)
In fact, we define T = {z € Q|sgn, (A — ¢, 3% )(z) > 0}, and consider
[ 1z, o = e [ fsgne, O it ), 2,

1/2
< cnlsme, (- 2 ), 22 ([ s, (- ot i, Pao)
T

1/2
_ 1 B 2
@g&(A—cﬂﬁ)m,@z)“2</‘(——+A)<m>
n n n n Q 2Cn

Finally, note that due to (sgn. (A — ¢, 3% )p: . B:. ) < (C/en) (¢f. (4.16)) it follows that

IN

1/2

\ 1 A\ n— o0
(sgn,, (X — enl )5 . )12 ( / <—+/\) dx) =0 (.
Q

2¢y,

From (4.7) we derive that §; is bounded in H?(Q2), and since H?*(Q) is compactly embedded in C°(f2),
equation (4.19) yields p*y* = 0 a.e. in 2, which constitutes the second part of (4.10).
Next let y € C*(€). Then it ensues that

(Fe, = ya: X¥e,) +a" (57, x5, ) + (ensgne, (X — enZ )P, X3e,) = 0.
As ¢, — oo this yields (4.13). O

To interpret pu* we assume that multipliers in the classical sense exist, i.e. we can set up the Lagrangian
for (P) with (1.4) replaced by (1.5), which is

‘C(ya U, >‘ap7 Vi, V2, V3) = ‘]u(y) + au(y’p) - (f(u> + Aap) - (Vlv >‘) - (V27y) + V3()‘7y)a
and consider the corresponding first order system

0< (VuLyu—u*) = (aB*Bu*—¢€'(u")Vy* - Vp* — F*'p*u—u*) forallue U,
= Vyﬁzy*—yd—f—A“*p*—V;—l—V; *
= ViaL=-p"—vi+u3y",

)
0
0
0 = V,L=A"y" — flu") =N,
0
0
0

vl/3£: (/\*7y*)’
(A5 0), 0 < A", 0 <y,
= (y",13), 0<y", 0< ;3.
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Equation (4.20) suggests to set p* = v4\* —vj. Then (4.20) formally corresponds to (4.8). From the definition
of u* and (4.21) we obtain (4.10) by pointwise multiplication with y* and A*, respectively. Finally, (4.23)—(4.25)
yield (4.12).

4.3. Rough coefficients
Up to now we have assumed that the parameter u satisfies u € {H?(2)|u > € > 0}. In this section we reduce
the regularity requirements, i.e. we consider the case of

uelU:={weL®Q)NUI0 <e<w<E< 40},

where the Hilbert space U is compactly embedded in some L" (), with r > 2 sufficiently large (as specified
in the proof of Lem. 4.6 below). Moreover, U is endowed with the norm |- |y = |- |y. In this situation,
|Avn — AulH*h—Hé — 0 cannot be derived from the same arguments as in the proof of Lemma 2.1. Hence,
we need to establish the complete continuity of u — y(u) in the present case in order to be able to apply the
techniques of the previous sections. Throughout this section we shall assume that 2 C R, with d € {1,2}, is
bounded with sufficiently smooth boundary, and f(u) € L?(Q) for all w € U. Then, for instance, the choice
U=HYQ), | |u=]"|g, frequently arising in applications is covered by the above requirements.
First note that for every u € U by standard arguments the variational inequality

a“(y,v—y)— (flu),v—y) >0 forallve K, yeK, (4.26)

admits a unique solution y(u) € K, which satisfies |y(u)|g: < C|f(u)|g-1 for some constant C. Moreover,
from [3, Chap. 1, Th. 4.2] it follows that there exists ¢ > 2 such that for f(u) € W~19(Q) the estimate

ly(u)lyra < Clf (u)lw-1.0 (4.27)

holds. Note that L?(€2) is continuously and densely embedded in W~14(Q2) for ¢ > 2.
Lemma 4.6. The mapping ® : U — HX(Q), ®(u) = y(u), is completely continuous.

Proof. Observe that due to (4.27) there exists a subsequence {n(k)} such that {y(u,))} converges to y weakly
in H}(Q). Consider

|0 (y(unm)),v) — @ v)] < [0 @ (Y(unw),v) — " Y(un@),v)| + |a" (@ = y(un), v)]
< le(unmy) — e(w)l Lo [VY(unr)) e[ V[ L2 (4.28)
+]a"(§ = y(unw); v)] - (4.29)

for allv € HX(Q). For the last inequality above we used (4.27) and Holders inequality with ¢’ = 2¢/(g—2). Since
Un(ky € U and thus 0 < € < uppy <€ < oo forall k, up — win U, y(uyp)) — 7 in HY(Q), and e € C?(Ry;RY),
we have limy, |a*(§ — y(un(k)),v)| = 0 for all v € H}(2). Hence, the term in (4.29) vanishes as k — co. For
(4.28) consider the fact that U is compactly embedded in LY (€2) by assumption, and that due to u, wu, ) € U
for all k and e € C?(R;R,) there exists a positive constant L such that

le(unry) —e(u)| e < Lty — u|pe — 0 for k — oo.
Thus we obtain

lim (a""® (y(un(k)),v) = (f (Un@);v)) = a"(F,v) = (f(w),v) (4.30)

k—oo
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for all v € H}(Q). Together with (4.27) we further infer

/ (et) — e(ttngey)) Vi) V9 i) |d < Cltt — ey 1f (i) By—roa-

Note that due to u, — u in U, the sequence {u,} is uniformly bounded. Therefore we have

lim / [(e(w) = e(Un(k))) VY (Un i) VY (Ui ) |dz = 0.

k—o0

The convexity of v — [, e(u)VoVudz implies lim infy, o0 a*(y(un)), y(un))) = a*(7, 7). Hence, from (4.30)
it follows that

a“(gj,’ufgj):/Qe(u)VyV(vfgj)dxZ/Qf(u)(vfgj)da::(f(u),vfgj) for all v € K.

Due to the uniqueness of the solution of the variational inequality (4.26) we have § = y(u). Since u € U we
infer

| eV ) = )V 0(1m09) ~ D) > Cl(ancy) = oy 0.
The fact that y(u,)) is the unique solution of (4.26) with u replaced by wy) implies
a*(Y(unky)) = 9, Y(unw)) —=9) < a"(Y(unr)), Y(Un))) — 2" (Y(unw)), ¥) + a4, 7
+ aun(k)( (un(k)) y(un(k))) - (f(un(k)) -y n(k)))
a*(

Y)

(u
= a""® (YU, v) = (f(Un)); v = Y(un@)) + a9, 9)
+a"(y (un(k))a (Un(r))) — @@ (Y (Un(r))s Y(Un(r))) — 20" (Y(Un()), Y)

for all v € K. Hence, we obtain

i inf a* (y(un)) = 7.y (un) =) < limsupa®(y(ung) = 7,y(ng) — )
< a'(y(u),v —y(u) — (f(w), v —y(u).

For v = y(u) € K the previous computations result in

klim [y (tny) — y(u)| gz = 0. O
— 00
The proof of p*y* = 0 a.e. in Q (see Th. 4.5) is now based on the fact that L2(2) is continuously embedded
in W=4(Q), with ¢ > 2, and hence {g; } is uniformly bounded in W}4(Q). Since W-(2) is compactly
embedded in C°(9), and thus {g; } converges to y* strongly in C°(f), the claim p*y* = 0 a.e. in Q follows
essentially from the same arguments as in the proof of Theorem 4.5.

Note that for Y = H*(Q), ||t = ||, in the case of d = 1 the Sobolev space H'(£2) is compactly embedded
in C°¥(Q), with 0 < v < 1/2, and thus Lemma 2.1 can be applied instead of Lemma 4.6.

5. NUMERICAL REALIZATION

We shall now discuss some issues concerning the discretization of the first order system (4.8)—(4.12), and
suggest an algorithm for solving the discretized system. Finally, a brief report on numerical results will end the
section.
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5.1. Discretization

For the discretization of the function spaces U, H1(Q), L?(2) and L°°(2)* we use finite dimensional subspaces
Un, Wy, Ly and My, respectively. Let u; > 0,i=1,... ,Ny,, wi, it =1,...,Nw,, li,i=1,... ,Ng, and m;,
i =1,...,Np,, denote the linearly independent basis functions of the respective finite dimensional subspace.
Then, in terms of the basis functions, we obtain the following finite dimensional approximations of u € U,
y,p € Hy(Q), A € L*(Q), p € L=(Q)*:

Nu, Nw,, Nw,,

up(z) = Z Uiui(z), yn(z) = Z Yiwi(z), pa(z)= Z Pyw;(x),
i=1 i=1 i=1
Ny, Ny,

An(z) =

Let U = (Uy,... ,UNU}L)T € RNvi | and analogously for Y, P, A and M. Next define A;,(U) € RNWn*Nwi and
Ch(Y) € RNw<Nuy by
WTA;L(Q Y = (en(un)Vyn, Vwy) for all wy, € Wy,
ZTC}L(X)TB = (e’h(uh)vh, Vyh . Vph) for all vy, € Uh,
where ep, (vp,)(x) = Zf\flh e(Vi)u;(x) and ej, (vp,)(x) = Zz]\g" e (Vi)u;(x) for all v, € Uy,. Note that V'Cy, (Y)TP =
KTC;L(B)TX. Moreover, we define B;, € RNur*Nuy, by QTBhQ = (up, qn)u for up,qn € Up, with (-, )y de-
noting the inner product of U, and Fj, € R¥w»*Nuy, by QTF}LTB = (F*pn,qn). Further we use the following
notation for mass matrices: MV(I],’h € RNvn XNwy g defined by (MV[{,’h)” = (ui, wy).
With these definitions the discretizations of (4.8), (4.9) and (4.11) become

Ap(UP* + My M* + My Y™* — M"Yy = Ony, (5.1)
(aB U* + C,¥'P* —F'PHYT (U -U*) > 0 foralUcV, (5.2)
AU = M)PA* = FUS = MG = Oy,

with V = {U € RN |uy, € U} the set of feasible coefficient vectors. The pointwise almost everywhere
conditions (4.10) and (4.12) are enforced at the nodal points. For this purpose we assume that N = Ny, =
N, = N, and w; > 0,1; > 0foralli=1,...,N. The complementarity condition (4.12) is then defined in a
(vector) componentwise sense, i.e. Oy : RY x RV — RN,

@N(A;X) = (¢(A1,Y1)a e a¢(AN7YN))Ta

with ¢ : R?> — R denoting a complementarity function. One option for ¢ is the Fischer-Burmeister function
#(a,b) = ¢rp(a,b) = Va2 + b2 — (a + b); see [13]. Let o denote the componentwise product of vectors. Then
the discretization of (4.10) and (4.12) becomes

P eA* = Oy, (5.4)

M eY™
On(A",YT)

On, (5.5)
On-. (5.6)
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An alternative representation of the discretized optimality system is obtained by using M* = R* ¢ A* with
R* € RN, If strict complementarity is satisfied, i.e. ¥;* = 0 implies A} > 0, then (5.1)—(5.6) are equivalent to

7

Ap(U")P* + My (BT @ A*) + My Y* = M"Yy = Oy,
(@B U" + Cp(Y")'P* = F, P )" (U~U") > 0 forallUceV,
ApUNY = MpPA* = BUS = MG = Oy,
ON(A"Y") = O,
P*—R*'eY* = Oy. (5.7)

Note that the number of equations is reduced, since (5.7) replaces (5.4) and (5.5). However, we prefer to
use (5.1)—(5.6) instead of the above smaller system due to the fact that the latter system requires strict comple-
mentarity to be satisfied. Although this might be the case at an optimal solution of the discrete problem to (P),
during the iterations of the algorithm, which will be used, the iterates may (nearly) lack strict complementarity,
and hence (5.7) causes numerical instabilities.

5.2. Algorithmic issues

Before we shall discuss the algorithm, another important property already briefly alluded to in the intro-
ductory section is addressed. Due to the inverse nature of (1.1), without further assumptions the parameter u
cannot be identified on the singular set S, = {z € Q|Vy(z) = 0}; see [17] for a discussion on this issue in the
case of variational equalities. On the other hand, as it is seen from its definition A, (U") depends on U " 1S n
with S, the discrete counterpart of S,. In order to cope with this difficulty, from now on we assume that a
(sufficiently good) approximation of “\*37 with S, C S, is available. Let U’ € RIS+ with So.n C S, denote

the discretized available information on the parameter, and U™ € V an iterate of the subsequent algorithm.
Then we fix U, in U", i.e. _‘”Sh = U’, in all iterations. Hence, compared to the original finite dimensional
system (5.1)—(5.6) the number of unknowns is reduced by |S| < N.

In order to incorporate the inequality condition (5.2), the iterates of the subsequent algorithm satisfy U™ €
intV, the (strict) interior of V, for all iterations n. Hence, (5.2) becomes

aBpU + Ch(Y)"P — F/ P = Oy, - (5.2)

during the iteration. Due to the fact that (5.1),(5.2), (5.3)—(5.6) is an overdetermined system, i.e. 5N + Ny,
equations have to be satisfied by 4N + Ny, — |Sk| unknowns, the computation of a solution is realized by a
least squares technique. For this purpose, we assume that the complementarity function ¢ is chosen such that

Un(AY) =0OnAY)TON(AY) € CHRN;R). (B)

The Fischer-Burmeister function introduced in Section 5.1 fulfills (B). For a corresponding proof we refer to [13].
The Moreau-Yosida based function ¢pry (a,b) = a — max{a — ¢b,0} with ¢ > 0, on the other hand, does not
satisfy (B).

with ¢ = 1,...,6, denote the left hand sides of equations (5.1), (5.2’), (5.3)—(5.6) at X with Ql*sh = U’ fixed,
and define

6

FX) = 2 3 X)), (5.8)

i=1
Note that F is continuously differentiable, and for ¢ = ¢pp we have

Vy) (f6(X)" fo(X)) = Van¥n~(AY) =200yn(A, Y)Ten(A,Y),
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with 90 x5 (A,Y) denoting the generalized Jacobian of © y in Clarke’s sense [11], which exists by convexity of ¢.
Clearly, we wish to compute X* such that F(X*) = 0. Hence,

Since we expect that (5.8) results in either a zero residual or a small residual problem, a Gauss-Newton-type
method [12] for the iterative solution of the discretized first order conditions is applied.

Let us address some details of our implementation: We use the forcing function p : R — R, with p(z) = 23 for
2 > € > 0, where € < 1, and p(z) = 0 otherwise, to modify the Gauss-Newton iteration matrix J(X"™)TJ(X™)
by adding p(F(X™)) I, with I € RNv*Nv the unit matrix. Here J(X) € RN<XNo denotes the Jacobian of
(f1, f2, 35 fa, f5, f6)T(X) € RNe with N, = 5N + Ny,. This technique enhances robustness of the Gauss-
Newton method and corresponds to a Levenberg-Marquardt-type approach. Globalization, i.e. damping of the
full stabilized Gauss-Newton method for convergence from an arbitrary starting point, is achieved by a Wolfe
type line search procedure based on quadratic interpolation. Whenever the stabilized Gauss-Newton direction
D7~y is not sufficiently descent, i.e.

VF(X")'Digy > —v|Dignle@ye) | VF(X™) 2@y,

with v > 0 small, then the steepest descent direction D = —VF(X") is used with a safeguarded Armijo type
line search such that strict feasibility of U is guaranteed. In order to maintain the requirement U™ € intV
we choose the initial data such that U° € int)V, and restrict, if necessary, the length of the search direction for
U such that strict feasibility for the full step is conserved. This is done by means of a trust region technique.

5.3. Results

Subsequently we report on some results of our test runs. In all examples listed below the domain was chosen
to be Q = (0,1)2. For our finite element discretization we use a classical triangulation with mesh size h = 275
and piecewise linear elements. Within this feasibility study we restrict ourselves to this simple discretization,
although the different regularity properties of the variables suggest to use different elements. We believe that
this issue requires further investigation which is not the focus of the present research. Typically in our tests,
we first fix the control u = @ and solve the forward problem, i.e. the variational inequality resulting from (1.4),
on a fine grid. Afterwards we use the restriction (to the coarser grid) of the solution (state) of the forward
problem, Yn v 88 desired state ygn, and try to recover uy on the observation part 0=0 \ S of 2. On S we fix
up|s = Up|s- We shall also report on test runs where we impose noise on yap.

Let us point out some of the properties of the examples considered below. From the solutions to the discretized
problems — see Figures 1-5 — one can conclude that the example in Section 5.3.1 safely satisfies the strict
complementarity condition, thus allowing to apply the classical (Lagrangian) theory for deriving a first order
optimality condition. The examples in Section 5.3.2-5.3.3 exhibit a certain degree of degeneracy, i.e., typically
yp, is close to zero on the part of the inactive set Zp, = {z € Q|yn(x) > 0} close to the active (or coincidence)
set A, = Q\ Zj. Although the classical theory could be applied, typically numerical algorithms based on the
classical first order system exhibit difficulties in locating Z;, and Aj. The final example in Section 5.3.4 is
constructed in a way that the classical theory fails.

5.3.1. Example

We consider the variational inequality arising from the Reynolds lubrication equation; see for instance
[2,9,10,15,16] for details. The control u has the meaning of the height of the gap between two rotating
surfaces, and the state y corresponds to the pressure in the lubricant, which fills the gap. Here

ou

e(z) = 2% and f(u):—%-
2
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F1GURE 1. Observation part Q, and optimal primal variables for Example 5.3.1.

TABLE 1. Results for Example 5.3.1.

it F* #leval rel(Y™) rel(U") rel(A¥)
35 8.39E-8 293 0.142 0.074 0.634

We use % = 1+40.5 cos(2m2), and the regularization parameter o = 1072, The graph in the upper left corner

of Figure 1 displays the observation part Q,. For the inverse coefficient problem the following initial values
were used:

o __ _ o _ o _
X - Xd) U|Q = _‘Q()Xd = 01, _lgzd = 0,
Aoy = 15, —Tngd =0, Pfpy =0, Py =0.00L,

where QY. = {i[(Y,); <0} and Q+ = {i|(Y,): > 0}.
In Table 1, #it denotes the number of iterations, F* is the function value at termination, #feval is the
number of function evaluations and

Y~ Yyl
Yyl

A" — Ayl

rel(Y*) = -
&) AV /]

denote relative errors, where (Y*, U, A*) are the values at the termination of the algorithm. Moreover, Aj;
represents the restricted multiplier obtained from solving the forward problem on a fine grid.
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FI1GURE 2. Observation part Q, and optimal primal variables for Example 5.3.2.

TABLE 2. Results for Example 5.3.2.

N #it F* #feval rel(Y™) rel(U") rel(A)
noo 17  5.00E-10 42 0.056 0.168  0.148
nor 43 5.00E-10 200 0.073 0.200 0.128
mo 44 T7.07TE-10 385 0.061 0.157  0.618

The final iterations primarily reduce the relative gradient norm to the accuracy demanded by the stopping
rule, while the function values are only slightly decreasing. All iterations accept the stabilized Gauss-Newton
direction, 7.e. U™ € int) without invoking the trust region modification.

5.3.2. Ezxample

For the forward problem we use @ = 0.25(sin(27z;) + cos(27as)) + 1. The forcing term is f(u) = u —
7 eos(2mx1) + 0.57sin(2m2), and e(z) = (2 + 0.01)2. The regularization parameter is chosen to be o = 1074,
The same starting values like in Example 5.3.1 were chosen. Figure 2 displays the observation part ), and the
optimal primal variables. In Table 2 the quantities 719 and 791 denote uniformly distributed random noise in
[0;0.01] and [0;0.001], respectively, and ngg represents the noise-free case.

The number of iterations, the number of function evaluations and the average relative error, i.e. (rel(Y*)+
rel(U") +rel(A*))/3, increase with increasing noise level. This dependence on the noise level is typical within a
range of test examples.
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Observation set (dark gray) u
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FIGURE 3. Observation part 2, and optimal primal variables for Example 5.3.3.

TABLE 3. Results for Example 5.3.3.

N F#it F* #leval rel(Y") rel(U") rel(A")
noo 38 1.78E-9 244 0.149 0.044 0.536
nor 40 1.80E-9 318 0.789 0.127 0.536
no 167 3.70E-9 1048 0.825 0.170 0.425

5.3.3. Example

We use @ = —2((x1 — 0.5)% + (x2 — 0.5)%) + 2 in the forward problem. The forcing term is chosen to be
flu) = F% 4+ 2% + g with g = =5 on Q@ and g = 0 on Q\ QF, where QF = {z € Q|a > 1.75}. We further
have e(z) = z and a = 10™%. Again, we use the same start-up values as for Example 5.3.1. Figure 3 contains
the observation part and the optimal primal variables. In Table 3, 191 and 779 denote uniformly distributed
random noise in [0;0.0001] and [0;0.001], respectively.

Concerning the number of iterations, the number of function evaluations and the average relative errors the
same conclusions as for Example 5.3.2 can be drawn. The significant change for 791 and 719 can be explained by
the fact that y; is less than 2E-3 on large parts of Qh, and thus the relative noise level in yg4y, is large. Therefore,
up, has to be recovered from very poor data.

5.3.4. Example
The data are as follows: 4 =1+ z122, F =0, and g = A(@)y(a) — (@) with

100 (max{0, z1 — 0.4}* max{0, 0.6 — 21 }* max{0, 2> — 0.25}* max{0,0.75 — z2}?) ,
Ma) = max{0,0.25 — z;}? + max{0,z; — 0.75}%

<

—
S|
Il



INVERSE COEFFICIENT PROBLEM 151
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FIGURE 4. Critical set (dark gray) of lack of strict complementarity.
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FI1GURE 5. Observation part ), and optimal primal variables for Example 5.3.4.

Note that y(@) with corresponding multiplier A(@) is the optimal solution of the lower level problem for
u = 4. The dark gray region in Figure 4 corresponds to the discrete analogue of the set {z € Q|y(a)(z) =
0 and A(u)(z) = 0}, i.e. the set of lack of strict complementarity. From this figure we can see that the classical

theory cannot be applied. In Figure 5 the observation set and the optimal primal solution are shown. The
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results in Table 4 of a run of our algorithm show that the new first order characterization is effective, and that

the

algorithm is not affected by lack of strict complementarity.

TABLE 4. Results for Example 5.3.4.

#it F* #leval rel(Y) rel(U") rel(A¥)
20 7.98E-9 74 1.3E-5 2.0E4 0.13

The following starting values were used:

(1]
2]

[20]
21]

22]

Xo _ de Q\Qh = 1.5, _‘OQOLd = 1.0, _‘Oﬂzd =0,
_‘Q()Ld = 05, A‘de = 07 _|Q()Xd = O, B‘de = 01,
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