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FINITE ELEMENT SOLUTIONS FOR RADIATION
COOLING PROBLEMS

WITH NONLINEAR BOUNDARY CONDITIONS (*)
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Abstract — We consider a finite element method for the elhptic problem

&u = 0 in Q,

with the nonhnear boundary conditions

- ^ = g(x, u) on T
dv

It is shown that thefinite element solutions converge to the exact solution under some appropriate
hypotheses We also give some results of numencal experiment s in the two dimensional case

Résume — Nous considérons une méthode d'éléments finis pour le problème elliptique

<fu = 0 dans Q,

avec des conditions aux limites non linéaires

— = g(x, u) sur T
ôv

II est montre que les solutions obtenues par éléments finis convergent vers la_solution exactes-ous
des hypotheses convenables On donne des résultats d*expériences numériques dans le cadre bidi-
mensionnel
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462 K. ISHIHARA

1. INTRODUCTION

This paper is concernée with the finite element solutions for the radiation
cooling problem with the nonlinear boundary condition :

££u = 0 in Q,

du , . „ t (1.1)
— = g(x, u) on T . >

Here x = (xu x2,..., xn), Q is a bounded convex domain in the rc-dimensional
Euclidean space IR". The boundary F of Q is assumed so smooth that the
maximum principle for if holds [7, 16] and 5£ is the uniformly elliptic self-
adjoint second order operator :

The coefficients atJ(x) = aJt(x), 1 ^ i, j S n> ao(
x) a r e sufficiently smooth,

tfo(x)^0, xeQ, (1.2)

and for all vectors (yl9..., yn) e Un there exists a positive constant |i0 such
that :

t ^ W y . y ^ H o Eyf , xeQ, (1.3)
i j- i i=i

and ô/dv is the conormal derivative

du A ÔM

where {x1(x),..., xn(x)) is the outer unit normal to T at x
The problem (1.1) arises in the theory of heat transfer between solids and

gases under the nonlinear radiation boundary condition obeying Newtorfs
Law of Cooling (cf. [6, 13, 14] and the références therein). For example, the
« fourth power law » will employ g(x, u) = — w4 + Q(x) with Q(x) > 0 [14].
The unknown function u(x) represents the absolute température distribution
in a solid, so that u(x) is required to be positive. In [6], Cohen established the
uniqueness and existence of the positive solution of (1.1) under the following
assumption.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelhng and Numencal Analysis



SOLUTION FOR RADIATION COOLING 4 6 3

Assumption 1 : The given function g(x, u) satisfies :

(a) g(x, u) is twice continuously differentiable in Q = Q u F for ail u,
(b) g(x, 0) > 0 and g(x, 1) - 0,

00 #«(X u) = ~^~ < 0, in Q for u > 0,

(d) guu(x, u) = —\ < 0, in Cl for u > 0.

In the present paper, we shall study the finite element approximation to
(1.1), based upon piècewise linear polynomials and lumping operator. The
monotone itérative method is considered for solving the nonlinear algebraic
équations associated with the finite element approximatioa Furthermore, we
shall prove that the fmite element solutions converge uniformly to the exact
solution with a certain rate of convergence under some appropriate assump-
tions on discretization. Finally, some numerical results are presented to
indicate the effectiveness of our theorems in the two dimensional case.

For related results on fmite element approximations to the nonlinear pro-
blems with the Dirichlet boundary conditions, we refer to Ishihara [9, 10,
11,12].

Throughout this paper, C, Cls C2,... dénote generic positive constants
independent of the discretization parameter h, which are not necessarily the
same at each occurrence.

2. NOTATION AND FINITE ELEMENT APPROXIMATION

In this section, we shall describe some notations. Let W m'p(Q) be the Sobolev
space which for.any integer m ^ 0 and any number p ^ 1, consists of real-
valued functions which together with their generalized derivatives up to the
m-th order belong to LP(Q). Hère LP(Q) dénotes the space of mesurable func-
tions on Q that are ^-integrable. The norm in Wm'p(Ç£)_i$ given hyi :

VLm) if 1 è P < oo ,
/

if P = °O ,

where p = (pl5..., Pn) is a vector of nonnegative integers,
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464 K. ISHfflARA

\1/P

D*Wx)\*dx) ,
'o /

= ess sup | Dp \|/(x) |.
xeQ

Put :

Recall that we have assumed Q to be a convex domain in R" with smooth
boundary F. As usual, we triangulate Q. in such a way that :

n => u Tq,

where Tq9 \ ^ q ^ J are nondegenerate closed n-simplices whose interiors
are pairwise disjoint and Pt,l ^ i ^ N (or Pt, N + 1 ^ i ^ N + A/) dénote
the vertices of the triangulation which belong to Q (or T). See figure 1. Set :

hq = diameter of Tq , 1 ^ g ^ J ,

A = max h ,

j

Qh = interior of the polyhedral domain U Tq,
q=l

Th = boundary of Qh,

p€ = supremum of the diameter of the inscribed
sphère of Tq, 1 ^ « ^ J .

Remark 1 : Let 0 be the angle between Th and the tangent plane to F at
the point P e F in figure 1. Since F is smooth and since Th is the boundary
of the polyhedral domain Qh, there exist positive constants C1 and C2 such
that [19, 21]

0 g 9 ^ Cx A,

dist (x, F) ^ C2 h
2 , x G Fft.

We say that a family { lSft } of triangulations is regular if there exists a posi-
tive constant c0 independent of the triangulation such that

hq S c0 pq for all Tqs&.
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SOLUTION FOR RADIATION COOLING 465

Figure 1. — Triangulation (n — 2).

Remark 2 : When n — 2, { *Sh } is regular if there exists a constant œ0 satisfing

0 < œ0 S œmin ,

where comin dénotes the smallest angle of all the triangles Tq e Uh.
For an w-simplex Tqe^\ let P™ - Pl9 P[q) = Plx>..., P^ = Pln be its

vertices and let X^q) (x), 0 ^ j ^ n be the barycentric coordinates of a point
xeTq with respect to P^q\ 0 ^j ^ n, respectively. The barycentric subdivi-
sion jBf-ef î^-correspondmg io-Pt which isrthe^ertex~öf T^wiÜFQie bary-
centric coordinate A,^(x) is given by

B?= fi

Then the lumped mass région ^(P) corresponding to Pt is defîned as follows
(see fig. 1) :

^(pt) = \J{B?;Tqe*Gh such that Pt is a vertex of Tq}, 1 S i S N + M.
q

vol. 20, n° 3, 1986



466 K. ISHIHARA

Let <$>hl, §hl, 1 ^ i ^ N + M be the finite element basis such that

and 4>h)l is linear on each Tq e *& ,

1,

for 1 ^ Ï,_7 ̂  N + Af, where ^°(Qh) dénotes the space of continuous fonc-
tions on Qh. Define fmite element spaces as follows :

Xh = É

Yh =

Let ~ be the lumping operator given by

- : ^°(Q) - Xh (or ^°(ÖJ -• Xh),

AT + M _

i = l

It is noted that $h t = c|)ft r Moreover, we define a bilinear form :

We now formulate the finite element approximation to (1.1) in the foliow-
ing way :

Find uheYh such that

^h) + (ao(x) ühi ^ = [gf(x, üh\ {frh]Fh /or a// ^ e 7 * . (2.1

This nonlinear équation is solved by the following hnear itérative method

Find uhk e Yh (k = 1, 2,...) swc/*

. M - I ) eM-i» ^ ] r h / ^ fl// + h e r f c . (2.2)

Here wft 0 = 8 > 0 is a positive constant function, the constant ô being arbi-
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trary. If we seek the solutions uh and uhk in the form :

with L = uh(P,), l ^ j ^ J V + M ,

467

N + M

w i t h

then we have :

N + M

for (2.1), and :

N + M

N + M

Lu ij ^>J,k * i ^>i,k

for (2.2), k = 1,2, . . . . H è r e

hiJ;<t>htI) + ( S 0 ( x )

, N + 1 S i ^ N + M,

^ i g iV,

- i ^ i, j ^ AT +

(2.3)

(2.4)

(2.5)

AT + l ^ f g N + À f , *: = 1, 2 (2.6)

Following Ciarlet [3] and Ciarlet-Raviart [5], we say that ^triangulation 75*
i^rofiïonnëgativTlypëlî its~corrëspondmg matrix A = {At), 1 ̂  f, 7 <; AT + M
defined by (2.5) has the following two properties :

(i) Au > 0, 1 S i S N + M, ^ y ^ 0, / ^ ;, 1 ^ z, j ^ N + M,

N + M

^ ^ 0,

(ii) A is irreducible [22, p. 18], and A = (AtJ), 1 ^ i, j ^ N is irreducibly
diagonally dominant [22, p. 23],
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Remark 3 : In the case where n = 2 and i£ = - A (A : Laplacian), 75* is
of nonnegative type if all the angles of the triangles are less than or equal to
n/2 [5].

In the sequel, we make the following assximptions on the triangulatioa

Assumption 2 : { 7S* } is regular.

Assumption 3 : 75h is of nonnegative type.

3. MONOTONE CONVERGENCE AND ERROR ESTIMATE

In this section, we show the monotone convergence of the itération (2.2),
and obtain the error estimate between the solution u of (1.1) and the solution
uh of (2.1) in the L°°-norm. First, some lemmas are prepared without proofs.

LEMMA 1 [15, p. 103] : jf.n n x n matrix K = (K^) is irreducible ij and only
if for any two distinct indices 1 S U J = n> there exists a séquence of nonzero
éléments of K of the form

LEMMA 2 [22, p. 85] : Let K = (KtJ) be an irreducibly diagonally dominant
n x n matrix with Ku > 0, KtJ ^ 0, i # j , 1 ^ z, j ^ n. Then, the inverse
K " 1 exists andK'1 > 0.

The following lemma is well known.

LEMMA 3 [4, 8, 20] : Let Assumption 2 hold. Then, we have

|| w - Ih w \\L^{ah) S Co || w - Ih w \\wi,P{nh)

SCxh\\w \\W2>HQh), w e W2>\ah), p > n ^ 2 ,

II w - î^v \\LP{Çlh) ^C2h\\w \\wi,PiCïh), w e Wx>p(Qh) , p>n>29

II ^h ~ $H Wu tffc) ̂  C 3 A || X|/ft H^t., ̂  , \|/ft 6 Y \ 1 ^ / < 00 ,

Q II ^ ILP fc) ^ II ^ IILP fc) ^ C 5 II * * «LP M . ** e 7 h , 1 ^ / < 00 .

Here Ih w is the interpolating function of w such that :

N + M

CI5 0 ^ / ^ 5 are positive constants independent of h.

The following result is the trace theorem.

LEMMA 4 [1, p. 114] : Let p' satisfy

1 <p' Sn.
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Then, there exists a positive constant C1 such that

II w IILP-™ è Cx II w \\WuP>(nh), w e W

We now have the foUowing theorem concerning the uniqueness of the
positive solution of (2.1).

THEOREM 1 : Let Assumptions 1 and 3 hold. If the problème A) has a positive
solution, then its solution uh is unique.

Proof : Assume that uh and wh are two positive solutions. Then, from (2.1)
we have :

J f t - ^ U J r h ) (3.1)

for all \|/h e Y\ where :

vh = 8(x) uh + (1 - s(x)) w* > 0 , with 0 < e(x) < 1 .

Put :

N + M

and define the matrix K = (Xu), 1 g i, j ^ N + M by :

Ktt = 4 H + D,, N + l g / ^ W + M ,

j ^ N + M,
where :

Then (3.1) may be written as :

(3.2)

From Assumptions 1 and 3, K is irreducibly diagonally dominant with Kn > 0,
KtJ <; 0, z ̂  7, 1 ^ /, y* 5; iV + M, since Dt > 0. Thus, Lemma 2 leads to
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K"1 > 0. From (3.2), we obtain :

Ci — *'* — CN+M = 0 >

from which follows that :

uh = wh.

Hence, the proof is complete. •

THEOREM 2 : Under Assumptions 1 and 3, the itération (2.2) satisfies

uh>k > 0 , k = 0, 1 , 2 , . . . ,

«11,1 ^ Uh2 ^ •" ^ M M _ i ^ MM ^ M ^ "•

wh ~ lim wh fc w a unique positive solution of (2.1).
fc-x»
: It is clear that uh0 = 5 > 0. Assume that :

By Assumption 1, (2.6) and the resuit of [6, p. 507], we can obtain :

s(k-i) = rg(x> wM_i) - gu(x7 MM-i) uhk_u §h^Yy > 0,

N + 1 S i ^ N + M, (3.3)

Define the matrix K = (Xy), 1 ^ i, 7 g N + M by :

Ku = Au + D^"1*, AT + 1 ^ i g N + M

Then, under Assumptions 1 and 3, K is irreducibly diagonally dominant with
Ku > 0, KtJ S 0, i T* jy 1 ^ 1,7 ^ N + M, since D^"11 > 0. An application
of Lemma 2 leads to K"1 > 0. From (2.4) and (3.3) we have
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0

471

= K 1 > 0.

Therefore, by mathematical induction, we get :

N + M

«M= I i ^ * < t > » J > 0 , A: = 0,1,2,....

On the other hand, from (2.2) it follows that :

,k - uKk-x\ ^h) + ( 2 0 W ( « M - «M-l)' ̂ W

(3.4)

«hffc-2) ~ £«(*> «h.k-lî^h.fc

for ail \ | ^ h e y * , ĉ = 2,3,.... (3.5)

The strict concavity property (d) in Assumption 1 implies that :

Since the coefficient matrix corresponding to uhk — uhk_1 in (3.5) is K, we
have uhk - wM_! ^ 0, k = 2, 3, 4,..., from which follows that :

«h,i ^ wft,2 ^ " • ^ « M - i = "fc,fc = " M + I = "* • ( 3 * 6 )

Also (3.4) and (3.6) imply that there exists a limit function :

N + M

uh= limuhtk= X S A . , ^ 0 , ^ 0 , l ^ i ^ J V + M ,

and from (2.2), its limit function uh satisfies (2.1). This implies that uh ^ 0
is a solution of(2.1).

Next, we show that uh > 0, i.e., %2 > 0, 1 ^j^N + M. Assume that there
exists some r (1 g r ^ JV + M) such that £,r = 0. Since A is irreducible, for
&ny j Ü 7e r, 1 â 7 ^ N + M) there exists a séquence of nonzero éléments
of A of the form { Arll9 Alll2,..., AltJ }, from Lemma 1. From (2.3) and Assump-
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tion 1, it follows that :

NyM ^ t f 0, if

'=* " J " l Wr, 0), *fc>r]rfc > 0, if

This implies that :
N + M

I

Since \r — 0 and ^4ril < 0, we obtain

The same arguments yield :

Since j is arbitrary, we have uh = 0. However, wh = 0 can not be a solution
of (2.1). This is a contradiction. Hence, we have uh > 0. By using Theorem 1,
we conclude that uh > 0 is a unique solution of (2.1). This complètes the
proof. •

We are now in a position to prove the following theorem concerning the
error estimate between u and uh.

THEOREM 3 : Lei Assomptions 1, 2 and 3 hold Let u and uh be the positive
solutions of (1.1) and (2.1), respecüvely. Then, there exists a positive constant
C independent of h and u such that

II « - «j, llx.-(ph) ^ Ch II « I l i r ^ w

provided that u e W2>P(Q), p > n ^ 2.

: Intégration of (1.1) over Qh leads to :

for all ^ G 7 \ (3.7)

where d/ôvh dénotes the conormal derivative on Th. Given a ^ 0, let :

N + M

l
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0 if wh(Pà g a ,

for 1 £i g>N + M. From (2.1) and (3.7), we have :

- g ^

where

uft = e(x) ufc

Define p' by :

A M; wfcia) + (ao(x) w, w ^

— e(x)) Ihu > 0, with 0

(3 •8)

We note that p > n ^ 2, 1 < p' < 2. From Lemmas 3, 4, Assumptions 1, 2,
Remark 1 and Hölder's inequality, the right hand side of (3.8) is estimated
as follows :

- h "; whiŒ) + (ao(x) «, whjhh - (S0(x) 4 ^ ^/,,«k

séh(u - Ihu\ wM) + (ao(x) w - ao{x) Ih u, wh}l

w) - g(jc, M), wh^h 4-

(3.9)

where Cx is a positive constant independent of h.
Therefore, by using (3.8) and (3.9) and by the same arguments as used

in Tabata [20, p. 348] and Ciarlet-Raviart [5], with the aid of (1.2), (1.3), and
Assumption 1, we can obtairj :

«h - h u llL- (3.10)
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where C2 is a positive constant independent of h and u. From Lemma 3 and
(3.10) we have the desired estimate :

\\u~ uh | | L « ( Q h ) S II u - Ih u \\Lm(Qh) + II Ih u - uh | |L . ( n h )

^ Ch\\u\\W2,p(n), p > n ^ 2 ,

where C is a positive constant independent of h and w. Therefore, the proof
is complete. •

Remark 4 : By extending uh to Q\Q f t appropriately, we obtain the following
error estimate :

II « - "h IL-(P) ^ CA II « llpT2.P(n), p > n^2.

For example, as one of the methods of extension, we refer to [20, Remark 1.2].

4. COMPUTATIONAL EXAMPLE

In this section, we present some numerical results in the two dimensional
case to indicate the usefulness of the convergence results obtained in the
preceding section. Let Q be the interior of the unit circle defined by

^ = {(xux2)eM2; x\ + x\ < 1 } .

The boundary of Q is denoted by F. We deal with the following problem.

Problem :

4
— Aw + -= 3 u = 0 , in Q,

x\ + x\ + 1
du 8 /1 .. ^
^ - B ( l - U * ) , on F.

In this case, d/dv dénotes the outward normal derivative on F, and Assump-
tion 1 is satisfied. Hence, the unique positive solution for Problem is given by

u(x1,x2) = £ ( x ? + x\ + 1).

We triangulate Q as shown in figures 2, 3 and 4 (7, 25 and 79 nodes). Thus,
Assumptions 2 and 3 are satisfied, so that Theorems 1, 2 and 3 hold. For the
initial data of the itérative method, we takeX 0 = 1.0. The numerical con-
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vergence cntenon for the itération is employed as follows

475

max
- 1 5< 10

In Table 1, we show the monotone convergence résulte for the itérative method.
Table 2 also gives the fimte element solutions, which mdicate the convergence
to the exact solution as h tends to zero Thus, we can see that these numencal
results demonstrate the vahdity of our theoretical results

Ail computations were performed on the FACOM M-382 computer at
Kyushu Umversity by using double-precision anthmetic which carnes about
15 significant digits Ail data m Tables 1 and 2 were rounded to 5 digits

Figure 2. — 7 nodes (A = 1).

Figure 3. — 25 nodes (h

vol 20, n° 3, 1986
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Figure 4. — 79 nodes ( h

TABLE 1

Monotone convergence for Problem (uh 0 = 1.0)

k

1

2

3

4

5

6

7

Vk<°'0)

7 nodes

0.35563

0.28856

0.27852

0.27835

0.27835

0.27835

0.27835

25 nodes

0.34489

0.26884

0.25726

0.25707

0.25707

0.25707

0.25707

79 nodes

0.34157

0.26380

0.25196

0.25177

0.25177

0.25177

0.25177

Vk(1'°>
7 nodes

0.71126

0.57725

0.55703

0.55669

0.55669

0.55669

0.55669

25 nodes

0.68658

0.53480

0.51175

0.51137

0.51137

0.51137

0.51137

79 nodes

0.68193

0.52647

0.50285

0.50247

0.50247

0.50247

0.50247

TABLE 2

Finite element solutions for Problem

h

1.0000

^ ^ 0 . 5 1 7 6 4

3/J-/ÏÖ

Number
of nodes

7

25

79

Exact

uh(0,0)

0.27835

0.25707

0.25177

0.25000

uh(l,0)

0.55669

0.51137

0.50247

0.50000

Number of itérations
for convergence

7

7

7
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