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NUMERÏCAL SOLUTION OF SECOND-ORDER ELLIPTIC EQUATIONS
ON PLANE DOMAINS (*)

Lutz ANGERMANN (l)

Commimicated by P. G. CIARLET

Abstract. — The paper présents a gênerai discretization method for convective diffusion
équations. The schemes are hased on an intégral formula and have the following advantages :

1. They are effective particularly in the case when convection is dominated ;
2. Solutions obtained by them satisfy a discrete conservation law ;
3. A discrete maximum principle is valid.

We show that the fïnite element solution converges to the exact one with the rate
O(h) in H\D).

Résumé. — On propose une méthode générale de discrétisation pour la solution numérique
des équations de diffusion avec convection. Les règles pour la discrétisation sont basées sur les
formules d'intégration pour les champs et possèdent les avantages suivants :

1. Elles restent efficaces aussi dans le cas de la dominance du terme de convection ;
2. pour les solutions obtenues on peut vérifier une loi de conservation discrète ;
3. on obtient également un principe du maximum discret.

On démontre la convergence de la solution des éléments finis vers la solution exacte avec la
vitesse O (h) concernant la norme en H1.

INTRODUCTION

Let us consider the following convective diffusion équation

- àu + b .Vu + eu = f (1)

in some polygonal domain D, where h is a R2-valued function and
c, ƒ are real-valued functions. Throughout this paper we assume the validity
of the condition

(Al) c(jc)-^VJ(x)^flo>O onD.

(*) Received December 1988, revised August 1989.
(*) Technische Universitât Dresden, Abt. Mathematik, MommsenstraBe 13, Dresden,

O-8027, Germany.
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170 L ANGERMANN

For the sake of simplicity we suppose Dinchlet boundary conditions to be
fulfilled We note, however, that this is not a principal restriction The
discretization method proposed below can be appked eg to mixed
mhomogeneous boundary conditions, too

The purpose of this paper is to present a conservative discretization
scheme preserving coercivity and monotonicity properties of (1) Especially,
the scheme is effective even in the case when the convection is dominated
and it gives a nonnegative solution when the source term is nonnegative

CONSTRUCTION OF THE DISCRETIZATION

Our scheme is based on the so-called control région method which has
been theoretically investigated m the case of elhptic équations in the
divergence form

-V. (kVu) + cu=f,

see e g [3, 5, 6]
This type of methods is playing an important role in discretizing

semiconductor device problems [10, 11, 12]
In the sequel, by n we shall dénote the unit outer normal to the boundary

of D (or a subset of D) with positive measure
We first tnangulate D m such a way that for some h0 > 0 the usual

regulanty condition is satisfïed
The triangles T meet only in ent ir e common sides or in vertices Each

triangle coniams a cv de of rooms ^ h and /v contained in a cirde of radius
c2 h, where 0 <: h =s /z 0 is the mesh parameter and the constants cx, c2 > 0 do
not depend on T and h

It is wellknown that the condition last mentioned is equivalent to Zlamal's
« minimum angle condition », ie it is assumed the existence of some
number OQ > 0 such that all mterior angles of the triangles are not less than

Moreover we suppose this triangulation to satisfy the so-called inverse
assumption (see [14]) and the followmg condition

(A2) There exists a number a.x wit h 0 -< OL1 < TT/2 - a0 such that each
angle is either not greater than TT/2 - OLX or equal to ir/2

The meamng of this condition will become clear later Now we define the
fmite-dimensional subspace X% of

y°= {veHx(D) v = 0onbD}

Xl = [vh e Y° vh is lmear on each T)
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 171

By vhl we shaii dénote the value of vh at the nodal point xr For the set of
indices of the nodes lying in D we shall use the notation V. Finally, let
Vt contain the indices of ail nodal points adjacent to xt e D.

Before formulating completely the discrete scheme we give a motivation
of the proposed construction. We consider for ail i G V the corresponding
control régions (Dirichlet domains) Dt = {x e D : dist (x, xt) < dis? (x, x,)
for ail nodes Xj e D, j =£ i}. In view of the relation

b.Vu^V. (bu)- (V .b)u,

after mtegrating (1) over Dt we obtain

- f n . [Vu - bu ] ds - \ [V . b - c] udx = \ f dx ,

With BtJ = dDt H bDj it follows

- y | n . [Vu - bu ] ds - j [V . b - c ] u dx - j f dx . (2)

At this place, the control région method applied to elliptic équations in
the divergent form is continued with replacing the term k(n. Vu ) to be
integrated over Bl} by a constant. In practice, this means that instead of
k(n.Vu) the corresponding différence quotient k(xlJ) (uhj — uhl)ldl} is
taken, where xtJ is the midpoint of the straight-line segment between
Xj and xx and dl} dénotes the length of this segment.

In our case we shall use the idea, too.
Therefore we replace the first integrand in (2) by constants, i.e.

- n . [Vu - bu ] « StJ .

Then we can attempt to seek for a function wh being the solution of the
corresponding differential équation on the straight-line segment between
x, and Xj. With x = yn, y e R1, we have

_dw^+ (n b)wh_ s

As a rule, this équation cannot be solved analytically for arbitrary b. Since
the approximation of the second term in (2) containing V . b is usually
performed by means of

| (V.b)udx**u(xl)\ (n.b)ds

= «(̂ i) I f (n.b)ds~u(xl) £ NtJml3i

vol 25, n° 2, 1991



172 L ANGERMANN

where NtJ is some constant and ml} is the length of BtJ (see [13]), it is
reasonable to approximate the coefficient n . b in the same way, i.e. we set
n.b^N y. Then we look for a function wh satisfying the differential
équation

dwh ^T i7 n

dy 1J lJ *

Obviously, the gênerai solution of this équation is

In this représentation we have two unknowns : Cl} and StJ. Demanding
wH(y(xl)) = uhl and wh(y(Xj)) — uhp where uhl and uhj are the values of the
final approximate solution uh at xt and x] respectively, we obtain a linear
System of algebraic équations to détermine Cl} and StJ :

It is clear that for different yt and y} this system always admits a unique
solution.

Thus we get

«Ai " uhj „ Uhj eNljh ~ Uhi eN'J>J

lJ
 e

Nljyi-eNtjyj' lJ eNt>yi-eN"y> '

Now \ve can replace the intégral over BtJ by Stj mtj In view of

we get

1 — £ J J

We note hère that the procedure described above for obtaining a suitable
approximation of the term

r
n . [Vu — bu] ds

can be interpreted in various ways. One of these approaches is the
application of the idea of exact schemes in connection with appropriate
quadrature rules for the occurring intégrais, see e.g. [10, 14].

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelhng and Numencal Analysis



SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 173

The discretization of the remaining ternis

eu dx and ƒ dx

J Dt JDt

will be performed via lumping-technique, i.e. we take

f f r
cudx^clulml and fdx^flml9

where ml dénotes the area of Dr Thus we obtain a System of discrete
équations

X {1 - [1 - r(NtJ dtJ)] NtJ dtJ) {uhl - uh]) mjd^ +

+ Ci Uh mi =fi*ni> i eV ,

with r(z) = 1 ——— and B(z) =
ez~\

Multiplying the i-th équation by an arbitrary number vhl and adding ail
these expressions, this System can be rewritten as follows :

The unknown function uh e X\ satisfîes the variational equality

*/(«*, vh) = (ƒ, i?A)/ for all vh e X°h (3)

where

with
mu

*/(«*, »*) = E Z {1 - [1 - r(J\Tly rf,y)l ̂ V rfy} («fc - «^) 0*. " /
I E K J 6 Vt

 lJ

and

In the following we shall use the notation

We observe that the function r has the following properties :

(PI) r(z) is monotone for all real z ,

(P2) lim r(z) - 0, lim r(z) = 1 ,
Z -* — 0 0 Z - • 0 0

vol 25, n 2, 1991



174 L ANGERMANN

(P3) l + r ( z ) z ^ O
(P4) [1 - r(z) - r ( - z)] z = O ! for all real z .

(P5) [r(z) - I ] z ̂  0

Moreover, the function r is Lipschitz-continuous on the whole real axis.
In view of some practical aspects which will be explained later we shall
formulate this property in a weaker variant :

(P6) r(z) z is Lipschitz-continuous on [R .

As a conséquence of (P3) and (P4) we obtain the relation

(P7) 1 - [ 1 - r(z)] z & 0 for all real z .

Indeed, from (P4) we get

1 - [ l - r ( z ) ] z = l + r ( - z ) ( - z ) > 0 .

Now we examine the properties of scheme (3).

BASIC PROPERTIES OF THE DISCRETIZATION

LEMMA 1 : Let the condition (Al) be satisfied.
Ifb e [W%(D)]2

9 c e W^(D) and if the approximations NtJ are such that

\NtJ\ ^ | | 6 ; [Lœ(BtJ)]
2\\ and N^m^- \ (n.b)ds = 0

JBtJ

jor b linear on Bip then for sufficiently small hö > 0 there exists a constant
K>0 such that for all h e (0, h0] and uh e Xl the relation

ai(uh,uh)^ \uh;H
l(D)\2^K\\uh\\

2
l

holds, where the constant K is independent of h. •

For future référence, we introducé the function

and record the following important property of it.

COROLLARY 1 : The function R satisfies the relation

jor all real z.

max {1, M l **(* )« l + M (4)

M2 AN Modélisation mathématique et Analyse numénque
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 175

Proof : The estimate R(z) 2= 1 follows immediately frorn (P5). The
remaining relations will be proved for nonnegative z only. This is sufficient
in view of R(z) = R(- z).

The left-hand side inequality results from (P7) :

Further we have

because (PI) and (P2) imply r(z) ^ 1. •

Proof of Lemma 1 : At first we décompose è/(w ,̂ uh) into two parts :

with

mij

- {1 - [1 - r(ztJ)] ztJ} uhj] uhl —

and
*) = - 2 £ Z "AI ^ y mv > w h e r e z y = ^ y du '

IEVJEV,

Now, in order to treat the fîrst component è/1^ we use a symmetry
argument.

Namely, changing the succession of summation and taking into considér-
ation the boundary values ofuh, b[1^ can be written in the folio wing manner :

bil\uh9uh)= £ £

«y

Furthermore, replacing i by 7 and, vice versa, j by i, we obtain

vol 25, n° 2, 1991



176 L ANGERMANN

In view of the relations

NtJ = -NJl3 m y = m}l , dtJ - dJt

we have

l 6 V J E Vt

_ { l + [ l _ r ( _ Z y ) ] Z y } M f a ] M / i j ^ .

Together with the original expression of b^ this leads to the représen-
tation

, uh)=l-Yj £ [R(ztJ) ui - {1 - [1 - r(zy)] zy} «fa «,y
i e V j e V,

l { ) } ^

Since i? is an even function, it follows

h, uh) = I j ; J

- {2 + [r(zy) - r ( - ZlJ)] zy} «to M,y] ^

Using (P4), we have

= \ S E i?(

Hence, from Corollary 1 we get

i e V j E Vt

where the last relation is a conséquence of [8 : Lemma 2.3].
Finally we consider the remaining terms

3

X hh
k= 1
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 177

with

jevt

(n.b)ds\,

h dx , 5 3 h = £

The first différence is treated as follows :

= E f ( c f -

; e Vt

f [NtJ-n.b]ds

We dénote by D* the interior of the triangle havmg BtJ as one side and
as the opposite vertex. Then we can write

[NtJ -n .b]ds = meas (BtJ) - n . b]ds

where 7$ is the corresponding face of the référence triangle T+. Now we
can estimate

[NtJ - n . b]ds

*s2 \\b; b ;

Thus the intégral is a linear continuous functional on [W%(T+ )]2 vanishing
for linear functions b. By Bramble-Hilbert's lemma, we obtain

n
y -n. b]ds C\b;

The back-transformation yields

[NtJ - « . E] ds ^C -x

where F+ is the affin-linear map realizing the transformation D* -^ T+.
From [4] we conclude that

L,[NtJ -n. b]ds b;

vol 25, n" 2, 1991



178 L. ANGERMANN

holds. Therefore we have

b; [Wi(D)]2\ £ u2
hlh

2

te V

f^Ch\b; [Wi(D)]2\ H«*||f .

In a similar way one can dérive the estimate

| f .
Summarizing the results and using assumption (Al) we obtain

h)*> \uk;H\D)\2

+ {ao-Ch[\b; [Wl(D)]2\ + \c;Wl(D)\]} \\u.\\].

Now it remains to choose h0 such that for all h e (0, h0] the term in the
braces is positive. •

Remark 1 : It is wellknown that the relation

C \\uh;L2(D)\\ ^ \\uh\\ , uheX°h,

holds [8]. Therefore the functional at is J$f£-coercive. •

From assumption (Al) it follows that the « continuous » problem is
inverse-isotone. Especially, if there is given a nonnegative right-hand side ƒ,
then we obtain a nonnegative solution w, too. The same fact is true for the
discrete problem (3).

Before formulating and proving the corresponding result, we need some
further notations. Let Ih : C (D ) -> Xl dénote the usual interpolation
operator. The symbol u^ we shall understand as the positive part of the
function uh, i.e. u^ = max {0, uh]. The négative part of uh is defined by

LEMMA 2 : For all uh e X\ it holds

Proof : It is easy to see that cl(Ih u^ 1huh) = 0- N o w we consider the

fïrst term bh W e have

b,(Ih ut,Ihuï)= X E {1 - [1 - r{Nl} dtJ)] Nv dtJ} (ui - utfui "^
ieV jeVt

 aij

ie V j eV{ U

M2 AN Modélisation mathématique et Analyse numérique
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Therefore, in view of the property (P7) of r, we obtain

bi(ihuî,ihuj;)*o. m

COROLLARY 2 : Let the assumptions of Lemma 1 be fulfilled. Then the
discrete problem (3) is inverse-isotone. •

Proof : Since the problème is a linear one, it is suffîcient to show that a

nonnegative right-hand side ƒ e C (D) leads to a nonnegative solution

uh e Xl
Let uh 6 Xl be the solution of the problem (3) with a nonnegative right-

hand side ƒ € C{D). Taking the special trial function vh = Ihuj^9 we

obtain :

0 =£ (ƒ, Ih uj; ), = at{uh, Ih uj;)

= at{Ih u^ Ih M/7) - at(Ih M/7, Ihuj;)^- a/(/A M^5 Ih u^ ) .

From Lemma 1 and Remark 1 respectively we conclude that

i.e. Uh = 0, •

Remark 2 : It is wellknown that the inverse isotonocity is an important
part of the suffîcient conditions which imply L^-stability. •

LEMMA 3 : The scheme (3) is conservative. •

Proof : We have to dérive an analogous discrete relation to the identity

[-n.Vu+ (n.b)u]ds~ [V .b-c]udx= f dx . (5 )
dD JD JD

For this aim we consider (3) with the test function vh = ih, where
ih is a function from X% with ih(Xj) = 1 for all j e V. Then we can write

bt{uh9 ih) = bf\uh9 ih) + i/4>(!lA, ih) + bfS\uh9 ih)

with

, ih) = - X E K - «h)m,JJdv ,
teV jeVt

b[5\uh,ih) = - £ uh Y, Nijmij
ieV jmVt

a n d

vol. 25, n 2, 1991



180 L ANGERMANN

At first we consider bj-3\ In contrast to the proof of Lemma 1, here we
must be more attentive to the situation near the boundary. Denoting by Z
the index set of all nodal points lying on dD, we have

- Z Z (M*/ -Uhi)mijidtj-

It is not difflcult to see that the first addend in this représentation
vanishes. The second sum can be rewritten as follows :

For b\A) we get

+ Z S
1 e V j e Vt O Z

Applying again a symmetry argument to b[4]\ as in the proof of Lemma 1,
we observe that in view of (P4)

t ih) = X Z {^Nn dv) uhj + [1 - r(NJt dtJ)] uhl) NJt ml3
1 E v j £ vt n v

= - I I U1 - ' (#„ rf
y)] «* + K^w rf,y) «*} ;v<, «u

i e F ; e K, n V

holds, from which è/41) = 0 follows.
Hence we get the relation

j e Z i e Vj

Taking into considération the remaming terms in (3), we have

I I
j e F IGVJ

V I V \r I V™1 y
^ ^ ,y y , M /K l ^ J l l >

t E F I7 e Fj J 1 e F
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 181

where uhij = r(Nu dtJ) uhi + [1 - r{Ntj d^)} uhj can be regarded as an
approximation of uh on B{J, and this is the desired identity. •

CONVERGENCE IN THE rf-NORM

THEOREM ; Suppose that the assumptions of Lemma 1 are fulfilled and
that ƒ 6 W\(D) with some q>2. Furthermore, let the assumption (A2) be
satisfied and let the « continuous » solution u of (1) belong to Y0 H H2(D).

Then, for sufficiently small hQ>0 the estimate

\\u-uh;H\D)\\ ^Ch

holds, where h e (0, /z0] and C is a constant independent of h. M

Proof : From assumption (Al) it follows that the bilinear form

a(u, v ) = Vu . Vv dx + [b . Vu + eu ] v dx
J D J D

is Z/^-coercive. In particular, it holds

C \\uh - wh ; H\D)\\2 ^ a(uh - whi uh - wh) , (6)

where wh is an arbitrary function from X®. The right-hand side of this
inequality can be treated as follows :

a(uh~ wh,uh- wh)

= a(u - wh, uh - wh) - a{u - uh, uh - wh)
= a(u - wA, uh - wh) + a(uh, uh - wk) - at{uh, uh - wh)

(/> Uh ~

Now we have to consider the expressions

ha - a(uh,vh) -ai(uh,vh)

and

&ƒ= (f,vh)-(f9vh)l9

where we set vh = uh - wh. Making use of the relation

I Vuh .Vvhdx= J] ^ (uhi - uhj) vhi mij/dij
ieV je Vt

vol. 25, n° 2, 1991



182 L ANGERMANN

(see [8 : Lemma 2.3]), the term ba can be represented as foliows .

ba =\ V. (buh)vhdx- £ £ [rl3uhl + (l - rtJ) uhj] NtJ vhl miJ

- [V . b - c ] uh vh dx + £ j I ^-c.mA uhl vhl ,

where rtJ = r(NtJ dtJ).
At first we consider the term

(buh)vhdx- £ £
i€ V ƒ e

bbl= V .

and décompose it additively into the following parts :

bbu = I Z iuh ~ rij uhi - [1 ~ r,j] uhj) NtJ vhl ds ,

8*i2= E I f {n.b-NlJ)uhvlttds,

,3= I f V. (èKA)(»A-»h)<k.80,

Now we start the detailed estimations. For §6n we have, by a symmetry
argument,

86,i = 5 S I
i e V U Z j e Vt

+ [«A - r}l uhj - (1 - r ^ ) MAJ A ŷ, üAy} ds

= \ I Z {["A-^«A. - ( l - r y ) " * ] ^ (
i e K U 2 y e Vt J BtJ

+ (1 - 'y - 0 ') ^y("M ~ Uhj) Vhj) dS -

Since (1 - rl} — rJt) NtJ dtJ - 0, in view of (P4), we obtain

- r y «Ai - ( ! - r y ) « A / ] x

x^v(»to -^A,)dj. (7)

M2 AN Modélisation mathématique et Analyse numérique
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 183

For the sake of sirnplicity in the notation we shall investigate the intégral

J B

Ay Vhij

where uhlJ =uh- rtJ uhl - ( 1 - r i y ) uh]

a n d vhlJ =NtJ(vhl -vkj).

Note that vklJ can also be written as

vhlJ = i V u d y ( n y

Obviously, the point x, and the segment Bt] deflne some triangle

D+ m Dt m such a way that BtJ is one side and xt is the corresponding vertex

(see Lemma 1). A second triangle lying in D} is defined by x} and

Biy We dénote the interior of the union of these two triangles by

D.j.

It is clear that DtJ can be represented in another manner, namely as the

union of two triangles B\^ and D^ having the cornmon vertices

xl and Xj.

Further we set B^k) = BtJ n D$\ k = 1 ; 2. Let us mention that from

assumption (A2) the regularity of the resulting triangulation follows. For

each JD^P we are able to fînd an affin-linear mapping F[^ which transforms

the triangle B[^ onto a référence element T:

By Gip we dénote the restriction of F^ to B&\ i.e. G™ : B^ -> To.

Now we return to the estimation of the intégral over BtJ. We have

uhlJvhlJds = £ uhl]vhlJds

^ ) f u$ v$ ds .

The desired estimate follows from the study of the functional

where we assume temporarily that vh is fixed. Obviously, wj^ can be

vol 25, n° 2, 1991



184 L ANGERMANN

supposed to belong to H2(T) smce it is affin-linear on T. Moreover,
vjff is constant on T. Therefore it holds

|/(û)| «2 ! S ;Lœ(T) I [ \v£]\dS

From Sobolev's imbedding theorem it follows

|/(w)[=sC \\ü;H\T)\\ \v£];L

Hence / is a linear continuous functional on H2(T) with the norm

\\J;(H2(T))*\\^C \\v$;Lx(T)\\.

In addition, we observe that J{u) vanishes for all functions ü being
constant on T, By a modification of the wellknown lemma by Bramble &
Hubert [6] we obtain

\J(u)\ ^C WvjgiLWW {\ü;Hl(T)\2+ \û ; H2{T) | 2 } 1 / 2 .

In view of \ü ; H2(T)\ = 0 it follows

I 7(-TÀk)\ ! «-- C* II «(£) • T ^ T^\ M |-";(fc) • ï j l

Therefore we have

uh vhlJ c
0

3

with 3lF$P = I —— j , where we used the transformation theorem from

[4]. The same book gives the estimate

where h^ dénotes the diameter of D^ and C > 0 is a constant independent
of Dff\ Furthermore it is known that under assumption (A2) the relation

\ - 2
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SECOND-ORDER ELLIPTIC EQUATIONS ON PLANE DOMAINS 185

with a independing of D^ constant C > 0 holds. Hence we obtain

Now we dérive an estimate for the Lrnorrn of vhlJ on D^k) :

Thus we have

f uh vh ds
uhij vhij a s

•/ B.,

« 1,2

= \ ,2

Applying Cauchy's inequality, we get finally

J *

Ay Vhij Ch \\b; \uh;H\DtJ)\ ^ ; ifl(Z>v)

The same inequality applied to |56 n | with bbn from (7) leads to

|ô&n| ^Ch \\b- [Lm(D)}2\\ \uh;H\D)\ \vh;H
l(D)\ .

The next step consists in estimating 8612. We have

4
i E V U 2 ; e K,

In the proof of Lemma 1 (see the estimate of 8, h) we obtained the relation

and from this we conclude that

\bbl2\^Ch2\b;[Wi(D)]2\\\uh;La>(D)\\

vol 25, n 2, 1991
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holds. In view of

K ~vhj\ =dlf\n.Vvh\\

a n d dtJ h ̂  C meas (DlJ)

it follows

|861 2 | ^Ch2\b; [W2
œ(D)]2\ \\uh;Lœ(D)\\ \vh ;

The norm-equivalence theorem (see [4]) implies

\\uh;Lœ(D)\\ ^Ch'l\\uh;L2(D)\\ ,

ï.e. we get

\*bl2\*Ch\b; [Wi(D)]2\ |K;Z.20D)|| \vh;H\D)\ .

The last term SZ>13 can be estimated as follows :

ie V

{ i l [/2
S ||o*-»*,;i2(A)|| f .

where we applied Cauchy's inequality. The term in the braces satisfïes the
relation

{ \vh- vhl ; i2(Z>,)||2} 1/2^ Ch \vh ; H \ D ) \ ,

sec [8], Thus we obtain

| 8 * 1 3 | *Ch\\V. (buh);L2(D)\\ \vh;Hl(D)\,

and therefore it holds

|8Ô,| * CA ||Djk ; / / ' ( / ) ) | | . (8)

The next step consists in estimating the expression

bb2 = f [V . b - c ] uh vh dx - £ ( £ JV„ my - c, « , | iifa »fa

= I (V • 6 ) uh vh dx - £ % NvmtJ uhl vhl
" D ieVjeVt

CUh Vhdx- Y Ct «A, »A, W, = 8*21 -

JZ)
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The terni §&2i
 c a î l ke handled as folio ws :

187

>» = I f
i £ y J D

(V.b)uh(vh~vhl)dx

(V - b ) (uh - uhl ) vhl dx

Now we have (see, e.g. [8])

\vh;H
l(D)\

and

K;L2(D)|| .

Using the same argument as in the proof of Lemma 1, where we estimated

1A, we obtain

| Ô & 2 1 3 | ^ C h \ b ; [Wi(D)]2\ \ \ u h ; L 2 ( D ) \ \ \ \ v h ; L 2 ( D ) \ \ .

Finally we need an estimate for 8Z>22. This is not difficult to achieve :

I8622I = S^221 + Sè222 + 86 223>

where

ieV J Dt

cuh(vh-vh)dx

\vh;H\D)\

and

nii\ = X c(uh-uhl)vhldx

Ch\\c;Lœ(D)\\ \uh;H\D)\ \\vh;L2{D)\\ .

For

8*223= (c-c,)uhlvhldx
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we take the corresponding result for ô2 h
 f r o m t n e proof of Lemma 1 :

\*bm\*Ch\c\Wl(D)\ | | I I A ; L 2 ( D ) | | \\vh ; L2(D)\\ .

Thus we get

|8*2| <Ch\\vh;H\D)\\ .

Now it remains to consider the right-hand side différence 8/ :

(9)

8/= f fvhdx-

The first sum admits the estimation (see [8] again)

i e V J Di

(f-fi)vhdx CA | ƒ ; W (̂Z») | \\vh;L2(D)\\;

for the second one we have

.Ch\f;W\(D)\ \vh;H\D)\ .

Therefore it holds

\°J I =& «-«IJ , "
1 /" r\ \ II (10)

Summarizing the estimâtes (8)-(10) and using the boundedness of a, we obtain
from (6)

\\u-uh;H\D)\\ *= \\u~wh;H\D)\\ + \\uh - wh ; H\D)\\

Since we say may assume uh-wh^ 0, it follows

\\uh-wh;H\D)\\*C[\\u-wh;H
l(D)\\ + h] .

The triangle inequality

\\u-uh; H\D)\\ ^ || u - wh ; Hl(D)\\ + \\uh - wh ; Jï

yields

^ ^ + A ] .
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If we take wh — Ih u, then it is wellknown that the relation

\\u-wh;H
l(D)\\ ^Ch\\u;H2(D)\\

holds. Thus we get

\\u-uh;H\D)\\ ^Ch. M

CONCLUSIVE REMARKS

In the formulation of our theorem we did not attend to the qualitative
dependence of the constant C on the norms | b ; [ W% (D ) ]21 , | c ; W^ (D ) |
and \f;W}

g(D)\ respectively.
However, the interested reader can understand it without serious

difficulties from the detailed proof.
In the theory of singular perturbations of elliptic differential équations

often there are considered problems of the type

- e Aw + è . Vw + eu — f

with 0<£<^ l and \\b\\2 + c2 + f2 = 0(1) for e -• 0. The corresponding
discrete bilinear form af can be constructed in the described way, i.e. we set

*> vh) = bf(uk9 vh) + Cl(uh9 vh),

where

bf(uh9 vh) = £ Y {B - [1 - r(Ntj dtjfs)] NtJ dtj} (uhi - uhj) vhi ̂  .

Then it is convenient to investigate the coercivness of af with respect to
the so-called « s-weighted » norm defïned by

| | u ||2 = s \u ;H\D)\2 + || u ; L2(D)\\2 , ueH \D) .

Requiring the assumption (Al) to be fulfilled and analyzing the proof of
Lemma 1 we conclude that af is coercive and, what is significant, that the
bound h0 does not depend on the parameter s.

All assertions concerning the scheme (3) are proved under the assumption
that the control function r(z) satisfîes the properties (P1)-(P5). The
property (P6) was added for the sake of completeness only.

Now one can ask, of course, whether or not there exist further and, may
be, more simple functions r satisfying the properties mentioned above. Hère
we give some examples of such functions :

vol. 25, n° 2, 1991



190 L. ANGERMANN

r(z)= (J.' Z * ° [2,13,14]10, z<=0,
r(z)='l(l+tanhz), [9]

Z <: — m

(0<m*=8) [1]

( 0 ^ m ^ 2 ) . [1]
z :> m

Heinrich [7] takes the function

o,
z + m
2 m ,

1,

o,
0 .5 ,

1 .

z <

z -

2

: — m

• m

< — m
^ m

> m

l - a ) / 2 , z < 0 ,

where CT = a ( z ) is chosen such that the relation

a(z) ^ a,(z) = max {o, 1 - (1 + ^

holds for some small 6 ^ 0 .
This function satisfïes the properties (P1)-(P7), too.
Let us add that in our situation it is legitimate to permit 8 = 0. Then the

resulting scheme corresponds to the scheme E (« partial upwind ») proposed
in [8].

At this place we notice that the first and the last of these examples,
properly speaking, are the reason for the necessity to formulate the property
(P6) of r exactly in the variant given above.

Finally we want to accentuate that the discretization method and the
results can be extended easily to the three-dimensional case. An application
of the method for two- and three-dimensional domains D to the spatial
discretization of the fundamental équations for the carrier transport in
semiconductors was given in [1].
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