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MATHEMATICALMOKUJHGAIHlNUMERICALANALYStS
MOOEUSATION MATHEMATIQUE ET AHAlYSf NÜMÉRIOÜE

(Vol 26, n° 5, 1992, p 557 à 574)

UNIFORM CONVERGENCE OF MIXED INTERPOLATED ELEMENTS
FOR REISSNER-MINDLIN PLATES (*)

by P. PEISKER O and D. BRAESS (2)

Commumcated by P G CIARLET

Abstract — The mixed-interpolated éléments of Bathe and Dvorkin [4] and Bathe, Brezzi,
and Cho [3] are analyzed lt is shown that convergence is uniform in the thickness parameter
when the Mindlm-Reissner plate is treated To this end a discrete analog of the Helmholtz
décomposition of L2 is introduced

Résumé — On considère les éléments de Bathe, Dvorkin [4] et Bathe, Brezzi, Cho [3]
utilisant une interpolation composée pour la plaque de Mindhn-Reissner On démontre que la
convergence est uniforme par rapport au paramètre d'épaisseur La démonstration est basée sur
une décomposition discrète de type Helmholtz

1. INTRODUCTION

When the Mindhn plate is treated by finite éléments, some extra devices
are necessary to get convergence uniformly with respect to the thickness
parameter. In particular, selected reduced intégration or a mixed method
with a penalty term is often applied. In 1986 Brezzi and Fortin [8] showed
that a Helmholtz décomposition of L2 is an efficient tooi in the analysis.
Later Arnold and Falk [1] detected that a discrete version exists for a certain
pairing of f mite éléments.

In the last few years the MITCn éléments (n = 4, 7, 8 and 9) of Bathe and
Dvorkin [4] and Bathe et al. [3] have attracted much attention. The analysis
of these mixed éléments was done for the limit case m which the thickness
parameter t is zero.

In this paper we will extend the analysis to positive thickness. To this end
we will use a discrete Helmholtz décomposition. For this, the décomposition
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558 P. PEISKER, D. BRAESS

cannot be done with the standard operators grad and curl. Instead we will
replace the latter by a discrete operator which will be called curl/,. The
properties of this operator may be derived from the axioms of Brezzi et aL
[5].

Unless otherwise stated we will adopt the notation of the paper just cited.

2. THE PLATE MODEL

The energy functional of the Mindlin-Reissner plate can be written as

±3 ±-O\\2
Q-t3(f, w ) , (2.1)

where 0 = (6l9 02) dénotes the rotation, w the transverse displacement and
t the thickness of the plate. We assume that the plate is clamped so that
0 e \Hl{O)f and w e HQ(O). The terms in (2.1) are the bending energy,
the shear energy and the energy induced by the load t3 ƒ, resp. As usual
( ., . ) refers to the inner product in L2(O) and || . ||s is the norm in the
Sobolev spaces HS{O) and HQ(O). Furthermore the bilinear form a is given
by

12(1
-—- f Wil - v
— v ) Js/ lltJ

where £y(0) = - (9,0, + 9,0,) is the linear strain tensor, E and v are

Young's modulus and Poisson's ratio, resp. By Korn's inequality, a is an
inner product on [H^if})]2 that is equivalent to the usual one.

In the numerical solution the Sobolev spaces are replaced by finite
element subspaces 0h ci [H^H)]2 and Wh<=Hl{O), where h is a mesh
parameter. Furthermore, often some reduced intégration is used when
evaluating the shear energy in order to prevent the scheme from locking.
For that purpose a linear réduction operator

is introduced in [5]. It makes the shear terms belong to a third finite element
space Fh. The discretized problem then has the form

\ \-R0h\\l~(f,wh)^ min ! (2.2)

Obviously, after adjusting the thickness parameter we may assume that
A = 1.
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MIXED INTERPOLATED ELEMENTS FOR REISSNER-MINDLIN PLATES 559

An essential step in the development of stable éléments for the
discretization of (2.1 ) was done when Brezzi and Fortin [8] used a
Helmholtz décomposition to represent the Mindlin-Reissner plate model as
two Poisson équations and one Stokes-like problem. Let

y :=r2(Vw - 6)

dénote the shear strain vector. Then the solution of the variational problem
associated to (2.1) satisfies

a(6, * ) + ( y , Vv-$)= (ƒ,1?) V ^ G [

( V w - S, V)~t2(y, 77) = 0 Vr? G L 2 ( / 2 ) 2 . ( 2 . 3 )

Using the Helmholtz Theorem [13]

[L2(/2)]2 = Vif<5(.0) © curl (Hl(n)/R)

the shear strains y and 17 are decomposed as

y = Vr + curl/? and 77 = Vz + curl # . (2.4)

Substituting (2.4) in (2.3) Brezzi and Fortin [8] obtained the following
System of équations for (0, vt>, r, />) e [7/^(i2)]2 x //,J(/2) x Hl(f2)/R :

(Vr, Vi?)= (ƒ ,» ) V» G / / ^ ( / 2 ) (2.5)

fl(^, ̂ ) - (P, rot i/O - (Vr, ̂ ) V^ e [//<5(/2)]2 (2.6a)

- ( rot 6, q)~ t2{c\xx\p, curl ^ ) = 0 V# eHl(n)/U (2,6b)

(Vw, V z ) = (Ö, Vz) + r 2 a , z ) Vz 6 / / 0
1 ( / 2 ) . (2.7)

Note that (2.5) is a simple Poisson équation, which is decoupled from the
other équations. Furthermore, let _L dénote the isometry in two space :
(^y)1- := (y, -x). Then

rot 9 := = div 6± ,
6x 3^

Thus (2.6) is related to a Stokes problem with penalty term ^
Finally, (2.7) is again a Poisson équation.

The Stokes-like problem (2.6) can be written in a more compact form by
introducing the bilinear form

fl(0, * ) - ( p , r o t ^ ) -

- (<y, rot 0 ) - /2(curl /?, curl <y) . (2.8)

vol 26, n° 5, 1992



560 P PEISKER D BRAESS

The following regularity result can be found in [1, 8]

THEOREM 2 1 Let O be a convex polygonal or a smoothly bounded
domain in the plane For any t > 0 and g e [H~l(ü)]2 there is a unique
solution x e [H^(n)f and p e Hl(Ü)m of

A , ( Q s p ) , ( * , ? ) ) = (g, * ) V ( * , ? ) e [H^n)fxH\û)/R (2 9)

Moreover, ifg e [L2(f2 )]2 , then x e [f/2(/3 )]2, p G H2{Ü) and there exists
a constant C independant of t and g, such that

IklU+IM^ + rllPlU'sCllfllI,, (2 10)

The analysis of a special finite element approximation of the scheme (2 2)
was simphfied by the existence of a discrete version of the Helrnholtz
Theorem [1] Although a décomposition is not always given m this strong
sensé, a certain step in this direction was done when Brezzi et al [5]
introduced the following five properties

Assume that besides

Wh d HQ(J2 ) (transverse displacement) ,

&h c [Hl{ft)f (rotations)

two additional spaces

Fh cz //0(rot, 12 ) (shear strains) ,
Qh czL2(ü)/U (pressure)

and a réduction operator

are given such that the following properties hold

P i) VWh c rk, i e the discrete shear

y h =t~2(Vwh-Roh)

belongs to Fh

P2) rot rh^Qh

F3) The pair of spaces (®h, Qh) satisfies the inf-sup condition

A, qh) & °l i m s u p
 H , H H F

with /3 being independent of the mesh size h
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MIXED INTERPOLATED ELEMENTS FOR REISSNER MINDLIN PLATES 561

P 4) Commuting diagram property Let Ph be the L2-projection onto
Qh Then

rot Rv = Ph rot 77 Vrc e [//^ƒ2 )]2 ,

1 e the following diagram commutes

Completeness of décomposition If 5/T e /"^ and rot 5^ = 0 then
S„ e W»

Recall that P3 essentially states that the pair (0h, Qh) is « good » for the
Stokes problem [13], whereas P4 states that the pair (F^9 Qh) is « good »
for the mixed variable formulation of an elliptic second order équation [6, 7,
11, 15]

Brezzi, Bathe and Fortin [5] used these properties for the analysis of the
plate in the limit case t = 0 It is our aim to show that the properties
Px to F 5 also imply convergence which is uniformly good for every
t > 0 To this end we will extend the Helmholtz décomposition to the finite
element spaces

3 THE HELMHOLTZ DECOMPOSITION OF Fh

DEFINITION 3 1 Let the operator

curl, Qh^rh

be defined hy

(curlA qh, v ) = {q^ r— v ) f or ail r, G fh (3 1)

We recail that r A c / / 0 ( r o t , O ), where //0(rot, /2) = {17 e [L 2 ( /2) ] 2 ,
rot 77 G L 2(^2 ), ^ ^ = O o n 6 / 2 } , rbemg the unit tangent vector Therefore,
the functional 77 •-» ( ^ rot 77 ) is well defined and curlA qh is uniquely
determmed by (3 1) — Formally, curl^ is introduced hke a distnbutional
denvative on a fmite dimensional space

THEOREM 3 2 Assume that the properties P l9 P 2 ö/ït/ F 5 /ÏÖ/Ö? Then an
L2-otthogonal décomposition is given by

® curlA GA (3 2)

Proof (1) From Définition 3 1 and Px it foliow s that

VWh © curl, QA e rh

vol 26 rf 5 1992



562 P PEISKER, D BRAESS

Furthermore, given qh e Qh and wh e Wh it follows that

(curlA qh, Vwh) = (qh9 rot Vwh) = 0 .

Therefore, the functions curlA qh and Vwk are L2-orthogonal.
(2) Given yhGFh, let rjk be the L 2-projection onto curl^ Qh. Then

77 A is characterized by

(7h - Vk> c u r l A Qh) = ° f o r a l l qheQh.

From Définition 3.1 we conclude that (rot (yh — VH)> 4h) = ® ^Qh e Q\v
and F 2 implies that

rot (yh-

Therefore, P 5 asserts that yh — -q h e VWA, so that, by construction,
y,, e VWh 0 curl^ Q / r D

Using the décomposition (3.2) we will immediately obtain a représen-
tation of the approximation scheme (2.2), which is analogous to (2.5)-(2.7).
Obviously, when À = 1, the solution of the variational problem (2.2) is
characterized by

= (f9vh) Ve/̂  e 0h9vheWh,

(ywh-R6h, Vh)-t\yh, Vh) =0 VVherh.

Inserting the L 2-orthogonal décompositions

7h = vrh + curl^ ph and 17 h = ̂ zh + curlA qh

into (3.3), and observing that by Définition 3.1 and P4

(curlh qh,R0h)= (qh, rot R6 h) = (qh> Ph rot 0 h) = (qk,mt6h),

we obtain the discrete version of the décomposition (2.5)-(2.7) :

= (f,vh) Vvh eWhi (3.4)

a(0k9

- (rot 6

(Vu

$h) ~

'k> Vzh

-t2

) =

rot if/

(curl^
h) ~ 0
ph, cur

• t2(f,

= 0 V ^A e G*.
(3

(3

•5)

.6)

For abbreviation we introducé the discrete bihnear form

f̂A) - (ph9 rot ̂ A) - (qh9 rot (9 J - ?2(curlAp^, curlA qh) . (3.7)

As a conséquence of property P 3 the following stability estimate for the
discrete Stokes like problem (3.5) is valid, cf. [8, 14].
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MIXED WTERPOLATED ELEMENTS FOR REISSNER-MINDLIN PLATES 563

LEMMA 3.3 (Stability) : Assume that the pair of spaces (@h, Qh) satisfies
P3. Then there exists a positive constant a which is independent of the
parameters t and h, such that for all (0h, qh) e &h x Qh

S U P „ , ,, , H H -ji ; jT > « ( K j + />

(3.8)

We conclude this section with an observation concerning the discrete
operator curlA.

PROPOSITION 3.4 : Let P h and ITh dénote the L2-projection onto
Qh and Fh, resp. Then

curl;; P hp = IIh curl p for all p e H l(f2 ) ,

i.e. the following diagram commutes :

curl

Qh—>rh.

Proof : Given p e Hl(f2 ) and yhe Fh<^ Hö(rot il ) we use Défi-
nition 3.1, F 2 and intégration by parts to obtain

(cmlh Php, yh) = ( / ^ p , rot yh) = (p, rot
= (curl p, yA) = (nh curl p, rA) . D

4. ERROR ANALYSIS

In this section we will dérive abstract error estimâtes assuming the
properties PY to F5 . Specifically, we will establish H ̂ estimâtes on the
rotation vector and the transverse displacement, whereas L2-estimates are
postponed to the next section.

The most difficult part is the dérivation of error bounds for the Stokes-
like problem. Since the discrete bilinear form Af differs from An the
approximation scheme is nonconforming and we have to deal with
consistency errors. We assume throughout the remamder of this paper that
ü is a convex polygon or smoothly bounded domain in the plane, so that the
regularity result of Theorem 2.1 is valid.

vol. 26, ns 5, 1992



564 P. PEISKER, D. BRAESS

Remark 4.1 : Let (x, P) be the unique solution of the Stokes-like
problem (2.9) with t > 0. Setting if/ = 0 in (2.9) we have that

t 2 ( c u r l p , c u r l / ? ) = ( r o t ^ , q ) V q e \

From this we conclude that

t2 rot curlp = rot if/ eL 2 ( / ] )

Specifically,

curl p . r = — = 0 onai2.
dn

(curlp, curl?) = (rot curl p, q) VqeH\f2). (4.1)

Therefore, by a density argument test functions ^eL 2 ( /2) /R are also
permitted in (2.9).

We now present the energy estimate for the Stokes-like problem.

THEOREM 4.2 : Assume that the properties Pl to P5 hold. Let (0, p) and
(®h* Ph) be tne solutions of {2.6) and (3.5), resp. Then the following error
bound

\\P ~ Ph\\
0

inf | | 0 ~ ^ | | 1 + inf \\p -qh\\ç + t\\R curlp- c u r l p
h E @h <ih e Qh

| ( V r , , / e ^ ^ ) | \
S U P rn (4-2)

holds with C being independent of the mesh size h and of the parameter t.

Remark : The first two terms on the right hand side of (4.2) are the
standard terms for the approximation from the subspaces 0h and
Qh. By Remark 4.1, the (nonconforming) différence of A t and A * arises only
from the différence between curl and curl^. This effect is in principle treated
by deriving bounds for

see e.g. the proofs of Strang's lemmas in [10]. The resuit is the third term in
(4.2). Obviously, the fourth term shows that the error in the solution of the
Poisson équation (2.5) is inherited to the Stokes problem. The last term
represent s the additional consistency error induced by the operator R on the
right hand side of (3.5).

M2 AN Modélisation mathématique et Analyse numérique
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MIXED INTERPOLATED ELEMENTS FOR REISSNER-MINDLIN PLATES 565

Proof : (1) Let 9h s 0h be an approximation to 0 satisfying

\e-eh\\= inf H * - * ^ .

Using the relation curl/, Ph p — I7h curl p given in Proposition 3.4, we
conclude that

\\P~Ph\\0 + r||curlp - cm\hPh\\ö

(4.3)

Since ITk is the L 2-projection onto Fh, |[ curl p — IIh curl p ||Q =
inf || curl p — ̂7 ||0 ̂  ||curl/7 - R curl p ||0. Therefore, the first three terms

are bounded by the right hand side of (4.2). Lemma 3.3 ensures that there
exists a pair {xh, qh) e Sh x Qh such that

^ l o ^ l (4.4)
and

-ëh,ph-P„p), (Xh,qh)). (4.5)

Using (3.5) the right hand side of (4.5) can be rewritten as

- ë„,ph-Php), (Xh,1h)) =

= (Vr,„ Rxh)-A?((ëh, Php), (x

= [(Vr, ̂ * ) -A*( (« . P*P). (Af*.

- Vr, ̂ h) + (Vrh, Rxh ~ Xh)
:=Ei+E2 + E3. (4.6)

We will establish bounds for the three terms separately.
(2) First, we treat the most difficult term Ev From Remark 4.1 it follows

that At((0,p), (xh, ft)) = (Vr, *,,). Hence,

El = -A[\{0,Php), Or4,ft))+At((0,p), (xh,qh))
= (Php -p, rot Xh)- 12[(rot c u r l p , qh)~ ( c u r l * ^ A P , c u r l , ,

( 4 . 7 )

vol 26, n° 5, 1992



566 P PEISKER, D BRAESS

Next, the commuting diagram property P 4 and qh e Qh imply that

(rotcurlp, qh) = (Phrot (curl/?), qh) - (rot/? curl/?,
- {RcxxAp, o\xv\hqh) .

Furthermore, by applying Proposition 3.4 we obtain

(curl,, Php9 cuTlhqh) = (TJ^curlp, cvrlhqh) - (curl/?, c u r l ^ ) .

Subtraction of the last two équations yields

(rot curl/?, qh) - (cur\hPhp, curlA qh) =
= (/? curl/? — curl/7, curl;i qh) . (4.8)

Inserting this into (4.7) and recalling the normalization (4.4) we have

H l I o I . (4.9)

(3) A bound for E2 is easily obtained by recalling the définition of
? and the normalization (4.4)

E2 - a(0 - 6h, iffk) - (rot (8 - 0h\ qh)

(4) Finally, we consider the remaining term. Since \\Xh\\i ^ ^ w e n a v e

E3 = (Vrh - Vr, Xh) + (VrAt / ? ^ ^ - Xh)

= (rk - r, div *A) + (VrA, Rxh -

(S7rh,Rif,h-
^ \\rh-r + sup

* 0

Collecting the terms from the estimâtes of El9 E2 and £3, we have a
bound for the right hand side of (4.5) and the proof of the theorem is
complete. D

The following lemma complètes the estimâtes by those for the remaining
variables. The proof is standard and can be found e.g. in [10].

LEMMA 4.3 : Let r, w and rh, wh be the solutions of (2.5), (2.7) and (3.4),
(3.5), resp. Then the following error bounds hold
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Mathematical Modelling and Numencal Analysis



MIXED INTERPOLATED ELEMENTS FOR REISSNER-MINDLIN PLATES 567

- ' * > l l o = inf

inf \\V(w-vh)\\+ \\R0h-6\\0. (4.11)

5. ERROR ANALYSIS CONTINUED : L2 ESTIMATES

We continue our abstract error estimâtes based on the properties
Px to P5 to obtain bounds on the L2-norm of the errors 0 — 6h and
w - wh.

THEOREM 5.1 : Assume that the properties Pl to P5 hold. Let (0, p) and
(0h, ph) be the solutions of'(2.6) and (3.5), resp. Then there exists a constant
C independant of the thickness parameter t and the mesh size h such that

A inf

0 r
geL2(f l)2 110110**6 0

+ ||P - Ph II o + t II C U r l P ~ CUTlh Ph || 0 )

X ( 1 1 ^ - ^ * 1 1 ! + \\{I-Ph)TOtXg\\0+ \\iPg-PhPg)\\0

+ f||curlpg-i?curlpg||0)

+ (Vr,Xh)-(Vrh,RXh)}, (5.1)

where for each g 6 L2(f2)2 the pair (xg, Pg) is the unique solution of the
Stokes-like problem (2.9) and Ph is the L2-projection onto Qh.

Proof : Given g e L2((l )
2, let (x, p ) == (Xg, pg) be the solution of (2.9).

Since 0and 0h are solutions of the mixed problems (2.6) and (3.5), resp., we
obtain

(g, e - eh) = (0, e - eh) - [A,((Ö, P), Q-, P » - (Vr, x)]

? h , ph), (Xh, Php))- (VrA, Rxh)]

+ [(Vr, X-Xh)-At((0,p), (x -Xh, P -PhP))1

+ At{(6,p), (x-X„,P -Php))-AtUx, P), (0h,

+ AÏ«Xh,PhP), (0„,ph))

+ (Vr, Xh) ~ (yrh, Rxh). (5.2)

vol. 26, n° 5, 1992



568 P PEISKER, D BRAESS

Using Remark 4.1 and recalling (2.6) and (2.9), we find that the terms in
brackets in the first two rows on the right hand side of (5.2) vanish. We
separate the r-dependent terms and note that A 0 = A Q :

, e - eh) =A

- t2{ (rot curl/?, p ~Php) - (rot curl p, ph) + (curl,, Ph p, cmlhph)}

^Ex +E2 + E3. (5.3)

Here Et refers to the term of the *-th row on the right hand side of (5.3).
Obviously,

^WX-XHW^ \\P-Php\\o), (5.4)

while E3 is found directly from (5.1).
This leaves the estimate of Ev From Remark 4.1 we know that (2.6b) may

be read as - t2 rot curl p — rot 6, and Theorem 2.1 provides us with an
H ̂ estimate of rot 6. Since P h is a projection, we obtain from (2.6b) with
q = p - Php that

- r 2 ( r o t c u r l / ? , p - P h p ) = ( r o t 6 , p ~ P h p )

= «i-ph)mte,p -Php)

^ \\V-Ph)Tote\\0\\p-Pkp\\0. (5.5)

Next we use (4.8) with p instead of p and ph instead of qh to obtain

(rot curl p, ph) - (curl,, Ph p, curl^ph) =

= (R curl p — curl p, curl^p^)

= (R curl p - curl p, curl^/?^ - curl/?)

+ (i? curl p - curl p, curl/? ) . (5.6)

Furthermore, P4 implies that

((R - I ) curl p, curl/?) = (rot (R - I ) curlp, /?)

= ( (F A - / ) ro t curlp, p)

= ( r o t c u r l p,Php-p). (5.7)

We proceed analogously to (5.5) and use (2.9) with q = p - P hp,
\jj = 0 to obtain

- ?2(rot curlp,/? - P hp) = (rot *,/? - P hp)

= {{I -Ph)rotX,p-P hp)

^ || (ƒ-ƒ>,) rot * | | 0 | |/?-/?/J0. (5.8)
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MIXED INTERPOLATED ELEMENTS FOR REISSNER-MINDLIN PLATES 569

Substituting (5.8) in (5.7) and (5.7) in (5.6) and recalling (5.5) we obtain

E2*(\\ (/ -Ph) rot 0 ||o + \\p -ph\\0 + t\\cuilp - curlApA||0)

x (\\y-Ph)Totxg\\Q+ \\p-Php\\0 + t\\cmlp-Rcurlp\\0). (5.9)

Combining (5.9), (5.4) and (5.3) yields the estimate (5.1). •
The L2-estimate for the displacement error is standard, see e.g. [10,

p. 203].

THEOREM 5.2 : Let w and wh dénote the solutions of (2.7) and (3.6), resp.
Then

||w-wj *= sup l ï - F inf
il 9 IIgeL2(û) il 9 II o €heWh

1 1 ^ - f A l l ^ \(B-R6h9 Vfh)\] , (5.10)

wherefor each g G L2{^) the function £g e H'Q(/2 ) is the unique solution of
the variational problem

„ Vi>)= (g,v) y/veH^O).

6. APPLICATIONS

Numerous examples of finite element spaces satisfying the five properties
P^ to P5 can be found in [5], where a systematic study of the MITCn
éléments is given. We will apply our abstract error estimâtes to those
éléments.

We treat the triangular éléments first. Let 2Th be a regular triangulation
of the convex, polygonal domain ü into triangles T of diameter less than h.

6.1. Triangular éléments of order k ^ 2

For each integer ^ 0 we dénote by P k(T) the space of polynomials of
degree ^ k on T. Let k =s= 2. Then the following system (Wh, ®h,
Qh9 rh, R) satisfies Px to P5 [5] :

Wh-.= { w e T

®h := {^e [Hl
Q(n)f;^\TePk(T)2®Bk+l(T)2

where

vol. 26, n' 5, 1992



570 P PEISKER, D BRAESS

and Aj \ 2 \ z *s m e cubic bubble function on T vanishing on bT ;

Qh .= {qeL2(n)/R;q\TGPk_l(T) VT e ST h) ;

rh := {y ei/0(rot, / 2 ) ; y ^ e r t r * . ! VT

where

is a rotated Raviart-Thomas-space of order k — 1 [15], Furthermore, the
operator /? is defined by

[ ( y — Ry) rpk_ l ds = 0 f o r e a c h e d g e e emdp k_l e P k_ l(e), ( 6 . 1 )

(y ~Ry)pk_2dx = 0 for each T e ^ A andp*_2 sPk__2(T) , (6.2)

where r dénotes the unit tangent vector. In particular, the estimate

\\v — Rv ||0 =£ c/zs|| r) \\s , 1 ^ 5 ^ ^ : (6.3)

can be found in [15].
We will use the orthogonality relation (6.2) in the dérivation of the error

estimâtes. For this purpose we dénote by ITk_2 the L2-projection onto the
space of piecewise polynomials of order k — 2. Moreover, we recali that a
piecewise polynomial y = (yY, y2) belongs to H0(rot £2 ) if and only if
y . T is continuons at the interelement boundaries and vanishes on
9/2 [15].

An important element of this class is the MITC7 element, which is
obtained for k = 2. If k s= 4, then the pairs with polynomials of order k for
the velocities and k — 1 for the pressure are stable éléments for the Stokes-
problem [13, 16], and the space of bubble functions Bk+l may be dropped in
the définition of 0h. Formally, the définitions can also be extended to

Triangular éléments : MITC6 and MITC7
(• rotation and displacement, O rotation only).
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k = 1. However, in this case some extra devices are necessary to ensure
stability, see e.g. [12].

Now we deduce from the abstract error estimâtes.

THEOREM 6.2 : Consider the éléments of order k^2 defined in 6.1. Then
for l - 0, 1 and 1 =s= s =s= k the following error estimâtes

\\e-eh\\t * c * ' + 1 - ' ( | H | J + 1+ I H , + f|MI, + 1+ lk||1+1_,)

\ \ w - w h \ \ ( ^ c h * + l - e ( \ \ w \ \ s + 1 + \ \ e \ \ s + 1 _ e + \ \ P \ \ S _ (

+ ' H I J + 1 _ , + H , + 1 _<) (6-4)
hold with c being independant of t and h.

Proof : Let 1 ̂  s =s= k. The estimate for the solution of the first Poisson
équation is standard [10]

To estimate the last term from (4.2) we note that in each triangle T the
function nk_2(Vr) is orthogonal to if/h — Rif/h. Moreover, (ƒ - ITk_1)(Vr)
may be estimated by standard approximation arguments. Therefore, (6.3)
and (6.5) yield

+h-R*h)\ = \(V(rh-r), ^ -

Irll,. (6.6)

Substituting (6.3), (6.5) and (6.6) in (4.2) and using the well-known
approximation properties of piecewise polynomials of degree =s k, we have

h l + | | r | | s ) , l*s*k. (6.7)

This gives the estimate as stated in (6.4a) with f = 1.
Next we apply the abstract error estimate (5.1) to dérive an L2-estimate of

the rotation vector. Let Xh be the || . l^-nearest element to xg in

11*9 - *A!II = l i m \\Xg ~ thWx *
^he ®h

Inserting (6.7), (6.3), and the regularity estimate (2.10) into (5.1) we get

k,Rxh)\ • (6.8)
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To treat the last term we use similar arguments as in the dérivation of (6 6)

yrh,RXh)\ ss \(V(r-rh),Xk)\ + | (VrA, ( / - * )

k - ^Ilo 11**111 + ! ̂ ^ - r > > <7 - R > * * > l
r, (I-R)Xg)\

* c * * + 1 | | / - |Ui \\g\\0, l^s^k. (6.9)

Combining (6.8) and (6.9) yields the estimate as stated in (6.4a) with
f = 0.

Finally, we will establish bounds of the error of the transversal displace-
ment w. First we consider t = 1. From (4.11) ît follows that

Using (6.3) we get

l l * - * ö * l l o a s H V - ^ ) « l l o + | | V - ^ ) ( ö * - « ) | | 0 + l l « - « * l l o
* c ( * ' | | * | | , + * | | 0 - 0 A | | 1 + \\e-eh\\a).

The estimâtes of || 0 — 0h\\^ from (6 4a) may now be apphed to obtain

tins csuindte îxito (ó.ïO) we have ihe esiimate as staied m (6.4b)
for î = L

Now we turn to the case 1 = 0 and recall Theorem 5.2. Given
geL2(&), let £geHo(n) dénote the solution of (5.11). By standard
results on conforming methods there is a Çh G Wh such that

We combine this fact with the defmmg équations (6 2) and (6 3) for R Also
we may use the bounds of || 6 - 6h \\ from (6 4a) to obtain

= \{O-R0, V{ih-£„))+{»-R0, VÇg)+ {R(0-9h),Hh)\
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|0 ( h \ \ e - R 0 \\0 + h \ \ e - e h \ \ x + \\e - e„\\0)

I + | | r | | I + 1 ) . (6.11)

Inserting (6.11) into (5.10) complètes the proof. D
According to Theorem 6.2 the finite éléments defined in 6.1 provide an

approximation scheme of arbitrary order of accuracy uniformly in a fixed
range 0 =s= t =s C. In particular, the limit case t = 0, i.e. the Kirchhoff plate
model, is included.

Even if the boundary and the load ƒ are smooth, due to the boundary
layer in case t r> 0 neither || 6 || 3 nor ||p || 2 may be bounded independently of
the thickness parameter [1, 8]. Therefore a high order approximation is not
always advantageous. For this reason the following MITC6 element also
seems to be attractive : Choose &h and Wh such that each contains
continuous piecewise quadratics and combine these two spaces with a
pièce wise constant pressure space Qh and Fh.= {y e 7/0(rot, O ) ; y\T

linear VT}. The latter is the rotated Brezzi-Douglas-Marini space of lowest
order [7]. The operator R is defined by

(y — Ry) Ptds = 0 for each edge e of T , p l e P x(e) ,

i.e. the tensorial component is interpolated at the two GauB points of each
edge. Here, the Stokes-like problem is discretized using the P2-P(r

element. Therefore, only k = 1 holds in (6.4a). On the other hand, the
displacement error estimate (6Ab) holds with Î = 1 and k = 2.

PROPOSITION 6.3 : Let (6h, wh) be the solution of (2.2) for the MITC6-
element. Assume in addition to (2.10) that the solution w of the Poisson
équation (2.7) is H3-regular. Then the following error estimate

• • -M.—VI.

is valid.

Furthermore, in [5] rectangular éléments are also presented. In particular,
the MITC4 and the MITC9 rectangular éléments are described in detail [2,
3, 4]. The analysis of the MITC9-element foliows the same lines as in the
proof of Theorem 6.2 and the error estimate (6.4) holds with k = 2.

After completing this manuscript we have heard that Brezzi and Stenberg
are preparing a similar theory and that in a forthcoming book by Brezzi and
Fortin [17] also some equivalent ideas can be found.
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