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ON THE MAXWELL’S SYSTEM IN COMPOSITE MEDIA (*)

by A. OSTER (') and N. TURBE (})

Communicated by G. Duvaur

Abstract. — The Maxwell’s system is considered in a composite medium with a periodic
structure, and the solution is derived by means of Bloch expansion techniques. The behaviour of
the homogenized medium is obtained as a limiting case of this solution. Some numerical results
on stratified media are presented.

Résumé. — On considére les équations de Maxwell dans un milieu composite a structure
péricdique. La solution est construite au moyen des techniques de développement de Bloch. De
cette expression est déduit le cas statique limite qui fournit le comportement du milieu
homogénéisé. Quelques résultats numériques sur des milieux stratifiés sont présentés.

1. INTRODUCTION

With the increasing use of composite materials in a lot of technological
domains, the studies on periodic structures present a real interest. Optical
media are one of these new materials. Roughly speaking the periodic optical
medium may globally be considered as an homogeneous, anisotropic
material. But to understand the precise nature of electromagnetic wave
propagation, the periodicity of the microstructure has to be taken into
account. In that way, some interesting filtration properties of these media can
be explained. A theoretical tool of investigation is the concept of Bloch
expansion. It was introduced by F. Bloch in the quantum theory of electrons
in crystals [2]. Since then, it has been applied many times, and recently, it
has been used in research on elastic [8] or piezoelectric composites [9].

This paper described the effective dynamical properties of optical media
by means of Bloch expansions. First, the problem is set in an appropriate
functional framework from which existence and uniqueness of the solution
are deduced. The Bloch expansion of the solution is then constructed. As an

(*) Manuscrit regu le 26 juin 1992.
(1) Laboratoire d’Acoustique et Mécanique - Groupe Modélisation et Calcul, Université
Pierre et Marie Curie, Tour 66, 4, Place Jussieu, 75252 Paris Cedex 05, France.
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482 A. OSTER, N. TURBE

application, the macroscopic behaviour of the homogenized medium is
reached when the data are slowly variable functions compared to the period
of the material. This coincide with the results of [7], obtained from a two
scale method. In the last section, some numerical results on stratified media
are presented.

2. STATEMENT OF THE PROBLEM

2.1. Local equations

We consider the Maxwell’s system in an unbounded, nonhomogeneous
medium, with a periodic structure. We assume that there are no source terms.
The electric and magnetic fields E and H, the electric and magnetic
inductions D and B and the electric current J are related by equations (1) (2)
and constitutive laws (3) [3] :

oD

a—t+J—rotH=O divD = ¢ @))
%ntrotE:O divB =0 2)
D=7E B=uH J=0E. 3)

The relation div D = g has to be considered as a definition of the electric load
q.

The characteristic coefficients : 7 the dielectric constant, x the magnetic
permeability and o the resistivity, are assumed to be bounded functions on
2#Y, Y =(]0, 1[)3 (i.e. periodic functions of the variables y, with period
2 m, [1], [6]), and such that :

O<asn,pu,o=<a’

a, a' constants . “4)

We also assume that 7 is a regular function.
The following initial conditions are given :

E(, 0) = Eo() H(, 0)=Ho(y). 5)
Note : The initial condition (5) on H must satisfy div (wH,) = 0. From (2)
this property holds for the solution H(¢), for every time ¢.

2.2. Global equations
We introduce the following functional spaces :
H,(R%) (resp. u) = (L*®R?))’
with the inner product (., .),, with weight n (resp. x) and
V(R’) = {F,Fe (L’(R*))’, rot F e (L*(R%))’}.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



ON THE MAXWELL’S SYSTEM IN COMPOSITE MEDIA 483

The local equations (1) (2) are multiplied by suitable test functions and the
problem can be reformulated :

find (E, H), function of 7 with values in H, (R’) x H, (R?), such that :

d—E+2E+CH=0

dt

dH

= E= 6
dz+D 0 (6)

E©)=E, H()=H,.

The operators 3, C and D in (6) are respectively defined (where «.»
represents the usual inner product in R?), by :

(E, F)e H,(R*) x H,(R*) (ZE,F),,:J oE.Fady
[R3

H F)eVR)x V(R (CH, F),,:—J rot H. F dy
RS

(E,G)eV(R*) x V(R’) (DE, G), = J

rotE.Gdy.
R3

Assuming that :
E e H,(R*), Hye H,(R?)

then the hyperbolic system (6) has a solution and only one [3].

3. BLOCH EXPANSION OF THE SOLUTION
3.1. Problems defined on the basic cell

In agreement with the results obtained with other classical operators
(elasticity [8], piezoelectricity [9]), the periodicity of the characteristic
coefficients 7, s, o, involves that the solution (E, H) of the problem (6)
has the form :

E(y, t) = f & VE(y, k, 1)dk (k.y = kqyp)

y 7
H(y, t) = f &Y H(y, k, t)dk

Y
where the vectors E, H, as functions of y belong to 2 Y. These expressions
lead us to introduce operators, depending on the parameter k, k € Y, defined
on the basic cell 2 7Y.
Interesting properties arise in the following special case :

o=0 div (nE;))=0. (8)
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484 A. OSTER, N. TURBE

From equations (1) (2), we obtain a system with one unknown function E :
2

72 L rot (u='rotE)= 0 div (nE)=0. ©)
ot

Let us introduce the functional space :
V,R*) = {F,Fe (L)(R*)) rot F e (L*(R*)), div (nF) = 0}.
Then the problem in E can be written :
2
d’E +AE =0
dr?

(10)

where A denotes the operator defined by :
(E,F)eV,R) xV,R?, (AE, F), = J uw'rotE.rotF dy.
RS

From (7), we note that the derivation 9/3y; on E corresponds to the
operation 9/dy; + ik; on E. So we are led to introduce the following
functional spaces :

H, = L*Q nY)y
with its defined inner product with weight 7
V,k)= {E,Ee (L’2 7Y)), rotE € (L*(2 nY))’,
div (mE)+ink.E=0} . (11)
The operators A (k), k € Y, are defined by :
(E,F)eV,(k)xV, (k)

AK)E, F), = J p l(rotE +ik AE). (rotF + ik AF )dy. (12)
2 7Y -

Note : for each k € Y, the space V, (k) is a subspace of (H'(2 wY))*. The
domain D (A (k)) of the operator A (k), k € Y, is made up of elements E that
belong to (H,(2 7Y))’ and such that n A rot E is antiperiodic. (H,(2 wY))’
denotes the space of the function in (H'(27Y))’ that take equal values at two

opposite points of two opposite sides of the cell 2 7Y. n is the outer normal to
32 7Y).

3.2. Properties of the operators A (k)

PROPOSITION : The operator A (k) is, for each k € Y, a positive, selfadjoint
operator with compact resolvent ([7]).
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ON THE MAXWELL’S SYSTEM IN COMPOSITE MEDIA 485

The first two properties immediately result from the definition (12). From
assumption (4), it follows that :

AK)E,E), =8 [|[rotE|?>+ (ik AE).rotE +
2#Y

+rotE. GkAE)+ |kAE|%]dy

(with B positive constant). The second and third terms of the integral are
underestimated, using the identity :

_ 2
ZZ+EZ>—2|Z|2—%
And since k belongs to Y, we have :
|k AE|?>< |E|?> (norms in R%).
Finally, we obtain the inequality :

B
(A(K)E, E), = = | rot Ell}20 2y — BIEI 2 vy (13)

where B is a positive constant that does not depend on k.
Now for any E in D(A(k)), we have the identity (with E; , = 03E;/dy,):

L YEJ.,,, E; ,dy = ||div E |70 nyyp + ITOt E|F 2, 1y - (14)

Indeed, the operator grad E can be split into a symmetric part € and an
antisymmetric part w and we have :

jp “jp jp “jp J,p =i p
ipEjp— @ @), =E; JE, ;= (E;E, ;),— (E;E, ;); +Ej ; Ep

Then, using the periodicity of E, we get:

L WYEj,pEj,pdy = szYEj’j E,,dy+2 L"Y Wjp @) pdy.
The tensor @ can be expressed with the help of rot E and it follows that :
w;, B, = % |rot E |2 Equality (14) results.
For any E € D(A(k)) and since 7 is a regular function :
ndivE+E.gradn +ink.E=0.

Since k € Y, we deduce : (divE)Y < vy |E| 2 (with y constant, independent of
k). And therefore, for E € D(A(k)):

2 2
IEN 0 mrp =< A+ 7) IEI G20 npyp + [TOt Efl G2, 1y -
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486 A. OSTER, N. TURBE

This relation is injected into (12) and we then get:
(AK)E, E), = C[|E| 3105 1y)p — C2IEN 720 opyp (15)

with C,, C, positive constants, independent of k.

The embedding of (H'(2 7Y))? into (L?>(2 #Y))’ beeing compact, the
overestimate (15) implies that the operator A(k) + C,Id has a compact
inverse ([7]). So:

PROPOSITION : For each K €Y, there exists a countable sequence of
eigenvalues : 0 < wi(k)< wi(K)..., with corresponding eigenfunctions
(v, k), @' (y, k) ... of the operator A(k). Moreover, the vectors ¢"(y, k)
form an orthonormal basis in H, (2 wY).

A similar study can be carried on for the unknown function H. The same
properties hold for the operators which are then introduced : they are just
obtained by changing 7 into x and reciprocally. We denote by 7 (k) and
¥ (y, k), m € N, the eigenelements of these operators.

3.3. Representation of the solution in the conservative case

Assuming (8), we use the basis {¢"(y, k)} and {W¥"(y, k)} to define
functions E and H in ).

Since equation (10) is satisfied by E of the form (7), it follows that
E is solution of :

d’E ~
—Z+AKE=0 16
o ) (16)
- - dE -
E|l:0=EO o ,zo:E" (17)

Equation (16) is projected on ¢, m € N, and the expression for E follows :

EQ, 1) = J Y Bk 1) @"(, K) (18)
. Y m:‘O

E, & t)=AL &) "™ + A5 k) e ™!
where the A}, (k) are determined from the initial conditions (17). A similar
expression holds true for H(y, ¢#) with the help of £, (k) and ¥"(y, k).

3.4. Properties of the solution in the dissipative case

From here on we won’t use assumption (8). In order to use the previous
basis {¢™} and {¥"}, we introduce the new unknown function F,
FeV, (R?), defined by means of the convolution :

EG, 1) =f (@, t)«F(y, 1) f@,t>=1—%e7’. (19)
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F has an expression like (18) in the basis {¢™} and, in the same way, H in
the basis {Y”}. The components ﬁm(k, t) and I:Im(k, t) satisfy :

dF ,, R

——E-+cmnH,,=0

dH, R

T—Fd,,m(t)Fm:O (20)
Fm|t O*F?" I:I”t~ =H2

where the coefficients c,, and d,,, are defined by :
%m=~—J [rot U, (y, k) + ik A " (v, k). " (v, k) dy
27y

dy (1) = J {rot [f(y, 1) =" (y, k)] +
2wy

KA [f L D x ", K. W (3, k)} dy.

The initial conditions F and H? are defined from the initial conditions on E
and H. An expansion of E is then deduced from (19). System (20) is

obviously a dissipative system since the coefficients d,, depend on
t.

4. HOMOGENIZATION FROM THE BLOCH EXPANSION
4.1. Posing the problem

We assume here that the initial conditions are slowly varying functions.
Let € be a small positive given parameter :

Ey = Eq(ey) Hp= Hy(ey). @2n

Compared to the data scale, the period of the medium is very small and,
when & — 0, an approximation is brought by the homogenized medium [7].
In this problem, two space variables appear: a slowly varying one x
associated with the initial data and a fastly varying one y associated with the
period of the medium. These two quantities are related by : x = ey. Initially
the problem is set up with the variable x. In order to use the previous results,
we do the change of variable : y = x ¢~ ! and we take the Laplace transform
of system (6) :

,u,pI:I+s‘1r0tI:3=0.
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488 A. OSTER, N. TURBE

Previous studies done in elasticity [8] or piezoelectricity [9] suggest, using
the periodicity of the medium, that the solution (l:l, ﬁ) of (22) should be
expanded in the following way, deduced from (7) :

k=c¢K, x=c¢ey E@x,p) = J eX* 3E(y, ¢K, p)dK (23)
RS

with
eE=E'(, K, p)+ cE'(, K, p) + -+ 24)

A similar expression is applied for H.

For the solution (E, ﬁ) we have (22), then the function (€3E, 53ﬁ)
satisfy :

(mp+0)e’E — e '[rot (¢*H) +ieKae’H] =0 5)
Mps3ﬁ+ e~ rot (s3f§)+iel~(/\£3l~§] =0.

The expansions (24) of £>E and &> H are injected into (25) and we identify
the terms of the same power of ¢ in these equations.

4.2. Approximation of the solution

Order ¢~ 1.

The function E° belongs to Vp+ o (0) and the function H’ to V «(0). So,

E® and H° are solutions of :
rot IEIO =0 div [(nf) + U)fEO] =0 26)
rot H =0 div (rkH%) =0.

In the same way as in [1], we introduce the scalar functions W’ (np + o ) and
x/(n) (G =1, 2, 3) defined uniquely by :

Wi(np + o), x'(n) € Hy2 7Y)
div [(np + o )(e; + grad W) =0 M W) =0 27
div [w(e; + grad x))] =0 M(x/) =0 (28)

where e; denotes the j-th vector of the natural basis of R? (the £-th component

of e; is 8;¢) and M (f) is the mean value of the function f on the basic cell
2 wY. With the notations of (27) (28), (26) implies :

E’ = E{(¢; + grad W) H°= I:I})(ej + grad x’).
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From the properties of the functions W’ and yx’/, we note that :
ME") = E0¢; M) =He. (29)

In order to determine the components E}’ and I:I?, we use the equations

deduced from the identification of the constants terms of (25).
Order &°.

(mp+ o)E°—iKAH® —rot H =0 (30)
upH® + iIKAE° + rotE' = 0. (31)

These equations are projected on e;. Let p(o, 7, p) and q(u) be the
following matrices :

27Y

T Qny

q;j J w8 +x!)dy. (33)
27Y

@y
With these notations and using expressions (23) and properties (29), we
prove that the mean value of the approximation (E°, H°) is determined from
the system :

p(o, n,p)ME") —rot M(H°) = 0 (34)
pq(r)MM®) + rot M(E®) = 0. (35)

4.3. Macroscopic constitutive equations

From (34) and (35), we deduce the homogenized behaviour of the
magnetic inductions D and B and the electric current J. Equivalent weak
formulations of the definitions (27), (28) of W/ and x/ allow us to recognize
that W’ and x/ are the functions which are respectively used in the theory of
homogenization of the two operators 8/3y;[(np + o) d/3y;] and
9/8y; (1 9/3y;) ([71). In these conditions, from the coefficients in (34) and
(35), it follows that :

pM®D°), + M(3°); = [(np + o) §,;1" M(E®), (36)
M@®B);, = (u8,)) M(H) @37

where « h » denotes, as usual, « homogenized » ([7]).
The same result is obtained in [7]. The homogenized behaviours of D and J
in terms of E are given by a convolution product.

vol. 27, n® 4, 1993



490 A. OSTER, N. TURBE
5. BLOCH WAVES IN STRATIFIED MEDIA

5.1. Floquet problem
The eigenvalues w?2(k) and eigenfunctions ¢"(y; k) of the operator
AK), k €Y, satisfy :
¢"e DAK))
n - lrot. +ika.)[u (rot " + ik A @")] = w?e" (38)
div (ne") +ink.¢"=0.
This is the Bloch problem set on the basic cell 2 wY. The previous theoretical
results were obtained with this formulation of the problem.
Let us consider: ¥'(y;k)=¢"(y,k)e*?, keY. Then w?2(k) and
¥"(y ; k) are respectively the eigenelements of the problem :
" e %Y e DAK))
n~'rot (u 'rot ") = w2 " (39)
div (n¥")=0.
This is the Floquet problem set on the basic cell 2 Y. Numerical results are
obtained with this formulation of the problem.

5.2. Numerical results in a two layered medium

When considering a layered medium, the Floquet problem leads to a
numerical solution of differential equations.

Let us assume that: 7 =7n(;), & =u(y;) and Ej,=E () e,
Hy = Hy(y,) es.

Then the eigenelements required for the study of the solution may be
written as :

w (k) = 0 k), $'Gik) =g k) e,.

In the following, we shall denote them w 3(k) and ¥ "(y;; k).

We now consider a stratified medium with a basic period composed of two
homogeneous and isotropic layers with thicknesses a and b :

Vy,€10,al n)=m, uQ1)=#,
Vyi€la, 0L n(y)=np n()=pyp.

The eigenelements w?(k) and ¢ (k), k€ 2 m(a + b)" ! are solutions of the
Floquet’s problem set on ]0, L l=a+b:

Ad (L-1d¥ ) __ 2
o (/.La dyl)__ w n, ¥ Vy e€l0,a] 40)
A (L8 __ 2
o <,ub dyl)_ 0w N,y Vyle[a,f] 1)

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



ON THE MAXWELL’S SYSTEM IN COMPOSITE MEDIA 491

1 dy
v, _,=0, [l: 1—_] =0 42
[ Ilyl_\ T . (42)
Ya+by=yp@e*, w9 gy W oyt 43y
dy, dy,

From equations (40), (41), we obtain with k, = @ (9, u,)"? and
k= @ (0, )"
Vy, €10, al, ¢, =A4, o Ka + A, QHkan
Vyle]a,f[, l//(.y\l)zBleikby‘_;_B2e"kb)’1.
Let us introduce the following notations :

ik, a iky b ikya ik, € ik, €
S=e ", T=e", Ty=e¢",Tg=€",Z=¢",

I,= ) 1, = (ny/my)".

The interface conditions (42) and the properties of periodicity (43) imply :
A S '+ A,S=B,T;' +B,T,
A1,S '~ A, 1,S=B,1,T;' —B,I,T,
B, Ti'+B,Ty=A,Z" '+ A,Z
B I, T¢' —~B, 1, Ty=A1,Z ' —A,I,Z.

This linear, homogeneous system has a non trivial solution if its determinant
is zero valued. This happens (see Naciri’s calculations [4]) when :

22“:4%[(1“1)2 ST+S'T"H—U-aP ST '+S'T)] 44

with @ = I,/I,. For real values of k, k,, k,, this relation is equivalent to :

cos (kf) = cos [wa(n, u, )"+ ob(n, uy)"?] -

2
- (12;;)— sin [wa(n, 1,)"?]sin [@b(n, u,)?]. (45)

Relation (45) implies that w (2 a/l — k) = o (k). From numerical solution of
(44) and (45), we obtain the following figures :

Figure 1 shows the forbidden frequencies phenomena that characterize
periodic media : there are angular frequencies which are not of the form
w , (k) [6]. In these bands, the right hand term of equation (45) is greater than
1 in absolute value, and we shall build a solution of (44) with complex values

vol. 27, n° 4, 1993
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OMEGA Cen rad/s) |

0. 25E+12

0. 20E+12

0. 15E+12

Illlilllllllll

0. 10E+12 __|

0.50E+11 __|

L1 11

0. DOE+00

2.0 0.5 1.0
T

Figure 1. — The first three eigenfrequencies for the following data :
a=b=5mm, pu,=p,=p,n,=1m,=31n, 0,=0,=0.

(Mg, Mo are vacum’s characteristics). -

of k. We can note that w,(k) are continuous functions of k, in good
agreement with [6] and [10].

Floquet theory may also be applied to the study of plane waves
propagating normally to the layers [11]. The waves have the form :
E(y;t)=Re [¢ (y,) & _kyz)] where ¢ is periodic and k = k' — ik” and
(44) is the dispersion relation. For each w = 0, this equation does not define
an unique k. If k; is solution of (44), then k, = kg + 2 pm, p € Z are also
solutions of (44). We keep the determination of k(w ) which is a continuous
and increasing function of @, which is consistent with the homogeneous case
when 7, - m, and p, - u,.
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ON THE MAXWELL’S SYSTEM IN COMPOSITE MEDIA 493

On figures (2) and (3), the dispersion curve, already obtained in [11], is
compared with the homogenization theory. Again we obtain the forbidden
frequencies. They correspond, in figure 1, to a passage from one mode of
transmission to another. For these frequencies k&’ remains constant and
k" is not zero valued. The waves are sharply attenuated in space, so the
medium becomes opaque for those frequencies, although it does not absorb
energy. Periodic homogenization does not predict this phenomenon, but it is
in very good agreement when kf/2 7 < 0.3, i.e. for low frequencies waves.

Equation (44) can also handle the case of dissipative layers (o (v,) # 0). In
that case, k(y,) is complex valued and the waves are naturally attenuated, the
energy beeing dissipated by Joule’s effect.

T
1.5
1.0 |
2.5 _|
2.0 '."II{IIIIII|1!IIIIIII
0. BOE+00 0. 10E+12 B. 20E+12
( OMEGA C(en rod/s) |

Figure 2.

Figures 2 and 3. — Dispersion relation with Floquet theory :
— Floquet theory ; ... Homogenization theory.
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1.0
2.5 _|
2.0
e.5 llIlll]f[]]II‘]ll’l
0. 0OE+00 0. 10E+12 0. 20E+12
I OMEGA (en rad/s) ]

Figure 3.

Figure 4 shows the dispersion curves obtained with Floquet theory
(— curves) compared with the ones obtained with periodic homogenization
theory (... curves). We note a very good agreement when: |kf| <0.5.

The method developed in this paper will be applied to the three
dimensional case. It requires the use of 3 D finite element [5] to solve
Floquet problem.
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kI /21 and k"I ]

llll!lllllllIlllllllllllll[lllllll .

17T 17T 1717 7717 1771 ‘ T 17T 17T 17T 17T 17T 71
?. OPE+00 @. 10E+11 2. 20E+11
[ Frequence (en Hz) W

Figure 4.
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