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A MIXED FINITË ELEMENT METHOD
FOR A WEIGHTED ELLIPTIC PROBLEM (•)

par Marie-Noëlle LE ROUX (*)

Communicated by P G CIARLET

Abstract — In this paper, we study a Dinchlefs weighted ptoblem, we give a mixed formulation
which has a unique solution and we obtain error bounds in weighted Sobolev spaces for a mixed finite
element approximation

Résumé — Cet article est consacre a l'étude d'un problème de Dinchlet avec poids, nous donnons
une formulation mixte de ce problème admettant une solution unique, nous obtenons ensuite des
estimations d'erreur dans des espaces de Sobolev avec poids pour une approximation par des éléments
finis mixtes

I. INTRODUCTION

Let Q be a bounded domain of U2 with a regular boundary T. We consider
the Dirichlet's problem : Find a function u defined over Q such that :

- div (D ~l grad'w) = ƒ in Q , j

u = 0 on F , j

where D is a given function G C°°(Q), positive over Q and null over F such
that there are two constants al9a2 > 0 such that

0 < ai < M T\ < a2 for x e Q such that d(x9 T) ^ a (a > 0). (1.2)

This problem is occurring in oceanography ; D is the deepthness of the water,
which is null on the shore ; ƒ is the vorticity and the components of the hori-

(*) Reçu en juillet 1981
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zontal velocity V on the surface can be obtained from w. As a matter of fact,
we have

V =

This kind of problem is found at each time step for vorticity method. So,
in order to calculate V, we shall use a mixed finite element method.

An outline of the paper is as follows : in section 2, we introducé a mixed
formulation of problem (1.1) ; in section 3, we give a formulation of the finite
element approximation. Section 4 will be devoted to the dérivation of error
bounds and section 5 is devoted to the proof of a result used in section 4.

II. A MIXED FORMULATION OF PROBLEM 1.1

Introducé the space :

Hi1/2(Q) = {t;e<r(O)/D-3 / 2t;eL2(Q); Z)'1/2 ~^v e (L2(Q))2 } (2.1)

provided with the norm :

II v II l t_ 1/2iO = (I D - * 2 v \ l m + \ D - 1 ' 2 ï i ï Z v | ( ia (n, ) 2)1 / 2 • ( 2 . 2 )

We have the foliowing result (cf. Bolley-Camus [1]).

THEOREM 2.1 : ^(Q) is dense in ifi1/2(Q) and the semi-norm

Mi,-i/2,n = \D~1/2~g™iïv\(L2iÇÎ))2 (2.3)

is a norm over / / i1 / 2(Q ) which is equivalent to the norm \\ || i

Then, a variational formulation of problem (1.1) is as follows : given a
function f e L2

3/2(Q) = { f e ^f(Q)/D 3/2 ƒ e L 2 ( Q ) } , find a function
u s H l 1 / 2 (Q) such that :

j D^gii îw.grâcUdx = Jv dxfor allveHill2{Q). (2.4)
Ja Ja

Clearly, from theorem 2.1, this problem is coercive in Hi1/2(Q) and then
it has a unique solution u e Hi1/2(Q).

R.A.I.R.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 245

Introducé now the space :

= { v e@'(Çl)/D-3/2 v eL2(Q), D~1/2 d«v e L2{Q), | a | = 1,

D1/2d°veL2(Q), | a | = 2 } (2.5)

providçd with the norm :

1/2

(2.6)

THEOREM 2 .2 : Problem (2.4) has a unique solution u which is in H2
/2(ÇÏ)

if f is in L\j2(ÇÏ) ; moreover, this solution satisfies :

( ) (2.7)

where C is a positive constant depending only on Q.

Proof : The dual space of i / i 1/2(Q) is given by :

D 1 / 2 / i e L 2 (Q) , Dll2f2eL2(Q)

and the problem : given a function /e ( / /A 1 / 2 (Q)) / , fmd we / /1 1 / 2 (Q) such
that :

V dX = < ƒ V >(H1 i 2(iï)y ffl^^Q) f01* a ^ V E ^ - l / 2 ( ^ )

has a unique solution.
Assume now that ƒ is in L2

/2(Q); we note

Then, we obtain

d i v ( D " 1 g r â 3 x F ) = d i v ( D ' 1 ^-grâÎD ) + ^ — ( A M ) .

Besides,

AM = D " 1 graciD.graciw - /)ƒ,

vol. 16, n° 3, 1982



246 M.-N. LE ROUX

hence, we get

D + l'2AueL2(Q) and ^ - ( A i

Similarly, we have

and then

so, we get

Besides we have

Dll2ueH2(Q){A(D1/2u)sL2(Q)) and D-1(2ueH]

so, we get

Dl/2p- eL2(T), hence ¥ = 0 on T .
cxi r

Then, we obtain

Hence, we get

and then

pr D Au - D ^
dx2 dx\

that is u e H2
(2{£1) and we get easily the estimate (2.7).
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A WEIGHTED ELLIPTIC PROBLEM 247

To obtain a mixed formulation of problem (1.5), we introducé the space X
defined by :

X = {^G(^ '(Q))2 / i )1 / 2?e(L2(Q))2 , i )3 / 2div^GL2(Q)} (2.8)

and provided with the norm :

THEOREM2.3 : (^(Q))2 is dense in X.

Proof : Let qe X. First, let us show that there exists a séquence of fonctions
of X, with compact support in Q that tends to q.

Let 0 be a fonction in C°°([0, + oo[) such that :

9(x) = 0 , 0 ^ x ^ 1 ;

0 ^ 6(x) < 1 , 1 < x < 2 ;

9(x) = 1 , x > 2 .

Weset
QX(X) = Q(XD(x)), XeR+, xeQ;

Therefore, we have

= f
and from Lebesgue's theorem, this term tends to 0 when X -» -h oo.

Similarly, we get

| Z)3'2 div ( 4 - 3) |£2(fi) = f D3(x) (9,(x) - l)2 x
Jan{x/D(x)^2/X)

x | div ̂ (x) |2 dx + j D3(x) (grâcf 9^(x). J
J

But,

j x(x) = 0 for D(x) ̂  i or D(x) ^ ~,

( gràcÎ9x(x) = XW(XD(xj) grâÎD(x) , for 1

vol. 16, n° 3, 1982



248 M.-N. LE ROUX

Thus, we get

f D3(x) (g^e,(x)4(x))2 dx < C f D(x) | q(x) \2 dx

and from Lebesgue's theorem •

hm | D 3 / 2 d i v & - D|L 2 ( n ) = 0 .

Hence, qx is a séquence with compact support in Q that tends to (fin X.
From the above, we can assume that q has a compact support m Q ; then,

qe (L2(Q))2 and div qe L2(Q) Therefore there exists a séquence of functions
qn e (^(Q))2 such that

hm (| q - qn |(
2
L2(Q))2 4- | div (q - qn) |L2(Q)) = 0 [7]

n-> + oo

and then,

hm || q - qn \\x ^ C hm (| q - qn |(
2

L2(Q))2 + | div (q - qn) |£2(n ))
1 /2 = 0 .

n-* + oo n-+ + oo

LEMMA 2 1 • For arcy u e Hi1/2(fi) flwrf ^ e l , w

(graci M.£ + M.div ^) Jx = 0 . (2.10)
Jn

This result follows immediately from theorems 2 1 and 2 3.
Now, we defîne a bilinear form a over (Lf/2(Q))2

(L2
/2(Q)) = { * e ^ ( n V D 1 ' 2 i; G L2(Q) }

a(?, ?) = f D(x) $(xU(x) dx , V?, J e (L2
/2(Q))2 (2.11)

Jn

Let us introducé the space M

M = ( i ?e§ ' (n ) /D- 3 / 2 i ?eL 2 (û )} (2.12)

provided with the norm

l|t;||M = l^" 3 / 2 t ; | L 2 ( a ) . (2.13)
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A WEIGHTED ELLIPTIC PROBLEM 249

We define a bilinear form b over X x M by

b(tv) = f v.div qdx (2.14)
JQ

and we consider the following problem :

Given a fonction f e Ll/2{Q.) = M', find fonctions pe X,ue M such that :

VqeX,a(&q) + &(£ u) = 0

,6(?,t;) + I fvdx = 0. ( 2 ' 1 5 )

THEOREM 2.4 : Problem (2.15) has a unique solution (p,u)eX x M;
besides, u is the solution of problem (2.4) and p is given by :

^ = Z)-1grâ?M. (2.16)

Proof : From a resuit of Brezzi [2], the problem (2.15) has a unique solution
if the following conditions are satisfied :

i) There is some positive constant a > 0 such that :

û (? ,2 )S*a | | ? | | î ; V£eK = UeX/&(Ïi>) = 0 Vi? e M } . (2.17)

ii) There is some positive constant P > 0 such that :

^ I ^ P I M I M , VueM. (2.18)
H

Clearly, V is also defmed by

V = {qeX/dïvq = 0} .

Therefore, if q e V, we have

and hypothesis i) is satisfied with a = 1.
Now, if v G M, let us consider cp solution of the problem

div (D ~1 graa (p) = D " 3 v, over Q ,

9 = 0 on F .

vol. 16, n° 3, 1982



250 M.-N. LE ROUX

From theorem 2.2, 9 e H2
/2(Q) and || cp ||2>1/2>n < C | D " 3 / 2 v

We set,

J = D~l grâcfcp .

Then,

\\q\\x^ II <P II 2,1/2.0 < C | | i ; | | M

and
Hq v) = \\v \\M, v) = \\v \\2

M .

Thus, hypothesis ii) is satisfied with (3 = 1/C.
Besides, if u is the solution of problem (2,4) and p defined by (2.16) we get :

- div p = ƒ
r

and fc(p, v) = — \ jv dx, Vi; e M ;

l a (? , 5) + &(J M) = (grâ?u.q + div g.w) dx = 0
JQ

from lemma 2 . 1 .
Therefore, (p, w) is the unique solution of problem (2.15).

III. A MIXED FINITE ELEMENT APPROXIMATION OF PROBLEM (2.15)

In order to approximate problem (2.15), we fîrst construct a set Qh = \J K

as a finite union of triangles with vertices in Q. For any K e ^Gh, we set

h(K) = diameter of X, h{K) ^ h ,

p(K) = diameter of the inscribed sphère of K .

We assume that this triangulation is regular, that is :

We also assume that a triangle K has not three vectices on the boundary T.

Notations

We dénote :

• Fh the boundary of Qfc ; it is clear that Th does not coincide with F,

R.A.I.R.O. Analyse numénque/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 251

^ the union of the triangles of *Gh which have no vertices on F
^= \J K

^ is the boundary of Q^

If K e d^h has two vertices on the boundary F, let us dénote by K the
surface limited by the two sides of K which are in Q and the part of F between
the two vertices of K.

Now, we define an approximation Xh of X.
If K is the référence fînite element with vertices (âx = (1, 0), â2 = (0,1),

â3 = (0, 0)), we defme the space X by :

(3.2)

(Po is the space of the constants).
Let us dénote by F

F : X H F(x) = Bx + b, Be be

an affine invertible mapping such that K = F(K). To any scalar function <p
and any vectorial function q defîned over K, we associate the fonctions cp
and ^ defîned over K by :

cp = cp o F x

For any K e °£h, we set

vol. 16, n° 3, 1982
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252 M.-N. LE ROUX

We have the equalities :

div& = J ^ d i v l , (3.5)

$hA = Jn-1iA, Jn = J\B-^\ (3.6)

where ÏÏK dénotes the outward unit vector normal to the boundary dK of X.
Besides, for K e d!jh, %h can be defined over K by the same expression as

over K.
We note :

H(div, Q) = { £ G (L2(Q))2/div ^ G L2(Q) } c X

and we set
Xh = {$he H(div ; Q„)/VK G T5fc t\K e XK } . (3.7)

Then, qhe Xh iï $h{Ke XK, VK G T5fc and satisfies :

V X ^ K j e ^ i ^ . ^ + ^ . ^ ^ O over dKx n dKx [8]. (3.8)

Let Mh be an approximation of the space M defined by .

Mh = { v h e L 2 ( Q h ) / V K e K h , v h l K e P 0 } . (3.9)

Then Mh <£ M ; but to any vhe Mh9 we associate Efc defined, over Q by :

where % is the barycenter of K if % hes in Q, otherwise aK is the vertex of K
ïnside Q.

We dénote by : alK, i = 1, 2, 3 the vertices of K ; %, the barycenter of K
if aK lies in Q ; otherwise % is the vertex of K ïnside Q dK the boundary of K

dKt = [ a r a k ] j ï k ï i i = 1 , 2 , 3

mlK the midpoint of dKr

R A I R O Analyse numérique/Numencal Analysis



A WEIGHTED ELLIPTIC PROBLEM 253

To define the discrete problem, we shall use numerical intégration.
Dénote by ah(fîh9 qh) the bihnear form defined over Xh x Xh by

)UmlK).UmlK) (3 11)

(if mlK i Q, we set D(mlK) = 0), bh defined over Xh x Mh by *

& I iv4 |K (3 12)

and /̂ (fft) is defined over Mh by

(3 13)

Then, the approximate problem is the following Find a pair(]$h9 uh) eXhxMh

such that

e Xk9 ah{$h9 4 ) + bhtih9 uh) = j

THEOREM 3 1 r/z^ approximate problem (3 14) /ias a unique solution
(fh, uh) eXh x Mh

Proof It is sufficient to prove the unicity of the homogeneous problem
Fmd a pair (]$h, uh) e Xh x Mh such that

Then, we get

and VX G -Gk, D ^ ) ^2(mlK) = 0 , i = 1, 2, 3 .

But D(mlK) é̂ 0 for at least two points mIJC, so, we get :

A = 0 and, V$heXh9 bhtfh,uh) = 0.

Therefore, uh = 0 (c/ Thomas [8])

vol 16, n° 3, 1982



254 M.-N. LE ROUX

IV. ERROR ESTIMATES

a) General error bounds

We provide the spaces Mh and Xh with the norms :

II vh \\Mh = ( £ (mesK')D~3(aK)(vhlK)2 ) , (4.1)

»h \\MH = II h \\M ;

3
I -> I / /-¥ -> \ \ l / 2 / V^

I dlv 4 I* = f E (mes K)D"M (div qhlK)2 \ (4.3)

II QhWh = (I ÎJfc + I div qh \ï)1/2 (4.4)

We note : | q\x = \ D1/2 q\{Limi.

LEMMA 4 . 1 : The mapping : qheXh -+ \qh\h is a norm over Xh and there

are two positive constants C l 9 C 2 such ihat

Proof : We have :

So we get,

J~2 || £ | | 2 ( sup.

But, qh e X which is a space of finite dimension, so there is some constant
C2 such that :

i = i

R A I R O Analyse numerique/Numencal Analysis



A WEIGHTED ELLIPTIC PROBLEM 255

and then, by using (3.1)

VK e -ek, ̂ ^ E ^ K J (4K))2 < Cjfsug D(x)\

Further, we have

VKe7oh, D(mlK) # 0 for at least two points ml,

3

then VK elDh, ]T D(mlK) q%(mlK) is a norm over XK and we have

mssK y rttn, \(A.(m W2 >. - il R "2 f-
3 ,= i

>( mï D(mlK)\ x

Hence, we get

meSK i D(ml

and we deduce (4.5).
Let us dénote by :

Vh = {$hEXh/\fKeKhdïv$hlK +f(aK) = 0} .

We may write for ail qh e Vh

Thus, we get by using lemme 4.1

?-Abr<C inf [ 1 ? - ^ , + sup l ^ ^ - ^ ^ n i ( 4 .6 )

V V L t \z\ JJ

In order to evaluate these terms, we need the following theorem which
shall be proved in section 5.

vol 16, n° 3, 1982



256 M -N LE ROUX

THEOREM 4 1 If^hisa regular triangulation of Q, there is some positive
constant p, independent of h such that

sup vh\\Mh (4 7)

Then, we have the following theorem (Thomas [8])

THEOREM 4 2 There is some positive constant C depending only on P and C1

such that

sup

+ C\ sup ' f c ?- f^ ' + sup
;heMh Ij Vh \\Mh

+ susup
vheMh

\fk(vh)-(f,
Mh /J

and,

\\u - üh \\M

+ inf [\f-qh\x+ sup

inf || M - i;h ||M 4-M •+• s u r

z h IX

(4 8)

(4 9)

) Consistency error bounds

We estimate the consistency errors

sup
vheMh \\Mh

H,vh) e n | / » ( » f c ) - a « i ) |
üheMh ^ II M h

These are the object of the next three lemmas

R A I R O Analyse numenque/Numerical Analysis
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LEMMA 4 . 2 : There is a positive constant C independent of h such that

\x(\ qh\x div&LW-
(4.10)

Proo/:We set :

= f (mesX) J cp(m,K).

Let Q be an open set such that Q c Q and Qh a Q for any h. D is a regular
function defmed over Q : then there is an extension D o f D o n Q such that :

, | | D | | 2 t G 0 i S < C | | D | | 2 i 0 0 f n .

We have :

But, we

Besides,

have the

| EK(D,

?» e Xh,

Thus, we obtain

and

f D(x)q
k

estimate (Ciarlet

l th) | ^ Ch2 || D

so, we get,

1 Qh \l,K < C

:

"Ml ^ 1 / 2 ?^ I(2L2(Ü:))2

r
dx - D(x) qh(

JK

[4]):

II 2,oo,K II " / i II 1 ,JK

1 div ̂  \L2iK).

+ | D1 /2 div $h

*)Kx)dx <

D1'2 îh \LHK)

Hence, we can deduce (4.10).

vol. 16, n° 3, 1982



258 M -N LE ROUX

LEMMA 4 3 * There is some positive constant C independent of h such that

I Ht, vh) - bh($h, vh) | < Cfc || vh \\Mh | D
1'2 div & |t2(£1) (4 11)

1/2

(4 12)

Proo/ We set

Then, we have

, vh) - &*(4 i>*

- ( m e s

-1
Besides,

EK(D3I2) » oo K

f D3/2(x) dx - f
JK JK

D3l2(x)dx - D3'2(x)dx Ch3 \\D3'2 \\0 œ K

Hence, we get

,. V») - bh{qh, »») | < Ch \\vh \\Mh( £ (mes K) D(aK) div
l /2

or

iv \LHii) X ) D " 5(aK) t>2
1/2

LEMMA 4 4 T/iere is some positive constant C independent of h such that

h eMh, | (f,vh)-fh(vh) \^Ch\\ vh \\Mh[\ D^Anw + l D3'2 ff&T\axmd

(4 13)

R A I R O Analyse numenque/Numerical Analysis
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Proof : We set, as in lemma 4.3,

259

= <P(x) dx - (mes K) cp(%)

Then, we get,

Besides,

and

D-3>2(aK)EK(D3>2f)vh]K +

'•(x)f{x)dx - f D3'2(x) f(x)<
JK

f)\^Ch2\^(D3'2f)\iLHK

D3l2(x) f{x) dx- [ D3l2{x) f(x) dx

Hence, we deduce 4.13.

c) Interpolation error bounds

It remains to estimate :

inf - qh \\x a n d inf \\ u - vh \\M
qh eXh vhe Mh

and inf \\ u - vh

We define an interpolate p^f of q with p^f e Xh as foliows :

1. If K e %, qeH (div ; K\ and if we also assume that q e (H^K))2, we
can define the interpolate ~p^q of qby [8] :

V i = l , 2 , 3
J an:, J 3X,

q.ntdy.
(4.14)

2. If X G 575̂  and has two vertices af and af on F, if q e XK such that
D3$.îîe Ll{dKi) (i = 2, 3), then we define the interpolate "p^q by :

JdK,

D 3 d i v p ^ d x = \ D3div$dx.

ÔK2

(4.15)

vol. 16, n° 3, 1982
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3 Therefore, because py? must be in H (div, Q), the mterpolate p ^ of q
on a triangle K which has one vertex ax on F is defined by

= 2, 3
Sx, ax,

aO\

Thus p^f is in X„ and is defined for any J e X such that (I>3/2 q) e (H
We shall note

THEOREM 4 3 Lef t/ie triangulation 73,, be regular Then, there is some posi-
tive constant C independent of h such that

I D ll2(q -

D3'2 div ( | - \LHn)

(div q) e (L2(Q))2

D1 /2

(4 17)

(4 18)

Proo/ If X 6 T?to we have (cf Thomas [8])

| Dm(q - Prf) IOHB)» < Ch |

| D3 / 2 div (q - ~^q) \LHK) < Ch \ D312 (div q)

Now, if X e öT5h and has two vertices on F, div p]̂ f is the orthogonal pro-
jection of div ^ on the space of constants with respect to the scalar product
(D312, D312) and then we get

D3'2 div tf - p7 \LHK) Ch | D3 '2 (div

Besides, there is a positive constant C independent of K such that

R A I R O Analyse numenque/Numerical Analysis
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Then, we get

- t)
«e(po)2

It remains to estimate | D1/2(q - p^g) |(L2(X))2 and | D3/2 div (q - p ^ ) |L2(K)

when K has one vertex a1 on F.
Let us dénote by pKg the function of XK defined as follows

D3 div

nt, i = % 3 ;

r
dx = D 3div,

JK

(4.19)

Hence, we get

div (^ - p ^ ) \LHK) < Cfc | D3/2 grad (div ?) |L2
(JC).

Further, we have :

D3 '2 div

We have the equality :

\L2(K) Ch3/2

JdKi

u dK3

and from (4.16) and (4.19), we get

.nx) dy
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Hence, we deduce

M.-N. LE ROUX

Thus, we get

C{h | Dil2 grâci q \{L2{K)) + h

div (?

and, finally,

- m)
div (£ -

| D3(2 gm3 (div q)

ch(\ D1

< Ch(|

+ | D3/2

)2 -f

(div |(L2(Q))2

Further , we have [5]

I In - p ^ . r f | L 2 ( r h ) ?|| f l l (nh)

Then, we deduce (4.17) and (4.18).
Now we consider the M^-interpolation operator nh.
Given a function v G M, the M^-interpolant ïïfc y is the unique function

which satisfies :

nhveMh

VX e T5J>, nh v \K = nK v =

\/K e d^h, nK v = O.

1
mes K

v dx (4.20)

THEOREM 4.4 : Let the triangulation "6fc be regular. Then, there is some
positive constant C independent of h such that :

V»eHi 1 / 2 (n ) , \\v-nhv\\M < C{ h[\D~512 v b ^ + l D"3 '2

Proof : If K e 13;, we get

| / )-3 '2(r - nKv) \LHK) =

and then,

| ö- 3 / 2 ( r - nKv) \LHK)

. (4.21)
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Now, we assume that K e ô^h

Then, we have the estimate (cf Bolley-Camus [1])

(where C is a constant independent of K)
Then we deduce (4 21)

d) Error estimâtes

THEOREM 4 5 Assume that the solution (p, u) of (2 15) satisfles the smooth-
ness properties

D-3l2(LogR/D) ' ^ u e (L2 (Q))2 ) ( 4 2 2 )

D 5/2(Log R/D)'1 WGL 2 (Q)

with R > max ( max D(x\ e2 )

Then, we have the estimâtes

| ? - A \x < Ch(\ $\x + \D"2-^$ |(L2(Q))4 + | D1/2 ƒ b(O) +

)2) (4 23)

u |L2(0))}

(4 24)

Proo/ In the estimate (4 8), we ehoose qh = pA p, then by using lemmas
4 2, 4 3, 4 4, we get

Pa Ïïx + C { h(\piï \x + \ D1'2 divpiï \LHn)) +

div ( ? - f t ? ) |t2(O) + ft(l D112 f lydi,+ 1 ö 3 / 2 gTa^ ƒ | ( L W ) }

Then, trom theorem (4 3), we deduce (4 23)
In the estimate (4 9), we ehoose vh = nhu, then, we get

«-S» HM < C I I p - p h Ix + iP-P^P Ix + Ml PHP \X + \D112 div p ^ |L2(n)) +
\l/2

(mes K)D-5(aK)(nKu)2)

and by using theorem (4 4), we obtain (4 24)
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Remark : If we assume that D1/2 p e(L2(Q))2, Z)1/2grad/e(L2(Q))4, then,
we have the estimate (Bolley-Camus [1])

2 2 ^ C I D

that is

I D~*^2(T o ? R/D}~ ^ Qvfió M I •<!! ̂  I O ^ ^ 2 ffr?jfl rT I

Similarly, we have

u \L2(ÇI) ^ C 11/ (J_/Og J\/JJ) gracl w |(L2(Q))2

V. PROOF OF THEOREM 4.1

Before proving theorem 4.1, we need several results.

Notations. We define the spaces SK, Jiïh, Jth by :

i e P 0 , î = 1,2,3}

over K1 n K2

If ^ is a function of Yl ^ 2 ( ^ X le t u s dénote by 5h *F the function such

that 5h ̂  e n L2(3X) and sft *F |ÔXi is the projection of ^ onto Po-

LEMMA 5 . 1 : There exists a constant C > 0 independent of h such that

E D-\aK
e*: \K

1/2 (5.1)
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Proof : Let cph e J^h and *F G Hx(Çl'h) ; then we have the equality

cp.OF - sh*¥)dy = f (cp, - shyh)(V - sh*¥) dy
: JÔK

and then

Z £(%)

C Y D ( a x ) \ q > h - sh cph

\l/2 / \l/2

Besides, we have the estimate [5]

I y - sh »F l ^ a , ^ C/i1'2 || ¥ \\HllHm

hence, we get

/

JÔK

vol. 16, n° 3, 1982

1/2

Further, we have

I «h - s* 9ft IL*O*) < Cfc | grad <p

and then

/ \l/2

Z D-x(aK)\ifh- sk(f>h\l2{dK)) ^

/ > \l/2

^C/i+1/2 I D^MIgî^cpJ2^) .

So, we obtain 5.1.

THEOREM 5 . 1 : Let q>h he a function in J4?h such that :

yhiihdy = 0. (5.2)
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Then, there is some positive constant C such that :

\2
LHK) ^ C ( X D(a r) | ̂ 3 q>» 1 ^ ) . (5.3)

Proof : Let cph e J^h satisfying (5.2) and consider the problem. Find
u e # i 1 / 2 ( Q ) such that :

div(D-1^53u) = D-2q>fc, j

where D is the function defined over Q by :

D\K = D(aK).

The solution of (6.4) is in //2
/2(ü) and we have the estimate :

— / V/2

Then, we may write :

V D~l(aK) | cpfc \l2(K) = V div (D"x grad M) i)(%) cpfc dx +

-h y D ' H a l l ©

From (5.2), the function Dcph is continue in the midpoints of each side dKi

and it is null in the midpoint of a side of the boundary Th ; then, we get easily

Besides, by using Green's formula over each K e 7SJ,, we obtain :

div (D-1 ^ i 3 M) D(ax) cpfc dx =

f D{aK)D-ld^dy.
Vh JdK °n
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Further, we have

D{aK)D 1 grâ3 u grâ3
5È. JK

C
Ke-GU

and from (5.5), we get

u grad cph

Consider now the term

l /2

Z) - 1 / 2 grad M

We have

cp.

D(aK)D-ld^q>hdy.

OU ^ OU t . ± r->\

— = 2^ j — ni \ni a r e the components oin),

cp* \h
iK

1/2

We note

We may write

Y f D(aK) D
J

Ê f D(a1d<phQ¥l-sh1fdnldy +

+ I I f D(ax) s» «F, <h n,
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and from lemma 5.1,

M.-N. LE ROUX

E I f
K e 7 S h i - l J dK

2

i

Then, by using (5 5) we get

£ DiaJD-^^dy

Now, we estimate

Z I

Usmg hypothesis (5 2), we may write

= " I i
KdK 1

and therefore,

V V f D(aK) sh V n a>hdy ^( Y D
Ke^h i = l JdK \Ked°Gh

But,

l / 2

1/2

1/2

l / 2

{ I D 3 ' 2 Y, |£2(fih) + I D 3 / 2 i ^ a % \2
LHQh) Y

\1/2

E ^ " H i
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and
v l / 2

I CpA \tnmn I < Ch~

l /2

Then

1 = 1 J dK
\LHK)

Thus, we obtain (5.3).
Let us pro vide the space Jth with the norm :

III h III* = f I hKD(aK)\\[ih\\2
LHdK)

1/2

and the space J^h with the norm :

1/2

1/2

LEMMA 5 . 2 : We have the estimate :

sup
\\\*H

(5.6)

Proof : Let us dénote by

Then,

~in\(J„ = J \ B ~ i n

ÔK dK

and the mapping

P*
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is a norm over SK ; then, there is a positive constant C such that

Besides, we have [6]

II M* Ili^aio < Ch~112

and

ii % iia>(i, > § (ii * » ii£2(K) + h

Then, we get

Hence, we deduce

x sur
JÔK

But, since the space J^h is isomorphic to the space Yl ^ i (^X the local

estimate implies the global estimate.

LEMMA 5 . 3 : There is a linear operator §h from L2(Qh) into Mh such that if

and

VKe-6, \ihd1= \ vdx (5.7)
I ÖK JK

< \l/2

I D3(aK)\v\2
L2{K)) . (5.8)

Proof : Let us consider the problem : given v s L2(Qh\ find a pair

(<pteM*)e.#fc x J(k
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such that

(5.9)

jK Ke-GhJdK

= 0

This problem has a unique solution (Thomas [8]).
Besides, from lemma 5.2, we have

z f

and

Z

Now, if in (5.9), we choose x¥h = Dcph, we obtain

^ p
gràcl y h \

2
L2{K) = - Z D ( % ) Ü(P* rfx

KeTGhjK

and, then from lemma 5.1, we get

K5T D{ÜK)

Finally, we obtain (5.8).
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Then, we obtain

,1/2 / \l/2
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LEMMA 5 . 4 : There is a linear operator Qh from Mh into Xh such that if

àiyqh = vh (5.10)

and
III?* III* < C £ (mesK)D3(aK)(vhlK)2. (5.11)

KeKh

Proof : Let vh be in Mh ; we note

Then, there is qh m Xh such that [8]

h.nK= \ih

div qh = vh.

Besides

i -• i2 V\ üu \u = /I T./I l/l / i

^,(x) = J " 1

Hence, we get

Thus, we obtain

and from lemma 5.3, we deduce

Proof oftheorem 4 . 1 : Let vh be in Mh ; we note

wh = D " 3 t?fc (i.e. wfc|i = D "
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Then,

h vh) = Z ( m e s K) vh\K d i v 4 = 1 ( m e s K ) D ~ 3 ( a K ) (vh{K)2

= II vh \\2
Mh .

Further, we have

III i III* < C J^ D\aK) {wm)2 = || vh \\2
Mh .

Thus, we obtain

hA"' - > C || vh \\Mh.
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