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L2-STABILITY OF THE UPWIND FIRST ORDER FINITE VOLUME SCHEME
FOR THE MAXWELL EQUATIONS IN TWO AND THREE DIMENSIONS
ON ARBITRARY UNSTRUCTURED MESHES

SERGE PIPERNO!

Abstract. We investigate sufficient and possibly necessary conditions for the L? stability of the
upwind first order finite volume scheme for Maxwell equations, with metallic and absorbing boundary
conditions. We yield a very general sufficient condition, valid for any finite volume partition in two
and three space dimensions. We show this condition is necessary for a class of regular meshes in two
space dimensions. However, numerical tests show it is not necessary in three space dimensions even

on regular meshes. Stability limits for time and space schemes with higher orders of accuracy are
numerically investigated.

Résumé. Nous cherchons 3 établir des conditions suffisantes et éventuellement nécessaires de stabilité
L? pour le schéma en volumes finis décentré du premier ordre, appliqué aux équations de Maxwell,
avec des conditions aux limites absorbantes et métalliques. En deux et trois dimensions d’espace, nous
proposons une condition suffisante de stabilité d’une grande généralité, puisqu’elle est valable pour
toute forme de volumes finis. En deux dimensions, nous montrons que cette condition est également
nécessaire pour une classe de maillages réguliers. En trois dimensions, des tests numériques montrent
que cette condition n’est pas nécessaire, méme pour des maillages réguliers. Nous recherchons les
limites de stabilité observées numériquement pour des schémas plus précis en temps et en espace.
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1. INTRODUTION

After an era of domination by frequency-domain integral equation techniques (mainly the method of mo-
ments [23]), the modeling of systems involving electromagnetic waves has known a kind of “reinvention” [22]
via direct time integration on space grids. Many numerical methods have then been used for the resolution of
the time-domain Maxwell equations. Besides Finite Difference Time-Domain (FDTD) methods based on the
Yee scheme [28] or on implicit time schemes [19], some Finite Volume Time-Domain (FVTD) methods or even
Finite Element Time-Domain methods have been proposed recently [1,16], which had already been developed
for Computational Fluid Dynamics decades ago. Contrary to finite difference methods, finite volume methods
and finite element methods based on unstructured meshes fit naturally complex geometries [7]. Finite element

Keywords and phrases. Electromagnetism, finite volume methods, L? stability, energy methods, unstructured meshes, absorbing
boundary condition, metallic boundary condition.
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methods induce heavy computations of mass matrices, whereas finite volume methods get rid of differential op-
erators (and finite element mass matrices) using Green’s formula for the integration over finite volumes (see [8]
for a good review of numerical methods used in Computational Electromagnetics (CEM)).

We are interested here in FVTD methods, as have been developed in the past years, not necessarily on body-
fitted coordinates [20,21] but on unstructured finite element triangulations [5-7,18] or on totally destructured
meshes [3]. More precisely, we consider a standard finite volume approximation, i.e. a piecewise constant,
discontinuous, Galerkin-type finite element approximation [15], and a first order upwind flux splitting, first
developed in one space dimension [13], and available for any Friedrichs system in any dimension. As the
Maxwell system in transient state is hyperbolic and may be rewritten in conservative form, it is natural to use
a numerical approximation based on conservative upwind schemes. The convergence of this type of scheme has
been established for different hyperbolic equations in any dimension [10], and L' error estimates of h/2 (where
h is a characteristic mesh size) have been proved recently for a general hyperbolic equation [25].

The stability of finite volume schemes has been investigated since many years. For regular, structured grids,
several methodologies are available. The most commonly used is due to von Neumann and based on Fourier
modes [2]. It gives a result on the L? stability of a numerical scheme. The modified equation analysis [27] yields
similar results — the amplification/damping of the regular solution of the modified equation — but is also only
valid on regular grids. Both analyses do not deal with boundary conditions. The modified equation analysis is
purely local, whereas the von Neumann analysis deals with equations posed on infinite domains or domains with
periodic boundary conditions. Finally, the concept of Total Variation Diminishing (TVD) scheme, proposed
by Harten [12], leads to L°-stability results for finite volume schemes on non regular grids only in one space
dimension.

In this paper, we investigate the L2-stability of finite volume schemes in two and three space dimensions on
unstructured meshes, for the numerical solution of the time-domain Maxwell equations. We aim at determining
the L2-stability limit on the time step, when first order upwind fluxes and the first order forward Euler time
scheme are used. Stability results on arbitrary finite volumes are available only in the case of the upwind first
order scheme: the same sufficient stability condition was established for the linear Maxwell equations (mentioned
in [3]) and for Friedrichs’ systems in general [26]. We prove in this paper a twice weaker stability condition on
the time step, which has been used actually on unstructured triangular finite volume partitions [3]. This study is
first done in two space dimensions for transverse magnetic (TM) waves — all proofs and results hold for transverse
electric waves - and then in the most general case in three space dimensions (in a homogeneous medium). Finite
volumes of arbitrary shape are considered, as well as two types of boundary conditions (absorbing and metallic
boundary conditions). The energy-type method used in this paper is drawn from some finite element proofs [4].

Since first order schemes are very dissipative, they can not be actually used for the transient solution of
Maxwell equations. The energy method presented in this paper can be used to prove a sufficient condition for
the L2-stability of a new second order (in time and space) finite volume scheme for the Maxwell equations on
arbitrary finite volumes [17]. Higher order accuracy can also be achieved using the Monotonic Upwind Scheme
for Conservation Laws method (MUSCL) [24], and the stability limits of second order and third order schemes
are numerically investigated in the last section of this paper.

This paper is organized has follows. In Section 2, for Maxwell equations in two space dimensions (TM
waves), a sufficient stability condition is given for the finite volume method (first-order accurate upwind fluxes,
first-order forward Euler time scheme) on an arbitrary polygonal finite volume partition, with absorbing and
metallic boundary conditions. We prove that this sufficient condition is also necessary for a certain class of
regular meshes. In Section 3, the proof in the 2D case is extended to three space dimensions. The condition
is compared to the result of Vila and Villedieu [26] and extended to a family of implicit schemes. Finally, in
Section 4, numerical results are presented. For the two-dimensional case on different types of finite volumes, the
sufficient stability condition of the first order upwind scheme is compared with the actual stability limit of the
numerical method. In three space dimensions, we show that the sufficient condition established for arbitrary
polyhedral finite volumes is not necessary for regular grids. The stability limit of higher order schemes based
on the MUSCL interpolation are also numerically tested.
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2. THE TWO-DIMENSIONAL CASE

2.1. The two-dimensional Maxwell equations (TM)

We consider the two-dimensional Maxwell system (TM waves) in a homogeneous linear isotropic medium
(constant electric permittivity ¢, magnetic permeability x and light speed ¢ given by euc? = 1). The three
unknowns £, H; and H,, respectively the vertical electric field and the two components of the horizontal
magnetic field are solution of the following partial differential equations:

OB, _0H, 0H,

ot oz oy’

O0H,  OFE,
K ot _—_53/_’
0H, OE,
K8t =~ 6z

These equations are set on a polygonal bounded domain 2 of R2. Everywhere on the domain boundary 8¢,
exactly one of the two possible boundary conditions is set: a metallic boundary condition (on 9€2,,, around a

metallic object or inside a cavity for example) or an absorbing boundary condition (on 8%,, possibly on the
outer boundary of the domain 8§, see Fig. 1).

o

8Q0= 80,
Q
RCS of a wing Cavity resonance
FIGURE 1. Domain €2 and domain boundary.
For the TM waves in two space dimensions, the metallic boundary condition reduces to E, = 0. The

absorbing boundary condition considered here is the first-order Silver-Miiller condition, which reduces for TM

waves to E, = cp (nyHy — ngHy), where # = *(ng,ny) is the unitary outward direction considered.
Introducing new variables u, v and w by

E, = uu,
H, =",
c
w
H, = =
we get the following first order hyperbolic system
oW oW oW v
- — =0, with =
En +A; g + Ay By 0, with W v |,
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where the symmetric matrices A, and A, are given by

0 0 —c 0 ¢ O
Ap = 0 0 0 , Ay = c 00
- 0 0 0 0 0

This system is strictly hyperbolic, since for any couple (e, 8) # (0,0), the matrix a4, + BA, is diagonalizable
in R, with distinct eigenvalues equal to

po =0,
P+ :C\/a2+;32>
p— = —c/a? + 32

In terms of the new variables (u, v, w), the metallic boundary condition on 89, writes u = 0 and the absorbing
boundary condition corresponding to the unitary outward direction 7 = *(n,n,) writes u — nyv + nyw = 0.

2.2. The upwind first order finite volume scheme in 2D
2.2.1. Introduction

We assume we dispose of an arbitrary partition of the domain Q into a finite number of connected polygonal
finite volumes (each one with a finite number of edges). For example, this assumption covers the two cases
of vertex-centered and element-centered finite volumes [6]. For each finite volume or “cell” T;, V; denotes its
area. We call interface between two finite volumes their intersection, whenever it is a polygonal line. For each
internal interface a;; = 7; () 7;, we denote by 7i,; the integral over the interface of the unitary normal, oriented
from 7; towards 7;. The same definitions are extended to boundary interfaces (in the intersection of the domain
boundary 880, | 0€2, with a boundary finite volume), the index j corresponding to a fictitious cell outside the
domain. Finally, we denote by V; the set of indices of finite volumes neighboring the finite volume 7; (having
an interface in common). The conservative finite volume scheme is written:

wnrtl _wr
Rt L P =0, M
JEVi

where the index 1 is linked to the cell 7;, At is the time step and W is an approximate for the average of W
over the cell 7; at time t™. In the sequel, superscripts ™ are omitted whenever the explicit forward Euler scheme
is considered. The upwind first order numerical fluxes F;; are given for internal interfaces by

Fij = My Wi + My~ W, 2

where 1 superscripts stand for positive and negative parts of a matrix by means of diagonalization and the
matrix M;; is given by

Mij = Aaije + Aynigy, With fl; = (Nijz, gy ). (3)
For a boundary interface, the missing value W; in the fictitious cell is given by

interface in 0Q,: W; = W; = C;; W, 4
interface in 02,: W; = W; =0, )
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with
-1 0 O

0 01
On the metallic boundary 0}, the missing value W; in the fictitious cell is the mirror state for the boundary
condition u = 0, whereas on the absorbing boundary 0f2,, the first-order Silver-Miiller condition is applied in
a weak variational way in the boundary flux (incoming waves are not taken into account). The consistency of
this weak treatment is more clearly justified by the following general expression of the flux for any W:

— 735l
MW = M;;"W + = (u Ty 4 222 w) Mgy

2\ Dagl " il Rio
2.2.2. Matricial properties
For each interface a;;, let M;; be the matrix such that
Mi; = cl|ftiy || Mi;. (6)
The following elementary equalities hold:
ji = —Tij, M;; = —M,;, Mj; = —M;;. (M

At the same time, geometrical properties hold for each cell 7;:

Z iy = 0, Z M;; = 0. (8)

interfaces of 7; interfaces of 7;
The matrix ]\;Iij is diagonalizable, with eigenvalues A\g = 0, A+ = 1 and A_ = —1, corresponding respectively to
the orthogonal eigenvectors
0 1 -1
0 ~ ~ . ~
Wij = | g :Wij = Ty Wi = Nijy
Mijy —Nyjz —Nijx

where 7i;;; and 7, are the components of the normalized normal n;; = 7i;;/||73s;||. The positive and negative
parts of M;; are given by

1 Tij Tija
+= Dijy g
2 2 2
~ ~2 ~ ~
T Tijy Mijy Rigafijy | _ o Lyt typ+
M= % =% T TR
_ Nijo NijzNijy " ﬁ?jaz
2 2 2

We have the following remarkable identities:

Y y - - ok Tt -
’Mij = M} - NI, NG+ M =My, MEME=+ME, MM, =0. (9)
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2.2.3. Energy estimates

We aim at giving and proving a necessary and/or sufficient condition for the L2-stability of the upwind
first order finite volume scheme (1-3) with boundary treatments (4-5). We use an energy approach, where a
quadratic form plays the role of a Lyapunov function of the unknowns W;. We propose the following discrete
energy, directly derived from the expression of the total electromagnetic energy:

= Z ViIWr Wi (10)

We investigate under which condition(s) this energy is non-increasing. In that case, the conclusion that the
scheme is stable is straightforward, since the energy is a symmetric definite positive quadratic form of all
numerical unknowns. We propose for the energy variation AE = E7TL — £ the:

Lemma 2.1. Using the scheme (1-5), we have AE = —At. Ty + At?. T, where

internal metallic absorbing
T = Z tAW,'j |M1J| AWij + Z C“’I_iz]” tWiDij W; + Z th' lel Wi,
interfaces interfaces interfaces
2 0 0 ’ 2
D,L‘j = 0 0 0 and Tz = oyl MJAW”] s
0 0 O % ]GV

and W; denotes the fictitious state (4) for metallic and absorbing boundary interfaces, AW;; = W; — W; and
the notation || X||? in the expression of T} stands for * X X.

Proof. We use another expression of numerical fluxes Fj;:

Fy = el | (M Ws + Mg W;) = o s | Mg (Wi + Wy) — |

AWy .
Using the same notations (fictitious state W; and || X || = *X X), we get easily:

AE = S —ctt S Il Wi Wiy (W; + W) — |8
% JE€V:

T i Znnzgn[ W+ wy) - |1,

AW;; )]

2

W]

The terms 77 and 7% appear naturally. The terms of 7 can be reorganized in sums by interface. Terms can be
paired for each internal interface a;;, which yields

internal tW [ ,,J(W + W) ‘Mz]

o= ) digl

interfaces th [Mji(Wj + Wi) - lei
metallic ~ _
+ > 2 [th’ (Mi__!j‘Wi + M;C Wz)]

interfaces

Wz]] +

Wﬁ]

absorbing
+ Z C”ﬁij ” I:tWiMijWi + tWi

interfaces
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Elementary recombinations (including interfaces of the metallic boundary 99,,) yield

internal
n = Z Wi M;W; + YW MW + AW | M| AW ]
interfaces
metallic
+ > [WiMy Wi+ it | *'WiDi; Wi
interfaces
absorbing
+ Y [TWMGW 4+ TW | My | W]

interfaces

where, for metallic interfaces, D;; is the symmetric part of the matrix |M;;| + (M;; — |M;;|)C and is equal to
the value given in the lemma. Using the second property of (8), we have

internal interfaces of
0= Z W, Z M| W; = Z [FW; Mi; W + thMjin] + Z [tWiMijWi] ;
cells i FEV; interfaces Om |J 0%

which yields the correct development for the term 77. The second equality of (8) inside each cell and the
definition of M;; are used to obtain the global result for T;. We have:

2
1
n = Z AV: Z [Mij(Wi + Wj) - |Mij| AWij]
i v lliewvs
2 2
1 1 3
- Z A Z (M5 (—Wi + Wj) - IMij| AWyl = Z v Z [MijAWij]
i g jEV: i 7 eV,

This concludes the proof of the lemma.

2.3. A sufficient stability condition in 2D
We propose the following stability:

Theorem 2.1. Using the scheme (1-5) on arbitrary polygonal finite volumes as described in this section, the
energy E™ defined in (10) is non-increasing, and therefore the scheme is L?-stable, if the time step At is such
that

.2V, . ~
cAt < II%II —Pf’ with P; = J%; ll72s;1-

Proof. We first derive an upper bound for the term T3 in Lemma 2.1. We use the following equality, which is
easily obtained:

et | 17k

(1 + ’I;I:ij.’f:iik) Wz; tWi;. (11,)
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2
For each term X;, defined relatively to the cell 7; by X; = ‘izjevi M;; Amji , we get
Xi = Z AW M; My, AW
(43,k)eV?
2|75 ||l e |
- ; (1 - ) AW W Wi AW
(4.k)€V}
2|7y | |7 | - = to too_
= Z —4—— (1 + nij.nik) ( Wij AWij) ( Wik AWik) .
(4,k)eV?

29

Since the terms 1 + ﬁij.ﬁz'k involving normalized normals are positive, using a “2zy < z2 + y?”-type inequality

yields

X < 3 175 || 17k | (1 +ﬁij.ﬁik) [(tWi; AWZAJ-)2 + (tWi; Awik)Q}

) 8
(4,k)EV?
2|75 | |17 > o - - '
= ¥ —”—”4'”—”” (14 Ay i) [tAWy (—D5) AW+ 6Wa (—I) AWi]
(4,k)eVv?
or— 2|75 |l 7 > 2
= 2 ([tAWij (_Mij) AWij] > ”‘]2”——“ 2 (1 +nij~nik))
JEV; kev;
1 - -l\ CPi < ¢
) Z ([tAWiJ’ (—M;) AW] [CP +c . L nsz} = ‘ AW (—Mj;) AW
JEV; kEV; JEV;
A sum on all cells yields an interesting upper bound for T5:
P;
I < Z S 2 (AW (- M) awy). (12)

JEVZ

The sum by cell can be split into a sum by interface. Using the definitions of W; for boundary interfaces (4-5),
we get ‘

internal

+ cP, A2 chAt2 _
T2 S — Z AWZ] [—W—Mz]‘l‘ oV Mji AWij
interfaces K J
metallic -2 0 0 -2 0 O
P, At?
- Y wil 0 0 o0 [c = Mi;} 0 00 |W
interfaces of 8Qm, 0 0 O * 0 0 0
absorbing ) cP, A2
- Z Wi 2V; Mz‘ it

interfaces of 99,
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Adding the terms for T} given by Lemma 2.1 and using the diagonalization matrices T;; of the symmetric M;;
(i.e. Mij = tTiinjTij, with Aij = diag (0, C”ﬁij”, _C”ﬁi]‘")), we ﬁnally get

) 0 0 0
internal 0 cAtP, J 1 0
AE < oAt Y |yl|"AWy'T, 2V; T AWs
interfaces 0 0 cAtP; -1
2V;
metallic CA‘;Pi -2 00
teAt 0 Al Wil Ty g o | W
interfaces of 8Qm 0 00
absorbing 8 01 8
+eAt D ||yl Wy catp, | TuWe

interfaces of 92,

2V

Thus, under the condition of Theorem 2.1, the energy variation A€ is negative and the discrete energy £™ is
non-increasing. Then the scheme is L?-stable. The discrete energy is bounded and all numerical unknowns as
well.

2.4. Optimality of the sufficient stability condition on regular meshes

It is uneasy to prove the instability of a scheme by means of energy estimates. Even if the energy can
increase, no conclusion can be drawn because the evolution matrix for the field W (see matrix A in (19)) is not
symmetric. However, one can show that the sufficient condition of Theorem 2.1 is also necessary for a class of
regular meshes (with Q = R? or with periodic boundary conditions). We have the following:

Proposition 2.1. We consider a finite volume partition for which

(i) a red or green color can be laid on cells, such that neighboring cells have different colors,
(i) the following uniformity is required: 3 (P, V) such that (VT;, V;/P, = V/P).

Then the scheme (1-2-3) is unstable if cAt > 2V /P.

Proof: Let us introduce the following particular field

W — W, =1, 0, 0), if 7; is green,
v =*-1, 0, 0), if 7; is red.

Assuming the mesh is infinite or periodic boundary conditions are set (with identification of corresponding
vertices), elementary calculations prove that, if (Vi, W = W;), then (Vi, Wt = AW}), with A = 1—cAtP/V.
Hence, the field is clearly amplified (A is real), and the scheme is unstable as soon as cAt > 2V/P.

This result is valid for regular rectangular finite volumes, for the triangular finite volumes resulting from a
diagonal, uniform or alternate cut in a regular rectangular mesh, and for other regular triangular meshes as
shown in Figure 2. The sufficient and necessary condition of Theorem 2.1 and Proposition 2.1 is equivalent to
the condition proposed by Depeyre [9] for uniform Az x Ay rectangular finite volumes:

cAt  cAt
— 4+ —<1.
Az + Ay —
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F1GURE 2. Examples of regular meshes with colored cells.

3. THE THREE-DIMENSIONAL CASE

This section has many similarities with the previous one. Many definitions, although they differ from the
two-dimensional case, could be straightforwardly deduced in three space dimensions. We have chosen to shorten
definitions and proofs whenever it is possible.

3.1. Equations

We now consider Maxwell equations in three space dimensions (homogeneous linear isotropic medium with
no source, with parameters ¢, u, with euc? = 1). The vector field V = t(Ez,Ey, E,,H,, Hy, H,) verifies:

( 0E, _0H, &H,
o T oy oz
oE, 0H, OH,

Bt T 9z oz’
0E, 0H, OH,

€ = -

ot ox Oy’
0H, OE, OE,

ot = 92 ~ by
0H, OE, OE,

ot =~ oz~ 8z
8H, OE, OE,

( #"at T oy Bz

As previously, equatlons are posed in a bounded domain 2, with two kinds of boundary conditions, a metallic
condition 7 x E = 0 or a first-order Silver-Miiller absorbing condition (in the unitary outwards direction 7), i.e.

"xE:—cufix(ﬁxﬁ). (13)
Using the variables
t
e By E,
W = <EI,—,——,C[II,CHy,CH> (14)
popop
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the Maxwell system can be transformed into

ow ow ow ow

AT 44, v A% =,
o Ty vy T A, =0
where the symmetric matrices A,, A, and A, are given (using ¢ = —c) by
000000 00000 ¢ 0000¢cO
00000cCc 0000O00O0 000¢e¢00
A = 0000coO A — 000c0O0 A= 0000O00O0
1000000 | 7Y 00cO0O0O0}|”"" {0c0000O0
00c000O0 000000 c00000O0
0c0000O0 c00000 000000

This system is (non strictly) hyperbolic, since for any non-zero vector i = t(nz,ny,nz), the matrix nyA; +
nyAy +n; A, is diagonalizable in R, with three double eigenvalues equal to

pOZOa

p+ = ¢y/nZ +n2 +n2,
p- = —cy/ni +ng +n2.

3.2. The upwind first order finite volume scheme in 3D

We assume we dispose of an arbitrary partition of the domain €2 into a finite number of connected polyhedral
finite volumes (each one with a finite number of faces). For each cell 7;, V; represents its volume. The definition
of cell interfaces a;; (which are now polyhedral surfaces), normals 7;; and normalized normal 'F_I:ij can be derived
exactly like in two dimensions, as well as fictitious cells for boundary interfaces. The conservative finite volume
scheme is again written as in (1), where W} is an approximate for the average of W, now defined in (14), over
the cell 7; at time ™. The matrix M;; in the upwind first order numerical fluxes (2) is now given by

Mi]’ = Axnijz + Aynijy + Aznijz, with 7_7:1']' = (’I’Lijx, Nijy, nijz). (15)

For all interfaces a;;, the definition of M;; (6) and the properties (7-8-9) still hold.

For a metallic boundary interface (condition n7; x E = 0), the missing value Wj in the fictitious cell is still
given given by (4) where the matrix C;; is now given by

—t
—I3+2 iy, iy O
Cii = 3 15 Tbig 3 , 16

where 03 and I3 are respectively the zero and identity 3 x 3 matrices (the tensor ﬁzjtﬁ;j being also a 3 x 3
matrix). It is clear that the metallic boundary condition is enforced in a weak variational way, since the electric
field E at the boundary, nearly equal to the first three components of u(W; + W;)/2, is actually parallel to n7;.
On the absorbing boundary, the first-order Silver-Miiller condition is again applied in a weak variational way
in the boundary flux (incoming waves are not taken into account), i.e. W; = 0.
For energy estimates, we proceed exactly like in Section 2.2.3 for the two-dimensional case. The Lemma 2.1,
giving the energy variation AE = £ — €7 still holds, with the following new expression for D;;:

(2L O
- ().
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where Il;; = t_;th;J Lty tftw is the tangent projector on the considered metallic boundary interface. Actually,
D;; in the expression above is again equal to the symmetric part of the matrix |M”i + (M, |MzJ|)C”, where

C;; is now given in (16).
3.3. A sufficient stability condition in 3D
We propose the following stability:

Theorem 3.1. Using the scheme (1-2-15-4-16) on arbitrary polyhedral finite volumes as described in this sec-
tion, the energy E™ defined in (10) is non-increasing, and therefore the scheme is L2-stable, if the time step At
is such that

.2V "
cAt < min P:’ with P; = Z [1725;1]-

JEV;
Proof. The proof is very similar to the proof of the Theorem 2.1 for the two-dimensional case. The derivation

of an upper bound for the term 73 in Lemma 2.1 requires a three-dimensional version of the equality (11), given
in the following:

Lemma 3.1. We have

o= -,
— = _ Sl > 2 -
Mij Mik = zJ4 % (1—|—ni]~.nik> [ z]k VV,Lk; ka Wlkj] ,

where the state vectors W2, W22, W2 ikj > 1,6;’ are given by

i3k (%]
t
—a
W]k = (tz]k, ijk X nw) W‘lk] = ( 'LJ’ﬁtUk X nzk)
b_t -
W'Uk = (nz] X t”k tthc) Wucy (nik X f ik zgk\

where f;jk is a unitary vector, orthogonal to both r:iij and r:iik.

Proof. The symmetric matrix Mij is diagonalizable, with double eigenvalues Ag = 0, A+ =1 and A_- = —1. The

vectors W and WZ;}C’ (resp. W, 7 and Wi;;?) are orthogonal eigenvectors of M;; (resp. M) for the eigenvalue
A_ = —1. Then it is easy to show that

~ 1 t

Mij = D) [Wzﬂ: Wz}k z]k Wz ] (17)

o 1 _at bt

Mik = 5 I:W’l.k; Wzk] I/Vlkj] (18)
Noticing that W;,?Wzk; = WzJ,ng',;;’ 1 + 7.7, and W'“WZ;J = W”,?WZE‘ = 0, we easily get the

announced result for M;; M, which completes the proof of the lemma.

2
Again, for each term X; = “}: iV il » we have

X =Y AWy MMy AWio= > Allfll|Rwl (AW, My My AWy,
(j.k)eVi (4,k)eV?

Y 2llﬂnllllnﬂc” (1 g e ) [(‘Weawss) (‘Wi awae) + (‘Wigbaws; ) (‘Witaws,)] -

(4,k)eV?
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As in the two-dimensional case, the terms 1+ n” nzk involving normalized normals are positive. The use of two
“2zy < 22 + y*”-type inequalities and the recomposition of the matrices M and M - using (17-18) yield easily

- P; _
X; < g > ({tAW,, (—M;) AW|[P; + s D ﬁik]> = Cz LAW; (— M) AW
JEV; kev; JEV,

A sum on all cells yields the same upper bound for 7, as in (12). The sum by cell for T can be split into a
sum by interfaces. Using the definitions of W} for boundary interfaces (4-16) and the diagonalization of M;;
(Mij = "TijAyTi, with Ay = diag(0, 0, cl|ss ), clls; ||, —cl|iisll, —clifiisll)), we finally get

. 02 02 02
internal cAtP,

AE < et Y ||yl AWy, Ty, | 02 (2V —1)1 02 Ty AW,
interfaces 02 0o (%‘t/}j@ — 1) I

metallic
R CPZ‘At Hz 0
teat Y ||nij||( L ) W, ( s oZ)W

interfaces of 9Qm,

absorbing 02 02 02
+cAt Z 1755 "W Ty | 02 — T2 02 T;W;.
interfaces of 8 0y 0o (%&P‘ - 1) I

Thus, under the condition of Theorem 3.1, the energy variation A€ is negative and the discrete energy €™ is

non-increasing. Then the scheme is L?-stable. The discrete energy is bounded and all numerical unknowns as
well.

3.4. Complements

3.4.1. Comparison with another stability result

The stability condition of Theorem 3.1 can be compared with another theoretical general result presented by
Vila and Villedieu [26]. They show that a L2-stability is achieved under a condition yielding a twice smaller limit
time step than the conditions proposed in this paper. One can show that their condition, for the Maxwell system
in three dimensions, yields a certain monotonicity property to the scheme (the concepts of total variation [12]
or local extrema [14] diminishing schemes being unavailable for systems in more than one dimensions). The
present monotonicity is given in the following:

Proposition 3.1. Using the scheme (1-2-15-4-16), under the condition cAt < mind, }%, with P; defined in

Theorem 3.1, each state vector is transformed into a “convez” combination of neighboring states, i.e.

Wit = NP+ Zjev N;Wr,
Vi, I _N”+Z]€V ijs
Vi, ¥j € Vi, Ny and N;j are symmetric and positive.

Proof. The finite volume scheme (1) can be rewritten
Wit = wp o MW + MW}
_Viz( G Wi+ MWy
JEV:

We then choose Vi,Vj € V;, Ny = —At/V; M and Vi, Ny = Is — At/V; 3., M The matrices N” and
N;; are clearly symmetric and the matrices Nw are positive. Finally, if cAt < mlnT , the matrices N;; are
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also positive, since Vi, YW, we have:

t 3
WNGW = W — S STIWMEW 2 TWW — at S eigltww > (1- LR tyrwr > 0.
Vi /3 ’ Vi 3, Vi

This completes the proof of the proposition.

3.4.2. Implicit time schemes

The upwind first order scheme described above can be coupled with an implicit time scheme. Formally, the
scheme (1-2) can be written

W = W™ 4 AtAW™, (19)

where W™ is an approximate of the field at time t™ and A is a non-symmetric evolution matrix, depending only
on the geometry and the light speed c. Similarly, the discrete energy (10) can be written

g ='"WrEW™,

where the block-diagonal matrix E is symmetric definite positive. In terms of matrices, Theorem 2.1 is
equivalent to

t
= FEA + % 'AEA is negative. (20)

i

2
cAt < min _

v 2

We consider the following family of implicit time schemes:
W = W™ + AtAW™? | with W9 = (1 — o)W + oWt (21)

where 6 is a fixed paraweter in ]0,1]. This time scheme is second-order accurate if § = 1/2, and first-order
accurate otherwise. We have the:

Proposition 3.2. Using the scheme (1-2-15-4-16) on arbitrary polyhedral finite volumes, with numerical fluzes
based on the field W% as proposed in (21), the energy E™ defined in (10) is non-increasing, and therefore the
scheme is L?-stable, if the time step At is such that

2V
— < mi .
cAt(1 —20) < min —

[2

The scheme is unconditionally stable if 6 > 1/2 and at least conditionally stable if 0 < 1/2.

Proof. We have successively:

wn" = Wn+0 _ 9AtAWn+0,
wntl = W L (1 - ) AtAW™Y,
gl = gn oy oAt wne [EA + 9——3—9@%&; wnte,

The conclusion of the proof is based on the implication (20) for (1 — 26)At instead of At.
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FIGURE 3. Total discrete energy £™ in function of the time for two regular triangulations.
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FIGURE 4. £" in function of the time (right) for an unstructured triangulation (left).

4. NUMERICAL RESULTS

4.1. The two-dimensional case with TM waves

We consider regular meshes of a square domain, with a metallic boundary condition everywhere on the
boundary. The total electromagnetic energy is plotted in function of the time for several numerical simulations
with different time steps and finite volumes. Starting from a regular square mesh (30x30 squares), a first
triangulation is obtained by cutting (in a constant direction) each rectangle in two triangles (right-top partition
in Fig. 2). In the sequel, we denote by Atmax the maximal time step for which the stability condition given
by Theorem 2.1 or Theorem 3.1 is achieved. Here, the energy is non-increasing if At = Aty and the scheme
is clearly unstable above this sufficient and necessary stability limit (see Fig. 3, left). It is also the same if
the rectangles are cut in alternative directions, as in the left-bottom partition of Figure 2 (see Fig. 3, right).

For the non-structured triangulation presented in Figure 4, the stability limit for the time step is close to
1.23 - Atmax, as shown in Figure 4. This is probably due to numerical diffusion and energy dissipation in larger
triangles. However, the condition given in Theorem 2.1 is actually sufficient. If the finite volumes are different
from triangles, for example median dual cells [6] based on the previous triangulation, a similar result is obtained,
with a stability limit around 1.196 - Atyax (see Fig. 5).

On structured, regular, rectangular partitions it was also observed that the stability condition given by
Theorem 2.1 is necessary and sufficient. For example, for two partitions (30 x 50 and 30 x 100 rectangles) of
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FIGURE 5. €™ in function of the time (right) for median dual cells (left) in the triangulation
of Figure 4.
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FIGURE 6. £" in function of the time for two regular rectangular meshes (30 x 50 left and
30 x 100 right).

the unity-square, the total electromagnetic energy is plotted in function of the time for different time steps in
Figure 6, and its variation is as announced.

Finally, we have made some numerical tests using time and space schemes with an higher order of accuracy,
on structured and unstructured partitions of triangular finite volumes. More precisely, we have considered the
extension of the MUSCL method [24] to unstructured triangular meshes [11] with no limitation, for which the
numerical fluxes (2) are replaced by F;; = M;; T W;; + M;;~ Wj;, where W;; and W, are interpolated states on
both sides of the cell interface a;;. In the present case (triangular finite volumes), W;; (and symmetrically Wj;)
is given by

Wis = Wit 3 [(1 = B)(W; — W) + 6 IW(T).G55)

where VW (7;) denotes an approximate gradient of W on the cell 7; (see [18] for several possible expressions of
the local gradient on triangles), G; denotes the gravity center of 7; and finally 3 is an upwinding parameter. On
regular rectangular grids, this spatial scheme is actually second-order accurate and even third order accurate
for f=1/3.
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We have considered the following explicit multi-step Runge-Kutta time schemes with low storage:

A
W* = W"+ _tAW'n
w* = Wr+ %AW" A3
and . _ n t x5
Wt = Wn 4 AtAW* w&oo= W AW
Wrtl = W™ 4+ At AW**

where A is the operator defined in (19). These schemes are actually second and third order accurate, since A
is linear. In order to remain coherent, we have tested a “second order scheme” (resp. “third order scheme”)
based on the second (resp. third) order Runge-Kutta scheme and the MUSCL extension with 8 = 0.5 (resp.
B=1/3).

On a structured partition of triangles, the stability limit observed numerically for the second order scheme
is very close to Atmax given in Theorem 2.1. It is shown by total energy plots in Figure 7 (left). One can
notice that the total electromagnetic energy is almost constant if At = Atpax. For the third order scheme, the
stability limit for At is significantly different from Atax: it is around 1.885 - Atmax (see Fig. 7 - right).

structured triangular finite volumes structured triangular finite volumes

RK2 - MUSCL beta=0.5 RK3 - MUSCL beta=1/3
le+12 F max =0999 | le2S T GUdLmax = 1.885
1e+10} dt/dt_max = 1.000 — | 1e+20 1} v dt/dt_max = 1.886 -
B '/" 1
1e+08 _..dvdt_max = 1.001---. | v -
1e+06 | T — ] e
10000 | , e ] 1e+10} e
100} S 100000 B
1 - .
001} el : ]
0.0001} T e 1e-05} |
tlee06l —. . . . . . . . le-10L— . S —
0 5 10 15 20 25 30 35 40 45 50 55 0 50 100 150 200 250 300 350

FIGURE 7. &" for the second (left) and third (right) order schemes on a regular triangulation.

On the unstructured triangulation of Figure 4 (left), the stability limit observed numerically for the second
order scheme is around 1.22 - Aty (see energy plots in Fig. 8, left), which is again very close to the stability
limit for the first order upwind finite volume scheme (see Fig. 4, right). For the third order scheme, the stability
limit is again significantly different from 1.22 - A¢max: it is around 2.38 - Atpax (see Fig. 8, right).

4.2. The three-dimensional case

We consider regular meshes of the unity-cube in three dimensions, made of rectangular parallelepipedic
elements. We use metallic boundary conditions on the whole cube surface. For several grids, characterized
by the numbers n,, ny and n, of elements in the three directions (we can assume n, < ny < n, with no
loss of generality). Numerical tests are summed up in Figure 9, in which the total electromagnetic energy is
plotted in function of the time for different time steps and sets (n;,ny,n,). One can notice that, in all cases,
in terms of Az = 1/ng, Ay = 1/ny and Az = 1/n,, the observed limit time step for stability is very close to
At = Ay Az/(Ay + Az). We can prove this condition is necessary for stability: since Az > Ay > Az, the
given At is indeed the minimum of the three “two-dimensional” limit time steps based on regular rectangular
two-dimensional grids of sizes Az x Ay, Ay X Az and Az x Az.
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FIGURE 8. &" for the second (left) and third (right) order schemes on an unstructured triangulation.

(nx,ny,nz)=(10,10,10) (nx,hy,nz)=(10,10,20)

1e+10

100 &

dt/dt_max=1.500 =~
dt/dt_max=1.501 -

dt/dt_max=1.333 —
dt/dt_max=1.334 -

dt/dt_max=1.502 .... |

dt/dt_max=1 .33§ ,,,,,, .

0.01}
. ‘ s : fe-10 i . - .
100 150 200 250 300 0 50 100 150 200 250 300
Inx nv nz\=(10 15 20\ {ny nv n2\=(10 20 20)
ARAIR ZIA) '\'v,-ws-v/ . _ ASRCATARD A 1AL A Wbt bt e’ §
dt/dt_max=1.285"—- 1e+10} dt/dt_max=1.250 —
10000 | dt/dt_max=1.286 - | dv/dt_max=1.251 ..
dt/dt-fhax=1.287 ... 1e+08 | dt/dt-max=1.252 . |
100 ; ]
1e+06 | R : 4
1l |
10000 |
0.01}
100
0.0001L - Neo e LI T
1t L
1e-06 -
0.01}
1e-08L i : i - . . , . ; .
0 50 100 150 200 250 300 0 50 100 150 200 250 300

FIGURE 9. £” in function of the time for several regular parallelepipedic grids.

On unstructured meshes based on tetrahedra, the upwind first order finite volume scheme has an observed
stability limit which is, exactly like in the two-dimensional case, a little larger (with the same order of mag-
nitude) than the stability limit given in Theorem 3.1, probably again because of numerical diffusion in larger
finite volumes. Finally, it was observed that the higher order schemes based on the MUSCL method and ex-
plicit Runge-Kutta schemes lead to numerical stability limits [7] which are very similar to those in two space
dimensions.
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5. CONCLUSION

In this paper, we have proposed a sufficient condition for the stability of the first order upwind finite volume
scheme applied to Maxwell equations in two and three dimensions. Energy estimates lead us to sufficient
stability conditions on arbitrary finite volumes with metallic or absorbing boundary conditions. The stability
condition happens to be also necessary for regular meshes in two dimensions only. Finally, the condition seems
to be also sufficient for schemes of higher accuracy in time and space, and an energy-based stability study of
these schemes should be the subject of further investigations.
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