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A GALERKIN PROCEDURE FOR APPROXEMATING
THE FLUX ON THE BOUNDARY FOR ELLIPTIG

AND PARABOLIC BOUNDARY VALUE PROBLEMS (•)

by Jim DOUGLAS, Jr. (*), Todd DUPONT (*)
and Mary Fanett WHEELER (2)

Abstract. — Elliptic and parabolic boundary value problems are first solved approxima-
tely on a rectangle and then simple auxiliary calculations are performed on the Galerkin
solution to produce higher order correct approximations to the boundary flux than arise from
the straightforward differentiation of the Galerkin solution, L\dR) and L^idR) estimâtes
are derived for the error.

1. INTRODUCTION

In many physical problems the major interest is in obtaining flux values
on the boundary, rather than the values of the solution to the particular
partial differential équation being considered. In this paper a method proposed
by J. Wheeler [5] for approximating the boundary flux will be analyzed for
second order elliptic and parabolic boundary value problems when the domain
is a rectangle.

Let R = I x ƒ, where ƒ = (0, 1). Suppose that a(x)> c(x), and p(x) are
U° (R) functions. Further assume that there exist constants p0, Pi» a0, au c0

and ct such that 0 < p0 < p(x) < pl9 0 < a0 < a(x) < al9 0 < c0 < c(x) < cu

We shall consider the following two boundary value problems

Lu=f, x€R,
(1.1)

u(x) = 0, x € SR,
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a n d

p ( x ) ^ + L(w) = ƒ(* , t), (x, t)çRx (0, T),

(1.2)

w(x9 t) = 0, (x, t)eëRx (0, 70,

w(x, 0) = wo(x) , A; € i?,

where
Ly = — V - (Û(X) Vy) +

For nonnegative integers s, the Sobolev space HS(R) is the set of all func-
tions in L2(R) whose distributional derivatives of order not greater than s
are also in L2(R); H%R) is normed by

HI
[a|<s

where a = { a t , a2 }, â  a nonnegative integer, |oc| = a t + a2, and

9» + > = L
JOR

Hère || • || dénotes the L2(R) norm, and (•, •) dénotes the (real) L2(R) inner
product,

We define

Also ^ ( / ) = { v € ff̂ JT) : ^(0) = v(l) = 0 } . For Z a normed space with
norm [| • [|x and cp : [0, T] —> X, we adopt the notations

and

The fractional order i/s(if)-spaces are to be interpreted in the sensé of
interpolation of Hubert spaces [4] for s > 0. The space H~%R)y s > 0, is the
dual of HS(R) and is normed as follows :

- • - s u p fer
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Let A : 0 = x0 < xt < ... < xN = 1 be a partition of I and set

Mk(r, A) = { v | v € C\l\ v € />,(/,), j = 1, 2,..., N } ,

where Pr(£) is the class of functions defined on I with restrictions to the set E
agreeing with a polynomial of degree not greater than r. Let

h = max j_ u

and assume that there exists a constant c2 > 0 such that c2A ^ A7-; such a
partition is called quasi-uniform. Let

and

M?kir = {ve JLk,r | v(x) = 0, x € 8 * } .

Let #0 and ^ be linearly independent éléments of Mk(r, A) such that
*o(0) = ?i(l) = 1, J^H L2(i) < Ch1/2, and ||^|| Hi(J) < C/z~1/2; such éléments
were constructed in the proof of Lemma 2.1 of Douglas, Dupont and
Wahlbin [1] and can be chosen to satisfy the additional constraint that the
support of qj is contained in an interval of length OQi). Let Nk(r, A) be the
span of q0 and qt. Let

Kr - (Nk{r, A) ® Mk(ry A)) + (Mk(r, A) (g) ^ ( r , A))

dénote a particular algebraic complement of JLktr in JfCfc,r.

The space JGfctP has the following property.

Lemma 1.1. There exists a constant C such that, for any y € JH>ktr, there
exists an element Q € JLktT such that g = y on dR and

llel
Proof, Take g to be the unique element in %JLktT agreeing with y on

q.e.d.
For convenience we dénote by (3(% •) the bilinear form

The Galerkin solution £/ € J C ^ to (1.1) is defined by

(1.3)
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The approximation to the flux a(x) —̂ is defined by the boundary values
ov

of the element F € dJLktr satisfying the relations

(1.4) < r , v > - p(tf, v) - (ƒ, n ^ € xk>r.

For the parabolic problem we define an analogous procedure. Let
Z:[0,T]-+A>lr

be given by

(1.5) L | ? , F J + P(Z, v) = (f,v)9 veJi?,„ t>o>

p(Z — w0, F) = 0, K€

We define r : [0, r ] - • 3 JGfcfP by the équations

(1.6) < ixo, r > - ( p ^ , r j + p(z, F ) - (ƒ, F), f > o, ve JLkjr

Again the flux is approximated by the boundary values of F. Note that
the évaluation of T(t) involves the solution at time t only; thus, it can be
evaluated at any convenient sélection of time arguments.

In Section 2 we dérive error estimâtes of F — a ̂ - for the elliptic problem
ov

with homogeneous data. For the case a = 1 we obtain optimal L2 and L°°
estimâtes. Hère optimal means optimal rate of convergence (O(hr+l)) with
minimal norm on the solution.

For smooth functions a(x) we show that r ndu
1 — a-~-

8
C(u)hr+i/2

for the special case k = 0. This resuit does not give an optimal rate of conver-
gence since the exponent on h is r + 1/2 and not r + 1 ; however, the norm on
the solution is minimal.

In Section 3 we extend the elliptic results to the parabolic problem. For
a = 1, optimal convergence rates in L00 in space and time are established.
For variable functions a, we again treat the case k = 0 and lose a factor of h 1/2.

2, FLUX ESTIMATES FOR ELLIPTIC PROBLEMS
WITH HOMOGENEOUS DIRICHLET BOUNDARY VALUES

We first consider the case a = 1 in (1.3.) For W€HQ(I) let Pw dénote
the Hl projection of w into M£r = Mk(r, A) fl #£(ƒ) defined by

ƒ,(w — Pw)'vf dx = 0 , ve Mfe>P.
j
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GALERKIN PROCEDURE FOR THE FLUX 51

Let W = P <g> Pu. We have

(2.1) (V(M — W), VV) = < (/— P) — > V > — (T], F) , F € Jt>fcïf5

where / — P has the obvious one-dimensional interprétation on each pièce
of dR and

7] - 7® (I—P)uxx + {I—P)®Iuyr

Subtracting (2.1) from (1.4), we obtain

(2.2) <r — p~, vy =

If we set V = U— Win (2.2), we see that

(2.3) l ^ - ^ l l i INI

since U— W = 0 on dR. For w € Hr+1(I) it is well known (see, for instance,
Douglas, Dupont, and Wheeler [2]) that, for 0 < s < r — 1 and 1 < p
< r+1,

\w\\mi).

We remark that, if one uses fractional Hs spaces, then in particular

\\(I-P)W\\H-1(I)

Thus,

(2.4) N|-i<C

and

(2 .5 ) I J I J I I - ! < G V + a | | « | | r + 3 , r > 2 .

We now dérive an estimate of | |w—^| | - i* ^^ ^^HX(R) and define

9 = 0 , x € 3iî.

Then, ||<p*j2 ^ C \\^\\±. For properly chosen x €

n° août 1974, R-2.
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since it is well known that the approximability property

(2.6) Jnf, J (v ~ C || vj p. xh*~\ v € HP(R) H H^R), vxy € H9' ' (R),

holds on JLlr for 1 < /> < r + 1. Hence, for r ^ 2, (2.3), (2.4), and (2.5)
show that

Then,

(2.8) | W— U\\t < CAp+a | « | | r + a + i , a = 3/2 or 2.

, 3 M .
Let Q € JLk r be the extension of Y — P —̂ given by Lemma 1.1, and take

the test function v in (2.2) to be Q. Then,

L2(dR)

By Lemma 1.1 and the fact that | | M — W\\ ^ C ||i/||r+1Ar+1,

(2.9) [ l r - p |

Again, use the property of P that ||/V —
that (with p = 1 and a = 3/2)

(2.10)

Next, recall [1] that

= 1 or 3/2.

1 tosee

Thus, with a = 2 and p = 3/2,

(2.11)

where

8v

We can summarize the above results as below.
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Theorem 2.1. Let
— àu + c(x}u=f, x€R9

(2.12) u = 0, x e dR,

and let U e ^Cj?,r be the solution of (1.3) corresponding to (2.12). Let F e 3 JLktTt

be defined by the équations

< I > > = (VU9 Vi>) + (cü — ƒ, t>), i>

Then, the error estimâtes (2.10) and (2.11) hold.

We now consider the case of variable a(x) and restrict the choice of k
to k = 0. Let us show that

(2.13) |(flV(JF-ii),V0)| < C H ^ - I M U a W # + 1 ^ € X f c , r .

It is dear that (using x = (x, y))

- a), V») = £ o(x,_ 1/2, ̂ --1/2) f W - u) • Vo dx ây

Since Pw interpolâtes w at the knots when k = 0 (and this is the source
of our restriction to k = 0), P 0 Pu = W is locally determined and

JU* Ij
(ux — (ƒ ®

- ƒ . — P)uxdxdy.

A similar réduction can be made on the ̂ -terms. Thus,

-u) , Vo)| < CHL-CIO { IK® ( / - P K 1+ l a - P ) ® /«,|| } ||

Since RW— U, v) = ?>(W — u, v) for v € JC°P and
follows that

(2.14) fl^-ffUi^lMUa*^1.

Similarly, if one defines J7* € Jt>t>P by
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we have

(2.15) IIe7*— w\\i < C\\u\\r+2h
r+1.

Obviously,

(2.16) \\u*—U\\t < C||w||r+2Ar+1.

Now, it is clear that

Subtracting (1.4) froin the above, we observe that

<r — aj£>v>= m—U*,v) , v

Thus,

where F

<r — f>> =
and

Let Q € JCfcfr be the extension of F — F given by Lemma 1.1. Then,

We have proved the following theorem.

Theorem 2,2. Let U and F be defined by (1.3) and (1.4). Then there exists
a constant C such that

l«lr+2^+1/2.

3. BOUNDARY FLUX ESTIMATES FOR PARABOLIC PROBLEMS

We first consider the case a s 1 in (1.3). Let W : [0, T\
by W{t) = P ® iV(f). Then,

(3.1)

° r be given

Revue Française d*Automatique, Informatique et Recherche Opérationnelle
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where

Y] = (/® (/—P))w» + ((/ —-P) ® /)ww.

It is easy to see that, for v € ^K>t,r,

r, »)-(ƒ,»)JL

(3.2)

Subtracting (1.6) from (3.2), we obtain the équation

(3.3) <r-pg,P>

where \ = Z — fF. As in Lemma 1.1, let g € ̂ t . r b e s u c l 1 tha t Ô = T — P •£
' ov

for je € SR. Setting F = Q in (3.3), we have

(3.4) 1,-1/2

— w)
dt

Estimâtes on TJ and W— w foUow as in Section 2 with w replacing u. Note that

+ 1

We now obtain estimâtes of and \mit For V€ JL°k„ we have

(3-5) Pâ7 - w) , V

Differentiate (3.5) with respect to t :

n» août 1974, R-2.
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Setting V = — in (3.6) we obtain the inequality
ot

(3.7) 1/2 ÇÇ

2àt\f dt

dt2
- 1

Ch,2r+l

3' IW 3/2 -1 /2

One can also show that

(3.8) 1 d 1/2

2d/ p 3/

Integrate (3.7) with respect to t

«*«<

"aT dt2 | t2(Hr-1/2)j J

dw
(0)

+ 1/2 dt2

Similarly,

(3.10)
+1

dt2 |[r.2(ff

The use of v — -^- in (3.3) and the inequality (2.8) lead to the estimâtes

(3.11) lÇ|U-(H»)<c{|lMd|r + «+i

for a = 3/2 or 2. It then follows from (3.4), (3.9), and (3.11) with a = 3/2
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that

(3.12)
du {Kl r + 5/2

+ 1/2

dt2

and, with a = 2 in (3.11) and (3.10) in place of (3.9),

8w
(3.13) r — + 1

82w

L2(H') +

Theorem 3.1. Let w be the solution of

0, T],

ï, te[o,T],

w(x, 0) = vfo(x),

If Z is the solution of (1.5) and T(0 is defined by (1.6), then the error
bounds (3.12) and (3.13) hold for the aux.

In the case a # 1 we dérive an O(hr+1/2) estimate as in Theorem 2.2. Let
Z*: [0, T\ -*• X0 > P defined by

(3.14) p P £ ~\,v\ + ^Z* — w,v) = 0, t>0, o€

|3(Z* — w0, v) = 0, v €

One can easily deduce from (3.14), (1.5), and (1.6) that

d(Z—Z*)
(3.15) <r — « I - > D > = P(Z — Z*,«; 3; « I , D 6 ,

Let f dénote the L2 projection of a — into 8 JLOft. and let Q € JKÏOJÏ. be

n° août 1974, R-2.
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A

the extension of F — F provided by Lemma 1.1. Then,

3.16) » r - f |U .

— W\\1 + \W—Z%)h~m

\d(Z-W)

where W(-, t) = P (g) Pw{-, t).

We observe that for v € JC0

(3.17) |p ~ , v , v) = L~{w— W), v\

a«

- W, v),

where 0 = Z* — W. One can easily verify that

(3.18)
of r."(La)

3 M > |

and

(3.19) ||6||

+ 1/2

Chr+l + IN + '+2

Similar estimâtes hold for Z—W. Thus, from (3.16)-(3.19),

ar

+ 1/2J

Theorem 3.2. Let Z and F be defined by (1.5) and (1.6). Then

du]

"37 L 2 (H r + 1 / 2 ) dt2
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The discretization in time of (1.5) can be carried out in many ways. A very
detailed treatment of a collocation-in-time method has been given in [2] for
the single space variable analogue of (1.5). It is clear that the same approach
is applicable in the present case, and analogous results can be obtained. This
will be left to the reader.
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