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RESOLUTION OF A FIXED POINT PROBLEM
BY AN INCREMENTAL METHOD AND APPLICATION
IN NONLINEAR ELASTICITY (*)

by R. NZENGWA (1)

Communicated by P G CIARLET

Abstract — In this paper, we solve a fixed point problem by proving that the solution is the
value at the point I of the solution of an appropriate ordinary differential equation This
approach 1s applied in nonhnear elasticity to the pure traction boundary-value problem with
live load An incremental method is then used in approximating the solution The number of
successive linearizations is considerably reduced as compared to that used in [19]

Résumé — Dans cet article, nous résolvons un probléme de point fixe en montrant que la
solution est la valeur au pont 1 de la solution d’une équation différentielle appropriée Cette
approche est alors appliquée en élasticité non hnéaire au probléme de traction pure avec charge
vive La solution est approchée par une méthode incrémentale Le nombre de hnéarisations
successives est considérablement réduit comparativement a la méthode présentée dans [19]

NOTATIONS

We shall use the following notations

0 : a smooth bounded domain in R3,

B : the closure of a set B,

r : the boundary of 2,

0 = O

b : usual partial derivatives,

u,, = o,u,

v = (v,) : unit outer normal vector to the boundary of a
domain,

A=(@4,) : matrix with element A,; (i = row index, ; = column
index),

(*) Manuscript recerved July 1991
(') Département de Génie Civil, Ecole Nationale Supéneure Polytechnique, B P. 8390,
Yaoundé, Cameroun
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894 R NZENGWA

V¢ = (3,¢,) € M®> . gradient of a mapping ¢ : 2 < R® & R?,

M3 : set of all matrices of order 3,
skew : set of skew-symmetric matrices of order 3,
sym : set of symmetric matrices of order 3,
3 .. .
(0 : set of positive orthogonal matrices,
T . first Piola-Kirchhoff stress,

divT = (3T,) e R® : divergence of a tensor field T: 2 = R? - M?,
P = (7 (2)),
W™P = (W™P(02)) for some integer m=0 and p = 1,

1 moL
W P”’=(W P"(r))3,

Coym= {¢eW"*2?, 4(0)=0, V¢ (0) =Y (0)},

,p’JQ+JI=O,
o r

k(L):J~ Ig®x+j T ® xe M3,
o r

F1-

L~
S -

- {(12, EW™Px W

Il = (b, ) a loading operator,

[

L = {leL, k(l)esym},
Skew = {L €L, k(L) € skew},

g’, 0" : first and second Frechet derivatives of an operator 6 : X -7,
0'(xyeL(X,Y), 6"(x)e L,(X,Y), X and Y being two normed
vector spaces,

Il ]| : norms of vectors in the different spaces or norms of operators.

We shall use the repeated index convention and denote by C, any constant
which is independent of the various functions found in a given inequality.

INTRODUCTION

Solutions to an important class of nonlinear equations are obtained via the
fixed point theorem. The solution x satisfies an equation of the form

x=¢x). 0.1)

The sequence x, ., ; = ¢ (x,), n =0, 1, ..., Ntends tox as N — oo. Each term
x, of the above sequence is the solution of a nonlinear equation which can be
solved by an M-step incremental method [19], [S] if ¢ possesses the adequate
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INCREMENTAL METHOD IN NONLINEAR ELASTICITY 895

properties. In this case MN linearizations are necessary. This number may be
very important and the approximation very expensive.
In this paper we study the case where

=G 'oF (0.2)
for some nonlinear operators G and F. The solution then satisfies the
equation

6(x)=F (x). (0.3)

Under some hypotheses which will be specified in Section 1, we consider the
problem of finding a curve (x(y), y(A)) such that
Gx(A)-ay(a)=0 (0.4)

Fx@)—-y1)=0 (0.5)

for A € [0, Ay]). The curve (x(A), y(A)) is the solution of the differential
equation

dx
(S i s = %) ©)
da
x(0)=1x,, y(0)=F(x). (0.7)
It is shown that A, = 1 and one has
Gx(1))=F x(1)). (0.8)

It suffices therefore to apply to the differential equations (0.6)-(0.7), Euler’s
approximation which is nothing but the incremental method. The number of
linearizations is therefore reduced to M instead of MN.

Solutions to the successive linear problems obtained in the Euler’s scheme
can be computed easily if the matrix on the left of (0.6) is well conditioned
(for example has a dominant diagonal). This shows the importance of the
operator G. These conditions also hold even if G' = I(G(x) = x — xp). In
this case the norm of the operator F' = ¢' must be bounded by 0.5 as shown
further in relation (1.35). This leads to a greater restriction on the class of
operators ¢ unlike the case where F' # ] may give a greater bound.

In Section 1 we specify conditions on the operators G and F and prove the
existence of an integral curve (x(A), y(1)) for A € [0, 1].

vol. 26, n® 7, 1992



896 R NZENGWA

In Section 2 we consider the traction boundary-value problem in nonlinear
elasticity with live load described by the equations

—dvT=5b(¢) m 2, 09)

Ty =1(¢) on T, (0 10)

detVeé =0 m €2, 0 11)

Tx)=alx Yo &), (0 12)

a (x,A)e 2 xM*-> M3, (0 13)

f MHJ () =0 (0 14)
o r

The constitutive law g of the first Piola-Kirchhoff stress tensor T satisfies the
principle of matenal frame-indifference,

a(x, QA) = Qa(x, A), Q€03 (0 15)

Assuming the constitutive law 1s a C® matrix-valued function, the problem
1s equivalent to finding in a neighborhood of ¢ = id, the solution of the
equation

8(¢)= (—dwa(.,Ye(.))al.,Ve(.)r)=L(¢g) (016)

where the nonlinear operators ¢ and I map the function space W™ * 2P 1nto
L for some integer m=0 and p >3

In [19], R Nzengwa proved the existence of a solution, via the fixed point
theorem provided the loading operator / 1s Lipschitz-continuous, [ (id) =
Lo 1s a load 1n L, without axis of equilibrium and det £(/,) >0 Approxima-
tion consisted 1n solving using incremental methods the sequence of dead
load traction boundary-value problem

0(¢,)=L(¢,_1)=hy 017)

A solution of the dead load problem consists in finding the rotation
Q(1,) such that

I1=QU)IRMB heN, L =RM®BE (0 18)

where N 1s the image of é, é 1s the restniction of @ 1n Cyp,

R(h) = k(WA k(W) ', (0 19)

M? AN Modélisation mathématique et Analyse numerique
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INCREMENTAL METHOD IN NONLINEAR ELASTICITY 897

and by solving

Dy
~
3]
~
I
1~

(0.20)
The solution ¢ is
¢ =RQ"¢. (0.21)

The existence of this solution is essentially based on Chillingworth-
Marsden-Wan’s approach which considers the load [, as an argument [16].
The rotation Q and the solution ¢ are computed respectively by an M-step
incremental method [19]. Therefore the necessary number of linearizations is
2 M for each ¢, of the sequence and 2 NM when N terms are considered.
In [19] it was also proved that one has
(N +1)

|| ¢V - ¢l =cC 5 (0.22)

where @” is the approximation computed by an incremental method. One

concludes that convergence of the method is guaranteed only if M >
N + 1. Therefore at least 2 N> linearizations are needed to obtain a

1 .
0f = ) e timate.
(N) ITor estimate

The novelty in this paper is to consider the load [, and the rotation
Q(l.) as arguments and to approximate simultaneously /,, Q(I,) and
¢ in order to calculate the fixed point

¢ =RO" ¢ . (0.23)

We obtain this result by considering a differential equation on (Q,
¢, L.). We prove that the solution is defined in [0, 1]. Euler’s method is then
applied to approximate the solution.

In order to make this paper self-contained we shall recall without further
proofs some results in [19].

1. APPROXIMATION OF A FIXED POINT

We consider two Banach spaces X and Y and three operators ¢ :
XX, G:X->Yand F:X-Y. We suppose that in a bounded neighbor-
hood of a point x;, a ball B (xy, p ) for example, there exists a fixed point for
the operator . We next suppose that G is a diffeomorphism in B (xy, p ) such
that

=G 'oF. (1.1)

vol. 26, n° 7, 1992



898 R NZENGWA

Then if X 1s the fixed point of ¢,
X=y¢X) (1.2)
is equivalent to
GXx)=F(Xx). (1.3)

The usual method for solving equation (1.2) consists in considering the
sequence (x,), n=1, ..., N

x, =y x,_4) (1.4)

and by approximating each x, by an M-step incremental method as defined in
[5]. One has to compute NM successive linearizations if N terms are
considered. In order to reduce the number of linearizations we prove, under
hypotheses which will be specified below, that there exists a curve
x(A), A e€[0,1] which is the solution of an appropriate differential
equation, and

x(1)=%x. (L.5)
We begin by proving some theorems which will be useful in the sequel.

THEOREM 1 : Let the operator G be twice differentiable between the
spaces X and Y (G € C*(X, Y)) and have locally bounded derivatives. We
assume G'(xy) is an isomorphism, (G'(xy) € I ;n(X, Y)). Then there exist
positive real numbers p, v, and L, such that

G'(x)isinvertiblein the ballE(xo, P, (1.6)
[{G'} =<v,, 1.7)

and
[{G'x)} ' = {G' O} <L, llx-»l. (1.8)

Proof : We deduce from the mean-value theorem that in a ball
B(xy, p), p = 0 there exists X such that

G'(x) -G (x) = G"(X)(x — xp) . (1.9)
Then there exists a constant M, > 0 such that
|G'x) — G'(xp)|| =M, . (1.10)
We also have
G'(x) = G'(x)I = G' (%) ! (G'(x0) = G" (X)) . (1.11)

M? AN Modéhisation mathématique et Analyse numérique
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INCREMENTAL METHOD IN NONLINEAR ELASTICITY 899

Let
Yo= |G' o) - (1.12)
Then there exists a number p, > 0 such that
YoPo M, <1 (1.13)

since the function p M, is non decreasing in [0, + o). It follows from (1.9)-
(1.11) that G'(x) is invertible for each x € B(xo, p), p <py and one has

Gy =10 -G (o) (G =G ()" DIG (xp) . (1.14)

We deduce that

Y
16" =< =,

Pl 4 + OO . 1.15
—PM,,’)'() »= ( )

We can also write

Gy '-G'Oy'=Ger'"GoM-GeNG e 1.16)

and deduce from (1.15) and the mean-value theorem the existence of
L, = 0 such that

||G'_l(x)—G'(y)—l||sL,,HX—}’"- B (1.17)

THEOREM 2 : Let A|(x) and A,(y) be such that A = (A}, A,) be an
isomorphism between X xY and Y xY for each (x,y)e€ B(xy, p;) %
B(yg, p,). Let the operator B = (B,, B,) be such that

1B G, y)l| < (1.18)

(P1» P2)

in B(xg, p1) X B(yg, p3), where

Y por ) = sup NA=1e, |, (1.19)

B(xg, p1) x BOo, P2)

then the operator A + B is also an isomorphism for each (x,y) in
B(xp, p1) X B(o, P2).

Proof : 1t suffices to write
A+B=AU +A"'B) (1.20)
and deduce from (1.18) that (/ + A~ ! B) is invertible. W

vol. 26, n° 7, 1992



900 R. NZENGWA

THEOREM 3 : We consider the family of operators
AA)=AQA)+BQ1), Ar€[0,1] (1.21)
where each operator A (A) satisfies the conditions of theorem 2 and
1 _
1B <o Y= sup ot

14 (A, x,y)€ [0, 11 x B(xp, yp. P)

Then A(A) is an isomorphism between X xY and Y xY for each
Ae[0,1]. W

THEOREM 4 : Let the operator A(A, x,y) = A(A, x, y) + B(A, x, y) satis-
fy the conditions of theorem 3, in the ball B(xy, p;) X B(yy, p,) for each
A € [0, 1]. Then the solution to the differential equation

dX

In =AM, X)) (F(A, X)) (1.23)
X(0) = X, (1.24)
X = (x, y) (1.25)

is defined for all A € [0, 11if f(A, X) # 0, locally Lipschitz-continuous and
If O, X <py~ o1 p2), £ =min (py, p3). (1.26)

Proof : We consider the autonomous differentiai equation associated to
(1.23)-(1.25)

dx

- = A, X)L (A, X)) 1.27)
da
= = 1 (1.28)
X0)=X,, A0)=0. (1.29)
The vector field
VA, X)=AQA, XY F@R, X)) 1) (1.30)

is Lipschitz-continuous in the ball B(xg, p) X B(yg, £2) x [0, 1]. The
existence and uniqueness of a maximal solution of the differential equation
for 0 < A =< A, is classical (see [9]). But one deduces from (1.26) that

XA 4) — Xo|| <o (1.31)

and consequently a maximal solution is global, therefore defined for all
OsA=sl W

M? AN Modélisation mathématique et Analyse numérique
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We now consider the equation (1.3) and suppose the operator G satisfies in
a neighborhood of x; the conditions of theorem 1. Then there exists a ball
B (xy, pg) in which G'(x) is an isomorphism for each x. We suppose F is
twice differentiable and has all its derivatives bounded in this ball.

THEOREM 5 : Let G satisfy the hypotheses of theorem 1 in the ball
B(x07 pl), i'e‘,

sup |G &x) M = v, 1.32)

x€B(xp 1)

and
G(x)=0. (1.33)
Let B,(x) = F'(x) be such that

B = sup |[B&) (1.34)
x€ B(xg, py)
and
1
. 1.35
B < 7, w1 ( )
Let
G’ (x) _,\1] _ [0 0]
A= , B= , 1.36
[0 -1 B, 0 (1.36)
a = sup |A='B| (1.37)
x€B(xy p1) A €[0,1]
and
. 1-
py= sup ||F x)| <min (pl, plu—“) . (1.38)
xEE(xo,pl) Ypl

Then there exists a curve x(A), 0 < A < 1 such that
G(x(1)) =F (x(1)) (1.39)
and x(1) is the fixed point.

Proof : It comes from theorem 1 that A is invertible in the ball
B(xy, p;) for A € [0, 1] and one has

sup A= < v, +1. (1.40)

XEE(XO, P A€el0,1]

vol. 26, n° 7, 1992



902 R. NZENGWA
Then using (1.35) we deduce that A = A + B is invertible and

Y

sup "3‘1” < (1.41)
- l—a
x€B(xg p1). A €[0,1]
We can therefore consider the solution of the differential equation
dX _ a-1 y -
- (A,X)(O) . O=A=<1 (1.42)
X= (@Y, X(0)= (xp F(x)), (1.43)

which is well defined in [0, 1] x B(xy, p;) X B(yy, ) and has a global
solution because of (1.38) according to theorems 3, and 4. Then one has

ax ) B
Al &) () - GO Y (9): ase
dy | TN T _dy o/r ™
da dx  da
consequently
d
ax G —2aya) =0, (1.45)
d
g Fx@)=-y@)) =0. (1.46)
Therefore for each A in [0, 1] one has
G(x(A))—Ay(A)=Gx(0))=0, (1.47)
F(x(A)-y@r) =0, (1.48)
and finally
Gx(1)=y(1)=Fx(1)). = (1.49)

We can therefore approximate the point ¥ = x(1) by applying Euler’s
method on the differential equation (1.42)-(1.43). The fixed point x is
approximated by an N-step incremental method as follows : let there be given
a regular partition

0=2%<2'c...cAV_1

of the interval [0, 1], i.e.,

1
A"+1—A"=—, .
N (1.50)

M2 AN Modélisation mathématique et Analyse numérique
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We let

X =x, and Y’ =y,,

then assuming x” and y” known, we solve the linear problem

— n axn 1 (yn)
A(A : n, n - —
A%ty )(5y"> ~ {0

and compute the (n + 1)-st approximate term x"*!, y"*1 by
Lo x g sxt, Yt =y syt
The approximate fixed point is
o=,

One has

- = C
Ix- 1<%

903

(1.51)

(1.52)

(1.53)

(1.54)

(1.55)

for a certain constant C. Therefore we only have to compute N successive

. S 1 .
linearizations to have a 0 ( ]v ) error estimate.

We shall apply this approach to the live load traction boundary-value

problem in nonlinear elasticity.

2. THE PURE TRACTION BOUNDARY VALUE PROBLEM WITH LIVE LOAD

The problem is described by the equations :

—divT =b(¢) in £,

Tv =7(¢) on I,
detV¢ =0 in £,

Tx)=a(x Vo x)),
a:(x,F)e 2 x M* > M3

and

J b(‘é)+j 7(¢)=0.
) r

2.1)

(2.2)
(2.3)

(2.4)
(2.5)

(2.6)

In the above equations we assume the following hypotheses on the datas as in

{191,

vol. 26, n° 7, 1992
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e The constitutive law of the first Piola-Kirchhoff tensor T, defined by
a: 2 xM? 5> M?isof classC®, 2.7
® the principe of material frame indifference is satisfied i.e.
a(QF ) = Qa(F), for Qin O} , (2.8)
® the reference configuration is a natural state, i.e.
ad)=0, 2.9)
e Jetting C = 84a(l), there exists a real number B =0 such that
Coue equ=PBe, ey (2.10)
where ¢ = (e,,) is a symmetric matrix. B
In hypotheses (2.8)-(2.10) we have volontarily omitted the dependence on

x. From these hypotheses we deduce that the equations (2.1)-(2.6) are
equivalent to solving in a neighborhood of id the equation

8(¢)=L(¢) (2.11)
where the nonlinear operators @ and [ are defined by

g:¢ €W 2P L (—dva(., Vé(.)),

(2.12)
a(.,Vo(.)Nv)el

L:igeWr+sP , (b(¢), (¢ €L (2.13)

for some integer m = 0 and real number p = 3. The above spaces have been
defined in the notations. The nonlinear operator § is a well defined
C® mapping because of hypothesis (2.7) and all its derivatives are bounded
[13], [26]. We deduce from (2.8) that

0(Q¢)=00(¢) (2.14)
and from (2.9) that

g@id)=0. (2.15)

In order to eliminate indeterminations due to rigid body motions we restrict
the operator to the set C .. We therefore consider the second operator

§:0€Cyn—0(p)el (2.16)

M2 AN Modélisation mathématique et Analyse numénique
Mathematical Modelling and Numencal Analysis



INCREMENTAL METHOD IN NONLINEAR ELASTICITY 905

whose derivative at id is

9'(d):veCyn— (—-divCe @), Ce @r)eLl, (217
2,)=@, ,+7v,,). (2.18)

It is a classical result in linear elasticity, because of the strong ellipticity
(2.10) [24], [6] that é’(igi) is an isomorphism between C and L, and

consequently in a neighborhood of i d the image of 6 is a C® submanifold N
in L [12], [6]. This submanifold is in fact the graph of the function

sym

G:l,eUcL,~M{m 4} (,)e Skew, (2.19)

where U is a neighborhood of Q in L,, say a ball B(O, p,) for simplicity, IT
and 11, are the canonical projections of L onto Skew and L, respectively [19].
One also has

G@Q)=0 and G'(Q)=0. (2.20)
It is clear that there exists a neighborhood B (id, p() of id in C i, in which
the operator
=1, 9 (2.21)
is a diffeomorphism.
Let [ lies in N, then
e =6, L =1I,1 (2.22)
satisfies
8(e)=1 (2.23)

and is therefore the solution to the pure traction boundary-value problem with
the dead load /.

Let us recall the following definition. A load [ in L, is without axis of
equilibrium if the following equivalent conditions are satisfied

det (k(L)—trk(I)I)#0 (2.24)
or the mapping
w € Skew — k(L)w + wk(l) € Skew (2.25)
is an isomorphism.

vol. 26, n° 7, 1992
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This equivalence has been established in [6]. Let [ = [(id)e U c L, be
without axis of equilibrium, the following results have been proved in [6],
[19]:

there exists a neighborhood of Iy, Oy < U = B(0, B) in which for each
load | € Oy there exists a unique rotation Q in a neighborhood V; of I in
O3 such that Q1 € N. The rotation Q is the value at the point 1 of the implicit
equation

H@A,QA), D=0, 0=sA=<1, Q0)=I (2.26)
H:(A,0,1)e[0,1]x 0% xLeaHQL—AlG(AHeQL)eSkeW. 2.27)
Letting

OQ=expw, Q€V,; and weV, (2.28)

where V = B(0, a ) is a neighborhood of the matrix 0 in skew, the implicit
equation is defined by the function

HQA, , [)=H(\,expw, 1), (2.29)
which is such that
-g% (A, w, L) is an isomorphism for
A, w,1)e[0,11xVyx0Oy. (2.30)

Therefore for each load [ € O, there exists a rotation Q (I) = exp w(1) such
that Q(I) / € N, where w (A) is the solution of the implicit equation

HQA, w(A),1)=0, O0=sar=<l, w(©0)=0. (2.31)
A solution to the traction problem then satisfies the equation
8.(p)=M,expw(1)] (2.32)
or equivalently
§(e)=expw(l)L. (2.33)

In [19], the rotation Q = exp w(l) and the solution ¢ were computed
separately by applying incremental methods on the implicit equation (2.31)
and next to a differential equation equivalent to (2.32) in which the rotation
Q = exp w(1l) was replaced by its approximated value.

M2 AN Modélisation mathématique et Analyse numérique
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In the present approach we consider simultaneously the equation

HM,w,1)=0, (2.39)
8.(p(A))— Al expw(A)L =0, (2.35)
w(0)=0, ¢0)=id, O0=sAi=1l. (2.36)

For a live load [ we consider the equations

HA,wrA), L(A) =0 (2.37)

.(p (1)) — A, expw(A)L(L) =0 (2.38)

Lg(A))—expw(A)L(A) =0 (2.39)
w(0)=0, L(0)=1y=L(id),

<£(0)=i4, OsAaAs=<1. (2.40)

It is clear from (2.14), (2.15), (2.32) and (2.33) that if a curve (w(A),
¢(A), L(A)), 0= A <1 is the solution of the equation (2.37)-(2.40), then
necessary ¢ (1) is a solution of the problem

1Dy

()= L(e). (2.41)

In order to prove the existence of an integral curve to (2.37)-(2.40) we
assume the following hypotheses on the loading operator [.

We assume that the loading operator I is at least C' with 1’ Lipschitz-
continuous in B(id, py) and 1y = 1(id) is a load in O, without axis of
equilibrium.

If an integral curve (w(A), ¢ (1), L(A))existsforO < A < A, thenitis at
least C' and satisfies the equations

oH 0H dw oH dl

oA owax Taldx - (2.42)

Q

o ¢ , adw
Qe(‘f)d—/\—ﬂeexpr(A)—Aexp wd—/\L(/\)—
dl
——AHeexpw—a-i-=Q (2.43)
de dw dl

(@) — — exp’ W — - — =0 2.44
L(‘f)d/\ exp wd/\L(/\) expw -+ =0 (2.44)
w(0)=0, ¢@0)=id, LO)=1L,. (2.45)

vol. 26, n® 7, 1992
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Using (2.20), we consider a second order Taylor expansion of H,

H(A,w, )= Iexpwl —%G"(O)(He expwlY? + A2T(w, L) (2.46)

and define
ﬁ(/\,w,go) 0 ITexpw
ow ~
AQA, X) = 0 8.(¢) ~AIlexpw (2.47)
0 0 —expw
B(A,X)=
A2aT
0 0 —AG"(0)(1,expwl, Heexpw(.))+-—al—(w, D
=|—Aexp w(.)l 0 0 (2.48)
—exp'w(.)! r 0
_%H
oA
F(A,X)=| - expwl (2.49)
0
\ /
where
X=(w ¢ 1) (2.50)

The operator A, B and F are defined in V§ x B(id, pg) X Oy Let us recall
that in this domain % , ée and expw are all isomorphisms for each

A e [0,1]. It is easy to conclude that A(A, X) is invertible for all
(A, X)e [0, 1] x Vyx B(id, py) x Og, Vo= B(0, a), Oy = B(ly, B'). Let

y(a, po, B') = sup A~ L ). (2.51)
(A, X)e [0, 11x Vo x Bd, pg) x O

There exists a constant C such that
1B, X[ =C|ILIl + |IL"] (2.52)
and
IF o, Xl <C L] - 2.53)
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We can choose the neighborhood U = B(0, 8), (Oy = B(lg, B') = U ) such
that

ClLl <CB <py~Na, po, B,
P = mm (ay pO! .B') (2’54)

We assume the loading operator is such that
CB+ L' <y a,pyp B"). (2.55)

It is clear that F(A, X)# 0 in B(0, a) x B(id, pg) X B(ly, B').
We can now prove the existence of a solution to the pure traction
boundary-value problem with a live load.

THEOREM 6 : Under the additional hypotheses (2.54) and (2.55), the pure
traction boundary-value problem (2.11) has at least one solution.

Proof : 1t suffices to prove the existence of an integral curve defined in

[0, 1] for equations (2.37)-(2.40) or equivalently a solution to the differential
equation

{A(/\,X)+B(/\,X)]%=F(/\,X), (2.56)
X(0)= (0, id, Ly).

The operator A(A, X) and B (A, X) satisfy the conditions of theorems 3 and
4. We also deduce from (2.54)-(2.55) that the operator F (A, X) satisfies the
condition in theorem 4.

Consequently the existence of an integral curve in [0, 1] is guaranteed and
equation (2.41) is satisfied. We have thus proved the existence of a solution
of 2.11) in Cy,. W

We can therefore apply Euler’s method to the differential equation

——cg; =AW\, X)'F(A,X), O=s=<1 (2.58)
da

b 2.59
ds 1 ( )

X(0)= w(0), ¢(0), L(0)) = (0, id, Lp), A(0)=0 (2.60)

AA, X)=AA,X)+B(A, X) (2.61)
for A, B and F defined respectively by (2.47), (2.48) and (2.49).
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Let the integer N be the number of steps and x" = (w", ¢V, IV) the N-th
approximate term, then there exists a constant C such that

WY —w @) scliv (2.62)
le" - e <C (2.63)
¥ - LD SCI%' (2.64)

This result is classical.

Remark : Only N linearizations are necessary to obtain a 0< ILV > erTor

estimate. In [19], 2 N3 linearizations were needed when N terms of the
sequence converging to the fixed point were considered. This considerable
gain is due to the fact that the loading operator [ is assumed to be
C'! with a Lipschitz-continuous, [’ unlike in [19] where it was only assumed
to be Lipschitz-continuous.

Practically a second order truncated Taylor expansion

Hy,=IHexpw] — %G"(O)(He exp wl, IT,exp wl) (2.65)

of H is preferable. Indeed unlike H, the expression of H, is deduced from

linear elasticity and can be computed [18], [6]. In this case we still have the
same A (A, X). The expressions of B(A, X) and F (A, X) become simple and

P P PR |5 S L PRy Py ik s asne o~ vl “wra
siili saiisfy the conditions of theorems 3 and 4 which guarantec the cxistence

of an integral curve X,(A) = (W(1), @,(2), [,(1)), O=sA =<1

An N-step incremental method can still be applied to approximate
X,(1). The equivalent equations to (2.42)-(2.45) on the curve X,(A) are

obtained by substituting H,, w,, @, and [, to H, w, ¢, L respectively. By
substracting both sets of equations and by using the mean-value theorem we
deduce easily that there exists a constant C such that

1X2(1) - X ()| < C (7] (2.66)
where

(T1=  sup  |Tow D). 2.67)
w, 1)eVyx 0y

It therefore follows that if 912\’ is the N-th approximate of ¢,(1) and
@ (1) the real solution, then there exists a constant C such that

oY — o) <C L 41 (2.68)
N

hence the smaller is [T], the better is the approximation.
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We can therefore approximate equation (2.11) by an incremental method
applied on equivalent equations to (2.58)-(2.53) obtained from the second
order truncated Taylor expansion H,.

In theorem 6 we proved the existence of a solution in C, to the pure
traction boundary-value problem with live load (2.11). In fact the solution is
also that of a pure traction problem with the dead load [ (¢ (1)). There exists
at least four solutions [6], each being deduced from the other by applying an
appropriate rotation. If we assume as in [20], [23] that the loading operator
1 satisfies the condition

1(Q¢)=0l(¢), Qe0O?}, (2.69)

then we can deduce all the solutions of (2.11) from that of (2.41).
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