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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHÉMATIQUE ET ANALYSE NUMERIQUE

CVol 32, n° JL1998. p. 117 à 130)

OPTIMAL CONTROL AND REGULARIZATION TO MODEL THE ATMOSPHERIC ELECTRON CONTENT FROM
SATELLITE MEASUREMENTS (*)

by J.-F. CIAVALDINI (!) and F. FOUCHER (2)

Abstract — We are concerned with the computing of the électron content of the ionosphère There already exists a statistical model, the
model of Bent [1], which has been derived from physical data. The accuracy ofthis model appears to be insufficient when we deal with the
real data ihat we get from satellite measurements Our aim is to dérive a mathematical model from the équations ofthe physical model. The
problem is ill-posed since it has an infinity of solutions. It is penahzed and regulanzed by taking into account the values predicted by the
model of Bent Hence, the problem is turned into an optimal control problem, the state of which is the électron content This problem is
discretized in spaces of splines and error estimâtes are derived We give the numerical results we have computedfrom the data ofthe satellite
SPOT-2 ©Elsevter, Paris

Résumé. —Nous nous intéressons au calcul du contenu électronique de l'ionosphère II existe déjà un modèle statistique, le modèle de
Bent [1], déduit de mesures physiques La précision de ce modèle s*avère insuffisante quand on travaille avec des mesures réelles obtenues
par satellite Notre objectif est de construire un modèle mathématique à partir des équations du modèle physique C'est un problème mal
posé car il admet une infinité de solutions II est pénalisé et régularisé en prenant en compte les valeurs du modèle de Bent Le problème
est alors écrit sous la forme d'un problème de contrôle optimal ayant pour état le contenu électronique Ce problème est discrétisé dans
des espaces de splines et des estimations d'erreurs sont établies Nous donnons des résultats numériques obtenus avec des mesures du satellite
SPOT-2 ©Elsevier, Pans

1. INTRODUCTION

1.1. Physical problem

This problem is concerned with ionospheric modelling. The ionosphère is the upper part of the atmosphère
(fig. 1), at a height of about 50 to 1 200 km, that contains free électrons and ionized particles [15]. The électron
density varies with the local time, the location, the season and the solar activity. Moreover, it is affected by local
and unpredictable variations due in particular to solar éruptions and associated with magnetic storms. The
propagation of radio waves to or from a satellite is perturbed by the ionosphère and must be corrected for accurate
measurements. Doppler frequency shifts brought about by the ionosphère are measured by the two-frequency
positioning System DORIS between ground stations and both the satellite SPOT-2 (launched in 1990, at the
altitude of 830 km) and the satellite Topex-Poseïdon (launched in 1992, at the altitude of 1 300 km). Our purpose
is to use these data to dérive the total électron content which is the number of free électrons found in a vertical
column of unit cross section. It is a key parameter both for ionospheric modelling and for correcting ionospheric
effects on space Systems. The problem of deriving the électron content from Doppler data was addressed in
preliminary studies with simulated data (see [7], [8], [10]) and real data (see [10], [9]). New difficulties appear
when we deal with real data of SPOT-2, which lead us to propose a more appropriate model.

Let us look to the problem along the satellite track (fig. 2), with the latitude 6 as variable. Ionospheric Doppler
shifts /( are measured by DORIS stations Sl9 1 < i ^ p. Let:

0 = ^ , ^ , 1 ^i^p (1.1)

(*) Manuscript received July 30, 1995, Revised October 25, 1996
C) Département de Mathématiques, Faculté des Sciences, Université de Nantes, BP 92208, 44322 Nantes cedex 3
(2) Département d'Informatique et de Mathématiques, École Centrale de Nantes, BP 92101, 44321 Nantes cedex 3
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Figure 1. — Ionosphère and satellites.

be the interiors of the measurement intervals (fig. 3). We put:

Qt = ]A0, Bo[ where Ao — min At, Bo = max Bt (1.2)

Then, let u dénote the électron content on Q, Each function /(, 1 ̂  i ̂  /?, is proportional on Qt to the derivative
of the slant électron content, which is the électron content along the line of sight from the sateUite to the station
Sr Making use of assumptions on the ionosphère space variations (see [10]), the slant content is converted into
the product of the vertical content beneath the satellite by a geometrie factor ar Hence, u satisfies the équations:

where yt are unknown corrective terms we add to take into account all the approximations of the model. These
terms depend on longitudinal and latitudinal gradients of the électron content and corne from local and
instantaneous variations we cannot explicite further more. For 1 ̂  i: ̂  p,ft, respectively at, are assumed to
be continuously derivable, respectively twice continuously derivable, on Qt ; moreover, a( are non négative and
there exists a real constant c such that for every 1 ̂  i ̂  /?, 0 < c ̂  a( on Qt.
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Figure 2. — Satellite track and stations. Figure 3. — Ionospheric Doppler shifts
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OPTIMAL CONTROL AND REGULARIZATION TO MODEL 119

1.2. Mathematical model

Let L2, H , H be the usual Sobolev spaces (see for example [11]) provided with the following semi-norms and
norms and the scalar products ( . , . )m associated to the norms || . || m :

1/2

u^fdO) and H u |L = forMetfm(<2)

forye

,m = 0, 1, 2 (1.4)

Then, for w, v in Hl(Q) and y = (yz) in Yl L2(Qt), we define the functions:

2)
1 = 1

(1.5)

We are looking for couples (;y, M) minimizing /(;y, M). Such couples exist, for example the trivial solution
(ƒ,0). The original problem:

for y given in Y = Ü H^Q^, find M that minimizes J{y,u)
î

(1-6)

is penalized. In a preliminary study (see [7]), we assumed that y = 0 and we were looking for u minimizing
/( 0, u ) + s | u 12 in //2( £2 ) where £ is strictly positive and intends to vanish. This model gave interesting results
as long as we were concerned with simulated data but when we have dealt with real data, new difficulties
appeared, actually due to variations of the satellite measurements. The main effect was that the computed u was
larger than the admissible w. We have therefore improved our model as follows. We take into account the solution
ü of the model of Bent, which gives an average of the électron content for a given month. We assume that the
data are regular in such a way that ü e H4( Q ) and we look for u(y ) minimizing in U = H2( Q ) the regularized
function:

J(y,u) + e | | M - ü\\l.

As e vanishes, u(y) converges to the closest function to ü (for the H2 -norm) among the solutions of (1.6) (see
Lions and Stampacchia, [14]). Then, since y is unknown, we assume that it minimizes in F the penalized function:

vol. 32, n° 1, 1998



120 J.-R CIAVALDINI and F. FOUCHER

where x is a suitable positive weight. To sum up, we model the électron content with the state u of the following
optimal control problem (according to the définition of Lions, [12]):

FindvinF- fl ^(ÜJ that minimizes : H(y) = J(y, u(y) )
(1.7)

where the state u(y ) is in U = H (ü) and minimizes : J(y, u(y ) ) + e\\ u(y ) - u- I I 2

An outline of the paper is as follows. In section 2, we prove that the problem (1.7) admits a unique solution.
It is written as three variational equalities which define the state, the adjoint state and the control. In section 3,
we deduce an approximate problem with spaces of splines and numerical quadrature. We study the convergence
of approximate solutions and establish error estimâtes. In section 4, we discuss our model with numerical results
we got using ionospheric Doppler shifts measured by DORIS on the satellite SPOT-2. Throughout the paper, c
will dénote any real constant which does not depend on the weights s, z and on the mesh size h but only on the
data at

2. MATHEMATICAL MODEL

2.1. Existence and smoothness of the state u(y) associated to a control y

ü \\ \ iFixing v, the function we U —> / ( v, u ) + e || u — ü \\ \ is quadratic (up to some additive constant) and strictly
convex. Thus, u(y) exists and is unique, defined by the variational equality:

C/anda(M(v), v) + e(u(y) - ü, v)2 = b(f~y, v), Vv U (2.1)

Let O be an open set of JQ. We write the equality (2.1) for v in the space D(O) of functions indefinitely
derivable on O and the support of which is compact in O. We do that when O is successively the interior of the
following subsets:

(f2? n D7)\ I J (£2, n D n i2»),
3 k=i J

( i^ Pt î  Pi ii, )\ \ i (£2 Pi i 2 r i <j < k ^ p

For the sake of simplicity, let (Kfc)1 k ^ q dénote all these subsets O. They are such that:

Q = U Kk and Kk n Kk. = 0 for 1 ̂  k < h' ^ q .
k=\
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OPTIMAL CONTROL AND REGULARIZATION TO MODEL 121

We obtain that u(y) satisfies on Kk, 1 ̂  k ^ q :

(4) _ -(4) - - , / ^ a i

i=l

Since ü e H4(ü), we deduce that:

u(y) G VwhereV={ve H2(Q)/v\Kk<E H4(Kk) ; 1 ^ k ^ q) . (2.3)

q

Let V be provided with the semi-norm of the product space ü H4(Kk) :
y f c = i

/ •> V 2

| v | 4 v = ( S\ \ v \ K \ l for ve V. (2.4)
• v=i /

We get from (2.2) the inequality:

Therefore, since the function a(u, u) is positive and w(y) satisfies (2.1), we show that:

hence:

2.2. Existence and uniqueness of a solution to the optimal control problem

The function H is derivable on Y:

H'(y)(z) = 2a(u(y)9 u{z) - M(0)) + 2 b(y -f, u{z) - «(0)) + 2 è(z, «(

+ 2<j - ƒ, z}0 + 2 r<y, z ) p Vv, z e F (2.7)

It is easy to see that:

\ (H'(y) -HXz))(y-z)>T\\y-z\\\, Vv, z e F (2.8)

(2.8) proves that / / is strictly convex. Then, the optimal control problem (1.7) admits a unique solution y in Y,
defined by the variational equality H\y) (z) = 0 for every z in Y.

Since H(y) ^ H(z) for every z in Y, we establish some estimâtes of the remainder J(y, u(y)) and of
\ v First, let y be the following function of Y:

y = (yt) where

vol. 32, n° 1, 1998



122 J.-F. CIAVALDINI and F. FOUCHER

This function satisfies J(y, ü) = 0 so that u(y) = ü and H(y) ~ x\\y\\2
v Thus, writing H(y) ^ H(y), we

obtain that:

« c ( 11/11!+ | |M| |2) (2.9)

Second, we write H(y) =S H(f) that is:

H(y) *J(f, «(ƒ)) + T H/11 ?

Since w( ƒ ) minimizes / ( ƒ, v ) + «| |v — «H2 for all v in U, let us choose v = 0 :

J(f,u(f))^e\\ü\\2
2

Hence #(y) ^ H(f) yields:

V7(3n<30) ^ Vi || M || 2 + Vi 11/111 (2.10)

and

V f H "H2+ ll/ll !

2.3. Définition and smoothness of the adjoint state u*(y ) assodated to a control y

We introducé «*()»), which is the solution of the variational equality:

M*(y)e Uanda(v,u*(y))+£(v,u*(y))2 = a(u(y),v) + b(y-f,v),Vve U (2.12)

We turn the equality (2.7) into:

\H\y){z) = a(u(z) - «(0), u*(y )) + «<«(*) - «(0), «*(y ))2 + b(z, u(y)) + (y -f, z)0 + r(y, z>,

Then, let w(z) and M(0) be two solutions of (2.1). We get:

^H'(y)iz) = Kz, u(y) - u*(y)) + (y -ƒ, z)0 + z(y,z\ (2.13)

Consequently, putting together (2.1), (2.12) and H\y){z) = 0 for every z in i; we write the optimal control
problem (1.7) as three variational equalities:

Find v e Y, u(y ) e U, u*(y ) e U such that :

y v) = &(ƒ v) + e(ü v) 1 4 )Vv e EZ, a(u(y), v) + e(«(v), v)2 + b(y, v) = &(ƒ v) + e(ü, v)2

Vve U,E(u(y),v)2 + a(u*(y), v) + e(u*(y),v)2 = e{ü,v)2

zeY, b(z, u(y) - u*(y)) + x{y, z\ + (y, z)0 = (f, z)0
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In the same way we have done with u(y), we show that u*(y) satisfies o n ^ , 1 ̂  k =£ q :

**(y)(4) = -«*()>)+ «*(y)"+ 2 7 (« . «*(?))"
i = i

+ (M - u(j)) - (« - u(y))'+ (Ü - u(y))(4) (2.15)

from which we deduce:

M*(y) G V (2.16)

and we establish the inequalities:

2.4. Smoothness of the control y

Writing the third équation of (S) in (2.14), for any z— (0, ..., zt, ..., 0) where zt e £>(OZ) as defined in
section 2.1, we get that for 1 ̂  i ^ p, yx satisfies on Qt :

hence:

y G Z where Z= Ü # 3 ( ^ ) (2.20)
1=1

and

By combining (2.5), (2.9) and (2.17) with this inequality, we deduce:

From (2.5), (2.6), (2.17), (2.18), (2.9) and (2.21), we dérive the estimâtes:

| x «£ c ( Il/H x + | | û | | 2 ) a n d

l " O 0 U v < J ( l l / l l i + I I " I I 2 + | û | 4 ) ( 2 -22)

and |M*

e

vol 32, n° 1, 1998
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3. APPROXIMATE MODEL

J.-F. CIAVALDINI and F. FOUCHER

3.1. Discrete spaces and numerical intégration

We built a mesh {#, ; 0 ̂  j ^ n} on Q = ]A0, Bo[ such that for any i, 1 ̂  i ̂  p, the set
[9 ; Oj e Qt) is a mesh of Qt = ]At, Bt[ such that each interval [0 ,0 J contains at least three measurement
points, in order to deal with the numerical intégration. We put:

and h=iswn(ej-dJ_l) (3.1)

Then, we consider the discrete subspace Uh of U, made up with the cubic splines associated with the mesh of
Q and the discrete space Yh of Y, made up with the quadratic splines associated with the meshes of the Qt,
i =S 1 s= p:

Uh = {uh e C\Q) such that u^ e /»3(7,), 1 ̂  j * n}

ft { e C'(i3,) such that^ ,|j, e P2(^ ) for each J] c f2,}Yh =ft
(3.2)

where Pk( J} ) dénotes the space of the polynomials of degre less than or equal to k on Jy Let nh v dénote the
interpolated function in Uh of v from V and ah z the interpolated function in Yh of z from Z respectively defined
by:

and

(CTAz),dé'= z, dû, for each i c f i ,
J/, h,

, 1 ^ i *Z p

We point out the classical interpolation errors (see [5] and [2]):

i 4 - nt

i 3 - mi
z\, ;0 ̂  m

(3-3)

On the référence interval / = [0, 1 ], we write the following quadrature formula where the error Ê( v) vanishes
for any quadratic polynomial v o n i :

(3.4)
v(6)d& = î(v) +Ê(v) where /(v) = lx v(fj ) + X2v(t2) + l3v(f3)

with fx, f2, f3e j and lfc = ^( f ^_f^f _f [m fork,l9m e {1, 2, 3}, / ̂  fc, m ̂  /:
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For î\ — f3 — 0 and î2 = 1/2, (3.4) is the Simpson quadrature formula. Hère, each interval J is in correspondent
with the référence interval / through the mapping &j :

(3.5)
p ; 1

and in (3.4) fv f2, f3 will be the inverse image by ^ of three measurement points in Jy We deduce quadrature
formulas on the intervals J :

(3.6)

and we define approximate forms, for w, V in C2(Q) and y, z in fl
î

(M, V}2 h = ^ /,( wv + M V + W ' V ) wherey describes {l, . . . , n}

* j

(3.7)

where i describes {1, ...,

and for each i,

j describes {j such that J} c

Since the error Ê vanishes for the quadratic polynomials on / , we establish from the lemma of Bramble-Hilbert
(see [3] and [5]), the following estimâtes, for uh, vh e Uh and yh, zht Yh:

\ah{uh,vh)~a{uh,vh)\ ^cfe| |«J|2 | |vA | |2

KW'V*>2. h -(W>Vhh\ ^Ch\\w\\2\\vh\\2fOTW-UhOTW-U

I h ( Y M ^ - W r u M < rh II r II II « II c r y-1-0)

3.2. Approximate problem

With the discrete spaces and the approximate forms, we dérive from (2.14) the problem:

Findy^ e Yh, uh(yh) G Uh, uh(yh) e Uh such that :

(Vvfc e Uh, ah(uh(yh), vh) + e(uh(yh)9 vh)2h + bh(yh, vh) = bh(f, vh) + s(ü, vh)2h

(3-9)

Existence and uniqueness of the solution (yh, uh, uh ) :
Using (3.8), we write for vh e Uh :

(3.10)

vol. 32, n° 1, 1998



126 J.-F. CIAVALDINI and F. FOUCHER

Thus there exists h such that for h ^ h the function uh, vh e Uh—>ah(uh,vh) + e(uh,vh)2th is uniformly
Uh -elliptic. Therefore, for a given yh e Yh, there exists a unique approximate state uh(yh) and a unique adjoint
state uh(yk).

Then, we write (2.8) for yh, zh e Yh where Hf is written as in (2.13):

Further, using the third équations of (S) and (Sh) and (3.8), we dérive:

bh(yh - ?» wh-w*h) + (yh - z» yh - zh)o. h + T(yh - ^ yh - ^) i , A ^

^ l l y A - z h l l î - c l l ^ - z J l i ( l l w - w J l i + l l w * - w ; i | 1 + A | | w J | 2 + A||>v;i|2 + * | | y f c - z J l 1 ) (3.11)

where:

On one hand, the functions w and w* are in V and we get;

' l l2 ^ f 11%-Zfcllo
c and ^ fc (3.12)

On the other hand, using (3.10) and (3.8), we write:

H 11 ^ M 11 1 11 1

II \AJ — yu j ^^ y ;̂ — yy j -l- I -j^; — "y

which gives for vh = nh w, applying (3.3):

Whence, with (3.12):

An analogous calculation leads to:

Finally, combining (3.12), (3.13) and (3.14) with (3.11) yields:
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Hence there exists h such that for h ^ h the approximate control problem admits a unique solution y^.

Ë s t i m a t e o f t h e e r r o r \\y — yh\\1»

With (3.15) and (3.8), we obtain for vfc, v* e Uh :

-i-*llzltll1-«- ! l ' ^ ( ^ > - ^ ! L + ' I^Cz^î-^ iL^AIIv^l i^^AHv;!^) (3.16)

Then, from (3.10) and (3.8), we get:

J
Ëstimate of the error \\u(y) - uh(yh)\\2

The inequality (3.17) for zh = yh gives:

\uh(yh)-vh\\2

and:

j o i 2 A 1 + A||vJ|2 + ft||v;||2) (3.18)

Combining these inequalities with (3.16), we dérive:

By choosing zh = ohy, vh = nhu(y), v* = nhu*(y), we get with (3.3):

\\y-yh\\ ^jzah3 + sh2)(\u(y)\4v+ \u*(y)\4V) + ( h 3 + exh2) \y\3

+ A( ll/ll i + ll«ll2) + *llyll i + A

Finally with (2.22), we deduce the convergence ëstimate:

^ ) ( 11/11,+ ||«||4) (3.19)

vol 32, n° 1, 1998
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and for vh = nh u(y) :

J -F CIAVALDINI and F FOUCHER

c( (7 f ( 11/111 + ll«l

so that with (2.22) and (3.19), we get the estimate:

(3.20)

Estimate of the remainder \/J(yh, uh(yk)) and the norm \\yh

Combining (2.10), (2.11), (3.19) and (3.20), we dérive:

(3.21)

4. NUMERICAL RESULTS AND CONCLUSION

Using B-spline bases of Uh and Yh, we write the problem (3.9) as a linear System. Changing the unknown
( uk, uh, yh) into ( - M*, uh - uh, yh), we transform this system into a new one with a symmetrie matrix (see [10])
and solve it by a LDL* factorisation (see [11]). To test our model, many solutions have been computed from
ionospheric Doppler shifts measured by the DORIS system.

We first evaluate suitable values of the parameters h, a and z. On the one hand, we choose h as httle as the
density of measurement points allows i t On the other hand, the regulanzation weight a is assumed to vanish and
the weight T should be fixed so that yh represents a corrective term of about 10 to 20 % beside the measurement
function ƒ. We conclude from numerical experiments that x = 1 and e = 10" 3 are appropriate weights for the
model.

Then, let us comment some graphs (figs. 4 to 7). The left-hand graph gives the real ionosphenc Doppler shifts
ƒ measured with SPOT-2 and this one denoted ƒ which would be measured if the électron content was ü. On the
nght-hand graph, we compare the computed content uh and ü. We observe that higher or lower Doppler shifts at
different latitudes give expected results of uh (figs. 4 and 5) and that similar measurements give close contents

Doppler (Hz) électron content

UQLé e'/m2)

30 ( O )

Figure 4. — Example l.
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Doppler (Hz) - -

129

Figure 5. — Example 2.

Doppler (Hz)

9

Figure 6. — Example 3.

Doppler (Hz)

30 fw\ 9 ;•

électron content

<1016 e /m2)

10
30

électron content

(10L6 eVm2)

3 0

électron content
(1016 e /m2)

3 0

Figure 7. — Example 4.
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130 J-K CIAVALDINI and F. FOUCHER

(fig. 6). Then, on large latitude intervals without Doppler data (it occurs a few time along the satellite track), the
solution uh is not calculated (fig. 5) or is very close to ü (fig, 7). For all these examples, yh is as expected beside
ƒ Using Doppler from Topex-Poseïdon, we obtain similar results with higher électron content as this satellite
orbites upper than SPOT-2 in the ionosphère.

To conclude, with regard to previous studies, our work is successful by using the approximate model of Bent
to regularize the problem and taking into account errors that have been neglected bef ore. Further to these results,
the problem is actually performed with two space dimensions considering the globe surface rather than the satellite
track.
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