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EQUICONVERGENCE OF SOME SIMULTANEOUS
HERMITE-PADE INTERPOLANTS (*)

Marcel G. DE BRUIN (1) and A. SHARMA (?)

Communiqué par R. S. VARGA

Abstract. — In several papers a result by J. L. Walsh on equiconvergence of polynomial
interpolation in the roots of unity to analytic functions, has been extended using methods from
complex analysis into the direction of rational interpolation to meromorphic functions having a
given number of poles (E. B. Saff, A. Sharma and R. S. Varga ; followed by M. P. Stojanova who
introduced an extra integer parameter £ = 1 that governed the degree of the roots of unity in
the first stage of the interpolation process, for £ = e both stages use the same roots of unity).

The aim of this paper is to extend the results indicated to the situation of simultaneous (or
vector) rational interpolation to d-tuples of meromorphic functions, each analytic at the origin,
having disjoint sets of poles of given (finite) cardinality ; the main result exhibits so-called
overconvergence : the difference between the rational interpolant for a fixed ¢,
1 < € < o and that for £ = e converges to zero (geometrically) on a larger disk centered
at the origin, than the disk of analyticity of the function that is interpolated.

AMS subject classification : 41A05 (primary), 41A28 (secondary)

Keywords : simultaneous interpolation, simultaneous Padé approximation, uniform and geome-
tric convergence.

Résumé. — Dans plusieurs articles un résultat de J. L. Walsh sur equiconvergence des
polynémes d’interpolation sur les racines d’unité des fonctions analytiques est généralisé par des
méthodes d’analyse complexe au cas d'interpolation rationnelle des fonctions méromorphe avec
un nombre de poles donnés (E. B. Saff, A. Sharma et R. S. Varga ; suivit par M. P. Stojanova, qui
a introduit un paramétre entier € = 1 gouvernant le degré des racines d’unité dans la premiére
étape de Dinterpolation, pour € = o la premiére et la seconde étape ont les mémes racines
d’unité).

Le but de l'article est maintenant une extension des résultats indiqués dans la direction
d’interpolation rationnelle simultanée de vecteurs de d fonctions méromorphe, chaque régulier
a z =0, avec ensembles de péles différentes de cardinalité finie donné ; le résultat le plus
important est ici la situation appelée overconvergence : la différence entre l’interpolation
rationnelle avec une valeur fixée pour €, 1 < £ < oo et avec £ = = converge vers zéro
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478 M. G. DE BRUIN and A. SHARMA

(de vitesse géométrique) dans un disque plus grand — centrée a zero — que le disque
d’analyticité de la fonction interpolée.

AMS subject classification : 41A05 (primaire), 41A28 (secondaire)

Mots clefs : interpolation simultanée, approximation de Padé simultanée, convergence uni-
forme et géométrique.

1. INTRODUCTION

Our object here is to extend some recent results of E. B. Saff, A. Sharma and
R. S. Varga [1]. They used complex analysis methods to extend a result of J. L.
Walsh on equiconvergence of polynomial interpolants for functions in class
A, to Hermite-Padé interpolants for functions belonging to M p(v), p>1L
Here A, denotes the set (_)f functions analytic in the disc D , of radius p but not
analytic in its closure D, while M, p(v) refers to functions meromorphic in
D, with precisely v given poles inside. Later M. P. Stojanova [4] extended the
result of E.B. Saff et al. For any integer ¢ = 1 and any function in
M (v), she defined a rational function which satisfies properties analogous to
Padé approximation. For € = 1, her results give the result of Saff et al. but
for € > 1, the sequence of rationals do not reduce to Padé approximants.

Our main concern is to extend the results of Saff ez al. and of Stojanova to
simultaneous Hermite-Padé approximation for d given functions F,(z) which
belong to M, ( v,)(i=1,..,d). Here v,,..,v, are d positive integers
and {p,}Y are  positive  real  numbers  which  satisfy
l<p, €p,s--<p,. When d=1 and €=1, our results will give
those of Saff et al. [1], but for € > 1, d = 1, our results are analogous to those
of Siojanova, but are different from hers. In fact, the rational interpolants
which we define for any € = 1 and d = 1 can be stated in terms of Padé
interpolants. We shall show how our rationals differ from those of Stojanova.

In Section 2, we give the preliminaries on simultaneous Hermite-Padé
interpolation for d given functions in M p,.( v;), (i=1,..,d). We shall
suppose that the pole sets of the given functions are disjoint. In an extension
of the theorem of de Montessus de Ballore to vector valued interpolation using
rational functions with a common denominator, P. R. Graves-Morris and E. B.
Saff introduced an analogous condition (termed « polewise independence ») in
[2]. We shall first consider the case when the nodes of interpolation are simple
and consist of the zeros of z°*'—a’*' (or of ZZ*'=p8°*') where
a, f € C and max( ||, |f|) < p, . In Section 3 we prove the existence and
uniqueness of the operators defined in Section 2. In Section 4, we prove some
lemmas which are used in Section 5 to prove the main result. Section 6 will
deal with the formulation of the problem for the case of multiple nodes ; i.e.,
the nodes of interpolation are the zeros of (z”+1 -1),r=1.

2. PRELIMINARIES AND MAIN RESULT

Let d be a natural number and let F,, ..., F, be d given functions, each
F, belonging to the class M p,_( v;), where v,, ..., v, are natural numbers and
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HERMITE-PADE INTERPOLANTS 479

l<p, <p,< -~ <p, are real numbers. Since M, (v;) is the class of
meromorphic functions in the disc D, with precisely v, poles inside, we may
set

f(2) - .
B( )’ ﬁ(l):;ai’kzk, kll_I)ILla,._kaS%U:l’_“,d) 2.1)

13

F(z):=

where

Vi
k
B(z) :=’§)ai,k2 s, =1

Hi Hi
=]H1 (Z - Z,"j)l‘i s 2 /1,',]‘ = vi . (2-2)
= =1

For the sake of simplicity, we shall only consider the case when the pole sets
of the d functions F, are distinct, so that

2, # 2, for i= i (j,jarbitrary) .

Let v, be any positive integer (when d = 1, we generally take v,=n) and
let o=V + Vv, +-+v,.
The problem of simultaneous Hermite-Padé interpolation on the zeros of

Y —a”*! for some a € C with |a| < p, is to find d + 1 polynomials

Py(z), P(2), ..., P(z)

satisfying the following three conditions :
(i) Py(z) is monic and of degree o — v,
(>ii) Pj(z) is of degree o — Vi G=1,..,4d)
and
iii) f(2) Po(z) = P(2) B(2) =0(F "' — o), =1, ..d
The last condition means that P, (z )/Py(z) interpolates F, (z) on the zeros of

o+1

1 = a**! where P, () and Po(z) satisfy (i) and (ii). It is easy to observe

that the number of unknowns is o —v,+ E (o - v+ 1) which on

simplifying becomes d(o + 1) which agrees w1th the number of interpola-
tory conditions for the d functions. For a detailed historical survey on the
subject for a =0, we refer to [5].

vol. 29, n° 4, 1995



480 M. G. DE BRUIN and A. SHARMA

For any g e C, with || < p,, f # «, and for any integer € = 1, we shall
denote the Lagrange interpolant to f; on the zeros of Fr - ,Be o+ 1) by
Ly o 1y(fi3s B, 2). I f(z) is given by (2.1), then it is easy to see that

eo+1)-1
L€(¢7+1)(fi;ﬂ’z) = E Bﬁkzk
=0
- 2.3)
¢ ,__ o+1)
B, = 20 ai,m(a'+1)€+kﬁm .
g

We shall require the Lagrange interpolant to the polynomial
e(aﬂ)(f, :B,z) in the zeros of ZZ*'-a°"'. Denoting this by
,,H(Le(aﬂ) ; @, z), we see that

g
La+1(L€(a+l);a’z) ZEAf,jz" 24
=0

where
-1

_ r(c+1)
= 2 Bi,r(o'+1)+j @
r=0

—1 oo

(o+1) r(o+1)
- 2 2 az(m€+r)(a+])+]ﬁyn o . 2.5)

r=0m=0

For i=1,..,d, we set

a
Afz’ B
E ’J a+l(L€(a+1);a’Z)

Fﬁa(z) = B(2) = B.(2) . (2.6)

We are interested in finding the simultaneous Hermite-Pad¢ interpolant of the
d functions F*® e (i=1,..,d) on the zeros of 22! — a®*'. We denote the
Hermite-Padé mterpolant by P ,(z) which is a rational function whose

numerator is of degree g — v, and whose denominator is monic of degree
c—v, We set

' (4 s
pisz
¢ U(Z) sgo ’ ¢
P; (z):= — v Vgory = 1. 2.7
e(Z) 0 ¢
s
s=0 ysz
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HERMITE-PADE INTERPOLANTS 481

Then Pi ,(z) interpolates F,ﬂ? on the zeros of 7' — a”*! so that
B(z) U{(z) =B(z) 2 A{,7Z, z=aw, o’ '=1.  (28)
j=0

The left side is a polynomial of degree v, + (o —v,) = ¢ while the right
side is of degree ¢ + (o — v,). But on putting z = aw on both sides, since
W’ =1, the right side becomes a polynomial of degree o. Then comparing

coefficients of z° on both sides in (2.6) we get the relations

5 5 U—\O
e ¢ e o+l ¢,
l;)ai,kpi,x*k_l;)ykAi,s—k_ka 2 VeAiortes—k (2.9)

k=s+1

If we make the convention that

4 +1 ¢
A =a’" A

is o+l+s? s<0

then the system of equations (2.9) can be written

g—Vy ag—Vy

> P = 2 VA, (i=1,.,d;0ss<g)  (2.10)
k=0 k=0

where o;; =0, k>v, pf' ,=0 for n>0c~-v. This system of equations
determines the Hermite-Padé interpolants on the zeros of z° "' — a®*' of the
d functions F{.’:’e“ (i=1,..,d).

Remark 1: If B=0, then from 2.5), we have
e—1

¢ _ {o+1)
Ai,j_rgoai,r(a+l)+ja so that
a -1
0, ; X
Fi';(Z)ZZ)Zl anmwum o7 1B (2) (2.11)
j=0 =

When ¢ = oo, then for any f,

r

oo

r{o+1) .

ani,r(o+l)+ja , Jj=0

oo r=

A=) - (2.12)
r(o+1) .

Zai.r(a+l)+ja , J<0.

r=

\
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482 M. G. DE BRUIN and A. SHARMA

Remark 2 : Comparing the coefficients A ;,; With those of Stojanova {4], we
see that there is only a difference for j < 0. Denote the A’s from [4] by
A, then :

AY =Af

jin, v t,j_ai,(t’—l)(a+1)+a+l+j (j<0;a=n+v),
where i on the right hand side can be omitted because in [4] there is only one
function.

We shall show that for each i (1 < i < d) and any integer € = 1, the
difference between the rational interpolants P _(z) and Pf ,(2) converges to
zero as 0 — oo in a region larger than the regioh of meromdrphy of F(z) with
the poles of F,(z) deleted. More precisely, we prove

THEOREM 1 : Let ? = (F,, ..., F;) be d functions meromorphic in the discs
D, (1<p, <p, < -~ =< p,) respectively as given by (2.1).

Let a, e C, a=pf, max(|«|,|B])<p, and suppose aw and
Pod (0 <j <o) with o '=1 are distinct from the pole sets of F;'s.
Suppose for some integer € = 1, P, A2)=U; (z)/Be(z) denotes the
simultaneous Hermite-Padé interpolant to F’? ', on the zeros of
27— a. Suppose P (2) =U;(z)/B"(z) is the Hermite-Padé inter-
polant to F; on the zeros of Y =t Then as o — o, the following

holds :
lim P (z)—-P: (z)=0 for |z] <_/J,- (2.13)
Panre i N i,o R(’ :

(i=1,..,d) where R=max ( (| / p1s 18] /pl) < 1. The -convergence
is uniform and geometric on compact subsets of the region.

Sharpness of Theorem : We shall show that there are two functions
e M p( 1) for which the result of Theorem 1 is sharp. Let

= p -
Fj(z)—(z—aj)(p—z)’ j=12, |a]—|<p, loy| = |ay|, (p<1).

Then as in (2.5), we have

. c,L, izo0 —1_(%)«“3). 1
Ay a+1 where  C, = ( )n+3 . (é)((n+3)'
p

x .
Ce o+ l+j° ]<O’
p
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HERMITE-PADE INTERPOLANTS 483

Following the method in Section 3, we see that 7"1 and yo in the denominator
2+ yl z+ )’o of the simultaneous interpolants to F, (z) on the zeros of

"'~ a"*!, are given by the system of equations given by

S 3(”’“1’*“1[1%‘%):] (h)
) 3(P—a2)+a2[1_(‘}_/§_> ] %
(%)nﬂ(pz—-af).,.a%(l_(%)nﬂ)
(%)n+3(p2—a§)_a§<l_((%)n+1)

It is interesting to observe from the above that yf (i=0,1) do not depend
on ¢. Note that as n — o, we get yf =— (o, + ), yg = a, a, so that
the denominator of each of the simultaneous interpolants tends to
(Z - oy )(Z - az)-

Since yz (k=0,1,2) are independent of ¢, it follows easily that
B™(z) =B(z). Also,

‘QIQ ‘QIQ

-3
(%

2 n+2

oo 2 oo - .
Pi,m-l_Pi,m—1=kE E(Ai,s—k—Azs—k)af' " 3’2» i=1,2

where
€o+1)
G
oo € -4 oo
Aij—A1]=C€Ai,j’ ﬂ €o+1) °
0
Therefore
Ui(z) Uf(Z)_(l_ PRCAC))
B~(z) B%z2) “B7(z)’

Since for z # «,, a,, we have

. 1
1-C,[n+3
Y (L)
n—e B (Z) p

it remains to find lim |U:f°(z)|”"+3.
n—>oco

vol. 29, n° 4, 1995



484 M. G. DE BRUIN and A. SHARMA
After some simplification we get

n+1

U7(z)= > prnd"
m=0

B~ n+
=Cm,,_(/;?h,«,n+2(1)+pcw(—1+(%) ). =12,
where
n+3 (p_a) p ai n+3 ai
Binio(2) = p() ((z—p)(z—a) ;7,-(;) —a,}'

Because lim C_ =1, we get for |z| = pR™ £, the following :

1
. oo —_— _ —-¢
nlgl’LlUi(Z)ln+3—R .
Hence for |z| = pR™ £ we get

1
n+3

Ur(z) UXz)
B(z) BYz)

n——)-»

which proves the sharpness.

3. EXISTENCE AND UNIQUENESS OF HERMITE-PADE INTERPOLANTS

We shall prove the following

THEOREM 2 : Let ? =(F,, ... F;) be d functions, F, e Mpi(vi), where
v,’s are integers and 1< p <p,<-—-<p, are real numbers. If
o=vy+v, +--+v, is sufficiently large, then for any integer
¢ = 1, there exists for each i (1 <i<d), a rational function
P (2), (and P (z)) which satisfies (2.8).

Proof : The rational function Pf 6(? ; z) is determined by the system of
equations (2.10). We shall show that the values of
y: (k=0,1,..,0—-v,) can be uniquely determined. For a fixed
i e {1,..,d}, we multiply the equations (2.10) by

() o%r<a, st 1<i%n

M? AN Modélisation mathématique et Analyse numérique
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HERMITE-PADE INTERPOLANTS 485

Hi
and sum both sides from s=0 to g. We then get a total of 3 4, =

j=1
equations for each i. Then the left side becomes

a-v;

3 S a4 =S e L,

n=0

where we put s—k=n and observe that a,,=0 for k>v, and
pin=0 for n> o —v. The coefficient of p,” in the above

Zai,k("*{k)z?:k f= t'z(n+k) (n+k—t+1)a,, 2/ """

1 n
=;!—Dt[z Bi(z)]z=2.-.j’ E-g*
=0 for 0st<4 -1, 1sj<sy,.

Thus we get from the right side of (2.10) for each i

o~V

PIEADY ,sk,,() <t<i,-1, 1<j<p. G

This is a system of o -y, linear equations in the unknowns
ye(k=0,..,0-v,—1) with y,_, =1 We shall show that

s 1 t [
ZA,s 25(8) =D 70, + RS 3.2)

and will prove that

< (o (L (Y)Y o

where

vol. 29, n® 4, 1995



486 M. G. DE BRUIN and A. SHARMA

To prove this, we set the left side of (3.2) equal to I, — I, + I, where

’

I—Za”kz () ,skzu()

¢ (3.4)

I3=A§)(Azs—k_a’5 k) i, j (i)

L

We shall now obtain an estimate for I, and prove

LEMMA 1: If I, is given by (3.4), then

L] <c 0 %q"", where g= rsn,asdpil—a [121;'22(;1,-{1’ |zi,j|}] (3.5)

and c, is an absolute constant not depending on n.

Proof : Observe that if 0 < x < 1, then for any posmve integer ¢, we have

g—t+1

D'("_ ) <20+ 1) a(o-t+2)%

(3.6)

X

T+ t =2 0. This follows from the fact that
+x

for o = t+

d g+1 _(O-+l)x‘7 o+ 1
dx(ic—x)_ (1-x) +(1x_x)2

x
(1- x)\ xa+1 1—-x

M?2 AN Modélisation mathématique et Analyse numérique
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From this we get the result by iteration. Putting g as indicated above, and

x=( |Zi,,~|/(/’f—€)), we get

=

|12| = 2 ai,s—kzls',;t(;‘)

s=cg+1
1 i s(s—1). (s—t+1)|—ls_t—
t!s=a+1 ( S)S k

oo

<S(-)E S sts-Duls—1+ 1)

s=0+1

k—t
S(/)—8)

DE

s=o+1

_ (pi—e)k"’D'( s )

t! 1-—x

(pi_g)k—t g+1—1t

< —t!—Zt(a+ 1)...((7—1‘4-2))61 5 using (3.6)

(p -g)k qa+l—t
i t ot g—v,
< T 249(20) T—q

from which (3.5) follows immediately. O

It remains to obtain an estimate for /,. We shall prove.

LEMMA 2 : If I is given by (3.4), then

- a o+1 - Iﬂl o+1)
L] < ¢50° "(p———l. _IE) +cg0° o(pA—a) . 3.7

vol. 29, n® 4, 1995




488 M. G. DE BRUIN and A. SHARMA

Proof : We shall first consider the case when s < k— 1. Then

|A¢

is—k a

i,sﬂkl =

g+l 4 ¢
= |a Algrtrs—x

€-1 oo

= U+l E E ( )"‘((‘7‘*‘1)+(”+l)+s_klﬁ|m€(a1—l)|a|r(a+l)

r=0 m=0

<ﬂ|,(i|8>ﬁl(ﬂ,-l-e)s_k {— <_ﬂ)e<o+1)

pi—¢&

o+ )
since 1—( 1Al ) 1 % (3.8)

for all k € {0, 1, ..., ¢ — v,}. For € = o a similar bound is derived (then there
is no contribution from £).

M? AN Modélisation mathématique et Analyse numérique
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For s = k, we havc

|A£,:—k - ai,s-kl =

4 oo

r=0m=0

oo

mé(o+1)
+ El ai,mt(a+l)+x—kﬁ
m=

|ﬂ|m6(0+1)‘a|r(a‘+l)

6)(m€+r)(a+1)+s—-k

|ﬂ|m€(o‘+l) 1

+ = 3
m§=:1 (pi_g)m€(¢7+l)+s—k (pi_g)s—k

‘al >(€—1)(a+1)

¢

— mé(ac+1)

= 20ani,mt’(o'+l)+r(a+1)+s—kﬁ ar
=

( Ot >a+1 <pz_8
X
pi—¢& El

) i~ €)

X |ﬂ| “o+1)
(p[ - 8)

N ‘ﬂl o+1) 1
pi—¢& ) < |ﬂl >€(<7+1)

pi—¢

S ._g)‘ "{ <|»a| )
(G keseo

mé(ao+1) r(a+1)
E E Qi (o +1)+r(a+1) +s— B Gk

r(o+1)

For € = o we get a bound like (3.9) with the f-part missing

vol. 29, n° 4, 1995
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From (3.8) and (3.9), we see that

E(Ats k ai,s—k)zij_t(i)

k-1

sc <|a| )
= o(p,—ts)s "\
o ﬁ)a+l ( 18| )e(a+1)}_|ii"£__t_ s
+S§=;{c3(,,i~£ T\pi-e (p,-—f-:)“‘(f)

eo+1) 9 s—t
G S () O

(LY e B e 50

s=0

G B

M? AN Modélisation mathématique et Analyse numérique
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HERMITE-PADE INTERPOLANTS 491
Using the fact that (f) <0°™™ ¢g<1 and the boundedness of
k(k<og—-vy=v, +--+v,), we find (3.7). O

Combining the results of Lemma 1 and Lemma 2, we find (3.3). Further-
more

=§Cai,s—k(§) 2 (s+k) fjk '

=2 DT f(2)],,,,
showing (3.2).

Proof of Theorem 2 : We are now ready to prove Theorem 2. Denote the

matrix of the system of equations (3.1) for the yf; by Ag. Then (3.2) and (3.3)
imply that

Det 4¢ = Det - D[ £(2)],,

ro(ao e max, (02 (GE) ) )

where 9= max, 5 [, max, {1, ]z;]}}. Remark that
< i s £j<
k(0<k<o-vy,—-1) is used for the columns and ¢j,i with

0=<t< X,]——l, lsj=sy, 1<i<d for the rows.

For the matrix 4 with elements —D [ L]z »

P f<t—1)(zi')
AP, =3 (5) 4 T

observe that

Introduce the confluent Vandermonde matrix (known to be different from zero)
by

V(i"’])=((lrc)zf;' 0sk<o-vy,—-1,

Then

vol. 29, n° 4, 1995



492 M G DE BRUIN and A SHARMA

where D = Diag (D, , -,
with building blocks

D wy D g1 Dd'pd) is a block diagonal matrix

1o

f(z,,) 0 - 0
iz, f(z,) . 0

u-1) ff'ul_Z)(Zl.J) fl(Zt,])

We conclude that Ag # 0 for o sufficiently large.

The equations 3.1) uniquely define the numbers
yi (0sk=o-y,—1). Moroever the rank of the system (3.1) is
a— Vv,

We now return to the system of equations (2.10) with d(¢ + 1) equations
and unknowns yi(OskSa—vo—l); pfd(O <<
oc—-v,1 <i=<d) We shall show that this system of equations has full
rank. This will prove Theorem 2.

To show this, we rewrite the equations (2.10) putting the yi ’s first and look
at the following three systems of equations :

(1) M, : Equations (2.10).

(2) M,: We replace in (2.10), the equations with 0<ss<vy -1,
1<isd by @G

(3) M, : Equations (3.1) and the system (2.10) together.

The determinant of the system M, is det Ag det 21, where 4 is the algebraic
complement of Af;, where 4 is a block diagonal matrix with upper tnangular
matrices having «,,( =1) on their main diagonals. Thus det4=1 and
det 45 %0 for o = g, so that rank M,=d(o+1).

Since the equations (3.1) have been derived from (2.10),
rank M, =rank M,. From the trivial observation that rank M, <
d(o+ 1), and that

d(o+ 1) = rank M, =rank M, = rank M, =d(o + 1)
for ¢ sufficiently large, we see rank M, =d(o+ 1), which proves the
(unique) existence of the interpolants. a
Remark 1 : The asymptotics for det Ai (0 — oo) imply the following result
G-V d
lim > y =1 B(z) (1<€<).
g =0 r=1
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Indeed the set of equations for yﬁ (0 = k< o-vyy—1) has an asymptotic
right hand side given by

D’[Z”“’oﬁ(z)] Z;; : - G-V, —rﬁl_r)(zi. )
- il L== 3 (7)< RGO

=1

which shows that the solution yf; of the system is asymptotically equal to

det V /1 >

Y~ (1) Vr‘m (0 <

Here V< ) arises from V( ) by replacing the column (;c) Zf, —j
number 75 running liKe : 0<j<4,-1, 1

1<i<d) by the column ( G )z‘.’ "~/ and D is not used. The

Lr
quotient of these two Vandermonde determinants is just the elementary

syrnmetrlc polynomial ¢ . of degree o—v,—k on the zeros of
a—Vp

B = 5 (~1) ke 2
i=1 k=0

o—Vvo—

4. SOME TECHNICAL LEMMAS

In order to prove (2.13), it is necessary to have bounds on the differences
of the denominators B‘(z) and B™(z) for 1 < €<e and bounds on

BY(z) for 1 < ¢ < 0. We have to do the same for Uf(z) and U7 (z). This
will be done in the following two lemmas :

LEMMA 3 : Let ¥ be a compact subset of |z|(t, ) O omitting the singula-
rities of F,, .., F ;. Then

lim sup {?3&:}%13""(:’-)—B‘(z)!}?l {'al VIV, << @
1
1gnw{max|3e(z)]}a- lim {neuge |B€(z)|}§= 1, 1<€<o. (4.2)

Proof : We shall need an estimate on the differences of the coefficients of
B™(z) and B(z), which are determined by the system of equations (3.4), with
yi_vo =1 (1 <{¢€< o). Observe that

2 is— X z,( ) EAM ,‘Zf]‘(;‘)

< I+, 4.3)
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where

k-1
I,= 20 lA::—k—Ais—kl (i) Izi,jlx_t

4
15=2k|A:s—k zs—kl( )ll]s—,‘
s=

For the case k < s, we have

=

2 r(z7+1)
r r(o+1)+s—k

|AN kT4 s—kl

i s—

€—1 oo

r(c+1) €(a+1)
—2 2 ﬂ"‘ tm€(o+1)+r(a'+1)+s—

r=0m=

oo

= 2 A ro+1)+s—k &
r=¢€e

ro+1)

r(a+l) (a+1)
—E E “i,ml(o+1)+r(a+1)+s— k ﬁ"

r=0m=
1 lal eo+1) Iﬁ] eo+1)
s—k c5 & +CG &
eyl ) B e

For k>s, we have

N
N

(4.4)

oo g+l [4
|Ais— lS— I —‘ l ' ho+l+s—k Azo+1+s—k‘
and now with o + 1 + s playing the role of s in the above, we have

- 'al o+ 1 1
IAi,s—k_Azs—kl s £ ( -E)s—k
pi 2

a o+1) o+1)
X J ¢ —'-—l—e' ' + ¢4 —Ml—g . (4.5
pPi—3 )
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For all & sufficiently small, 0<é&<min]p, - m]ax{l, |z ;| }} (since

p——_—s/2<l and (“:)Sst<a' and (f)zO for s<t), we get from

(4.4) and (4.5) that

|C!| o+1 1
<
2 ol e
s=t i 2 i 2

X
—
O
2N
> |—
£

p
|ﬁ| ¢ao+1) .
+ ¢g = o (p;—¢e) '
pi——i

h
I
= “ N N
>
|
N[™ [ o
N
-
|
xe

is bounded (the

Since < e)
Pi— E

[

) fa| \«o+D
pi 2

ea+1) |ﬁ| o+1) . —
-3 r=3
|a| ea+1)
e\s—k {C5< 8)
53":( i“j) )

Iﬁl eo+1) .
sl — > o
p,‘_i

range of ¢, k Dbeing

pi_8 Wo+1) .. )
[0,v;+--+v,]) and o is also bounded, it follows that

pi_2

IL+1 < (:9(

(0=t <A

i,j

pi—¢

-1, 1<j<uy,

«f >€(0+1)
+cC

10 pi_e

1lsis

Wo+1)
|B| ) “6)

d 0<sk<o-v).

From (4.3) and (4.4), we see that the determinants det A: and det Ag of the

system (2.4) are related by

- ¢ le] _[B] 1 %erD
det 47 = det 4, + ¢, max P2’ p—¢ . 4.7
Applying Cramer’s rule, this implies that
- || |B] Y «e+D
Ve = 72 + ¢, max P —e'p—¢ 4.8)
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since ¢ > 0 was arbitrarily small, this yields (4.1).

Finally, lim B™(z) = lim BY(z) = II B(z) (from the remark at the
g — e e i=1
end of Section 3) and this limit polynomial is different from zero in ¥ which
yields (4.2).0

LEMMA 4: Let ©>0 and D,={ze Clz| <t}. Then for
1 S €< e,

1 Re’ T<pi
. oo € -
lim sup {ngagi lUi(z)—Ui(z)l}vs Rt .5, (4.9)
P’ :
I v T<p‘
im sup {mazgl (z)|} < t/p > ), (4.10)

Proof : Putting 6, ,:=0,,,:=p;, pzk (0 < €<e) with P(.'),k =0, we
derive bounds on J; , which lead to (4.7) and to (4.8) for €=0.

We again start with the system of equations (2.10) for all unknowns
Ve pl .- We multiply the equations (2. 10) by(s - m) z;;" " and sum over s
from m to o. The range for ¢, j,i is as before Osts4;-
l1<j=sp, 1<sisd This leads to the following:

g o—Vy G- Vy o

Ss—m s—m—1 [4 Ss—m s—m-—1 (4
DI L27m); =2 O GO vl 78
s=m k=0 s=m

(4.11)

As (S p m) 0 for s —m<t, there are no negative powers of z; ;. The
yk ’s are known so we leave the right side and rearrange the summation on the
left taking s — k fixed say » We keep in mind that o , =0 for &> v; and
pir=0 for r> o —v, Then the left side of (4.11) becomes

: r+k—m\ _r+k-m—-1 ¢
> O‘i.k( 1 )z,-,j pi,*

Vi

a—v;
r+k—m\ r+k—m—z ¢
+ E E ai,k( t )Zi,j Pi -
r=m

k=0
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Now the coefficient of pir in the second sum can be written as
t r—m
D[z " B(2)]

i, j

which is zero, 0st<4,-1 1sjs I<sisd
In the first sum, we replace r by m—r and ﬁnd that (4.11) reduces to

k—r k—r—1 14
2 ai,k( t )Zi,j Pim--

== EA”_k(s‘,’”)zf,;’"" ¥ (4.12)

s=m

(O<r<i,;-1, 1<j<py).

We do not write these equations for 1 < i <d but we fix a value of
€ {1, . d}, i.e., we treat one polynomial in the numerator at a time.

(4.12) is a system of X A;=v; equations of the v, unknowns
i=
sz—l’---’sz—v.» Letting m run over the values v, v,+1,..,0—v,+1, we
can give estimates for all the coefficients.

As the coefficients of pim_, (1 < € < =) do not depend upon ¢, we can
write down the equations for 6, ,_.(:=p;,_, —pﬁm_,) :

v; v a—v,

2 Eai,k(k?r Zf,;r_t im—r = E Ve EAz s—k (s—m) AR

r=1 k=r

o=V,

-2 ykEA,x (57m) g (4.13)

(O<t<i,-1, 1<j<p).

The coefficient matrix of (4.13) can be written as a product of two matrices.
A typical row of the matrix is given by

v; v,

tk(k_ 1)2 _l_t’ E ai,k(k?z ZE;Z_I’ ’kE ai,k(k_tvi )Zﬁ;vrt

= = =y

with ¢, j fixed.
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This row helps us to write the matrix as a product of two matrices :

(D z; (D (72 )z (v D)

@ ) Qi yim1 Ky,
ai, 2 az 3 al v; 0
X H H H
&1 %y 0 0
&, 0 . 0 0

A
by a matrix whose determinant is 1, that is the determinant of’the system is

different from zero and we can apply Cramer’s rule to find

Thus the coefficient matrix is the confluent Vandermonde V( .7 ) multiplied

B Aoy g—V

5i,m—r=22d E}’k ZAIS— (S-m)zs m—t

shara tha ara tha minaee wha
Wll\/L\J [S9L vy u'_ jyt qrv lll\/thllull\lla Wll\/
column of y’s on the r column place with respect to this column. These
d, it depend only on the poles of the function F,, and on v, and ¢ and so are

uniformly bounded :
ldr,j,tl <c¢, (all rj,t and m). (4.15)

To estimate the difference between the curly brackets on the right side of
(4.14), we denote it by @ and we see that

o=V,

@ = 2 (yk—yk)ZA,s_ L53m) 45"

-V,

+ 2 nE (AT, = AL, _)(57m) g (4.16)

le| 1Al

If we set R, :=max | ——,— |, then we know that
Py~ _2' P~ 5
oo (4 eo+1)
(D) |yy =7l < cR; from (4.6)
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) |yi| < ¢ from the remark at the end of Section 3

(3) the bounds for |AT _, Aes  for 0<s<k-1 and
k<s<og, in (44) and (4.5

. lof ' g
4 IAzs kl_la +1 la+1+s k| = 10( ;

O

O0<s<k-1, method of (4.4

oo

() |A7 4l = g o a A (o41)+s—k sCZOFIE)s——k'
Using (1)-(5), it is easy to see from (4.16) that ,
@ <e, K @.17)
< ¢, (p,-—e)m' .
Then (4.14) and (4.17) gives
6, <oy —F oty
im—rl = €2 (pi—s)m_" =L.v),

where c¢,, does not depend on m.
Repeating the argument with different values of m, we get

R€(¢7+1)
|5ik|sc23(—8—7, (0<k<o-v, 1<i<d, €20). (4.18)
: p—¢

Finally, we have

25

max |UT(z) = U(z)| = max
ze D, ze D,

v; ¢o+1)
S E €3 - s s
-e)
o-v; %
o+1) T ¢o+1)
=c R —_— <M.R .
2 1;)(/7;'—8) ¢

if t<p,—e.
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For 7 = p,, we have

Q
|
<

i

o) S ()
' pi—¢& o \Pi— ¢

T o—v;+ 1 1 T o-vi+1
_(Pi‘e) (Pi“‘e)

-1 T _1

whence we obtain

a-v; :) =
lim L4 ) =i,

The first part of the lemma, that is (4.9), follows immediately as & > 0 may
be taken arbitrarily small. As stated before, (4.10) follows on taking
¢=0. O

5. PROOF OF THEOREM 1

Let # be a compact subset of |z| <7,7>0. Then
1
lim sup {gréag)% [P} (2) - Pf (2)] }"=
= lim sup {?éag’é |UT(2) B(2)
¢ - 1
- Ui(z) B7(z)] poby (4.2)
< lim sup {?éag’é |UT(2)| |BYz) - B™(2)|
1
+max |B7(z) | |UT(z) - Uf(Z)|}3
< max{l%Re, 1 -lee} by (4.10), (4.1) and (4.2), (4.9)

t 13

T ¢
=—R or = p..
SR for t=p,
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Now fix a value of i € {1, .., d}, choosing = p, in such a manner that

Then the above implies that
Jim P7(2) = P (2) =0
and the convergence is uniform on compact sets omitting the poles of

Fy, ., F,0

6. INTERPOLATION WITH MULTIPLE NODES

Let ? =(F,.,F,;) be as in (2.1), (2.2) and let r = 1 be a natural
number ; € is an integer, ¢ = 1. Finally put n = ¢ + 1. If the Taylor-sections
of the f; are given by

nér—1
> a2, (6.1)
k=0
then the Hermite-interpolant to (6.1) on the zeros of (z" — 1)” will be denoted

by

nr—1

fidz)=> AL 7 (6.2)
t=0
with coefficients
(¢-1)y-1
O0ss=sr-1
¢ _ —
Al,=a ,+ ;0 b Gy (rsjymex  TOT t—sn+k{0sksn_l, (6.3)

where

- rel-sfr+j—s—1 r+j .
bj‘s._(—l) ( ris—l )( sj)’ (0ss=<r-1, j=0). (64)

For € = we write
nr—1

fila)= 2 A2 (6.5)
t=0
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with

A:,tzai,t+Z)bj,sa!}(rﬂ')n**k for =sn+k{
j=

and b].’x as in (6.4).

The interpolation problem with multiple nodes is now formulated for
1< as:

. _UlD) ¢
find d rational functions W, degU;(z) s mr—v,—1

(1 =si=sd),

deg B < n— vy — 1, that interpolate the d rationals
nr—1

< E:Aﬁ,i

t;f( Z_) (i=1,..,d) on the zeros of (7" —1)"; moreover the

6.7)

coefficient of z* =" ! in B  willbe 1 ;

n—vy=1

kB"<z>= ;) e Ve 1= L.

Using the same methods as in the previous sections, it is possible to derive the
following result.

THEOREM 3 :

A. For n sufficiently large, the interpolation problem (6.7) has a unique
solution that moreover satisfies

n—vy—1

lim 7f={, with E Ckz—HB(z) 1<S€< oo,

n— o

B. Let 3 be a compact subset of |z| <7, >0, that omits the
singularities of the functions F(1 < i< d), then

} {R“‘”’“( DECETD

R(e—l)r+1 (z‘<pi) s

U7 (z) Uf(z)
B~(z) B%z)

hm 1 sup { nax
Z

with R= | max 1
<l<dp,
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; - ( €-1 +l )
C. Specifically we have for |z| <p,R r):

U7 (z) Ui(z)
im — - =
n=>=B%(z) B(z)

>

iformly and geometrically in compact subsets of ¥ omitting the singulari-
s.

The proofs of these results will be given elsewhere.
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