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The Zeckendorf expansion of
polynomial sequences

par MICHAEL DRMOTA et WoLFGANG STEINER

dédié & Michel Mendés France a l’occasion de son 65¢™¢ anniversaire

RESUME. Nous montrons que la fonction ‘somme de chiffres’ de
Zeckendorf sz(n) lorsque n parcourt ’ensemble des nombres pre-
miers ou bien une suite polynomiale d’entiers satisfait un théoreme
central limite. Nous obtenons aussi des résultats analogues pour
d’autres fonctions du méme type. Nous montrons également que
le développement de Zeckendorf et le développement standard en
base ¢ des entiers sont asymptotiquement indépendants.

ABSTRACT. In the first part of the paper we prove that the Zeck-
endorf sum-of-digits function sz(n) and similarly defined func-
tions evaluated on polynomial sequences of positive integers or
primes satisfy a central limit theorem. We also prove that the
Zeckendorf expansion and the g-ary expansions of integers are
asymptotically independent.

1. Introduction

Let ¢ > 2 be an integer. Then a real-valued function f defined on the
non-negative integers is called g-additive if f satisfies

f(0)=0 and f(n) = fegr(n)g®),
k>0

where €, x(n) € {0,1,... ,q — 1} are the digits in the g-ary expansion

n=> €r(n)g*

k>0

of the integer n > 0. For example, the sum-of-digits function

sq(n) =Y €qr(n)

320

is a g-additive function. The distribution behaviour of g-additive functions
has been discussed by several authors (starting most probably with M.
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Mendés France [18] and H. Delange [3], see also Coquet [2], Dumont and
Thomas [10, 11], Manstavi¢ius [16], and [6] for a list of further references).
Most papers deal with the average value or the distribution of g-additive
function. There are, however, also laws of the iterated logarithm and more
generally a Strassen law for the sum of digits function due to Manstavicius
[17]. (It seems to be difficult to generalize such a law to the Zeckendorf
sum-of-digits function since a corresponding Fundamental Lemma seems to
be out of reach at the moment, even the generalization to a joint law of
two g-ary sum-of-digits function is not obvious, see [8].)

The most general central limit theorem for g-additive functions f is due
to Manstavi¢ius [16], where the distribution of the values f(n) (0 < n < N)
is considered. In this paper we are interested in the distribution of f(P(n))
(0 < n < N), where P(z) is an integer polynomial. Here the best known
result is due to Bassily and K4tai [1].! (Here and in the sequel ®(z) denotes
the distribution function of the standard normal law.)

Theorem 1. Let f be a q-additive function such that f(bg*) = O (1) as
k — oo and b € {0,...,q —1}. Assume that (%E(Tvl% — 00 as N = oo for

some 1 > 0 and let P(n) be a polynomial with integer coefficients, degree r
and positive leading term. Then, as N — oo,

1y {n < N’f(P(n)) — My(NT) _ x} S 0(z)

N Dy(N")
and
1 F(P(p)) — My(NT) }
— eP,p< N <zp—d(x),
amtrers Dy(v7) (=)
where
[log, N] (logg N]
My(N) := Z Hk,g> Dq(N)2 = Z Ul%,q
k=0 k=0
and

-1 q—-1
1% 1
prg= =) fO"),  obg:==3 fHbe") — ui,
9 =0 q b=0
This result relies on the fact that suitably modified centralized moments
converge.
The main purpose of this paper is to extend this result to certain G-ary
digital expansions. Let a > 1 be an integer and the sequence G = (G )x>0
be defined by the linear recurrence

G = aGg_1 + Gr_o, Go=1 Gi=a+ 1l

1This theorem was only stated (and proved) for n = % However, a short inspection of the
proof shows that > 0 is sufficient.
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Now every integer n > 0 has a unique digital ezpansion

n="Y eqk(n)Gk

k>0

with integer digits 0 < eg(n) < a provided that

J
> eak(n)Gr < Gj
k=0
for all j > 0 (which means that egx_1(n) = 0 if egx(n) = a). A special
case of these expansions is the Zeckendorf expansion where a = 1 and the

G}, are the Fibonacci numbers.
A function f is said to be G-additive, if

f(0)=0 and f(n) = f(eck(n)Gr).
k>0
Alternatively we have

f(n) =Y frleg(n)),

k>0

where fi(b) := f(bG).

First we will prove the following theorem concerning the distribution of
the sequence f(n), 0 < n < N. The proof essentially relies on the fact
that the possible G-ary digital expansions can be represented by a Markov
chain. Note that the sequence G is also given by

_afa+l) a——l( 1>’°,

2+l 0 2+1\ a

(1.1)

where a is the positive root of the characteristic polynomial of the linear
recurrence

x(z) = 2? —az — 1.
Theorem 2. Let G be as above, f a G-additive function such that fi(b) =

O() ask = oo for b€ {0,...,a}. Then, for alln > 0, the expected value
of f(n), 0<n <N, is given by

(1.2) == Z f(n) = M(N) + O ((log N)"),
n<N
where
[IOga N] a-1

M(N) = Mg(N) = ,;) pr with pg = 2(115=21fk(b) 2+1fk()
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Furthermore, set
[lOga N ]

D(N)*=Dg(N)*= 3 o
k=0

with
o® = Z Fi( b)2 + o fi@)? —pi fi=k
Tk b=
( 317) Nmin(j,k)ﬁmax(j,k) ifj #k,
where

_ a - a?
By = -m;fk(b) + mfk(a)-

Assume further that there exists a constant ¢ > 0 such that a,(c ,)c > c for all
k > 0. Then, as N — oo,

(1.3) %,-# {n —(”)T“(%@ < :1:} = &(z)
and
(1.4) ¥ z ( D(N) N)) —>/_Zx"d<1>(x)

for all positive zntegers h.

(1.3) has been shown by Drmota [5] for strongly G-additive functions f,

i.e.
f(n) =" fex(n)).
E>0
Furthermore, it should be noted that (1.4) provides an asymptotic relation
for the variance, too, however, without an error term:

(1.5) Vni=— Z — En)? ~ D(N)2.
n<N
We will use Theorem 2 and a method similar to Bassily and Katai’s to
prove Theorem 3.

Theorem 3. Let G, f be as in Theorem 2 and P(n) a polynomial with
integer coefficients, degree r and positive leading term. Then, as N — oo,

(1.6) _Iiv# {n <N f(P("z))&f;l(Nr) < x} — ®(z),

(1.7) ﬁ {p <N f(P(pI)))(]—WJ\)l(N') < :1:} — ®(z),
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and

() o

1§ ({@E) =M@\,
V) Z,:v( D) [ e

for all positive integers h, if we set f(P(n)) = —f(—P(n)) for P(n) < 0.

Note that definition of f(P(n)) for P(n) < 0 has no influence on the
result, because the number of non-negative integers n with P(n) < 0 is
negligible.

Our next results concern the indepence of different digital expansions.
For example, in [6] the following property is shown. Suppose that ¢, g2 are
two coprime integers and fi, f2 q1- resp. ge-additive functions satisfying the
assumptions of Theorem 1. Then we have, as N — oo,

1 fi(n) — My, (N)
——F#n <N 3
~w* Do (M)
i.e. the distribution of the pairs (f1(n), f2(n)), 0 < n < N, can be consid-

ered as independent.
We will extend this property to our more general situation.

<z(i= 1,2)} = B(21)8(z2),

Theorem 4. Suppose that fi, f2 are two functions satisfying one of the

following conditions.

(1) q1,92 > 2 are two positive coprime integers and fi, f2 q1- resp. qo-
additive functions satisfying the assumptions of Theorem 1. Further-
more set Mi(N) := Mg, (N) and D;(N) := Dg,(N) (i = 1,2).

(ii) ¢ > 2 is an integer and fi(n) a q-additive function satisfying the
assumptions of Theorem 1. a > 1 is an integer and fa(n) is a G-
additive function satisfying the assumptions of Theorem 2. Further-
more set M1(N) := My(N), D1(N) := Dg(N) and M2(N) := Mg(N),
Dy(N) := Dg(N)-

2
(iii) @a1,a2 > 1 are two different integers such that ‘/%}:—Z is irrational,
2

G = (Gj)j>0 and H = (Hj)j>o the corresponding linear recurrent se-
quences, and f1, fo G- resp. H-additive functions satisfying the assump-
tions of Theorem 2. Furthermore set M1(N) := Mg(N), Dy(N) =
Dg(N) and M3(N) := Mg(N), Dy(N) := Dg(N).
Let P (z), P;(z) be two polynomials with integer coefficients, degrees r1,79
and positive leading term. Then, as N — oo,

1 fi(Pi(n)) — M;(N™)
(1.8) ﬁ# {n <N X

<o (i= 1,2>} — B(c1)8(z2)
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and

(1.9)

#{p < N!fi(Pi(P)) =~ Mi(N™) _ 5 (i = 1,2)}

1
m(N) D;(NTi)

- &(z1) 2(z2).
The paper is organized in the following way. Section 2 is devoted to the
proof of Theorem 2. Section 3 provides a plan of the proof of Theorem 3.
Sections 4-6 collect some preliminaries which are needed for the proof of
Theorem 3 in Section 7. Finally, the proof of Theorem 4 is presented in
Section 8.

2. Proof of Theorem 2

Our aim is to study the distribution behaviour of f(n), 0 < n < N, i.e.
the random variable Yy defined by

PrlYy < ] := %#{n <N:f(n) <z}
If we define (x v by

Pr{xn < 7] := %#{n < N: fi(ex(n)) < z}
and {; N by
Pritiy = b :i= %#{n <N:ex(n)=b) (be{0,...,a}),
then we obviously have
Yv=> Cn=2 frllen)
k>0 k>0

i.e. Yy is a (weighted) sum of & n. Therefore, we will first have a de-
tailed look at &,n. It turns out that &g, constitutes an almost stationary
Markov chain, as the next lemma shows. We want to mention that this
fact is also a consequence of results from Dumont and Thomas [10, 11]. In
our case this is a quite simple observation. Therefore we decided to present
a short proof of this fact, too. This procedure is simpler and shorter than
introducing the notation of [10, 11] and to specialize afterwards.

Lemma 1. For fized j, the random variables ({k,G,)o<k<j—1 form a Markov
chain with ‘

(2.1) Pl‘[fk’Gj = 1] = Pr[fk’cj = 2] == Pr[§k,Gj =a— 1],
(2.2)  Prlékt1,6, = Uk, =b] =+ = Prlkt1,6; = a — Llék,q; = V],
(2.3)  Prlk+1,6; =blék; = 1] =+ = Prlées1,6; = blék,g; = a - 1],
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(for all j,k,b) and

Pr(ék+1,6, = 0] Pr{é,q; = 0]
(2.4) Pr(ékt1,6; =1] | = Pij | Prléeg; =1] |,

Prlék+1,6, = a Prékc; = a
where
at+O (aw-w) Y 40 () 8+ O ()
Pk,j: m+0 m a_1+0(m) —+0(a21"‘) ,
a+1 + O m 0 0
with initial states
o Gj_.l _ 1 1
Pr[fO,Gj = 0] = Gj = a +0 (E)
and
Prltoc, = 1] = Prifog, =2 = - = Prltoc, =a] = —— + 0O ( —
r[fO,Gj = ] = r[&O,Gj = ] == r[éO,Gj = a] = m + 5'27 .

Remark. The matrices P ; are no transition matrices of a Markov process,
but they describe transition matrices in view of the relations (2.1)—(2.3).
However, it turned out to be easier to work with 3 x 3-matrices instead of
(a +1) x (@ + 1)-matrices.

Proof. A sequence (€;);>0 of non-negative integers is a G-ary digital expan-
sion of an integer n, if and only if ¢; < aforalli >0, €1 =0if ¢; = a and
€; # 0 only for a finite number of 7 (cf. e.g. Grabner and Tichy [13]). Let

Bj = {(60,...,€j_1) 1€ < a, €1 =0if ¢; = a}

be the set of G-ary digital expansions for n < G;. Then
1
Pr[{k,gj = b] = -G-j#{(eo, ees ,6j..1) € Bj € = b}
J

and it can be easily seen that (2.1) holds. For k = 0, even Pr[{o,g; = a] is
equal to Pr({p g; = 1].
We have

#{(eo,-..,€j—1) € Bj : €0 = 0} = #{(e0,...,€j-1) € Bj : €1 =0},
because we can take a block (0, €y, ...,€;—1) of the set on the left side of the
equation, shift it to the left, set €;_; = 0 and get a one-one correspondence
to the blocks on the right side. Therefore

Gj-r _ Btad™! — =t (—a) it 1 ( : )

Pritag, =0 = G = Tt = s~ a ' O\
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Since the other probabilities Pr[é,g; = b], 1 < b < a, are equal, we have

Prléng; =1 =+ = Priog; = ] = ;(1 - Prléog, =0)

1 1
=—4+0{—=1.
a+1 + (azJ )
Now we show that we have a Markov chain.

Pr(éri1,e; = bkt1lér,c; = bk, - - -, €0,6; = bo]
_ Prléer1,6; = brt1, 6,6, = bk - -, 0,6, = bo)
- Pr(ékg; = bk, ---,&0,6; = bo]
_ #{(Go, . ,6]'_1) € Bj : (eo, . ,ek+1) = (bg, e ,bk+1)}
- #{(eo,. .. ,ej_l) € Bj : (eoy- .- ,ek) = (bg, . ,bk)}
_ #{(ek41y---1€j-1) € Bj_g—1: €k41 = bpy1}
- #{(ek,---,€j-1) € Bj_k : €& = br}
_ Préog, ., =brt1] Gj—k—1
— Prltog_. =b% Gj—x

where the third equation is valid only if (bg,...,bk+1) € Brsz- Otherwise
the probability is O (for bg+1 = a, bg # 0, (bo,--.,bk) € Bky1) or undefined
(for (bo,--.,bk) & Bi+1)- If the probability is defined, we thus have

Pr(ék+1,6; = be+1lék,G; = bk, - - -, €0,6; = bo]
= Pr(éks1,6; = brt1lék,g; = bl

with the probabilities

1 1
Pr(lk+1,6; =0k, =0] = P ( a2(j—k)) '

+1 1
Préx+1,6; = 0lék,c; =] = 2&2— +0 ( ) (1<c<a),

a2(-k)
1 1
Pr(éki1,6; = blék,g; = 0] = ari’ 0 (az(j"“)) (1<b<a),
1 1 1<b<a-1,
Prlteiie =tk =d =3 +0 (m) ( 1<c<a ) ’

Priépi1,6; = alérg; =cJ=0 (1<c<a).
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Similarly to (2.1), (2.2) and (2.3) are easy to see. Hence

Pri¢ciic; = b =) Prléiiie; = bléke; = dPrlée; =

c=0
= Pr[¢k+1,6; = blék,6; = 0]Pr[ék,g; = 0]
+ Pr(éey1,6; = blérg; = alPrlér,c; = d]
+ (a - 1)Pr[£k+1,(;j = blfk,gj = I]Pr[&c,gj =1]
and the transition from & g, to £k41,G, is entirely determined by (2.4). O

Corollary 1. The probability distribution of &g, is given by

1
Pr(fkc; =bl=m+0O ( o 2min(k,j—k))

with wil
{ stk ib=0
=9 g Y1<b<a-1
EQIII ifb=a.
Proof. Let P be the matrix obtained by neglecting the O (;2—(}_—,‘)) terms in
the matrix P ;. The eigenvalues of P are 1,0 and — a:'ly and the eigenvector

t
to the eigenvalue 1 with pg+ (a — 1)p; +p, =1 is (:;_'*_11, D a71+1) . O

Lemma 1 suggests to approximate the digital distribution by a station-
ary Markov chain (Xg,k > 0), with (stationary) probability distribution
Pr[Xj = b] = pp, 0 < b < a, and transition matrix P, i.e.

1
Pr(Xk41 =0|Xg =0] = o
a+1l

PriXen =0Xi =d =251 (1<c<a)
1
. X = =0 = —— <b<
(2.5) Pr(Xg41 = b| Xy = 0] P (1<b<a),
Pr[Xk+1=b|Xk=c]=é (1<b<a-1,1<c<a),

Pr(Xii1 =a|Xg=¢]=0 (1<c<a).

The next lemma shows how we can quantify this approximation for finite
dimensional distributions.

Lemma 2. For every h > 1 and integers 0 < k; < ko < -+- < kp, < j we
have

1
Pr[fkl,Gj =by,... ,£kh,Gj =bp| = Q... b1 ,nbn T O (m)
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for all by,... by €{0,...,a}, where
Qo yooripsbryeoby, = PT[ Xy = b1, , Xk, = bp)-
Proof. For 0 <k <l < j we have
PeiPet1- oy = P* 4+ 0 (a726070)

and consequently
(2.6) Pr[&c; = bolée,g; = b1] =Pr[Xi = bo| X =b1] + O (a‘z(i—’)) ,
Since

Prlé,,c; = b1,--- 1&ky,6; = bal

= Prék,.c; = bnléky_,6; = ba-1]Pr(ék,_,,G; = ba-1/Eky_s,6; = bn—2]
- Prlé, ¢ = b2léky,6; = 01]Pr[ék, ¢, = b1,

we just have to apply (2.6) and Corollary 1 and the lemma follows. O

The case of general N is very similar.

Lemma 3. The probability distribution of &k N for Gj < N < Gjyp with
j > k is given by

2.7) Prlty v = b] = Prléxg, = b] + O (ajl—k)

for all b € {0,...,a}.
Furthermore, the joint distribution for 0 < k) < ka < --- < kp < j is
given by

Prée, v = b1, ., &k, N = bn] = Pr[lk,,6; = b1, - -1 &ky,6; = bl

1
vo(k)

for allby,... b, €{0,...,a}.

J
Proof. For N = ) €;G;, we have
1=0

{n <N} ={n<¢G;}U ({n <€-1Gj-1} + EjGj) U...

J
U ({n < €Go} + ZG,’G,').
=1
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Therefore

1
Pri¢p vy = b = N(#{n < €Gj|ex =b} + #{n < €j—1Gj-1 |ex = b} +---
k=1 .
+ #{n < €x+1Gr41 | & = b} + { g__:oeiGi ifex =0

0 otherwise

=% (GjGjP!‘[ﬁk,Gj = b] +---+ e[k—;‘i]G[%{]Pr[{k’G[EEI] = b])

+0 (%G[*—;ﬁl)
= Prlég, =b+0 (—1——) ,

od—k

where we have used

Priécq, = b = Prléc, , = b +0 (

aj—l—k) fork<j-—1.

A similar reasoning can be done for the joint distribution, e.g. we have
forl <k <j:
J
1
(2.8) Pr[fk,N =b§ N = C] = N Z e,-G,-Pr[fk’Gi = b, fl,G.- = c]
i=k+1

-1

k-1 (Y e —

+i ' Z eiGiPr[&’G‘. = c] + ig) «Gi ifeg=c ifep =0
N ) =i+ 0 otherwise

0 otherwise

Thus, we can proceed in the same way. a

We now turn to the derivation of Exy = EYy , i.e. to the proof of (1.2),
the first part of Theorem 2. Since

J
Yo =) Cen
k=0

for N < Gj41, the expected value of Yy is given by

Jj B
EYy =) EGn=Y Elwn+0((logN)"),
k=0 k=A

where

(2.9) A =[(log N)"] and B = [log, N] - [(log N)"]
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and n > 0 is a sufficiently small number (to be chosen in the sequel).
Furthermore, we have

a 1
Ein =Y Prléey =bfe(d) = px + O (_az min(k,j—k)) ’
b=0

which implies
EYy = %,-KZNf(n) = M(N) + O ((log N)").

It seems that the variance Var Yy cannot be treated in a similar (easy)
way. Therefore, we use some additional assumptions and present a proof
of (1.4) together with the distributional result (1.3).

The above calculation indicates that we just have to concentrate on dig-
its ex(n) with A < k < B (defined in (2.9)). The reason is that we obtain
uniform estimates for this range. The following lemma is a direct conse-
quence of Lemmata 2 and 3. Note that it is not necessary to assume that
ki,... ,kp are ordered and that they are distinct.

Lemma 4. For every h > 1 and for every A > 0 we have

1
N#{n < N|eg(n) =by,... €k, (n) = br} = qry,.. k1,000

1
+0 ()
uniformly for all integers
A <kyko... ,kn <B
(where A, B are defined in (2.9) with an arbitraryn > 0) and by, bs, ... ,by €
{0,1,... ,a}, where
Qoo b1 by, = PT[Xky = b1,... , X, = bp].

This observation causes that we have to truncate the given function f(n)
and have to consider

B
Fm) =" fuler) = f(n) + O ((log N)").
k=A

In order to finish the proof of Theorem 2 it is (luckily) enough to prove

_________f(n) — M(N) < :1:} - &(z),

1
(2.10) +# {n <N|Z= ™

where

B B
MN) =Y m, DWN?=Y of).
k=A 7.k=A
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This is due to the following lemma and (2.11).
Lemma 5. Suppose that D(N)/(log N)7 — oo for some 7 > n/2. Then

we have ) (n) — M(N)
N#{n<N f—E_IT—(J_VT— <x} — ®(z)
for all z € R if and only if

Lpfucn T(n) - M(N)

DY)

<x} — o(z)

forallz € R
Furthermore, if for all h >0

L (T =MW" | [ hs
= 3 (e 2" d(z)
N ,KZN( D(N) ) /_oo ?
then we also have

b (B [ e

and conversely.

Proof. We consider the three (sequences of) random variables
xy o FO=M@E) L fO-M@E) , FO) -MW)
D(N) '’ D(N) D(N)
Suppose first that the limiting distribution of X is Gaussian and that all
moments converge. Since

. D(N )
lim
N—=oo D ( N )
and Yy =X N%(% the same is true for Yy.
Further, we know that
lim [[Yy — Zyleo = 0.
N—-oo

Thus, it immediately follows that the limiting distribution of Zy is the same
as that of Yn and that all moments of Zy converge to the same limits as
the moments of Yy.

It is also clear that the converse implications are valid. This completes
the proof of Lemma 5. O

Therefore it is sufficient to show that the moments

4lN) =5 Z (——_IT(NL)(N_))
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converge to the corresponding moments of the normal law. We will do this
in two steps. First we prove a central limit theorem (with convergence
of moments) for the exact Markov process and then we compare these
moments to those of f(n), i.e. (1.4). Obviously the proof (1.3) of Theorem 2
is completed then.

The next lemma provides a central limit theorem for Y fi(X%), where
X}, is the stationary Markov process defined by (2.5).

Lemma 6. Suppose that there exists a constant ¢ > 0 such that 0(2) >ec
for all 7 > 0. Then we have
(2.11) D(N)?2 >1logN, D(N)?>logN

and the sums of the random variables fir(Xy) satisfy a central limit theorem.
More precisely

B _—
Zk:A kaXk) M(N) = N(O, 1)
D(N)
and for all h > 0 we have, as N — oo,

N\ h
.E(Z’i"fkgg\;)_ M(N)) —)/_ " d®(z).

Proof. Let
P(a:,A) = Pl‘[Xk.H € A'Xk = .’B]
(which does not depend on k) denote the transition function of the Markov
chain (Xg,k > 0) and
Bi=1— sup |P(z1,A) - P, 4)|
T1,T2,A

its ergodicity coefficient. If the f; are injective on {0,...,a}, then
(fe(Xk),k > 0) is a Markov chain with ergodicity coefﬁcxent B and we

get, by Lemma 2 of Dobrusin [4] and with Varfi(X;) = oy} (2) >,

VarZ Fie(X) >
k=s
If some of the fi are not injective, we get the same result by considering in-
jective functions fi which tend to fi. Since D(N)? = Var 1% M £, (x,)
and D(N)2 = Var 3.p_, fi(X3), this proves (2.11) if 8 is positive.
Suppose 8 = 0. Then there exist z1,z2 € {0,...,a} and a set A such
that P(z;,A) = 0 and P(z3,A) = 1, because P(z, A) attains just finitely
many values. We have P(z,{0}) > 0 for all z. Hence, if 0 € A, we get
a contradiction to P(z;,A) = 0 and, if 0 € A, we get a contradiction to
P(z2,A) = 1. Therefore we have 5 > 0.

> 100(3 —-s+1)8.
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For each h > 2, the moments E | fr(X})|" are jointly bounded because of
fx(b) = O (1). Hence, if the fi are injective, all conditions of Theorem 4 of
Lifsic [15] are satisfied and we have convergence of (absolute) moments to
those of the normal distribution. An inspection of LifSic’ proof shows that,
as above, this is valid for non-injective f too. O

Now we are able to compare the moments of f(n) and Y fi(Xk)-

Lemma 7. For every h > 1 and every A > 0 we have
— h
Z ( M(N)) _ g [ Zheafu(Xs) - M(N)
N D(N)

1
to ((logN)*) '
Proof. We have

Z (f(n M(N)) _ 1 (SEalem) —m))
N D(N) N =~ D(N)

_ 1 Z i (ki (n)) — bk
_Nzg ZH k kﬁ(N) k

kp=A1=1

- 3 S S#n <N e (m) =bi,... e (n) = b}

A<ky,...kp<B 0<b1 yeesdn<a

Fri(Bi) — pors
H D(N)
and
(zk (X M‘(N))"
E(N)

S Y P = b Xey = b [ LG b
k1 1yeeeyky h u B(N) .

A<ki,...kn <B0<b,....bp<a

By Lemmata 4 and 6, these expressions are equal up to an error term
O ((log N)*/2-2). Since A can be chosen arbitrarily, the lemma is proved.
a

3. Plan of the Proof of Theorem 3

We set M, D and f as in Theorem 2 with the only difference
B:=[rlog,N]-—A (A = [(logN)"]). Then an argument similar to
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Lemma 5 shows that it is enough to prove

1 F(P() - FI(N")
w {n < [P

<a:} — &(x)

1 F(P(p)) - M(N") }
—— <N = < - o(z).
In fact, we prove that the centralized moments

_ 1 F(P(n)) - M(N7)\"
B"‘N’“TV‘,KZN( )

and

f(P(P)) M)\

converge (for N — oo) by compa.rmg them to Ah(N ). By proceeding as in
the proof of Lemma 7 and by using the following lemma, it follows that for
each fixed integer A > 0, By(N) — Ap(N7) = 0 and Ch(N) — Ap(N7) = 0
as N — oo. (Of course, this proves Theorem 3. We just have to replace
Lemma 4 by the following property.)

Lemma 8 (Main Lemma). Let P(n) be an integer polynomial of degree
r > 1 and positive leading term. Then for every h > 1 and for every A > 0
we have

%#{n < N | eg, (P(R) = bi,..., €5, (P(n)) = bn}

= +0 -
= qkl,...,kh,blr"’bh (log N)A

and

—A #{p <N | e, (P(p)) =b1,..., e, (P(p)) = bn}

- +0 1
- qkl,...,kh,blr"1bh (log -N.)A

(N)

uniformly for all integers
(log N)" < k1, ks, ... ,kp <log, N™ — (log N)"
and by, be,... b, € {0,1,... ,a}. (The gk,,. kK, b1,..b, GTe as in Lemma 4.)
It turns out that this lemma can be proved similarly to that of Bassily
and Katai [1], i.e. with help of exponential sums. The only difficulty is

to get a nice condition for extracting the digits €x(n) without using greedy
algorithms. This problem is solved in the next section with help of a proper
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tiling of the unit square. Section 5 provides proper estimates for exponen-
tial sums. These are the two main ingredients of the proof which is then
completed in Sections 6 and 7.

4. Tilings

The aim of this section is to provide proper tilings of the plane corre-
sponding to our digital expansions in order to get an analogue to g-ary
expansions where we have

(4.1) €k(n) =b = <q—’?+_‘> © [2%—1)

if (z) denotes the fractional part of z.
For our expansions, we will have to take into account the values of

<E’=’(€7Tﬁ> and <Ek—+—1'-(‘a—+1)-> By taking just one value into account, there
are overlaps and we cannot get something like (4.1) or (4.2).

Proposition 1. Let Ay, 0 < b < a, denote rectangles in the plane R2
defined as the convez hull of the following corners:

A o a? 0.1) a+l a-1 1«
\UTerra+1 )V 7\ +1r @@ +1)'\@@2+1 2+1)

A s (b-1Da+1 o®>—-a+b ba+1 o —a+b+1
b o?2+1 ' a?+1 "\az+1’ a?+1 ’

b+)a+1 a-b-1 bao+1 a-b
( a2+1 y a2+1 7 a2+1,—a2+1 fOTbE{l,...,a'—].},

A a2—a aa )(az—a+1 a? >(10) o? 1
a'(a2+1’a2+1 '\ a?z+1 'a?2+1)" ’(a2+1’ a3+a2)'
Then these rectangles induce a periodic tiling of the plane with periods Z X Z,
i.e. they constitute a partition of the unit square modulo 1. Their slopes
are (o, 1), (—1,a) and their areas are Aa(Ap) = pp, b=0,...,a, with py as
in Corollary 1. Furthermore, if ex(n) = b then

(4.2) (< — (;‘+ 1)>,<ak+1 (’;+ 1)>) € (4 mod 1) + O (a"‘) .

Essentially, this proposition says that there is an analogue to (4.1) for
G-ary expansions with a small error of order O (a"“) for the k-th digit.
We want to remark that Farinole [12] considered a very similar question.

Remark. The rectangles A, modulo 1 constitute a Markov partition of the
toral automorphism with matrix

(5 o)
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Ezample. Before proving the proposition, we illustrate the example a = 3:

©,1

which looks like follows in R? /Z2:
(0,1) (1,1)

(0,0) (1,0)

Proof of Proposition 1. Suppose that n is given by n = 3 €;G;. Then we
have

(#@rm)

+ A S B
— P € € R R —— oo
AR R R e |

+
= + (e _la+e 2 _te L + +0 L
= 1T 1 Tyl 1z oF

(5820 03]
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with the abbreviations
T ="+ epya(—a) 2 + g1 (—a) 7},
Y= ek_la"l + Ek_za—2 +---,

where we have used (1.1) and that EQ%aj - o —a)~7 is an integer for
all j > 0 (see (5.2)). Similarly we get

2
n —-a°T + € + 1
okt (a+1) a?+1 a
By Rényi [19], we know that (ex—1,€k—2,...) < (€_q,€r_g,---) (lexico-
graphically) implies
er_10  Fegga it < e;:_la"l + 62_20-2 + -

Hence, if €; < a, then y is bounded by

0<y<aoc'+aad+aa 4. =1
and by
0<y<ao?+4aa*+aa®+...=a7!
if €, = a. Similarly, z is bounded by
z<aa?+aa*+aab+.--=a!
for all e, by
z>—-aa l-aa 3 -aad—-..=-1

for ¢, = 0 and by

z>—-(a-atl-a3-aa®- - =al-1

for e > 0.

If we put these limits into ((‘H’"‘ﬂ’)“ e’z tepty

a4l Y a4l
corners for Ay. It is now an easy exercise that (the interiors of) these
rectangles are pairwisely disjoint (and situated as in the example) and that
they induce a periodic tiling in R? with periods Z2. O

), we obtain the given

5. Exponential Sums

In order to prove the Main Lemma we have to study exponential sums

of the form ) s
— P
v e (a5rm)
and ) g
— 2 _p
w2 (73770).
where my , Mg Mp1 = Mp2
S=—m toma Tt om T o
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with integers m; ; (1 <i < h,1 < j <2) and e(z) := €*™*, as usual.
Lemma 9. Let m;j, i € {1,...,h},j € {1,2} be integers with |m;;| <
(log N)® for alli,j and
(logN)" < ky <ky< - <kp <logy N" — (log N)"
for arbitrary constants 6 > 0, n > 0. Then, if S # 0,
allog N)"

N < |8l < o —(log N)"

foralln' <n.
Proof. Clearly we have

(log N)° _ (log N)°
Sk ak1 < aflog N)n

For the lower bound, we first remark that o is given by
(5.1) of = Gra+Gj_,,

where the sequence (G});>o is defined by Gy = 0, G} = 1 and G; =
aGi_; + G_, for j > 2. Therefore we have

< olog N)"'.

_ mlylakh"““ + ml,ga”h‘kl +o+mpia+mpy Aa+ B

S = TS = kAl
with
1 !
A=m11Gy, k41 +M12GY, g, + -+ My
and
! U
B = ml,leh_kl + m1,2Gkh_kl_1 + o+ mp 0.
‘We have

|(Ae + B)(Aa™! = B)| = |A%? —aAB - B?| > 1
if A#0or B #0 and
Aa™! - B < (log N)?

because Gj is given by

, o« i, a
52 SR L

(—a)™
(cf. (1.1)). Hence
allog M)

1
51> (log N)%akn > Nr

O

The next two lemmata are adapted from Lemma 6.2 and Theorem 10 of
Hua [14].
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Lemma 10. Let P(n) be a polynomial of degree r with leading coefficient
B. For every 9 > 0, we have a 7 > 0 such that
N7"(logN)" < B < (logN)™"
implies )
& 2 e(P(n) = O ((log N)™™)
n<N
as N — oo.

Lemma 11. Let P(n) be as in Lemma 10. For every 79 > 0, we have a
T > 0 such that

N"(logN)" < B < (logN)™"
implies

W(}V) > e(Pr) = O (tog ¥)™™).

as N — oo.

Note that we can apply these two lemmas for 8 = S/(a+ 1) with S # 0
for any choice of 7 > 0 since
o~ (18 N)" « (log N)~".

Lemma 10 can be deduced for » > 12 from Theorem I in Chapter VI of
Vinogradov [20] because of

B=+ 23 witho <1, (ogN) <q < N"(logN) ™.

ifg e [%, Tﬂl-_T] For general r, the two lemmata can be proved by replacing
q by %, in the proofs of Lemma 6.2 and Theorem 10 of Hua and using the

following lemma.?

Lemma 12.
F+[5
zf] min (U —-1—> <U+ llogl
2 20l B85
where ||z|| = min((z), 1 — (z)).
Proof. In each of the intervals [mg, (m +1)B) and (1 — (m+1)8,1 -mp],
0<m< %[%], we have at most one {nf3}. Therefore

F+(3] 13
1 1 1 1
min 2 min LU+ =lo
,,:ZFH ( 2] ﬂll) Z ( 2 ﬁ) B %8

2Unfortunately we could not find a direct reference for Lemmata 10 and 11.
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6. The Boundary of the Tilings

Lemma 13. Let P(z) be an arbitrary polynomial of degree r and A > 0.
Set

) = < ¥|(( ) (e m)) <5
)= #{o < ¥| (GG ) (iern)) € 5@

where

1 1
Us(A) = {(-’51 ty- et oyt y2>

A
($1,$2) € 6Abv Iytl S —2—,2 = 1)2} .

(0A, denotes the boundary of Ay.) Let (log N)" < k < log, N™ — (log N)"
for some (fized) n > 0 and A an arbitrary positive constant. Then, uni-
formly in k, we have

Erp(A) < AN + N(log N)™,  Fyp(A) < Am(N) + N(log N)™>.

Proof. We use discrepancies to prove this lemma. The isotropic discrepancy
Jn of the points (z1,1,%12),---,(ZN,1,ZN,2) in R? is defined by

ZXC({wn 1} {zn 2}) A2(0)|,

JIN = sup
CccC

where the supremum is ta.ken over all convex subsets C of T? = R?/Z2. It
can be estimated by the normal discrepancy Dy which is defined by

1 N
7 2 xr({zna} (zn2}) = Xe(D)],
n=1

Dy = sup
ICT?

where the supremum is taken over all 2-dimensional intervals I of T2:
Dy <Jny < (8V2+1)y/Dy

(see Theorem 1.12 of Drmota and Tichy [9]).
To get an estimate for Dy we use the following version of Erdés-Turan-
Koksma’s inequality:

1 . 1 1 1
DN<<-M+ Z mm(lmrlml’lmm])
(m1,m2)€Z?\(0,0): 1 2 1m2
|m1|7lm2lsM

N
1
N > e(mizn1 + mozny)|,

n=1

X
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where M is an arbitrary positive integer (and % = +00) (cf. Theorem 1.21
of [9]).

We set (zn,1,Zn2) = ( a,}()g_?l), a,f;?;)_'_l)) and M = (log N)?*. Then we

have, since Up(A) is the union of 4 convex subsets and the conditions of
Lemmata 9 and 10 hold,

Exp(A) < 4INN + X (Us(A))N

N 2
- 1 2X —T0/2 ]
< Geenr (log( og N) ) N(log N)™™/2 + AN

Similarly we get, with Lemma 11,

__N— 2) 2 —70/2
Fis(8) < qoor + (log(logN) ) N(log N)~™/2 + An(N).

We can choose 79 > 2\ and the inequalities are proved. O
7. Proof of Main Lemma

For b € {0,...,a} let py(z,y) be a function periodic mod 1, defined
explicitly in [0, 1] x [0, 1] by
if (z1,22) € Ap \ 04,
if (1:1,1‘2) € 04,
otherwise

ON—= et

wb(z1,22) == {

Its Fourier expansion ) Y ¢, m,(b)e(m1z1 + maz2) is given by
CO,O(b) = Az(Ab)v

Z Idet((zl - Y,T2 — y2))(y1 ,yz)eI‘(zl,zz)I

—2mi _ —
(z1,22)EV(A4p) (yl,yz)g(zl,xz) 7rz(m1(w1 y1)+m2(z2 yz))

Cmy,my (b) =

x e(—m1z1 — mazs),

where V' (Ap) denotes the set of vertices of the rectangle Ay and I'(z1,z2)
the set of vertices adjacent to (z1,z2) € V(4) (cf. Drmota [7], Lemma 1).
This can be bounded by (cf. Lemma 2 of Drmota [7])

(7.1)  lemyma (0)1°
1

< > II 5
(01,290 (As) (v g) el (o sza) L T M1(EL = 91) + M2 (22 — 1))
1

<
(1 |ma + gmal) (1 + ma — Fr)®

. 1 ) 1
<min|(l,— |min|(l,—
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uniformly for all (m;,ms), where the constants implied by <« only depend
on Ay and iy :=my + i—mz,ﬁzg = Mmg — %ml.
For (small) A > 0 we consider the function
A A

3 2
1 1 1
Yy(z1,T2) 1= Az / / op(z1 + 21 — Saotoat z2)dz1dz;.

A

2 2
The Fourier expansion 3_ Y di, m, (b)e(m1z1 +mazs) of this function is
given by
e(T8) — g(—Tul)) (g(T2l) _ ¢(— 1zl
o (8) = g (8) EE2) — € 59) (e(57) — e(=47))

if (ml,mg) 76 (0, 0) and
do,o(b) = co,0(b) = A2(Ap).

—4m2in e A2

Hence
) 1 1 ] 1 1
(7.2) |dm,y ;m (b)] < min (1, ]’ m) min (1» Tl m)
and
(13)  dmams(5) = omysma(®) (14O (92A7)) (1+ O (347))
as ﬁ’l,iA — 0.

It is clear that 0 < y(z1,22) < 1 for every pair (z;,z2) and that

[ 1 if (z1,72) € Ay \ Up(A)
¥p(z1,22) = { 0 if (xi,zz) ¢ AZU L;b(A)

We define
F(($1,1,$1,2), ces (ivh,hwh,z)) = Py, (21,1, 21,2) - - - Yo, (Th,1, Th,2)

and

tn):=F ((akx (Z+ 1)’ a"l“?a ¥ 1))

ceey (akh(2+1)’a’°"+1?‘1+1)))'

We set
Y= #{n <N | le(P(n)) =by,... ,ekh(P(n)) = bh}

Z2 == #{p < N| &, (P(p)) = by,..., €k, (P(p)) = br}
and get, with (4.2) and Lemma 13,

S - 3 HP(n))

n<N

< Ekl,bl (A) +eeet Ekhabh (A)7
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2 - 3 H(P)

n<N
for A greater than the error terms O (%) = O (a~(°eM)") of (4.2).

< Fkl,bl(A) + e +Fkh,bh(A)’

t
Furthermore, set V := (akl(](.!+1)7 ak1+11(a+1),...,akh(L_H), arhﬂl(a_l_l))
and let M be the set of vectors M = (my1,m12,...,Mp1,Mp2) With
integer entries m; ;.
Then we have

t(n) = Z Tme(MVn),

MeMm
where
Tm = dml 1,m1,2 (bl) m;, 1,Mk,2 (bh)

and
(7.4) Y tP(n) = > Tu Y e(MVP(n)),

n<N Mem n<N

Y HPE)= Y Tm ) e(MVP(p)).

p<N Mem p<N

If |m; ;| < (log N)¥ for all 4, j, Lemmata 9 and 10 provide
Y~ e(MVP(n)) < N(log N)™™,
n<N

if MV # 0. Lemma 11 provides a similar result for primes.
Since (m;,1, miz2) — (i1, Mi2) is, up to a constant, an orthogonal trans-
formation, we have

. 1 . 1 . 1 ) 1
min{l,—— )Jmin|{l,—— )} <min|1l,—— Jmin | 1, ——
|77i 1| |7 2| LOBY |z

and, with (7.2),

> [Tl

MeM:|m; j|<(log N)26
[(log N)23]

h
1 1
< I I S min |1, —— Jmin | 1, ——
- ( |mi,1|) ( |mi,2|>

i=1m; ;,m; 2=—[(log N)?%]

[(10g V)] . )
<K Z min (1, I—ﬁz_fl) min (1, W_ZT))

m1,ma=—[(log N)?]

<K (log(log N)za) 2



464 Michael DRMOTA, Wolfgang STEINER

For the M with |m; ;| > (log N)% for some 4, j, we get similarly

> | Tl

MeM:3i,j with |m; ;| >(log N)2é

(5, 7) (Emam)

m=[(log N)2 ]

1 og L+ A =1 (log(log N)%)2h—1
log N)®A \ B A (logN)?
if we set A = (log N)~%. Therefore we have
(75 =N Y. Tu+0O (N(log N)~™/2 4 N(log N)"’/?)

MeM:MV=0

(and a similar expression for X;). Since the main term depends on A, we
want to replace Ty by

TI,VI = Cmy,1,m1,2 (b1) ... Cmyp, 1,mp,2 (bn)-

Hence we have to estimate the difference Y e pmv=o(TM — Tpy)-
By (7.3), we have

(7.6) Tm = Ty (1 +0 (mg.xm Az))

First assume |m; ;| < (log N )2 for all i,5. Then we obtain from (7.6) and
(7.1)

<

) ITv — Tl < § : |Tpa (log N)~°
MEeEM:|m; j|<(log N)5/2 MeM:|m; j|<(log N)3/2
[ogNy5/2] \ 2" 5/2\2h
1 _s _ (log(log N)*/?) —5/2
< Y =] (legN)°< < (log N)~%/2,
( 2 m) ( ) (log N)? (log N)

and it remains to estimate the sum of the T\y and T3, with |m;;| >
(log N)®/2 for some i,j which satisfy MV =0, i.e.

(77) ml,lG;ch_kl_,_l + mlsz;Ch—kl +eeotmp = 0,
(7.8) m11Gh, —k, + M1,2Gk, -1+ +ma2 = 0.

This is done by the following lemma, where only one of the equations is
needed.

Lemma 14. We have

R
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where Y denotes the sum over all integer solutions (my,...,mg) of the
linear equation

(7.10) nmy + - +yg-1my-1 +myg =0,

(with integers v; # 0) such that |m;| > (log N)%2 for some i. The constant
implied by K does not depend on the v;.

Proof. First we remark that m; = 0 for some ¢ reduces the problem to a
smaller one. For H = 1 (as well as for H = 2), the lemma is trivial. Hence
we assume H > 1 and m; # 0 for all 5.

For every choice of (my,...,mg_1), let myg be the corresponding solution

of (7.10). First we sum up over all choices with |mg|> |my...mg_,|/(HE-1)?
and obtain

H-1
Zlﬂh mH|_2 Z Z my. mH1(

mi=1 myg-_1=1

o H-1
Pt g S
l+ﬁg

m=1m

1

1
my...my_1)HE-1?

If we consider only |m;| > (log N )5/ 2 for some i < H — 1, we have thus
Z [mr .. ma| << (logN) -

For |mg| > (log N)¥/2? and |m;| < (logN)‘s/2 for i < H — 1, we get

((log N)¥/2] | H-1 .

- < 9H-1 — - -
Z |my...mg| — Z m (log N)é/2

m=1

(log(log N )8/ 2)H_1
(log N)*/2

It remains to estimate the sum over the choices (my,...,myg_;) with

Y(H-1)? W lo.g. =
|mg| < |my...mg_4| W.lo.g., assume |y;m;| . ll’YzTnzl

Then we have

1 1
(7.11) Imy| < |[yimi ... yE—1mE—1]E-D? < |yymy|FT
and

1 1
|yama + - - + yH—1mH-1| € [|’Ylm1| = |yima|F-T, |yyma | + |’>'1m1|”—‘] .
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We split the possible range of |y,mg| into
I = (g, Iyyma| — |71m1|(H—2)/(H—1)] and
J2 = (l’hmll = |yamy [F=2/H=), I’Ylmll] -

For J;, we obtain

(7.12)

H-2
1 2y my | B-1 7] 4
Z || s 72| 77 S T 1
ma:lyamal€dz | V2 Imma| — [yimi| BT fyaimg |F-T

Summing up over all such (m,...,mg) with |m;| > (log N)%? for some i,
we get
2H—1

1
(7.13 T < ——(log 111 )H"3
) Z]ml...mgl g; |m1||’71m1|—”—1"—1( | |
[yama|>(log N)%/2

< 2H(logN)'%.
Thus it suffices to consider mg with |y2mz| € I from now on. This implies
1
|[ysms + - -+ + YH-1mH-1| € [|’71m1 + Y2me| — [y1ma | F-T,
1
[yimy + yema| + |’71m1|”“]
with s
[yim1 + yema| > |yrma | BT
We split the possible range of |y3m3| into
J3 = (l’hml + yamy| — [yymq | H-H/H=D,
rims -+ yama| + pyyma [H=3/H-1)]
and I3 = (0,2|yym,]] \ J3. Similarly to (7.12), we obtain

Z 1 < 8

- =1
ma:|y3ms|€J3 |m3l |7Im1|H_1

and the sum over these (mj,...,my) can be estimated as in (7.13). For
all other mg, we have

H-3
[vima + yama + y3ms| > |y1ma | F-1.
We can proceed inductively and in the only remaining case we would have

1
[yim1 + -+ yE—1mE-1| 2 |y1m1|F-T

which contradicts (7.11). Thus the lemma is proved. a
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We apply Lemma 14 for (7.7) with H = 2h — 1. Multiplying each term
of the sum in (7.9) by min(1,1/|mp2|) (where my, 5 is determined by (7.8)),
gives

3
> Tiy < (log N)™ 8-12
MEeM:MV=0,3i,j:|m; ;| >(log N)5/2
and the same estimate for Ti.

Hence
)
— Tyl
Z TM - le,...,kl.,bh...,bh +0 ((lOg N) 8(h-1) ) )
MeM:MV=0
where
' _ !
Doy, op b1 yonsbh = Z T
MeM:MV=0

Together with (7.5), we obtain
B1=Nahy sy + O (N0 N) ),

if we choose 79 = 2\ and § = 8(h — 1)2).
The result does not depend on the choice of the polynomial P(n). If we
set P(n) = n, Lemma 4 implies
q;clr"akhvblr--’bh = qklr""khrblr";bh'

Similarly we get
B2 = (N)Gky,...kn b1,...0n + O (N(log N)"\) .

Remark. In the case h = 1 we have MV = 0 only for (m;, m2) = (0,0) and
c,0(b) = A2(As) = po = g p- -

8. Proof of Theorem 4

In order to prove independence of different digital expansions we can
proceed essentially along the same lines as for the proof of Theorem 3. We
just have to replace the Main Lemma (Lemma 8) by the following three
(main) lemmas (corresponding to the three parts of Theorem 4) which

imply

L Z H (fe Py(n Ni’ieW"))

n<N€—
T(L 5~ (FelPuln) ~ TN\ ™
_H(NZ( D(N") ) )_’O

=1 n<N
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and the corresponding statement for primes. Therefore the twodimensional
moments converge to those of the twodimensional normal law and Theo-
rem 4 is proved.

Lemma 15. Let q1,q2 be two positive coprime integers and Py(z), Py(x)
two integer polynomials of degrees r1 resp. ro with positive leading terms.
Then for every hy,hy > 1 and for every A > 0 we have

A <N | e (PLR) = by g, (Pa(n) = b,
€y, (P2(n)) = c1,. .. 1€q2,lh, (P2(n)) = cn,}
—n1 ,—Nn2 1
=5+ ()
and
1
;—(—N—)#{p <N I 641,k1(P1(p)) = by, ... 1€q1,kp, (PI(P)) = bhu
€q1 (P2(P)) = ¢, -, €q2,ln, (P2(p)) = ch,}

1
— q—h1—he
6" +0 ()
uniformly for all integers
(log N)" < k1 < kp < --+ < kp, < 11logy N — (log N)",

(log N)" <1 <l <--- <lp, < 12logg, N — (log N)",
and by, ba,..., by, €{0,1,...,91—1} resp. c1,¢2,...,ch, € {0,1,...,g2—1}.

Lemma 16. Let ¢ > 2 and a > 1 be two integers and Py(z), P:(z) two
integer polynomials of degrees 1 resp. ro with positive leading terms. Then
for every hy,hs > 1 and for every A > 0 we have

1
ﬁ#{n <N I 6q,k:l(-Pl("n')) = by,. .. 76q,khl (Pl(n)) = bhu

€6, (P2(n)) = c1,..., €61, (P2(n)) = cn,}

_ 1
= q hlqll,--'vlhz’cl"" ’ch2 + O ((log N)A)

and
1
TN)#{I) <N | by (Pi(p)) = b1, - - . €k, (P1(P)) = bpy,

€G,l, (Pz(p)) =C1y-.. ’GG,lhz (Pz(p)) = chz}

1
—h
=q "y, hyerpeeny, T O (W)
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uniformly for all integers
(logN)"< k1 <ka<---<kp <m log, N — (log N)7,
(logN)" <y <lpg <+ <lp, <r2logy, N — (log N)",
and by, bo,... ,bn, € {0,1,... ,g — 1} resp. c1,ca,... ,cn, € {0,1,... ,a}.
a24+4
a3+4
and let G = (G;) and H = (Hj) denote the corresponding second order
recurrent sequences. Furthermore, let Pi(z), P2(z) be two integer polyno-

mials of degrees r1 resp. ro with positive leading terms. Then for every
h1,he > 1 and for every A > 0 we have

1
N <N | e (Pi(n)) = by, 6k, (Pi(R)) = bhy,

g, (P2(n)) = ci,... ,emy,, (P2(n)) = cn,}

Lemma 17. Let aj,az > 1 be two integers such that is irrational

i (e) (H) 1
- qkl,... ’khl b1,eee ’bhl qll,... :lhg €15 ,Chy + 0 ( (log N)/\ )

and
ﬁ#{z’ < N | €64y (Pi(p) = b1, .., €6y, (P1(P)) = bhy,
ey (Pa(p) = c1,... semy,, (Pa(p)) = cny}

=02 st iy + O ()
uniformly for all integers
(log N)" < k1 <ky <--- < kp, <r1log,, N — (logN)7,
(logN)" <l <lg <-+- <lp, <rolog,, N — (log N)7,
and by, bg,... by, € {0,1,... ,a1} resp. ¢1,¢a,... ,ch, € {0,1,... ,a2}.

The proofs of these lemmas run along the same lines as the previous
Main Lemma (compare also with [1] and [6]). We have to consider sums of
the type

> Tmy,Tm, Y e(M1V1Pi(n) + MaVaPy(n))
M;, M, n<N

(cf. (7.4), where, in the g-ary case, My, V, and T, are defined by
¢ ¢
M, = (m{?,...,m{),
Vo= (g™, g,
Tm, = dmﬁ‘),qz(bl) ...d ;f,)v .



470 Michael DRMOTA, Wolfgang STEINER

with
e(=%) — e(- =) () — o)

dm,qg(b) = 2mim 2mimA

Especially, if 7y # r2, then the proof is straightforward and very similar to
that of Proposition 1 in [6]. The reason is that there are no cancellations
in the leading coefficient of the polynomial M; V1 P;(n) + MaVaP,(n) and
consequently one can directly apply Lemmata 10 and 11 in order to estimate
the corresponding exponential sums.

Therefore we concentrate on the case r; = r2. Here we have to adapt
certain properties.

Lemma 18. Suppose that q1,q2 > 2 are coprime integers and ci,ca, T pos-
itive integers. For arbitrary (but fized) integers hy,ho let mg.e) 1<j5<
he, £ € {1,2}) be satisfying mg-e) # 0 mod ¢ and Img)l < (log N)®, where
d > 0 is any given constant. Set

(9] ]
M My
S= St o
1 hy
/] q,

Then, for
(log N)" < k{‘) < kg) < e < kl(:i) < log,, N™ — (log N)"
we uniformly have

gllog )"
N7
for all given 0 < 7' < 1, where ¢ = max{qi, g2}

L |le1S1 + S| < q_(l°g Ny

This lemma is implicitly contained in the proof of Proposition 2 of [6],
the statement of which is that of Lemma 15 for » = 1. However, by using
Lemmata 10, 11 (which have not been used in this generality in [6]) and
18, Lemma 15 follows as Proposition 2 of [6].

Lemma 19. Let ¢ > 2 and a > 1 be two integers and cy,c,T positive
integers. For arbitrary (but fized) integers hy, hg, let mgl) 1<j<h)
be integers satisfying mg-l) # 0 mod q and |m§-l) | < (logN)? and let mg?
(1 €14 < hg, j € {1,2}) be integers satisfying |m£?| < (log N)?, where
d > 0 is any given constant. Let

Sy = mgl) mg'rll)

_ + cer F —
ghi+1 qk,‘fl)+1
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and
2 2 2 2
S 1= mg,% mg,% L. mflz),l m§;2)2
2=t m gttt e Y e
a1 a1 o h2 « he
Then, for
log N)" < kY < kP < -+ < kY < log, NT — (log N)"
(log N)? < ki <ky’ <--- <k’ <log, (log N)
and for

(log N)" < kP < k) < -+ < kP < log, N™ — (log N)"
we uniformly have
qUosM)"
NT
for all given 0 < 7/ <.

<

S 7'
S —(log N)
o1 + Cza n 1\ <Lq

Proof. The upper bound is trivial. Thus, we concentrate on the lower
bound. We have, with (5.1) and of (o + 1) = Gya + Gi_1,

S, clm(l) ) (Th?)a + ﬁlgz))

X0
a+1 gkh G’“;(;)*'la + Gk}f;

S:=c181 +c¢

with integers (), ﬁz?), 'n‘mgz) and therefore S = 0 if and only if the equa-

tions

(1)
~ (1) £ (2) Ky '+l
cam Gkgzz)_*_l-l-Cle gh 0
. . (2) kM
clm(l)Gk(z) +czmg )qkhz 1 _ 9
ha

(1)
hold. Since (Gk,Gr+1) = 1 for all k, we obtain qk"l +1|c17h(1) and hence

q|m(V (for sufficiently large kﬁll)) which is not possible for mgll) # 0 mod q.
Hence we may assume S # 0. In order to get a lower bound for S, we
use Baker’s theorem (see [21]) saying that for non-zero algebraic numbers

iy, Q9,... ,0y, and integers by, be,... ,b, we have either
agl DEEY ag'" s
or

a'{‘ coeabr 1] > exp(-U),
where
U = 26n+32p3n+64n+2(1 4 log d)(log B + log d) log A; - - - log A,,

withd = [Q(a; ... ,on) : Q]
B = max{2, |b1|, |b2,--- ,|bnl}-
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and real numbers Ay, Ay, ..., A, > e with logA; > h(a;), where h(:)
denotes the absolute logarithmic height.

Set € = n/(hy + hg — 1). Then there exists an integer K with 0 < K <
hy + he — 2 such that for all j,¢

k9

{1 = KO ¢ [(og )<, (log V) K+1e)

So fix K with this property. First suppose k]('21 - k';l) < (log N)X¢ for all
4,£. Then we have log /()| <« (log N)X¢, log |m§2’[ < (log N)%¢ and we
can apply Baker’s theorem for r = 6 with a; = ¢, a2 = @, az = W),
ay = ﬁz?)a +ﬁzg2), as = —¢p, 0 = c2f(a+1) and b = —k,(llll) -1,
by = kD) +1, b3 =bs =1, by = bg = —1 and obtain

(2)
~ (1 ky'+1
—amWa+1)a™ ™ | _Clogmax(kl) £2))log (| log(im{® |+
(1) =
. (2) - (2)y k41
co(y  a+ 1y’ )g ™

for a certain constant C > 0. Of course, this implies
51 e (5744 e-emnn g, Qg 0
- ’ — Nr
for some constant ¢ > 0 and all 7 > 0.
Otherwise we have some s1, s; such that k§'21 - k](.e) < (log N)X¢ for all

Jj < sgand k§f’+1 - kgf) > (log N)(E+1e Here we get by Baker’s theorem,
as above,

1) (1) (2 (2
= m m c m m

§=c ++"'+ (13)1 + 21 (21),1 toe 3(22’)2
gk ! qlc,1 +1 a+ ok +1 o

) (2)
> max ( g, ok ) e—cloglog N (log N)K¢

and can estimate S — S by
|S — S| < (log N )‘5 (q"‘g)—(log N)F+De a—kg)—(log N)(K+1)s) .
Hence we have
|S] > max (q_kg), a—kg)) (e—C10g10gN(log N)Ke
~0 ((1og I)7e~ oatmintae)og M<+0) ) (log N)™

NT
O
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2
Lemma 20. Let aj,az > 1 be two integers such that %}_i;% 1s irrational,
2

let G = (G;) and H = (H;) denote the corresponding second order recurrent
sequences and ci,cp,T be positive integers.

For arbitrary (but fized) integers hy, hy let mg’l} (1<j<hg j,e{1,2})
be integers satisfying |m£’?| < (log N)® (where § > 0 is any given constant)
such that

1 1 1 1
mg,{ mg,% m;tz) 1 mgll)ﬂ
St ama T o e 7O
a1 a1 ah ot
and 2 2 2 2
mi  mi) ML | Mheg
S=—gt—m t "t ot @, 70
a1 okt o k2 a h2 +
Then, for

(log N)" < k{e) < kg) <. < kfl? < log,, N™ — (log N)"
we uniformly have
a(log N)", < e Sl +e P
N7 ! a +1 2a2 +1
for all given 0 < 1’ <10, where @ = max{ay,as}.

< o~ (logN)"

Proof. Again we can concentrate on the lower bound and have

N ~ ~ (2 ~ (2
s S So 1 (mgl)al + mgl)) Cc2 (mg )012 + mg ))
=cC +c2 =
a;+1 as+1 ka_ll)+1al + le(.ll) Hk;,zz)+la2 + Hk’(tzz)

2
The assumption that ’/%5—1% is irrational ensures az ¢ Q(a;). Hence S is
2

zero if and only if the equations

clmgl)Hk%)+l + czm?)Gkﬁ’ﬂ =0
i Hyw + ey’ Gy, = 0
clmg)Hkﬁ?ﬂ + czm?)Gk;(.ll) =90
clmgl)Hk,(;) + c2m§2)Gk,(:1) = 0
hold. Then we must have e.g.
Al = @0 B Cron




474 Michael DRMOTA, Wolfgang STEINER

and G ﬁzgl) because of (G G,n) = 1. With ImEfj)l < (log N)®

k,("17+1| kD +1 k()
we get ﬁzgl) = 0 and thus mgl’ = 'rh?) = m?’ =8,=5=0.

Hence S # 0 and the lower bound is obtained similarly to Lemma 19. O
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