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Algebraic and ergodic properties of a new
continued fraction algorithm with
non-decreasing partial quotients

par YUSUF HARTONO, Cor KRAAIKAMP
et FriTz SCHWEIGER

RESUME. On introduit la notion de développement en fractions
continues de Engel. Nous étudions notamment les propriétés er-
godiques de ce développement et le lien avec celui introduit par
F. Ryde monotonen, nicht-abnehmenden Kettenbruch.

ABSTRACT. In this paper the Engel continued fraction (ECF) ex-
pansion of any z € (0,1) is introduced. Basic and ergodic proper-
ties of this expansion are studied. Also the relation between the
ECF and F. Ryde’s monotonen, nicht-abnehmenden Kettenbruch
(MNK) is studied.

1. Introduction

Over the last 15 years the ergodic properties of several continued fraction
expansions have been studied for which the underlying dynamical system
is ergodic, but for which no finite invariant measure equivalent to Lebesgue
measure exists. Examples of such continued fraction expansions are the
‘backward’ continued fraction (see [AF]), the ‘continued fraction with even
partial quotients’ (see [S3]) and the Farey-shift (see [Leh]). All these (and
other) continued fraction expansions are ergodic, and have a o-finite, infi-
nite invariant measure. Since these continued fractions are closely related
to the regular continued fraction (RCF) expansion, their ergodic proper-
ties follow from those of the RCF by using standard techniques in ergodic
theory (see [DK]).

In this paper we introduce a new continued fraction expansion, which we
call—for reasons which will become apparent shortly—the Engel continued
fraction (ECF) expansion. We will show that this ECF has an underlying
dynamical system which is ergodic, but that no finite invariant measure
equivalent to Lebesgue measure exists for the ECF.

As the name suggests, the ECF is a generalization of the classical Engel
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Series ezpansion, which is generated by the map S : [0,1) — [0,1), given

by
S(z) := (I.%J + 1) (.1:— [_ljl:i) , z#0; S(0):=0,

where || is the largest integer not exceeding &, see also Figure 1.

[ 3]
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FIGURE 1. Engel Series map S

Using S, one can find a (unique) series expansion of every z € (0,1),
given by
1 1
T = —F—F et
a 0192 q191° " qn
where g, = gn(z) = [1/5® 1(z)] + 1, n > 1. In fact it was W. Sierpiniski
[Si] in 1911 who first studied these series expansions.

The metric properties of the Engel Series expansion have been studied
in a series of papers by E. Borel [B], P. Lévy [L], P. Erdds, A. Rényi and
P. Sziisz [ERS] and Rényi [R]. In [ERS] it is shown that the random vari-
ables X; = log q1, X, = log(gn/gn-1) are ‘almost independent’ and ‘almost
identically distributed’. From this first the central limit theorem is derived
for log ¢, then the strong law of large numbers and finally the law of the
iterated logarithm are obtained. The second result has been announced
earlier without proof by E. Borel [B]. The first and third results are due
to P. Lévy [L]. In [R], Rényi finds new (and more elegant) proofs to these
and other results. Later F. Schweiger [S1] showed that S is ergodic, and
M. Thaler [T] found a whole family of o-finite, infinite measures for S.
Further information on the Engel Series (and the related Sylvester Series)
can be found in the books by J. Galambos [G] and Schweiger [S3].

Clearly one can generalize the Engel Series expansion by changing the
time-zero partition, or by ‘flipping’ the map S on each partition element
(thus obtaining an alternating Engel Series expansion, see also [K2K]).
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Let (r,)n>1 be a monotonically decreasing sequence of numbers in (0,1),
with /; = 1,7, > 0 for n > 1 and lim,_,o 7, = 0. Furthermore, let
£p =7Tp41, n > 1, and let the time-zero partition P be given by

P := {[ln,7rn); n € N}.
Then

Tn

Sp(@) = (@~ ), £ 0; S5(0) = O,

where n € N is such that z € [¢,,,) generalizes the ‘Engel-map’ S. With
some effort the ideas from the above mentioned papers can be carried over
to this generalization, also see W. Vervaat’s thesis [V].

In this paper we study a different variation of the Engel Series expansion.
Let the Engel continued fraction (ECF) map Tg : [0,1) — [0,1) be given
by

1 /1 1
1 T = —=—|-=|= 0; T =
see also Figure 2. Notice that
1
T e— <
Te(z) al(x)T(x), 0<z<1,
where T : [0,1] — [0, 1) is the regular continued fraction map, given by

T(z) = - - EJ 0<z<l; T(0):=0,

and a;(z) = |1/z]. For any z € (0,1), the ECF-map ‘generates’ (in a way

T
— ECF-map

L s
08 09 1

FIGURE 2. The ECF-map Tg and the RCF-map T
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similar to the way the RCF-map T ‘generates’ the RCF-expansion of ) a
new continued fraction expansion of z of the form

@) o ,

by

b3+ " +

bn, € N, bn S bn+1-

b +
b2 +

bn-—l

bp + -

In this paper we will study in Section 3 the ergodic properties of this new
continued fraction expansion, the so-called Engel continued fraction (ECF)
expansion. However, since the ECF is new, we will first show in the next
section that the ECF ‘behaves’ in many ways like any other (semi-regular)
continued fraction. In the last section we will study the relation between
the ECF, and a continued fraction expansion introduced by F. Ryde [Ryl]
in 1951, the so-called monotonen, nicht-abnehmenden Kettenbruch (MNK).
We will show that the ECF and a minor modification of Ryde’s MNK are
metrically isomorphic, and due to this many properties of the ECF—such
as ergodicity, the existence of o-finite, infinite measures—can be carried
over to the MNK. Conversely, the fact that not every quadratic irrational z
has an ultimately periodic MNK-expansion can be carried over to the ECF
via our isomorphism.

2. Basic properties

In this section we will study the basic properties of the ECF. In many
ways it resembles the RCF, but there are also some open questions which
suggest that there are fundamental differences.

Let z € (0,1), and define

by = bi(z) := |1/z]
3)
bn = bp(z) := by (T~ (x)), n>2, Ta Y (z) #0.
From definition (1) of Tg it follows that
1 1

ShemE T 2 ’
1
bo

T

by +

bn—-l
e —_
by + b, TR(x)

where T%(z) = z and TR(z) = Tg(Tp '(z)) for n > 1, and one has—similar
to the Engel Series case—that

(4) 1<b <bp<---<bp<oee.

bs+
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As usual the convergents are obtained via finite truncation;

1
(5) 5 = Cp, n> 1.
b + :
. bn—l
b+ -+
bn
The finite continued fraction in the left-hand side of (5) is denoted by

[[0; by, -, bal]-
It is clear that the left-hand side of (5) is a rational number, so that we
have the following result.

Theorem 2.1. Let z € (0,1), then = has a finite ECF-ezxpansion (i.e.,
Tg(z) =0 for some n > 1) if and only if x € Q.

Proof. The necessary condition is obvious since z in (5) is a rational
number. For the sufficient condition, let z = P/Q with P,Q € N and
0< P < Q. Then

%_l%J Q—bP
TR T

where by = |Q/P]. It isclear that 0 < Q- P < Pand 1 < 5P < Q
because Q = b P + r with 0 < r < P by the Euclidean algorithm. Now let

pPm™)
g(x)=m, n=0,1,2,...

then
OS <P("+1) <P(") ay <P(0)_

Since PN) € NU {0} there exists an n > 1 such that T%(z) = 0. Notice
that one has to apply Tg to z at most P times to get Tg(x) = 0. ]

The proof of the following theorem is omitted, since it is quite straight-
forward. For a proof the interested reader is referred to Section 1 in [K],
where a similar result has been obtained for a general class of continued
fractions.

Proposition 2.1. Let the sequences (Pp)n>0 and (Qn)n>0 recursively be
defined by

Pob=0, P=1, P,=b,Pr1+bp_1Pr2 formn > 2,

(6)
Q=1 Qi=b1, Qu=0Qn-1+by_1Qn-—2 forn>2.
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Then (Pp)n>o and (Qn)n>o are both increasing sequences. Furthermore,
one has for n > 1 that

Py,
Cn == N > 1’
Qn
and
n-1
(7) PoQn-1— P 1Qn = (—l)n—l H bj-
Jj=1

For the RCF-expansion it is known that even-numbered convergents are
strictly increasing and odd-numbered strictly decreasing and that every
even-numbered convergent is less than every odd-numbered one. The same
result also holds for ECF convergents as stated in the following proposition.

Proposition 2.2. Let C, = P,/Q, be the n-th ECF-convergent of © €
[0,1) \ Q. Then

0=C<Cy<---<(C3<C1 L1
Moreover, Caj < Cagy1 for any nonnegative j and k.

Proof. 1t follows from Proposition 2.1, using (6), that
n—2

PaQn-2 = Po2Qn = ba(-1)" 2 ] b,.
Jj=1

Dividing both sides by Q,Qn—2 gives
71 bj
Cp = Cp—g = (1) 2p, —L——
n O = GG
Since b; > 1 for all j (and so are the Q;’s), Cn — Cp—2 > 0 if n is
even. Hence, Com—2 < Cop, for m > 1. Similarly, Com41 < Com—1. Now
upon division on both sides of (7) by Q,Q,—1 one obtains C, — Cp—1 =
(=)™ (IT}=1 b;)/QnQn—1 which gives Cry < Cy if n is odd, that is,
Com < Com+1. Thus for any nonnegative j and &

C2j < Cojtak < Cojyar+1 < Coky1,

as desired. O
In the next proposition, we will see that the sequence of ECF-convergents
converges to the number from which it is generated.

Proposition 2.3. For z € [0,1), let (P,/Qn)n>1 be the sequence of ECF-
convergents of z. Then limp_yo0o P /Qpn = =.

Proof. In case z is rational, the result is clear; see Theorem 2.1. Now
suppose that z is irrational. By induction one has that

(8) T = On ¥ 52T2@)Onr’ n>1.
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In fact, if = is rational the special case T¢(z) = 0 gives z = P,,/Qn. From
(7) and (8) it follows that

—1)" IG5 b
©  e-bmo UVl o,
Qn-1 Qn-1(Qn + bnTg(z)Qn—l)

which trivially yields that

P, n ?:l bj

10 rT——| < =——, n > 1.

( ) Qn QnQn+1
Letting ¢, = I’[;;l b; and using (6), one can see that ¢2 is one of the terms
in @, Qn+1 so that the right-most side of (10) goes to zero as n — oo. This
completes the proof. O

Notice that (9) yields that Co, < z < Cop41, for n > 1, where C,, =
P, /Qn. We now will show that the ECF-expansion is unique.

Proposition 2.4. Let (by)n>1 be a sequence of positive integers satisfying
(4), and let the sequences (Pp)n>0 and (Qn)n>0 be given by (6). Then the
limit P
. n
e On
exists. Say this limit equals z, then z € (0,1). Furthermore, b, = by (z) for
n>1.

Proof. Let Cp, = P,/Qn. From the proof of Proposition 2.2 it follows
that (Ck) is an increasing sequence that is bounded from above; there-
fore, limg_,o, Cox exists. Similarly, (Cax41) is a decreasing sequence that
is bounded from below, and so limg_,o, Cok+1 also exists. It remains to
show that these two limits are equal. To this end, note that, in the proof
of Proposition 2.2, Cox+1 — Cor, — 0 as k — oo (by the same argument as
in the proof of Proposition 2.3) so that limg_,oo Cok4+1 = limg_y00 Cox. Let
z = limg_, o0 Cak; then limg_,o, C) exists and equals z. This completes the
first part of the proof.

Since 0 < Oz < z < C; < 1, the second statement that = € (0,1) follows

trivially.
For the third part, recall that by definition of C,, we have for n > 2
1
(11) Cn = [[O; bl,"' 9 bn]] =

by + b1[[0; be,--- , ba]]
Setting for n > 2
én = [[0; by, -+, bn]],
it follows from the first part of the proof that there exists a number Z €
(0,1) such that lim, o, Cp, = Z. By letting n — oo in (11) we find that
1

T =
b1+b1:f:’
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from which
3,;1- -b .
(12) £—— =%z€(0,1).
b1
Since b (z) is the unique positive integer for which L — b;(z) € [0,1), it
follows that b;(z) is also the unique positive integer for which
1 - by(2)
To(z) = E_172
5() by (z)
But then it follows from (12) that b;(z) = b;, and moreover we see that
Tg(z) = . Repeating the above argument, now applied to Tg(x), yields
that be(z) = be. By induction one finds that b,(z) = b, forn € N. m]
Let z € [0,1) \ Q. We denote the (infinite) ECF-expansion (2) of z by

T = [[O;bl’b27"' ’ bﬂv”']]'

For the RCF-expansion one has the theorem of Lagrange, which states
that z is a quadratic irrational (i.e., z € R\Q and is a root of az?+bz+c =
0, a,b,c € Z) if and only if z has a RCF-expansion which is ultimately
(that is, from some moment on) periodic. For the ECF the situation is
more complicated. Suppose z € [0,1) has a periodic ECF-expansion, say

€ [0,1).

Tr = [[O;bl,... ,bp,bp+1,... ,bp.,_[]],

where the bar indicates the period. Clearly one has that z is a quadratic
irrational, and from (4) it follows that the period-length £ is always equal
to 1.
Due to this, purely periodic expansions can easily be characterized; for
n € N one has
-n++vn?+4n

(13) Tp 1= ™ = [[0; 7]].

One could wonder whether every quadratic irrational z has an eventually
periodic ECF-expansion. In [Ry2], Ryde showed that a quadratic irrational
z has an eventually periodic MNK-expansion if and only if a certain set of
conditions are satisfied. In Section 4 we will see that the ECF-map T and
a modified version of the MNK-map are isomorphic, and due to this we
will obtain that not every quadratic irrational z has an eventually periodic
ECF-expansion.

An important question is the relation between the convergents of the
RCF and those of the ECF. Let z € [0,1) \ Q, with RCF-expansion z =
[0; a1,a2,...], with RCF-convergents (pn/gn)n>1 and ECF-convergents
(Prn/Qn)n>1. Moreover, define the mediant convergents of z by

app + Pn—1
aqn + Qn-1

, forl<a<apny—1,
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then the question arises whether infinitely many RCF-convergents and/or
mediants are among the ECF-convergents, and conversely.

Example. Let z = 37 5‘/E=0.396936... then
z=[021112251952]—[[023356]]
1

P,
and c‘)]f 3 = fl’—l, &= 2 (a medla.nt), =%= %, %‘t £ (a mediant),
5‘; is neither a RCF-convergent nor a mediant, o = 71% (a mediant),

gg = -1%% (a mediant), g% =2 = qe, etc. Among the first 15 ECF-
convergents -gﬁs- = —179% and gll = g?,?gg are neither RCF-convergents nor

11
mediants.
A related question is the value of the first point in a ‘Hurwitz spectrum’
for the ECF. Let z € [0,1)\Q, again with RCF-convergents (pn/gn)n>0 and

ECF-convergents (Pn/Qn)n>0, Where we moreover assume that (P, Qn) =
1 for n > 0. Setting for n > 0

On = On(7) = @nlgaz —pn| and On = On(z) := Qn|Qnz — Pal,
one has the classical results that
6, <1 and min(0n_1,05,0h41) <1/4/aZ,, +4 forn>1,
which trivially implies that

o, < 71_3 infinitely often for all z € [0,1) \ Q.

If infinitely many RCF-convergents of z are also ECF-convergents of z,
then one has that

(14) O, < C infinitely often,

with C = 1. Consider the number = having a purely periodic expansion
with b, = 2. Thenz = %(—1+\/§). The difference equation A, = 24,1+
2A,_2 controls the growth of ©,(z) = Qn|Qnz — P,|. Its eigenvalues are

— /3 and 1 + V/3, and therefore we see that O,(z) = Qn|Qnz — P, is

asymptotically equal to 2". Furthermore from (9) one can see that LIJ‘I;_:;- <

On(z) = Qn|Qnz — Pp| < —1%1’, which shows that such a constant C
cannot exist for all z.

3. Ergodic properties

In this section we will show that Tr has no finite invariant measure,
equivalent to the Lebesgue measure )\, but that Tr has infinitely many
o-finite, infinite invariant measures. Furthermore it is shown that Tk is
ergodic with respect to A.
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Let
1 1
(15) B(n) := [n+ T ;) for n€N,

and define for n € N, by,... ,b, € N with b; < ... < b, the cylinder sets
(or: fundamental intervals) B(by,... ,b,) by

B(by,...,bn) ={z €[0,1); Ty 'z € B(bi),i = 1,... ,n} .
Then it is clear that, see also Figure 2,

_ n n n+1
(16) TEIB(n)=kL=Jl(k(n+1)’k(n+2)]'

Now let u be a finite Tg-invariant measure, that is,
w(Tg'A) = p(A)

for any Borel set A € [0,1).
Since u is a measure, we have that
w([1/2,m]) = p([1/2,3/5)) + u([3/5, 7)),
where 7, € B(n) denotes the invariant point under Tk, see also (13). On
the other hand,

p((1/2,m) = w(Tg'[1/2,7])
= p([n,2/3)
= w(Tg'[n,2/3))
= u([3/5,7))

because u is Tg-invariant. Hence, since we assumed that yu is a finite
measure,

u([1/2,3/5)) =0.
Furthermore, we also have
p#((2/3,1) = (T (2/3,1)) = u((1/2,3/5)) = 0.
Similar arguments yield that u([3/5,71]) = ([8/13,71]), and therefore

1((5/8,2/3)) = u(Tz"(5/8,2/3]) = u((3/5,8/13)) =0
so that we have
u([1/2,8/13) =0 and u((5/8,1)) =0.

Continue this iteration to see that B(1) must have its mass u(B(1)) con-
centrated at 7;. Next, it follows from (16) that T;'B(2) = (1/3,3/8] U
(2/3,3/4]. But u(2/3,3/4] = 0 so that u(TEIB(Z)) = p((1/3,3/8]) and fol-
lowing the same arguments as above gives that B(2) has its mass u(B(2))
concentrated at 7o.
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Applied to other values of n, induction yields that on (0,1) the measure
p has mass u(B(n)) concentrated at 7, for n > 1. Consequently, we have
proved the following result.

Theorem 3.1. There does not exist a non-atomic finite Tg-invariant mea-
sure,

Next, we will prove ergodicity of Tg with respect to Lebesgue measure.
Theorem 3.2. Tg is ergodic with respect to Lebesgue measure .

Proof. Let Ty 1A = A be an invariant Borel set. Define

1
b
d(s) == b /0 cav)dy,

where c4 denotes the indicator function of A. Then we calculate

d) - d(b+1) = b /0 " ea(y)dy — (b+1) /0 T ca(y)dy

1
b b+1
= b ca(y)dy — /0 ca(y)dy

1

b+1
1

1 b
= T+ D [ catiy - @+ [ eawn
We put
-n
Su. by = MADBEL b)) MT AN B, b))

,\(B(bl,...,b,,)) T A(B(by,-..,bn))
fo b1, -5 bn3y)ca(y)dy
f (bla . 1b‘n7y)dy

Note that TRB(by,...,bn) = [0, 7), and that it follows from (8) and (7)
n
that

I1i; b 1
e 5 w <
W(bl, ) bn ) (Qn + Qn lbny) ’ ith 0 < b

From this it follows that
n—l b

Qn(Qn + Qn 1)

(7) A(B(b1,...,bn)) =

Moreover we find that

b~

(18) ) =bb+1) [ caly)dy,

L
b+1
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and that m n
b; 1 b
=1 Y1 . i=1
in < w(bl) 'abnyy) _<. _____Q_%__l,
which shows that
) ﬂgﬁz < 6(b17 I -;bn) < 4d(b‘n)

For n = 1 we have a more precise estimate. Since w(b;y) = b(_l-}—_y)f for

0<y< 3, weget

w(by)<1, for 0<y<

el =

b
b+1)2 =
Together with (18) this yields that

b+1
(B) m d(b) <d(b) < d(b).
Furthermore we have that

(©) d(b) — d(b+1) = 2C —i(iH-l

Note that for Engel’s series d(b) = d(b) which fact makes the proof easier.

2
Together with (B) we get the estimate d(b+ 1) < b—b"{%g—l d(b)
Setting []p2; bzb*'_l:_bl =: v we get
(D) d(c) < ~vd(b) for all ¢ > b.
The Martingale Convergence Theorem shows that

lim §(bi(z),-...,bn(z)) = ca(z) almost everywhere,
n—oo

see also Theorem 9.3.3 in [S3]. If c4(z) = 1 a.e. there is nothing to show.
Let us therefore assume that A(A) < 1. Suppose that there is some z € A°
such that lim,,_+oo 6(b1 (2)y...,bn(2)) = 0. Then for n sufficiently large
d(b1(2), - n(z)) < 165 for any given ¢ > 0, and by (A) for b = bn(2) we
find d(b) < Applymg (D) this yields that d(c) < £ for all ¢ > b.
Since the set Fy = {z : bj(z) < N,j > 1} is countable (since every
z € F ends in a periodic ECF—expansion with digit b < N), it follows that
Fx has measure 0 and we clearly have limy,_,o, b, = 00 a.e. Therefore by
(A) we see that d(b1(z),...,bs(z)) < € for almost all points z. Assuming
that € < 1 this shows that c4(z) = 0 almost everywhere, i.e., A(A) =0. O

For the Engel’s series Rényi [R] showed that for almost all z the sequence
of digits is monotonically increasing from some moment ny(z) on. For the
ECF a similar result holds.

Theorem 3.3. For almost all z € [0,1) the sequence of digits (bn(z))S2,
is strictly increasing for some n > ng(z).
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Proof. Setting y := =L, it follows from (17) and (6) that

A(B(b].v""an’b‘n-f-l)) — bn(l +y)
A(B(by,--.,bn)) (br+1 + bny) (bnt1 + 1 4 bpy) ’

and that 0 <y < b_l,.'
If we put b, = b,1 we immediately get

A{z :ba(@) =ban@) < 3

b1<-<bn

(19)

A(B(b1,...,bn))
b +1

n > 1.

) =

Lemma 3.1. 33, <., A(B(gi’_;_ 1 2bn)) < (&)

Proof (of the lemma, see also [S3], p. 68-69). It follows from (19) that
> A(B(b1, . - -, bn+1))

h<igbn,  ona1tl
equals
Z A(B(by,...,b Z (bn + 1)bp(1 +y) .
by bn +1 b <bos (bn+1 +1)(®n+1 + bny) (Bnt1 + 1 + bny)

Therefore we have to estimate the sum
[o o]

(a+1a(l+y)
Z b+1)(b+ay)db+1+ay)’

b=a
For b = a the first term gives ?z’-i—llTa_y < E‘-}Tl” while for b > a + 1 we use
0<y< % to obtain the estimate
(a +1)a(l +y) ¢ (a+1)?
(b+1)(b+ay)(b+1+ay) ~ b+1)2’
and it follows that

Z (a+1a(l+y) Z (a+1
(b+1 b+ay)(b+1+ay)_ b Jrlb(b+1)2

<—1——+(a+1)2( . + . +/mi——)
“a+1 (@a+1)(a+2)?  (a+2)(a+3)?2  Jopo2(z2+1)2) "
Using

/°° dz 1o a+3 1
22zt D)2 Pa+2 a+3
1 1 1

SGFD@+3) a+2? T3atr2p’
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we eventually get

> (a+1)a(l+y) 1 1
bZ:; EIDG+ab+iTa Sari T OtV (GineTaye
N 1 N 1 S S
(a+2)(a+3)2 (a+2)(a+3) 2(a+2)2 3a+2)3"

This expression has its maximum for a = 1 which gives the value %.

The claim on the maximal value can be seen as follows.
The sum of the four terms

1, a+l (a+1)? (a+1)2

a+1l (a+2)2 (a+2)(a+3)2 3(a+2)3
decreases to 0 as a — oo and becomes smaller than % for a > 3. On the
other hand the remaining term
( 1 B 1 ) = (a+1)3

(@+2)(a+3) 2(@+2)?%"  2(a+2)2%(a+3)

is increasing and is bounded by % Therefore numerical calculations suffice
for n = 1,2,3. This proves the Lemma.

Now the Borel-Cantelli lemma yields that the set of all points = for which
by (z) = bpyi1(z) for infinitely many values of n has measure 0. a

(a+1)2

Now we give two constructions of o-finite, infinite invariant measures for
Tr. The first construction follows to some extent Thaler’s construction
from [T] of o-finite, infinite invariant measures for the Engel’s series map
S.
First, let B(n) be as in (15). Define
A(n’k) = {.’B; bJ =n,1 <7<k bgyr > n}

Obviously one has that A(n,k) N A(m,€) = 0 for (n,k) # (m,£) and that,
apart from a set of Lebesgue measure zero

o0
B(n) = |J A(n, k).
k=1
We now choose a monotonically increasing sequence of positive real num-
bers (an)32,, satisfying

n—1

n a;
an > Z—.’, n > 2.

n—lj=1 7

For any non-purely periodic z € B = |J,.; B(n), there exist positive in-
tegers n and £ such that z € A(n,f). For any non-eventually periodic
z € B\ Q we inductively define a sequence (ax(z))3>; by

ai(r) =a, if z€A(n,f) forsomel>1,
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and
a
ak+1(z) = n (Te(z) +1)° o (Te(z)) — n E -

For z € [0,1) \ Q given one has, since o;(z) = a, < < al(TE( )

an(z) —er(z) > (n(Tg(z) +1)? - a —nZ“’

n(Tg(r)+1)" -1 il
S n( <E<Z>_l) -l>27’

i=1

> 0,
and for k > 2 one has
aet1(z) — ar(z) = n(Te(z) +1)? (o (Te(2)) — ak-1 (Te(z))) -

So by induction it follows that the sequence (o (z))32, is a positive mono-
tonically non-decreasing sequence for each z € [0,1). We will show that

h(z) := ox(z) for =z € A(n,k)

and h(z) := 0 for £ ¢ US>, B(n), is a density of a measure equivalent to
Lebesgue measure, that is, it satisfies Kuzmin’s equation, see also Chapter
13 in [S3]. First note that for z € B(n) Kuzmin’s equation reduces to

J(:z + 1)2’
where V; is the local inverse of TE on B(j), i.e.,
1
Vi(z) = ——.
i(@) il +zx)

Note also that V,(z) € A(n,k + 1) and Vj(z) € A(5,1),1 < j<n-—1,
when z € A(n,k). Therefore, h(z) = ar(z), h(Va(z)) = ar+1(Va(z)) and
h(Vj(z)) = a1(Vj(z)) = aj,1 < j < n—1. We now see that

- h V- Vn n-1 )
; J(EL‘ :'(a]:.)))z - a:,-z.’;(-l- 1(;1:2)) + ; 3( = = ag(z) = h(z).

As in Thaler’s case for the Engel Series expansion, this construction yields
infinitely many different o-finite, infinite invariant measures which are not

multiples of one-another.
dVésg z)
T

Rl—-il—-:T)z' Furthermore, let G > 1 be the golden mean, defined by G? =

For the second construction, let wi(z) = . Note that w}(z) =
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G+1l,9g= é and
L
(z-9)(z+G)
Here f%(z) = z,f'(z) = f(z),f**'(z) = f°(f(z)). Note that go is a
solution of the functional equation f(z) = f(Vi(z))wi(z).

Setting for ¢t = 2, 3,...

o0
9-1(2) = )_g2(¥(@)wi(z),  0<z <1/t
s=0
then h(z) := g:—1(x) on B(t) is an invariant density. To see this note that
Kuzmin’s equation reads

g0(z) = , 0<z<1, z#g

k
h(z) =Y h(Vi(z))w} (z)
s=1

on B(k). Then for z € B(k) we have gx—_1(z) on the left hand, while
expanding the right hand side gives

g-1(z) = h(Vi(2))wi(z) + h(Va(z))wz (@) + -+ + h(Vi(2))wi (2)
= go(Vi(e))wi(z) + g1(Va(2))w () + -+ - + g1 (Vie(2))wi(z)

= go(2) + ) oV (@)wi(x) + -+ gr—2(VE(2))w} (2)

s=1 s=1
= gk-1(z).
In the calculation we used that w{*!(z) = w§(Vi(z))w} ().

We end this section with a theorem on the renormalization of the ECF-
map Tg. See also Hubert and Lacroix [HL] for a recent survey of the ideas
behind the renormalization of algorithms.

Setting

zn(7) = ba(z)TEz,
then clearly 0 < z,(z) < 1. We have the following theorem.
Theorem 3.4. Let v = %%, then
A({z: zn(2) <t}) = t(1+0(")).

Proof. We introduce for ¢ € [0,1] the map
t
S(b1,-..,bp)() =V (by,... ,bn)(b—).
n

Applying the chain-rule we find, see also (8)
[T5=1 b;
(Qn + Qn—lt)2

S'(bry. .., b0)(t) = (-1)"
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Then A\({z : zn(z) < t}) = fot pn(8)ds, where

o , _ 1121 b
puls) = (F1" X Sbib) = Y o

b1<-<bn b1 <--<bp

On the other hand we have, see also (17)
n—l b

1= > MB(by....bn) = ) QnQn+Qn-)

blS"'Sbn bl< <b

Therefore

I—In lb
INOESEDY Qn(Qn + Qn_1)

b1 < <bn

QnQn-1 — 25QnQn-1 — 32Q2_1
(@n + Qn-15)?

<4 Z )\(B(bl,...,bn))’

b1<--<bn bn

which yields that

t
pn(s) =1+0(y") and /0 p(s)ds = t +tO(7").
a

Remark. Following the ideas in Schweiger [S2] it should be easy to prove
that the sequence (z,(z)) is uniformly distributed for almost all points z.

4. On Ryde’s continued fraction with non-decreasing digits

In 1951, Ryde [Ryl] showed that every z € (0,1) can be written as a
monotonen, nicht-abnehmenden Kettenbruch (MNK) of the form

C1 1
(20) ) anNycnScn+1)3=l;J’

Cc2
scy +

C3

c2 + o
c3+ -+

cnt+
which is finite if and only if z is rational.
Underlying this expansion is the map Sg : (0,1) — (0,1), defined by

o
1
Sh(z) :=—[——Li— [1[ 1 JJ z € (0,1).

HI

8 |
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However, and this was already observed by Ryde, one has that

5e (0 %)) - (5 1) = 52 ((31) (mod0),

and therefore we might as well restrict our attention to the interval (%, 1),
and just consider the map Tk : (},1) = (3,1), given by

kE k+1
k+1'k+2

see also [S3], p. 26. Now every z € (3,1) has a unique NMK of the form
(20) (with s = 1), which we abbreviate by

Tr(z) = Sr(z) = g—k, for z € R(k) := ( ) , keN,

T =< 07 C1,C2y" "y Cpy vt > .

The following theorem establishes the relation between the ECF and the
MNK. We omitted the proof, since it follows by direct verification.

Theorem 4.1. Let the bijection ¢ : (0,1) — (3,1) be defined by
é(z) = 1—}; , forz €(0,1).
Then
(21) Tr(¢(z)) = ¢(Te(z)), forz€(0,1).
Furthermore, for by <bg <---<b, <---
¢([[0; bl, b2,“' ,bn,...]]) =< 0; bl, b2, , bm'" >,

and if we define for n > 1 the cylinders of Tr by
1 ; .
(22) R(c1, - ,cp) = {z € (5,1); T;{l(z) € R(¢;), 1 =1,...,n},
then
¢(B(b17 te ’bu)) = R(bh tot 7bn) .

Due to Theorem 4.1 we can ‘carry-over’ the whole ‘metrical structure’
of the ECF to the MNK. To be more precise, letting B be the collection of
Borel sets of (3,1), and setting

(23) v(A) = p(¢7'(4)), A€B,

where p is a o-finite, infinite Tg-invariant measure on (0, 1) with density A
(with h from Section 3), then we have the following corollary.

Corollary 4.1. The map Tg is ergodic with respect to Lebesgue measure
A, but no finite Tr-invariant measure exist equivalent to X\. Each of the
measures v from (23) is a o-finite, infinite Tg-invariant measure on (3,1).
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Proof. We only give a proof of the first statement. Suppose that there
exists a Borel set A C (%—,1) for which 0 < A(4) < A(3,1) = %, such
that Tp 1(4) = A. From the fact that ¢ : (0,1) — (%, 1) is a bijection,
and due to (21) one has that ¢~!(A) is a Tg-invariant set, and hence
M(¢~1(A)) € {0,1}, which is impossible. O

To conclude this paper, let us return to the question of periodicity of
the ECF-expansion of a quadratic irrational z. Due to (22) we have that
the ECF-expansion of z € (0,1) is (ultimately) periodic if and only if
the NMK-expansion of ¢ = ¢(z) € (3,1) is (ultimately) periodic. The
main result of Ryde’s second 1951 paper [Ry2] now states that a quadratic
irrational £ € (0,1) has an (ultimately) periodic NMK-expansion if and
only if a (rather large) set of constraints—too large to be mentioned here;
the statement of his theorem covers almost 2 pages!-—has been satisfied.
Due to Theorem 4.1 these constraints can trivially be translated into a set
of constraints for the ECF.

As a consequence there exist (infinitely many) quadratic irrationals z for
which the ECF-expansion is not ultimately periodic. We end this paper
with an example.

Example. Let z = }(-1+2v5) = 0.6944271.... Then the RCF-
expansion of z is z = [0;1,2,3,1,2,44,2,1,3,2,1, 1, 10, I]. Using
MAPLE we obtained the first 22 partial quotients of the ECF-expansion
of z:

z =[[0; 1,2, 7, 20, 28, 30, 187, 541, 711, 989, 2280, 7630, 8683, 13941,
26110, 32685, 199856, 866227, 5897902, 8834278, 24269774,
96660239, . .. ).
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