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MATHEMATICALMOOEOJNGANDNUMERICALAHALYSIS
MOOÉUSATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(vol. 19, n° 1, 1985, p. 65 à 88)

ON THE ORDER OF POINTWISE CONVERGENCE
OF SOME BOUNDARY ELEMENT METHODS.

PART I. OPERATORS OF NEGATIVE AND ZERO ORDER (*)

by R. RANNACHER and W. L. WENDLAND

Communicated by V. THOMÉE

Summary. — The paper deals with the approximate solution of boundary intégral équations and
strongly elliptic pseudodifferential équations by the finite element Galerkin method. For operators
of order 2 a ^ 0 it is shown that the discrete solutions and for the case of some first kind intégral
équations also the traces of the corresponding potentials converge unijormly with almost the same
optimal order as is knownfor their convergence in the mean-square sense. The proof is based on error
estimâtes for discrete Green functions which are derived by using weighted Sobolev norms and Gar-
ding's inequality.

Résumé. — Cet article porte sur la résolution approchée par la méthode d'éléments f mis de Galerkin
adéquations intégrales sur la jrontière, qui sont pseudo-différentielles jortement elliptiques. Pour
des opérateurs d'ordre 2 a ^ 0» on montre que les solutions discrètes et aussi la trace des potentiels
correspondants, pour certaines équations intégrales de première espèce, convergent uniformément.
En outre l'ordre de convergence optimal est presque identique à celui déjà connu pour la convergence
en moyenne quadratique. La démonstration est basée sur des estimations d'erreur pour les jonctions
de Green discrètes qui sont obtenues par utilisation des espaces de Sobolev avec poids et de Vinégalité
de Garding.

1. BOUNDARY INTEGRAL AND INTEGRODIFFERENTIAL EQUATIONS

Let T be a smooth simple closed (n - l)-dimensional surface in R", n = 2
or n = 3. On F, we consider a strongly elliptic boundary integro-differential
équation and corresponding boundary element methods. As a special model
problem we first consider the intégral équations of the first kind,

Vu(x) = f Jn(x - y) u{y) doy + f K(x, y) u(y) doy = ƒ (x), (1.1)

(*) Received in June 1983.
( ' ) Fachbereich Angewandte Mathematik und Informatik Universitât des Saarlands, D-6600

Saarbrücken.
(2) Fachbereich Mathematik Technische Hochschule Darmstadt, D-6100 Darmstadt, Schlop-

gartenstr. 7.
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66 R RANNACHER, W L WENDLAND

where yn(z) = - log | z |, if n = 2, and yn{z) = | z j " 1 , if n = 3, and K(x, y)
is a sufficiently smooth kernel These special intégral équations (1 1) anse m
many applications as m conformai mappmg, viscous flow problems, electro-
statics, acoustics and elasticity m case n = 2 (for références see e g in [10]) and
for n = 3 in electrostaties (see [17], [18]), acoustics (see [1], [31]) and electro-
magnetic waves (see [25])

In many of the applications (1 1) needs to be modifîed by additional unknown
constant quantities and corresponding complementing conditions, or by
lettmg u become an unknown vector valued charge and K(x, y) a matrix
valued kernel Our followmg error analysis also applies to these cases with
only very minor techmcal modifications which we omit here for brevity

Equation (1 1) is a rather special case belonging to the large class of so-called
strongly elliptic boundary mtegro differential équations (or pseudodifferential
équations) which are solved numencally by boundary element methods (for
a bnef survey we refer to [30]) Here V can be wntten as the sum of a strongly
elliptic pseudodifferential operator of order 2 a on F and an additional suffî-
ciently smoothing operator Since for these operators the Galerkm method
converges of optimal order m appropnate Sobolev spaces (see [11], [12], [26])
we shall dérive the pointwise error estimâtes also for the gênerai case containmg
équation (1 1) as a special case

If the gênerai pseudodifferential équation is required to be solved on a
bounded sub-domain of F then m gênerai boundary conditions have to be
associated (see [6], [26]) Equations of this type include the boundary value
problems of strongly elliptic partial differential équations, and the above
mentioned boundary element methods then become the well known domain
finite element methods where pointwise convergence of Galerkm's method
is well estabhshed for the most popular boundary conditions (see [7], [16],
[19], [21], [23], [24]) For the more gênerai pseudodifferential operators, howe-
ver, the boundary conditions introducé new complications Therefore, we
consider only the case of compact surfaces F without boundary here

We dénote by LP(T) and W P(F), 1 ^ p < oo5 r e U, the Lebesgue and
Sobolev spaces on F provided with the usual norms, (., .) and || . || are the
inner product and norm of L2(Q\ respectively, and || . ||r is the norm of the
Hilbert space Hr(T) = W 2(F), r e U For convenience, we shall dénote by c
a genene positive constant which may vary within the context (but will usually
be independent of the mesh-width and of the solution)

As will be mdicated m the Appendix, for sufficiently smooth F and K(x, y\
the operator V given by (1 1) admits the décomposition

V = Vo + V,, (12)
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ORDER OF CONVERGENCE OF SOME BOUNDARY ELEMENTS 67

where Vo is strongly //~1/2(r)-coercive, ie., VQ satisfies the inequality

( ^ o ^ ) ^ Y II ̂  H-i/2 for all veH'^2(r), (1.3)

with a positive constant y, and Vx maps HS(T) continuously into HS + 2(T)

for some appropriate s, in particular, for s = — - and s = 0, ie.,

l l ^ f | | , + 2 < c | | ü | | s . (1.4)

Then, with the compact embedding HS"2(T) -> HS + 1(T) and (1.4), F is a
Fredholm operator of index zero from H' 1/2(F) into H1/2(T). We shall further
require that the solution of (1.1) is unique which implies the unique solva-
bility of (1.1) with u e HS(T) for any ƒ € HS + 1(T) and the a priori estünate

II M IL ̂ c || ƒ ||s+1. ( 1 . 5 )

Equation (1.1) is a special case of a strongly elliptic équation,

Au = ƒ on T} (1.6)

where A is a strongly elliptic pseudodifferential operator of order 2 a e M on r.
The latter means that A admits a décomposition

A=AO + AX, (1.7)

where Ao is strongly //a(r>coercive> ie., Ao satisfies

A*v)>yo\\v\\l, y0 > 0 , (1.8)

(see [8]) and Ax maps Hs+a(T) continuously into Hs~a+l(T) for appropriate s,
ie ,

MiülL-a+i^ciML*.- O-9)

Again, uniqueness of (1.6) implies unique solvability of (1.6) for any right
hand side ƒ e Hs~ 2a(T\ and the unique solution u satisfies the a priori estünate

/ IL- 2 - -

Many of the boundary element methods are defmed by boundary integro-
differential operators of the above type. For special applications and examples
we refer to [1], [2], [10], [17], [25], [30], [31]. For all these applications we show
almost optimal order pointwise error estimâtes for Galerkin's method provided
A has principal symbol of integer order 2 a ^ 0.

vol. 19, n» 1, 1985



68 R. RANNACHER, W. L. WENDLAND

For arbitrary real orders 2a < — 1 all our proofs and results remain valid
without modifications. In the case - 1 < 2 a < 0 we find the same results
for higher degree éléments excluding piecewise constant approximations.

For positive orders 2 a > 0 the proofs need several technical modifications.
This case 2 a > 0 will be presented in the forthcoming Part II. Since in [2]
collocation methods with odd degree splines have been treated as modified
Galerkin methods our pointwise error estimâtes in Part II extend to these
collocations. The extension to collocation with even degree splines as in [22]
and to collocation in higher dimensions, however, has yet to be carried out

2. THE FINITE ELEMENT GALERKIN METHOD

Let Uh = { K } be fmite décompositions of the surface F into closed subsets
/ i~|

K with mutually disjoint interiors K ; h e 0, - dénotes a discretization para-

meter corresponding to the maximum diameter of K. We further set
o

Th = u { K, K e Tlh }, and use corresponding Sobolev norms in Hr(Th).
Depending on h, we shall consider the family { 11^} of décompositions. For
properties involving { 11̂  } the generic constant c will always be independent
of h. For { Uh } we assume quasiregularity in the following sense :

(Al) Associated with { Uh } there exist two positive constants, cx and c2,
such that each element Keïlh is contained in the intersection of F with some
bail Bx cz Un of radius c^ h> and contains the intersection ofT with some bail
B2 cz Un of radius c2 h.

For fixed integers k ^ 1 and m ^ 0, m ^ k — 1, let S%>m be a so-called
(k, m)-system on F corresponding to the family of décompositions Hh (see
[4] and for splines [3], [20]: where the notation Sk_1(Hh, m — 1) is used). The
first parameter, k, refers to the local approximation order of S%'m which usually
consists of piecewise polynomial functions (or isoparametric splines) of degree
k — 1 ; the second parameter, m, indicates the global smoothness of these
functions,

For our purpose, we need to require the following approximation and inverse
properties :

(A2) There exists a continuous operatorph : Hm(T) u H m i n ( k 'm~2 a(r, I)->S£'m ,

such that for all v e Hm(Y) n Hr(ThX min {k, m - 2 a } ^ r ^ / c , there holds
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ORDER OF CONVERGENCE OF SOME BOUNDARY ELEMENTS 69

the global estimate

Wv-PnvW^ch'-lWvWn^ O ^ y ^ m , (2.1)

and, in addition the local estimate

II v-phv \\HHK) < eh'-* II v \\Hr{Kh), 0 ^ j ^ r , (2.2)

for each K e Ilft, where Kh may be K or, ifnecessary, the union of the open inte-
riors of all neighboring éléments of K intersecting a bail B1^ cz W1 of radius ch
having its center in K andwith c independent ofh.

(A3) For all §h e S*>m there holds, on each KeUh,

II $h llfffc(K) < c II §h WH*-HK)> ( 2 - 3 ^

II *h \\HHK) < ch1-* || <(>fc \\Hl{K) for integers 0 < / < j < k - 1 , (2.4)

afld, globally,

II 4>* lip < c^-P || <t>fc ||Y, /or rea/ ys p wzï/z - k < y < (3 ^ m . (2.5)

These are typical properties of isoparametric finite element spaces S^m of
order fe.

In case n = 2, for one-dimensional splines on a uniform grid, these proper-
ties can easily be obtained from [3], Chap. 4 (with ph = p% rh and k = m + 1).
For higher dimensional finite éléments similar projection operators can be
constructed for piecewise polynomials of degree k — 1 e.g. from the results
in [5] and [27]. (For tensor product splines, however, (A2) and (A3) must
be modified. This is omitted here.)

Note that (2.3) becomes trivial if §h\K is a polynomial of degree k — 1.
Usually, the Systems S%'m also satisfy the pointwise estimate

inf || v - (K ||L„ < cH || v ll^.oo, 0 < r < k. (2.6)

The Galerkin approximations uh e S£>m to the solution w of problem (1.1)
are determined by the finite dimensional analogues of (1.1),

( \ W = « W = ( 4 « for all <|>fceS*'M. (2.7)

Since we assume that the family S*'m is dense in Ha (which is a conséquence of
(2.1)), since (1.1) is uniquely solvable and since A admits the properties (1.3)-
(1.5) (with s = a), the problems (2.7) are uniquely solvable for sufficently
small h (see [26]). Furthermore, the approximation property (2.6) of the spaces

vol. 19, n° 1, 1985



70 R. RANNACHER, W. L. WENDLAND

S£'m implies that uh converges with optimal order and provides even super-
convergence in « négative » Sobolev norms (see [11], [12], [17])

|| u - uh \\p + || A(u - uh) ||p_2a < c¥~p || u \\9 (2.8)

for 2 a — k ^ p ^ m and max { a, p } ^ q ^ k, Using in the usual manner
the inverse inequality for S^n\ the mean-square resuit (2.8) also gives a point-
wise error estimate of the form (see also [11])

II u - uh ||L«, ^ chk~~{\\ u \\k + || u H^oo), (2.9)

where r — max < m, k —
2

In view of (2.6), this estimate is not of optimal order if u e Wk>œ(r). Under the
foregoing assumptions (A1)-(A3), we can improve (2.9) as foliows :

THEOREM 1 : Suppose that 2 ais an integer, - k ^ a ^ 0, and that u e Lœ(Y).
Then there holdsfor the Galerkin solution uh e S^m thepointwise estimate

inf || M — < K I | L « . ( 2 - 1 0 )

Remarks : Theorem 1 and its proof remain valid without any modifications
for non integer real orders 2 oc ̂  - 1. For - 1 < 2 oc < 0 Theorem 1 also
holds provided m ^ 1. For piecewise constant approximations in the latter
case one needs modifications of the approximation property (2.1) and of (2.8)
as well as of the proof of Lemma 3.4 which are omitted here.

We did not attempt to avoid the logarithm in (2.10) in order to keep the
proof as short and simple as possible.
In view of (2.6), we obtain from (2.10)

\\u-uh ||LW ^ chk(\ogj^ II u | U œ , (2.11)

provided that u e Wk>°°(r).
The global L°°-result (2.10) can be refined to a local estimate of the form

n/2 -/ l /
I (u - uh) (z) | ^ cp log r) inf { || M - ^ ||Loo(BPnr) + II u - $ h\\ } ,

(2.12)

where B* dénotes some bail in W of radius p = 0(1) as h -> 0 with center in z.
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ORDER OF CONVERGENCE OF SOME BOUNDARY ELEMENTS 71

Note that for oc < 0 Theorem 1 yields the L^-stability of the Galerkin
scheme (2.7) in the form

(n-2)/2

*h ||Loo ̂  t l 1U5 7 i |[ U ||Loo. ( 2 . 1 3 )

However, this estimate does not imply stability of the discrete équations (2.7)
with right hand sides (ƒ <|>fc) (see also [13]).

Optimal order L00-error estimâtes for the Standard finite element method
applied to properly elliptic partial differential équations are known e.g. by
the work of Natterer [16], Nitsche [19], Scott [24], Frehse and Rannacher [7]
and Schatz and Wahlbin [23] for second order équations (a = 1) and from
Rannacher [21] for the bi-Laplacian (ot = 2). In pro ving (2.10) for the case
oc ̂  0, we shall adapt techniques from [7] and [21]. Some technical compli-
cations will arise from the fact that in the present situation the governing
operator A is non-local and perhaps of négative order. However, localization
techniques still work since the principle part Ao of A is assumed to be a pseudo-
differential operator on F of the class OPSfy (see [28]). In particular, for any
C^-multiplier <(), the commuta tor [<J>̂ 40 — Ao <$>] becomes a pseudo-differential
operator of order 2 a — 1 (see [28]).

Having shown optimal order pointwise estimâtes for the error u — uh one
is led to the question whether the error in the corresponding potentials,
Au — AUfr admits a corresponding improved bound. We shall analyze this
problem here only for the simple layer model operator in (1.1 ) with 2 a = — 1,

Au(x)= [ Jn(x-y)u(y)doy (2 .14)

where yn(z) = - log | z |, if n = 2, and yn(z) — \z\ \ if n = 3, M o r e gênerai
cases can be treated analogously.

THEOREM 2 : Suppose that the operator A is of the form (2.14) with order
2 a = - 1, and that u e L°°(F). Then there holdsfor the traces of the potentials
generated by the Galerkin solutions uh e S '̂m the pointwise estimate

|| Au - Auh ||Loo ̂  cA log ̂  || u - uh ||Loo. (2.15)

Using (2.11) in (2.15), we obtain the error estimate

|| Au - Auh ||L» ̂  chk + 1(\og^Jn || u | |^,«,, (2.16)

provided that u e ^fc'°°(F).

vol. 19, n<' 1, 1985



72 R RANNACHER W L WENDLAND

3 PROOF OF THEOREM 1

For any fixed z e F we introducé the weight function

,-EYVA (\ -v <? |2 _j_ v-2 L 2 \ 1 / 2

<*w = II x — z l + K « ; ,
where the parameter K ̂  1 is chosen to be sufficiently large (dependmg on
cx m condition (Al)) such that for any real P there holds

max < max ap(x)/mm ap(x) \ < c,

where c might depend on P (see [19])
Here and m the following, the genene constant c is always independent

of h and z For mteger r and real P, we introducé the weighted norms

jP(x) | DJ v(x) |2 dox

Here DJ dénote the covariant denvatives of order 7 on F and can be replaced
by they-powers of the gradient in the (n — l)-dimensional parameter domains
of regular local parameter représentations of F

The local approximation and inverse properties of S*m imply for
v e Hm(T) n Hr(TfX mm { k, m - 2 a } ^ r ̂  k, the correspondmg pro-
perties with weighted norms,

II 4>» II, p < e f f - « <!>„ H, p, 0 ̂  s ̂  1 ̂  k - 1 , (3 2 )

I I < M * p * ï c | | < K I * - i e (3 3)

Next, let 5 be any smooth function on F, and let g be the solution of

A* g = 5 on T (3 4)

Correspondingly, let gh e S,* '" be defïned by

(**. A$ 9Ù = (4),, A* g) for ail *„ e S*» (3 5)

Below, we shall take ô to be a smooth approximation of the Dirac functional
m order to represent the pomtwise error (u — uh) (z) m terms of a local intégral

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelhng and Numencal Analysis



ORDER OF CONVERGENCE OF SOME BOUNDARY ELEMENTS 73

expression. Then, gh can be considered as a discrete Green function corres-
ponding to the operator Ag on S%>m (discrete pseudo-inverse to A$).
For abbreviation, we set e = u — uh and r\ = g — gh. From the orthogonality
properties of e and r|, we obtain

(e, 5) = (e, A* g) = (e, A* r\) + (e, A* gh)

= (u-<$>h,A*vi)~(e,A*gl) (3.6)

where dpk e S£fm is arbitrary. For the first term on the right hand side there
holds

\(U - <j>„ ,40* T|) | < II U - <MLcoMo*Tl Ui1" (3- ?)

The second term can be estimated using h ^ 1, the a priori estimate (1.5)
with s = 0, and the error estimate (2.8) for r| :

< c II « H2«-i { II il Ho + II 9 Ho)
^ c | | e | | 2 a _ 1 { / ï

f c | l 0 l l f c + | | g | | o } . (3.8)

Next, we estimate the crucial term || Ag r\ ||L1. By the définition of the weight
function a, we find with elementary computations

|| A* Tl ||L1 < ^ I o g 0 l / 2 X /ïn /2 '3 /2 II ̂ o* T\ Ho;2 • (3-9)

In order to estimate the term || A$ r\ \\0.2, we fïrst provide the following three
lemmas. For 1 < / ^ n, let ^ = xt — zt.

LEMMA 3 . 1 : The commutator A% ̂ . - ^. A$ satisfies

| | [ ^ ^ - ^ ^ ] < t > I U 2 a ^ ^ l < t > I L = i ; 1 < i ^ n , ( 3 . 1 0 )

for. fyeH'-^Danda^ r ̂  L
Proof : A£ is a pseudodifferential operator of order 2 a with a symbol in

the class Sfa
0 (see [9], [28] and also the Appendix) and the principal symbol

| 9 |2ct. Multiplication by the smooth function ££ defines another pseudodiffe-
rential operator of order zero with the symbol xt(p) — ziy p e T. Hence, the
commutator defines a pseudodifferential operator of order 2oe + O— l = 2 a — 1
(see [29], Corollary 4.2, p. 39). This implies (3.9) (see [29], Corollary 1.3,
p. 50). q.e.d.
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74 R. RANNACHER, W. L. WENDLAND

LEMMA 3 . 2 : There holds the estimate

II 4. Tl llfc.o + H ^ n l U - 2 ^ c II g-11^ , l ^ i ^ n . (3.10)

Proof : The définition of weighted norms implies with k ^ 1

HÉ, Tl Iko < « { M | | M + || Tl ! | k _ l i 0 }

II % T, | |k,_2 < C { || Tl |U.2 + || Tl \\k_lfi + || Tl | | k _ 2 ; _ 2 } .

N o w we use (3.1), for y = k, k — 1, and (3.3) to find

II Tl llk,2 < II "H - Ph*\ ka + IIPfcTl ||kf2,

< II 9 - Ph G llfc,2 + C II Ph Tl Hk.2 >

< C II ff ||fcf2 + C || Tl ||k_ l t0.

It remains to estimate || r| ||fc_j0 for 7 = 1, 2. For m > k — j we use the inverse
assumption (3.2) and the error estimate (2.8), to obtain

II ri IU-,,0 < II 9 - Ph 9 Wk-j.o + II Ph Tl llfc-Jfo >

<cAMIff lL + ^ - k + I " | | ^ T i l L ,

^ cA'II ff ||fc + c ^ " f c + m II Ti IL,

a n d hence

For k — j ^ m we use the error estimate (2.8) directly to obtain the above
estimate. This implies with the définition of a(x) and the weighted norms
the estimâtes

l | T i l l t _ 1 | 0 <ch\\g\\k^c\\g\\kt2

M ||fc_2)_2 ^ c h " 1 II -ri ||k_2>0 ^ c \ \ g ||ki2.

Collecting the above estimâtes gives (3.10). q.e.d.

LEMMA 3 . 3 : For real a ^ P ^ m

satisfies

II ^ il llp < cA«-P II ̂  r, ||a + CAk-P II g | |M , l ^ i ^ n . (3.11)

: In view of assumption (A.2), the L2-projektion Lh : L2(T) -> Sh
fc'm
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ORDER OF CONVERGENCE OF SOME BOUNDARY ELEMENTS 75

for any jeU with - k ^ y ^ m and any v e Hm(T) n Hk(Th). Using this
and the inverse assumption (A. 3), we conclude that

< c / ! P || ̂  n l l k : 0 + c ^ P II ̂ „ [ ^ r , ] |L
^ciï-*\\ZiT\ Hfc.0 + cA--P || ^ T I II..

Hence, by Lemma 3.2,

il Ç, Tj lip < chk-» || g \\k;2 + cW-* || Ç, T] ||„. q.e.d.

We are now prepared to estimate || Ag r\ ||0;2.

LEMMA 3 . 4 : There holds the estimate

II 4 T A llo;2 < Ch Ê « ̂ T l ». + CA || g ll t i 2 • ( 3 - 1 2 )
1 = 1

Proof : First, we consider the case a = 0. Using Lemma 3.1 and the conti-
nuity of ^4 ,̂ it follows that

II ^0* 11 llo;2 - («/O2 II AS Î1 ||2 + £ || ^ t̂o* Tl P

<C/Ï2 | |TI II2 + c |h Hl ! + c t I I^TI ||2.
i = l

Now, the error estimate (2.8), with p = 0, — 1, and Lemma 3 .3 yield

II ^o* H Ho;2 < c#+1 II g ||k + chk || g \\k;2 + c f || ^ T] || .
i = l

From this the assertion follows by observing that

II ff IL ̂  c h - 1 \ \ g \ \ k i 2 .

Next, we consider the case a < 0. Let the integer r — r(ot) be defined by

r = s e N o f o r — S ^ O L < — s + l .

Using (3.5), we obtain the estimate

II ^o* Tl llg:2 - ( a 2 A^ T,, ̂ 0* Tl) = ( a 2 ^ * T] - ph[a2 A* y\\9 A* r\)

< II ̂ 0 Tl Ho;2 II ^ ^0* Tl - Ph[02 AS T]] ||o;-2 •
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76 R. RANNACHER, W. L. WENDLAND

Observing that k ^ r and a2 A$ r\ e Hr(T\ we apply the weighted norm
estimate (3.1) to obtain

Mo* Tl llo,2 ^ch"\\o2A*r\ ||rj_2

where a = \\ A$ r\ ||r_2,-2> f o r r ^ 2> and a = 0, for r = 1.
For the first term on the right hand side we fmd in an analogous way as

above :

II A* r , ||22 < ch2 || . 4 * Ti ||r
2 + c £ \ \ [A* ̂  - ^ A*] r | ||r

2 +

< Ch2 II îl l 2
+ 2 a + C || T, l l ? ^ . . , + C t H Ç.T1 ||r

2
+2a.

1 = 1

Hence,

M o * ^ llOi2 < Chr\ h N Hr + 2a + M llr + 2a-l + E II ̂  ^ Hr + 2a +

where b = h~l \\r\\ r + 2 o t „ 2 , for r ^ 2, and 6 = 0, for r = 1 The error estimate
(2.8) with/7 = r + 2 o , r + 2 a - 1, r + 2 a - 2 (if r ^ 2), and Lemma 3.3
again lead to the estimate

o* n llo,2 < cA f c + 1- 2« il sf nk + cA k" 2 a H fif ||tt2 + ch~« t II ç, n L -
1 = 1

q.e.d.

Remark ; Note that in order to apply (2.8) we need the assumption
p = r + 2 a ^ m which is always satisfîed for integer 2 a < 0 and also for
real 2 oc ^ - 1 for any m e Mo. In case - 1 < 2 a < 0, however, we have
r = 1 and 0 < p = l + 2 a = r + 2 a < l which requires m ^ 1.

LEMMA 3 . 5 : For any e > O

^ T] || < zha || A£ T[ ||0 + c( 1 + - ]M~a II ̂  II ? 1 < z ^ « , (3.13)

c is independent of 8.
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Proof : From the coerciveness of 4̂ * o n ^" (O we obtain

TO

Further, by using (3.5) and Lemma 3.1, we find

fe Tl, 4 T & Til) = fe ^ [^0* S, - %i ̂ 0*] Tl) + fef Î1 - />hfëf Tl], A * T,)

^ C || Ç, Tl II, || Tl I I . . ! + C |U f T! - A K f Tl] ||0._2 II ̂ o* Tl ||0i2 •

From (3.1) and Lemma 3.2, it foliows that

Uï?\- PjKf Tl] II o;-2 < CA* || ^f T, ||fc;_2 < Chk || ^ ||fc;2 .

Also, by the error estimate (2.8),

II Tl !!._! ^ c & + 1 - * \ \ g \ \ k ^ c h k - * \ \ g \ \ k l 2 .

Combining the foregoing estimâtes, we arrive at

II ^ n |a
2 < c || ̂  ri ||a A * - - || ff yfc:2 + c ^ k il A* n n 0 ; 2 1 | g n k ; 2 ,

which implies (3.13) q.e.d.
From Lemma 3.4 and 3.5 we obtain by choosing e sufficiently small that

Mo*Ti!lo;2^^k"2a|l^ll fc;2. (3-14)

Combining this with (3.6)-(3.9) leads us to the preliminary result

h * h k - 2 « \ \ g \ \ k . 2 inf | | « - < | > J | L „ +

+ c { h k \ \ g \ \ k + l l ö l D l l e l l ^ . , . (3.15)

To bound the norms for g in (3.15), we pro vide the following.

LEMMA 3 . 6 : There hold the estimâtes

I l 0 l l r < c | | 8 | | r _ 2 a ) O ^ r ^ k , (3.16)

II 9 ll*,2 ^ 4 || 5 l l ^ j . . ! + h || 5 !!,_,„ + £ || É, 5 ||,_2a 1. (3.17)

Proof : (3.16) is an immédiate conséquence of the a priori estimate (1.10)
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for the operator A*. To prove(3.17), we write

II 9 Wla < c i h 2 \ \ g \\2
k + £ || ^ g \ \ ï + || g \ \ 2 À .

Then by the a priori estimate (1.10), it follows that

II g ha < c | h || 5 ||k_2a + || S Hfc_2--x + _£ II ̂ o*K, g] I L 2,

Using Lemma 3.1 we have

Hence, in view of (3.16), we obtain

II 9 ha < c I A || 6 ||k_2a + « 5 ||fc_2a_, + ^ || Ç, S ||fc_2a 1 , q.e.d

Now we are prepared to prove the pointwise error estimate (2.10). To this end,
we take the function 5 corresponding to the point z e K e Uh as a regularized
Dirac function.

LEMMA 3.7 : There exists a function 5 e C^(K) with the foilowing proper-
ties :

4>*(z) = «>„ 8) fora11 **eS* f c 'M , (3.18)

l | 5 | | L l < c , (3.19)

hr || 5 | | r_2 a < ch2**1*2-*2 , 0 < r < fe, (3.20)

A f c l l ^ 5 | | k _ 2 a < c A 2 - + 3 / 2 - ^ 2 , l < i < n . (3.21)

TAe constants c are independent of z.

Proof of Lemma 3 . 7 : For constructing the function 5 we use a Sobolev
représentation formula as in the original proof of the embedding theorem ;
for technical details see [5]. Let œ b e a smooth molhfier on M" satisfying co > 0,

oy(x) = 0 for | x | ^ 1 and co dx — 1. On T we defïne the smoothing kernel

According to our assumption (A. 1) there are balls B in Un with radius cx h
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such that 5 n F c K Then, for any <() e H\K) there holds the représen-
tation

where

•I
| f c a "

f doy,

with a a multiindex.
Clearly, if <|> is a polynomial of degree less than fc, we have 4> = Pk <$> on K.

In the case that S%*m consists of functions being piecewise polynomials of
degree less than k — 1, we may take (for fixed x e K)

§0) = %(x,y)9 yeK,

to obtain (3.18). The bounds (3.19) and (3.20) then follow readily from the
pointwise bound

In the case of isoparametric éléments the functions c|>h e S%'m may be piecewise
polynomials of degree less than k only modulo local coordinate transforma-
tions, Le., ^JKC^KH-]) is a polynomial with some regular transformation
onto a référence element X, XK : K -• K. We now construct first a function
X e C^(K) as above and then obtain the desired function % e C™(K) by using
the local transformation XK. Since XK is assumed to be suffïciently smooth,
the bounds (3.18)-(3.20) remain valid q.e.d.

In view of Lemma 3.7 we find, with any §h e S **"\

\e(z)\^ \(u-<$>h)(z)\+ K ^ - M O C ^ I

< | ( « - < W ( * ) | + | f e 8 ) | + II M - <t>J|L. (K) II § llLi •
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Consequently,

| e(z) | < c inf || u - cj), ||L„ + | (e, 5) | (3 22)

Combining the estimâtes m Lemma 3 6 and 3 7 with (3 15), we conclude in a
straightforward way

— - 1

| (e, 5) | ^ / log J-Y i n f || M - ((>, ||LO0 + ^ 2 a l ^ || e ||2a_a (3 2 3 )

Inserting this estimate into (3 22), we eventually obtam the desired pomt-
wise error estimate (2 10) by applying the folio wing lemma with P = 2 oc — 1

LEMMA 3 8 For any real fiy with 2 a — k ^ [3 ^ a, there holds

| | < ? | | p « c * - P inf || u - <J>J| (3 24)

Proof We employ a standard duality argument For any \|/ E H'^(T) let

y e ff 2a $ÇY^ ̂ e t ^ e s o i u t l o n of A * i; = \|/ With the Galerkm approximation
üfc e 5^ m of i; and an arbitrary <\>h e S^ m, there holds

0, \|/) = (^e, v) = (^e, Ü - vh) = (A[u - (j)J, v - vh)

< C II M - <|>fc || || ü - ^ ||2a

Hence, the error estimate (2 8), with p = 2 a and g = 2 a — P, and the
a priori estimate (1 10), with s = 2a — P, imply

which clearly proves (3 24) q e d

4 PROOF OF THEOREM 2

Let us introducé the operator

Ah <KZ) = Y«(Z - y) $(y)(

Jr

where

= «ft(
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LEMMA 4.1 : There holds the estimate

! l o g i (4.1)

Proof : We give the argument only for n = 3, the minor modifications for
n = 2 being left to the reader. There holds

- Ah n(z - y) - yhn(z - y)

The intégral on the right hand side equals

in(z - y) -
Jr Jr

r Jr

-II
doy

- x) | Yn(z - y) - yn(x - y) \ dox doy ,

where the coordinate transformation x' — x + y is used. The last intégral can
be estimated by (see [15], p. 83)

<x - z\
- ƒ

log | je -

r""2 (1 + | l o g r | ) d r

ch log r .

q.e.d.
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Hence, with e = u — uh there holds for any z e T,

Ahe(z) = (e,yfe- . ) ) . (4.2)

Now take ô = yh
n(z — . ) as the right hand side in (3.4). To complete the argu-

ment, we need the following lemma (observe here oc = — 1/2) :

LEMMA 4 . 2 : There hold the estimâtes

/ n S | | r + 1 ^ c ^ " f , O ^ r ^ k , (4.3)

^ II Ç * 6 | | r + 1 * * < * * " * , l ^ i ^ n . (4.4)

Proof : By construction, the regularized kernels yjj satisfy

I D; yh
n(z - y ) \ ^ co(yy~n-W , | a | > 1 ,

where again a(y) = (| z — y \2 + (KA2))1 / 2 . Observing that

the bounds (4.3) and (4.4) follow by a straightforward calculation. q.e.d
Next, we combine the estimâtes of Lemma 4.2 and 3.7 with (3.15) to obtain

h i n f | | M - < | > J | L „ + c A 2 f | | e | | _ 2 . (4.5)

This together with (4.2) and Lemma 4.1 implies that

| Ae(z) | ^ | Ae(z) - Ah e(z) | + | fe 5) |

B / 2 - 1

h inf H « - <|>fc ||Lco.

Combining this with the error estimâtes (2.10) and (3.24) for e, we obtain
the desired result (2.15) for Ae.
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APPENDIX

LEMMA A. 1 (see also [1]) : Let F be suffïciently smooth (for simplicity C00).
Then the single layer operator in (1.1),

is a pseudodifferential operator of order — 1 on F having the principal symbol

(n = 2 or 3) with respect to the natural représentation of F for n = 2

and surface polar coordinates for n = 3.

Proof : (i) For n = 2, F is a curve which can be given by a regular parameter
représentation x = x(s) being a C00 L-periodic R2-valued function of the arc
length. Let %(t) be a C0°°-function which is identically one in a fixed neigh-
bourhood of zero. We then write

(Vu) (x(t)) = - fx(| s - 11) log | / - s\ u(x(s)) ds -- - ƒ
X(| 5 - t |) log

x(t) - x(s)

t - s

x log | x(t) — x(s) | l u(x(s)) ds

+ (i - x(\s - t D)

2n)e " " '
Su ( A . l ) .

where Su = ({••.} u(x(s)) ds is an operator with C°°-kernel and, hence, of
J

order — oo and where

a(t, -Q = - f ^ ( ' - s ) x ( l t - s |) log \t - s | ds

/*+ 00

e*° x(l a |) log | a | do = a(Q . ( A 2 )

J — 00

As is well known, a(Q is an analytic function of % and admits an asymptotic
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expansion for large £s i.e.,

r + G 0 ï
= 0 J ^ J -

/* + oo

+ /^(xja^loglalrfa
J — oo

= l J i + O w ( | ^ r w - 1 ) for \\\> 1 (A.3)

and any natural AT. By differentiation of (A. 3) with respect to £, we find

fa)f ^ t e ; a ) ^CT log I a I rfa
(A.4)

f

where the last term is of order | £ | N 1 l for | £ | ^ 1. Hence, a(£) is an ampli-
tude in S[Q and the first term in (A. 1) defines a standard pseudo-differential
operator (see [29] Définition 2.3, p. 16). Since (Vu) (x(t)) is C00 whenever
t $ supp w(x(.)), our Lemma A. 1 is proved (see [29] Proposition 5.1, p. 49).

(ii) For n = 3 we represent F locally about x by surface polar coordinates
p = I x — j | and 4> as m [14], Chap. 2.1.5. We may then wnte Vu in the form

(Vu) (x) = f f x(p) p <fo(p, 4>) + f (1 - X(l * - ;F D) X

,. (A.5)
| x - y

The second term in (A.5) has a Cro-kernel and, hence, defmes a pseudodiffe-
rential operator of order — oo. The first term can be written as

X(p) ̂  day = ( T ^ I e"*' m a(t, £

where x = x ( t p ?2)̂
 ?i = r c o s ^ 2̂ = r s i n ^ a n d

*°T..C.
x I 1 + l- (2 èo(x(0) é eJ - èj(x(O)) ^ ek e™ p2

+ higher order terms of p i rfp^4> (A. 6)
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with ex = cos <(), e2 = sin <|>s btj{x{t)\ respectively b\(x(t)) = ^/°(x(t)) x
èj7(x(0) the components of the second fondamental tensor of F with respect
to the coordinates tu t2 associated to the observation point x(t).

Here the amplitude a(t, Ç) is again analytic with respect to £ and C00 with
respect to L Taylor's expansion with respect to p about 0 shows an asymptotic
expansion of the form

where Ak(t, Q is C00 with respect to t and is a positive homogeneous fonction
of degree — k of Ç. It follows explicitly that a{.) is an amplitude in S^ defining
a Standard pseudodifferential operator. By définition, Vu is C00 whenever
x £ supp w. Thus, our lemma is valid also in case n = 3. q.e.d.

LEMMA A. 2 : The operator V satisfies Gârding's inequality

•)^YolMI-i/2-(^i^) (A-8)

Y0 > 0 arcd Fj is a pseudodijjerential operator oj order — 2. (For n = 2
see also [11] and for n = 3 [18].)

Proof : To the principal symbol of V there exists a symbol a 0 in S^J; such
that a o eC°° and

and a 0 © ^ K > 0 for a// ^. To a0 there exists a pseudodifferential operator
Wo having this symbol and satisfying Gârding's inequality (see [8])

(Wo w, w) > c0 || w \\2
1/2 - c± || w ||g , c0 > 0 .

Then K^2 := Wo + cx lis strongly coercive and, hence invertible. Vo has the
symbol

with the asymptotic expansion v 7 ^ I --=- ) for large enough
I s I j=o \ I s I /

| ^ |. With w = VovwQ then find

(Vo v, v) = (w, Vö1 w) ^ c0 || w ||ï /2 ^ 7o II ^ ö 1 w ||2_1/2 = To II ̂  W-i/i •

The différence V1 =^ V — Vo then has a symbol in the class S^l and is a
pseudodifferential operator of order — 2. q.e.d
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