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R.A.LR.O. Analyse Numérique/Numerical Analysis
(vol. 11, n° 2, 1977, p. 181 à 196)

SOME ASYMPTOTIC ERROR ESTIMATES
FOR FINITE ELEMENT APPROXIMATION

OF MINIMAL SURFACES ( )

par Rolf RANNACHER (2)

Communiqué par V. THOMÉE

Abstract. — The solution of a minimal surface problem over a plane domain is approximated
by piecewise linear finite éléments. Using related results of Johnson/ Thomée [5] and a weighted
Sobolev norm technique introduced by Nitsche [11], we show the D°-convergence with rate
0(h2 |ln h\) and the L2-convergence with rate 0(h2).

1. INTRODUCTION

Let Q be a bounded, strictly convex domain in the plane R2 with smooth
boundary SQ e C2 a , 0 < a < 1, and let g e C°(R2) be a real fraction._We
consider the following minimal surface problem for functions u e C0*1 (Q) :

(V) j (1 -f | V w | 2 ) 1 / 2 dx = M i n . , u = g o n
Ja.

If g satisfies the bounded slope condition on 3Q and is in the Sobolev space
P^'4(O) for some q e ]2, oo[ or in the Hölder space C2>a(Q), then it is known
that there is a unique minimizing function

ue »*•«(«) or M 6 C 2 « a ( Q ) c r ' œ ( Q ) ,

respectively, (see [7; 4.2.1]). This solution will be approximated by the
simplest finite element method.

Let Qft =) Q, o < h < h0 < 1, be polygonal domains, and let Th = { Tt } be
finite triangulations of Qh, such that the triangles have disjoint interiors and all
their edges are the edge of another triangle or of the polygon dÙh. Further
all vertices of the inscribed polygonal domain

Qh ; = u { Te Th | T c Q } c Q c Qh

(V) Manuscrit reçu le 22 mars 1976.
(2) Institut für Angewandte Mathematik der Universitât Bonn. (Fed. Rep. Germany).
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182 R. RANNACHER

are on the boundary dQ. It is assumed that the triangulations Th are quasi-
regular :

(T) Each triangle T e Th contains a cire le with radius cth and is contained in a
cire le with radius c2h.

We define finite dimensional subspaces Sh <= W1'2 (Ùh) by

Sh:= {vhe C(Qh) | vh linear on each TeTh}

Sh° : = {vheSh\vh = 0onQh - Qh }.

The usual interpolant Ihg e Shoig is determined by

Ihg(x) = g(x) for each vertex xeTeTh. (1 )

Now the approximating functions uh e Sh are defined by the finite problems

(V„) f (1 + IV^I2)1 '2 dx = Min., uh - Ihg e S°.

The function F(r\) : = (1 + |r)|2)1/2 is strictly convex on R2.
Thus the existence of unique solutions of (K) follows from the continuity

and coerciveness of the functional.
Johnson/Thomee [5] have shown for u e W2-2^) n ^ '°°(Q) the rate of

convergence
(2)

and the estimate
IVMJU = 0(1). (3)

Further for u e ^ ^ ( Q ) , q > 2, they derived, using a common duality argu-
ment,

\\u~uh\\p^O{h2) , l <p<2. (4)

For uniform triangulations and u e C2(Q) n W3>2(Q) Mittelmann [6]
has shown the L00-estimate

\\u-uh\\oa = O(h^\ïnh\112). (5)

In the linear case F(u) = \Vu\2 -2fu with u e W2-™ (Q) the analogue of the
method (Vh) has the order of convergence (see [8], [13], [11], [12], [4])

\\ \\nh\). (6)

Recently this was obtained by Frehse [3] for the genera! variational pro-
blem, too :

1F (., u, Vu) dx = Min., u e W J •2 (Q). (7)
n

R.A.LR.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 183

He used a Morrey norm estimate

l l | V ( « - « 0 l l | . = O(A) withan a > ° ' (g)
which is proven in [2] for zéro boundary conditions and uniformly convex
functions F{x, !;, . ). These assumptions are not valid in the case of minimal
surfaces. In this note we shall prove the Zf-estimate (6) for the nonlinear pro-
blem (V) without making use of (8). Furthermore the Lp-estimate (4) will be
extended to the case p = 2.

THEOREM : Assume dQ e C2-a, 0 < a < 1, and ge W2**^2) n W2^{dD)
and u e W2'q(Q)for some q with 2 < q < oo. Further let the triangulations Th

be quasi-regular in the sense of (T). Then

^\\nh\), (I)
. (II)

REMARKS : The methods applied in the proof also work with slight modifi-
cations for the genera! variational problem (7) under the assumptions of [3].
This will be of its own interest since the estimate (8) is somewhat hard to
prove. For this problem the above L°°-estimate can be extended to higher
dimensions n > 3, too. This will be carried out in a forthcoming paper.

Moreover, there is no difficulty to obtain analogously to [11] the order of
pointwise convergence O (hm) for the finite element approximation of a solu-
tion u e W"'00 (Q) of (7) with éléments of order m > 3.

Here and below U (Q) and W™*? (Q), W™>v (Q) dénote the usual real Lebesgue
and Sobolev spaces with the corresponding norms

Ln l<p<co , meN
0.

Further we use the abbreviations

, i = 1,2, V1*; = Vv := grad t; , V2v := {dtdkv)itksslt29

for the partial (generalized) derivatives, and c for a positive (generic) constant
which is independent of the parameters h and p, defined below. Finally, we
shall use the usual summation convention.

2. PROOF OF THE THEOREM

First we introducé some notations and technical facts.
The minimizing functions ue W2>q(Q) c C^Q), 2 < q < oo, of (V)

and uh e Sh of (Vh) necessarily satisfy the Euler équations

' (1 + |Vu|2)~1/2 Vw . Vv dx = 0, Vu G Wl>2(Ü),

(1 + IVwJ2)-1'2 Vuh. Vüfc ix = 0, Vüfc e 5,°.

vol. 11, n° 2, 1977
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184 R- RANNACHER

Denoting by Fik := dtdkF, i, k = 1, 2, the second derivatives of the function
F{r\) : = (1 + h|2)1 / 2 , ri e R2, we obtain

Combination of the Euler équations yields

ah(vh, u - uh) : = f < ( . ) fa dk(« ~ «*) <** = 0, Vvh e S°, (9)

with the L°° (Q)-functions

^(•) == f F^M') + ̂ (W - uj(.))* U = 1,2.
Jo

Further by the result (3),

aU&k>c\ï,\2 , ^e i ? 2 , on Q.

Since the ah
ik are discontinuous we introducé the bilinear form

a(v9w):= \ aik(.) dtv dkw dx, i;,
Ja

with coefficients

alk(.):=Flk<yu(.))eW1«(Q) , i, k = 1,2.

Then the differential operator

^:= - ^ { ^ ( O ^ a (11)
is uniformly elliptic in Q and hence satisfies the well known a priori estimate
(see [7; 5.2 ff]) :

H 2 . 2 * * I M 2 > VveWl
0>

2(Q)nW2>2(Q).

From the boundedness of the derivatives of Fik it follows that

\aik - f l j k | <c\V(u-uh)\ on Q. (12)

For functions v e W2>P(Q), 2 < p < oo, and w e W*>2(Q) n W2>2(Q) and
the corresponding interpolants Ihv e Sh and Ihw e S% the foliowing estimâtes
are known (see [1] and [10]) :

v l ^ , 0<j<2 , 2 <p<<x>.

(13)

R.A.I.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 185

Using in addition Lemma A4 of the Appendix we find with (15)

' Ik " IMJ.2 < ch2~J HI2.2 . 0 < y < 2. (14)

Proof of Proposition (I)
In order to make the outline of the proof clear we write its main steps as

lemmas.

Set en: — u — m and let Eu: — heu — hu — m be its interpolant on QA.
Observe that Eh e SS.

First we estimate eh on Q — Qh :
The assumptions (T) and 3Q e C2 imply

d(dQhidQ) := sup dist (x, dQ) < ch2. (15)

Thus, we conclude using u = g on 3Q, uh ~ Ihg on Q — Qh and the
estimate (13)

Next, let zh e Qh be points with the properties

\Eh(zh)\ = l^ l l
Then, with any disk B : = Bz(zh), T > 0,

1' ex

Using the well known inverse relation IV^H^ < ch x H^H^, we find that
for T : = §/*, 5 > 0 a constant sufficiently small,

IIEJL < ch'2 I | £ J d x .
:
 IF

JB

Thus by the estimate (13)

(17)

In the following our main tooi will be a modification of the weighted norm
technique by Nitsche [11]. With a real parameter 0 < p < p0> which will be
appropriately coupled with h below, we define the weight function

vol. 11, n°2, 1977



186 R, RANNACHER

and the weighted norms (T denoting triangles of 7̂ )

2 , v e * . (18)

Since the points zh and the corresponding disks B := Bdh(zh) will be fixed
during the proof, we shall omit the index of a.

Obviously with constants independent of p

|VCT| < c , |V2a| < ca" 1 < cp" 1 on R2,

and for p > c3h, c3 sufficiently large,

max { max av(x)/min av(x)} < c, — 4 < v < 4.
TeTh xeT xeT

From this and (13) we conclude the following interpolation estimate for fimc-
tions ve C(Qh) n ® W2>2(T) (see [11]) :

T<=iih

\\v-I„vlv) + h\\V(v-Ihv)\\(v)<ch2\\V2v\\{v) , - 4 < v < 4 . (19)

LEMMA 1 : Let 1 < (3 < 2. Then there are constants c4, cp, independent of h
and p > c3h, so that

\\eh\\œ;ah< cth2-2"- \lnh\ + cpp/z"1 |lnÀ| |Vè4 |?_H .

Proof. We shall estimate the intégral in (17) making use of a common
duaiity argument. Let Gh e WQ>2(CI) n W2>2(Q.) be the solution of the boun-
dary value problem (smoothed Green function)

AGh - k-2sgn{eh)xB in O , Gh - 0 on 3O, (20)

with %B t n e characteristic function of the disk B, and let Gh
h e S® be its Ritz

projections defined by

a{vh,G
h
h) = a(vh,G

h) , VvheS°h. (21)

With this setting we obtain by intégration by parts denoting

dn : = — nkaikdt , (nls n2) : = outward normal to 3Q,

h~2 f |g„| dx = f efc3.G» ds + a(eh, &) (22)
JB Jan

and by (9)

h~2 f 1̂ 1 dx = f ehdnG
h ds + aie» Gh - GJJ) + (a - aft)fe, G». (23)

JB Jon

Now we shall estimate the three terms on the right.

R.A.I.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 187

Since eh = g — Ihg on dQ., we find using Hölder's inequality and a well
known trace theorem (see [9])

ehÔnG
hds ^ c \\g - hg\qm ||G*||2,r, l/r = 1 - l/(2«) (24)

For g e «(/?2) n RK2-«(5i2) it is proven in [5] that

Ik - AsIUn * cA2.
Using Hölder's inequality (notice r = 2q/(2q — 1) < 2), Poincaré's inequality
for Gh e W\a (£1) and Lemma A2(a) with p > c3h, we find (We note that the
logarithm only appears for r = 1.)

||G*||2(r < eh-1** \\nh\112 { \\VGh\\2 + ||V2Gh||(2) } < cff1^ \]nh\. (25)

Thus

f ekdn
Jan

ehd„Ghds ch2-llq\lnh\. (26)

The second term in (23) is the same that occurs in the case of linear problems
(see [4]). The modified interpolate of w, defined by

ïhu :=
on Q.,

II hg on Qh-Qhi

obviously satisfies îhu — uh e 5 j . Hence, we find using (21)

\a(eh, G
h - G"h)\ = \a(u - îhu, G" - G*)|

Jn-n

By Lemma A4 (notice (15)) and Lemma A2(a) (with £ = 0, p > c3h) it follows
in the same way as in (25) with r = 1

I I V G

Thus, we conclude using the estimate (13) and the result, stated in Lemma A2(b^
concerning the convergence of Green functions :

\a(eh,G
h-Gh

h)\<ch2~2^\\nh[ (27)

vol 11, n°2, 1977



188 R. RANNACHER

The third term in (23) comes from the nonlinearity of the problem (V), i.e.
from the replacement of the discontinuous coefficients ah

ik by aik e Wx'q(Q).
By making use of (12) and Lemma A2(c) (with p > c3h) we see (notice Gj = 0
on Q - Qh)

\(a - ah)(eh, G>)| < c j \Veh\2a^ \o*VGh
h\ dx

Together with (27) and (26) this establishes the desired estimate.
Since p < 2our proposition (I)suggests the estimate |Vef t | |(_p) = O(h}~llq)

without any logarithmic term. Obviously this would complete the proof of (I).
A first step in this direction will be the following :

LEMMA 2 : Let 1 < p < 2. Then there are constants c6, cp, independent
ofh, so that for p = c6h |ln h\3/2

Proof. The result (2) gives for p > h

I|V«J?_B ^ c ||Ve,||(_2) IVeJ^1-». < ch2^ ||Va||(-a). (28)

The weighted norm on the right will be estimated in the same way as in [11]
and [12]. By (10) we have

l|VeJ?-2) < c |a"K,a-2
e f c) | + c f \Veh\ \eh\ jVa"2! dx

<c\ah{eh,a-2eh)\ + c |Vcfc||(_2) Hefc||c-*,-

Since vh : = Ih(<j-2Eh) e S%, Eh : = Ihu - uh, it follows by (9) that

> a - 2 e h ) | = \a"(eh,<y-2(u - Ihu) + <j~2Eh - vh)\

ï c ||Veh||(_2) { ||V(a-2(« - I„u))\\(2)

Using the estimate (19), we get for p ^ c3h (notice W2Eh = 0 on each Te Th)

c {
ch
c { \\u - I„ul_A) + ||V(« - Ihu\\{_2)

and

p{a-2Eh-vh)\\(2)

<ch\\V2(a-2Eh)\\(2)

<ch { \\eh\\(_6) + \\Veh\\{_4) + \\u - Ihu\\(_6, + ||V(« - Ihu)\\(_A) }.

^ c { lk»||(-4) + hp'1 |VeJ (_2 ) + h |V 2 M|| ( _ 2 ) }.

R.A.I.R.O. Analyse Numérique/Numerical Analysis
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Thus

||VeJ(_2) < c K||(_4) + chp

and with p > c5 h, c5 sufficiently large,

IIW II < r \\P II -I- rhl~2to lin /?i1/2

llVeft||(-2) — C ||efc||<-4) + Cn | m " |
In order to estimate the first term on the right we use a duality argument.
With the solution v e W^2(£l) n W2a(Çl) of the boundary value problem

Av = o~4eh in Q , u = 0 on 3Q,

we obtain by intégration by parts

hdnvds + a(eh,v)
ha

and in addition with Ihv e 5M° by (9) (see (23))

kli(2-4) = ekdHv ds + a(eh9 v - Ikv) + (a - a*)(eh, /hü). (31)
Jan

The three terms on the right will be estima ted analogously to those in (23).
With l/r = 1 - l/(2?)weget

rts

=
h

d„v ds
da

\\g ~ Ikg\\qidQ |M|2 |P

From the estimate (19) and Lemma A4 it follows that

\a(eh, v - Jhv)\ < c \\Veh\\{_2) ||V(r - Ihv)\\{2) + c ||V(u - / ^ ) | | œ f |Vii|<*x
Jn-ni,

^c{h \\Veh\\(_2) + h2 |ln H 1 / 2 }

Using the estimate (12), Lemma Al (with v = 2) and the result (2), we find

\{a - J)(eh,Ihv)\ < c IV^II2^, |lnA| { | V p ^ + ||V2 , | | (2 ) }
^ c A | l n A | | | V e J ( _ 2 ) { | | V B | | 2 + ||V2t;||(2) }.

Thus, by Lemma A3, observing that ||^4i;||(4) = ||eh | | (_4))

||ft||(-4) ;< ch1-1* \\nh\ + chp-1 \inh\v2 | |v«y (_2).

We substitute this in (30), choose p = c6h |ln A|3/2, c6 appropriately large, and
obtain

\\Veh\\^2)<ch^^\\nh\. (32)

From this the desired estimate follows.

vol. 11, n°2, 1977



190 R. RANNACHER

By combination of Lemma 1 and Lemma 2, we find as a first resuit for
1 < p < 2

\\ehUlÇlh<c^-*-v*\\nh\\ (33)

Now, this will be used to improve the estimate of Lemma 2.

LEMMA 3 : Let 1 < p9 < 1 -f (q - 2)1 (3q). Then there are constants c7,
cs independent ofh, so thatfor p = c7h

Proof. Set p > c3hto guarantee the interpolation estimate (19). We start in
the same way as in the proof of Lemma 2 concerning the term | | W j ( _ 2 ) .
With vh := Ih(o~*'Eh)eS%, Eh : = Ihu - uhi we find analogously to (29)

||Ve„||(_p) < c |k,||(_p_2) + chp'1 ||V^||(_p) -f ch ||V2
W|(_p)

and for p = c7h, c7 appropriately large,

Thus, by the result (33)

||VeJ(_w < oh*-*'*

Since q > 2S we can find some $q with 1 < $q < 1 + (g - 2)/(3q) < 2, so
that

A(2-3P«/2-l/«) | ] n A |4 + A(l-P«/2-l/,) < c >

This proves Lemma 3.

Finally, combination of Lemma 3 and Lemma 1 complètes the proof of
proposition (I).

Proof of Proposition (II)
The proof of Proposition (II) makes use of the estimate (I) for the given

q > 2 (eh : = u - uh) :

| |eJM<c/*2-2 '* | ln/* |<c4 />. (36)

Let v e Wl'2 (O) n W2>2 (fi) be the solution of the problem

>li7 = eh in Q , v = 0 on 3Q. (37)

Using (9), we find analogously to (31) with Ihve S%

l = f ehdnv ds + a(ehi v - Jfci?) + (a - ah)(eh, Ikv). (38)

R.A.I.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 191

The three terms on the right can be estimated in a similar way as those in (31 ).
Weget

i r

ehd„vds

ch2

and, using (14) and the result (2),

\a(ehi v - Ihv)\ < c

Further

|(a - ah)(eh, Ihv)\ < c £ f \aik - a\k\ \Veh\ \VIhv\ dx.
Uk Jah

It will be convenient to replace the discontinuous function \VIhv\ by a con-
tinuous approximant h : = Ih \Vv\ 0 of \Vv\e W1- (Q) on Qh. By the
boundeness of aik, ah

ik and the estimate (12), we have

, V ) | < c f {\Veh\\V(Ihv-v)\ + \Veh\\\Vv\-

and, using (13) and the result (2),

\{a - a"){eh, lhv)\ < c \\Weh\\2h \\v\\2,2 + c f \We

< ch2 ||r||2>2 + c

dx

dx

The intégral on the right can be estimated in the same way as the term || V f̂c|| (_ 2)

in the proof of Lemma 2. Defining vh : = Ih$hEh) e S%, Eh := Ihu — uh, we
have by (9)

ƒ \Ve \a"(ek, tyh(u - I„u) - vh)\

+ c \ [VeJ \eh\ |Vv|/,|
Jsih

dx

and hence

Jft]
\\Ve„ - Jhu)\\2;ah (« - Ihu)l2i Oh

- vh)\\2.iiih

vol. 11, n° 2, 1977



192 R. RANNACHER

Using Hölder's inequality, the Sobolev embedding theorem and (13), it fol-
lows that

j œ

( i ) < c \\u - Iku\~.a> l l V ^ l k n , , ^ c h ^ | | « | | 2 , , \\v\\2a,
(ii) < c ||V(« - Ihu)\wOk ||i|/Ji;2 n„ < ch | |«| |2(, | |r|2>2 .

Observing v|/h ^ 0, V2\|/ft = V2£h = 0 on each TB Th and the result (3), we
find

(iii) < ch( E f |V 2 (^£J | 2 dx) < ch ||V>|rJ2A ||VE

< C;i Il"ll2., H U . 2 -

Finally, our result (36) applies to the crucial term (iv)

(ïv)

This gives

Thus, by \\v\\2,2 - c Ik/.II2 a n d ^ e result (2),

WI2 - Ö

This complètes the proof of the theorem.

3. APPENDIX

Here we state some lemmas useü in the proof of the theorem. Assume the
condition (T) to be satisfied.

LEMMA Al : Let v e W\a (Cl) n W2a (Q) and let IhveS% be its interpolant
Then

||V/fci;||.^c|liiA|H2i2> (a)

and with the weighted norms (18) for 0 < v < 4 and p > c3h

\\a^ V4u||œ < c \\nh\ (||V,;j|(v_2) + ||V2.,||(v)). (b)

Proof. We shall prove (b). The proof of (a) is similar.
Let T e Th be any triangle with T c Qh and let % e T be the center of the

inscribed circle with radius c1h (assumption (T)). The boundary dQ is of
class C2 and hence satisfies a strong cone condition. The corresponding sphe-
rical cone K := K(t„ x) <= B(^, t) with vertex ^, opening \LK\ and height

R.A.I.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 193

T > 0 (independent of % e Q and h) can be eut off to a cone KT c T with volume
\KT\ = ch2 and KT c <= £(Ç, x). Then by (19)

f

KT

a v | V f d )|Vifdx) .

Now choose a function tpeC00 with support in the bail B (Ç, x) and the proper-
ties (independent of h)

0 < <p < 1 , |Vcp| < c , <p = 1 on KT.

Using polar coordinates (r, 0 ) centered in % we find with the function

/ i " 2 f a v |VÜ|2 rfx < c f j rp(r) jcpav/2 Vu|2 (ir do.

According to the special choice of (p it follows by intégration by parts

f rp(r) |<pav/2 Vv\2 dr = - 2 f ƒ f 5p(s) & ]>9^ v / 2 |VÜ| ar(<pav/2 |Vt>|) dr

and, using the inequality ab < sa2 + (4e) '1 b2, e > 0,

f rp{r) |<pav/2 Vv\2 dr < 4 f ƒ f 5p(5) rf5 | r " 2 ^ ) " ^ )V((pav/2 |Vi;|)|2 dr.

tion J sp(s)ds >The function J sp(s)ds >r~2p(r)~1 is continuous and nondecreasing

for 0 ^ r < h and hence uniformly bounded by c |ln /z|2 for r ^ diam (O).
This gives

h'2 f av |V.|2 dx < c |ln /x|a(||Vt,|l<v_2) + l|V2t;||(v))
2

JKT

and complètes the proof.

vol 11, n°2, 1977



194 R„ RANNACHER

LEMMA A2 : Let Gh e W\>2 (Q) n W2'2 (Q) be the smoothed Green functions
defined by (20) and let Gjj be its Ritz projections defined by (21). Then with the
weighted norms (IS) for p > c3h

r 1
 2 ; Hl w

||V(Gft - GOU! < c |ln /z|1/2 ^(G*1 - G*)||(2) ^ cp |ln fc|, (b)

| |a1 + E VGJII^ < c^p/i"1 |ln A| , s > 0. (c)

Proof The estimate (a) and (b) are proven in [4].
Analogously to Lemma Al we find

C | lnA|{||VG»||<2€)

!!

and, using (a) and (b),

|a1 + "VGÎ(É)| < cpA"1 |lnA|1/2 + c^ph'1 \ln h\.

This proves (c).

LEMMA A3 : Let v e W1^2 (O) n W1-2 (Q) a«rf /ef ^ be the uniformly elliptic
differential operator defined by (11). Then with the weighted norms (18) for
0 < P < Po

For the sake of completeness we shall sketch a proof of this important
a priori estimate. It rests on ideas contained in [12] and [4]. A similar assertion
is stated by Nitsche [11] for the Laplace operator.

Proof. S e t a ( . ) := (|. - z\2 + p2)1 '2 , 0 < p < p o , z e f l .
Denoting by yj : = xj' — zJ, ƒ = 1,2, the components of the vector x — z,

x e Q , we get

l|vH22>= Z liyv^ii^ + p^llv^iii

and by the well known L2-est imate,

p | | V 2 » | 2 < cp \\Av\\2 < c p " 1 \\Av\\w,

| | y V 2 » | 2 < c { \\V2(yJv)\\2 + \\Vv\\2 }<c{ \\A{yh)\\2 + \\Vv\\2 }.

Further, using M : = max \\ax\\i , < oo and max Wa^W^ < cM, we find with
p:=2ql(q-2)

\\A (yh\\2 g c { \\yUv\\2 + M \\v\\p + M | | V B | | 2 } ^ C { \\y'Av\\2 + | | » | | 1 > 2 } ,

and thus by Poincaré's inequality and a " 1 < c p " 1

| |V2i;| | (2 ) < c { \\Av\\(2) + \\v\\U2 } < c { p " 1 \\Av\\{4) + \\Vv\\2 }. (39)
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By the inequality ab < (a2 + b2)/2, it follows that

| |VÜ|I| < a(v,v) < cp'2 | lnp| \\Av\\2
4) + c p2 |ln p)"1 ||i>||?_4).

Denoting by g(., . ) the Green function of A over O we obtain
2

ix,

and by Hölder's inequality and an interchange of the order of intégration

It is well known that the Green function g can be estimât ed on Q by (see [4])

0 < g(x,y) < c{l + | In \x - y\ |).

From this we conclude

a~4(ri)g(x, r[)dr[ < cp~2(l + |ln p|).

It follows that

and thus

Together with (39) this complètes the proof.
Finally, we state a simple boundary estimate, which can be proven by

locally réduction to one dimensional intégrations.

LEMMA A4. Let v e W2>P{Q), 1 < p < oo. Then (see (15))

f | ^ dx < cpd(dn9 BQh) f { |e;|' + \Vv\> } dx.
Ja-ah Ja
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