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RESUME. Soient q,qi,...,q9s > 2 des entiers et aj,as,... des
nombres réels. Dans cet article, on montre que la borne inférieure
de la discrépance de la suite double
MN
({amqn}’ R ] {am+3_1qn})m,n=1
coincide (& un facteur logarithmique pres) avec la borne inférieure
de la discrépance des suites ordinaires (z,)XY dans un cube de
dimension s (s,M,N =1,2,...). Nous calculons aussi une borne
inférieure de la discrépance (3 un facteur logarithmique prés) de

la suite ({a1q?},..., {oza;qg‘})f___1 (probleme de Korobov).

ABSTRACT. Let ¢q,q1,...,9s > 2 be integers, and let ai,as,...
be a sequence of real numbers. In this paper we prove that the
lower bound of the discrepancy of the double sequence

({amqn}, LERE] {am+8—1qn})

coincides (up to a logarithmic factor) with the lower bound of the
discrepancy of ordinary sequences (z,)M¥ in s-dimensional unit
cube (s,M,N = 1,2,...) . We also find a lower bound of the
discrepancy (up to a logarithmic factor) of the sequence ({a14]'},

M N
m,n=1

. {asq’;})::;l (Korobov’s problem).

1. Introduction.

1.1. A number a € (0,1) is said to be normal to the base ¢, if in a g-ary
expansion of a, @ = dydy--- (d; € {0,1,--- ,¢g—1},4 =1,2,---), each
fixed finite block of digits of length k appears with an asymptotic frequency
of ¢* along the sequence (di)i>1. Normal numbers were introduced by

Manuscrit regu le 2 mars 1999.
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Borel (1909). Champernowne (1935) gave an explicit construction of such
a number, namely

0=.123456789101112 ...,

obtained by successively concatenating all the natural numbers.

1.1.1. We denote by N the set of non-negative integers. Let d,q > 2 be two
integers, N = {(n1,...,nq) | n; €N, i =1,...,d}, A={0,1,...,q -1},
Q=AM

We shall call w € Q a configuration (lattice configuration ). A configuration
is a function w : N = A. Let hh N € N¢, h = (hy,...,hg), N =
(N1,...,Ng). We denote a rectangular block by

Fn={(f1,-- - f) eEN |0 fi<N;, i=1,...,d},

G = G}, is a fixed block of digits G = {g,,.;, € A| i; € [0,hj), j =
1,...,d}.
1.1.2. Definition. A lattice configuration, w € (2, is said to be normal
(rectangular normal) if for any h € N¢ with h;---hgy > 1 and block of
digits G,

1) #{neFn | wn+i)=g,, ;, Vi€ F}—g MmN ... N,
=o(Ny -+ Ng),

where i = (i1,...,14), and max(Ny,..., Ng) — oco.
It is evident that almost every w €  is normal. The constructive proof of
the existence of the normal lattice configuration is given in [LS1], [LS2].

Below, to simplify the calculations we consider only the case of d = 2.
1.1.3. Let (x5) be an infinite sequence of points in an s—dimensional unit
cube [0,1)%; v = [0,71) X - -+ x [0,75) be a box in [0,1)°; and A,(N) be a
number of indexes n € [1, N] such that x, lies in v. The sequence (x,) is
said to be uniformly distributed in [0,1)° if for every box v, 4,(N)/N —
~1 - ¥s- The quantity

1

(2) D(V) = D((xn)nzr) = DO((xa)nle) = sup | Au(N) =1+ %
ve(0,1]s

is called the discrepancy of (x,)X_;.
It is known (Roth, [Ro]) that for any sequence in [0, 1),

my e ND(N)/log®? N > 0,
and according to the well-known conjecture (see for example [Ni, p. 32,33]),

(3) limy_ 0o ND(N)/log® N > 0.
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1.1.4. The double sequence (u,,,) € [0,1)*, (n,m =1,2,...) is said to
be uniformly distributed (Cigler, [Ci]) if

D(s)({un,m ,1:’_ %_1) o(1), with max(N,M) — oo.

Kirschenhofer and Tichy [KiTi] investigated double sequences over finite
sets (see also references in [DrTi, p.364], [KN, p. 18]).

1.2. It is known (Wall, 1949) that a number « is normal to the base ¢
if and only if the sequence {ag"},>1 is uniformly distributed in [0,1) (see
[KN, p. 70]). It is easy to prove similarly (see Appendix of this paper) the
following statement:

Proposition 1. Let ¢ > 2 be integer, dmy € {0,1,...,9 -1}, m,n =
1,2,... . The lattice configuration (dmn)mm>1 is normal if and only if for
all s > 1 the double sequence

4) ({ama™}, - famrs—10"}) oo

is uniformly distributed in [0,1)°, where

0o
(5) U = Z dm,n/qn
n=1

1.2.1. In [Le3] it was proved explicitly that there exists a normal number
o with

(6) D({aq"},) =O(N"'log?N), N — 0.

The estimate of discrepancy was previously known O(N~2/310g®/® N) (see
[Ko2],[Le2]). According to (3), the estimate (6) cannot be improved essen-
tially.

Our goal is to find a lower bound of discrepancy of the double se-
quence (4). The main idea of the paper is the using of small discrep-
ancy sequences on the multidimensional unit cube to construct the se-
quence of reals (on)m>1 (see (5) and (9)). Here we use a variant of Ko-
robov’s s—dimensional sequences (s = 1,2,...) with optimal coefficients
(see [Ko3]). We provide the following construction of a normal lattice con-
figuration:

1.2.2 Construction. Let p;,ps be distinct primes; (¢, p1p2) = 1,
[log,, 1] )
(7) ko = 0, k= [Iqu(Plpz) + 1]101, ki = klpl " , 1=2,3,...,

1 1 1
to=1, t; =pL o B 1

r(j) = min i, 7=12,...,
F<tipy, i=1,2,...

(8)
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[o's) Pl“l

9) o= Z Z Z k,(2n+u){ = ,,(pzn+p111)} ki’

i=r(j) n—J(J) z—lk 1/ki v=0

where

(10) 69 =1 if i>r(j); otherwise 87 =0, {z} = [¢*{z}]/q",
j2€{0,1,...,t; -1}, je=jmodt;, 71 =(j—j2)lti
1) o efo,1,...,pipk -1}, v=0,1, j=1,2....

JzV

Theorem 1. There ezist integers a%) (m,r =1,2,...,v =0,1) satisfy-
ing (11), such that for all s, N,M > 1 we have

(12) D (({amq”}, coey {am+3"1qn})1§n§N,0§m<M)
= O((MN) '(log MN)***log?log M N)

with max(M, N) — oo, and the constant implied by O only depends on s.

We note that according to (3), the estimate (12) cannot be improved by
more than the power of the logarithmic multiplier.

Corollary. Let s,q > 2. There exist numbers ay,...,as (simultaneously
normal to the base q) such that

D(({alqn}, ceey {asqn})szl) — O(N—l 10g25+4+e N).

The discrepancy estimate was previously known as O(N~1/%) [Kol] and
O(N~2/310g**2 N) [Le2].

1.3. Let s,q1,...,9s > 2 be integers. Numbers ay,...,as are said to be
simultaneously normal to the base (qy,...,qs) [Kol],[Ko3] if the sequence
(13) ({QIQ?}v ) {asqg})nz1

is uniformly distributed in [0,1)*

In [Kol], Korobov obtained the first examples of simultaneously normal
numbers using normal periodic systems, completely uniformly distributed
sequences, and estimates of trigonometric sums with exponential functions
(see also [Ko3]). In [Kol], Korobov constructed simultaneously normal
numbers with

D(({eag?}, - {asq? DI,) = O(N )
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and posed the problem of finding simultaneously normal numbers with
a maximum decay of the discrepancy of the sequence (13). In [Lel], si-
multaneously normal numbers with Dy = O(N~1/210g*+%/2 N) were con-
structed. Here we find simultaneously normal numbers with the discrep-
ancy estimate O(N~!logZ*2 N). We note that according to (3), this es-
timate cannot be improved by more than the power of the logarithmic
multiplier.

1.3.1 Construction. Let p be prime; (¢;,p) =1,i=1,...,s;

= = [IOg m] =
(14 ki=p max llog,, p+1], km = k1p'%™, 1y =0,
Nm = Nm—1 + 2km_1p™ L, m=2,3,. ..

oo p™-1 1

(15) z Z anm+km(2n+u){ “/ }

m=1 n=0 v=0 9;

where {z}x; = [{z}qF]/dF,i=1,....s, k=1,2,.....

Theorem 2. Let s > 2. There ezist integers a( ™) ¢ {0,1,...,p™ — 1}
(t=1,...,s; v=0,1; m=172,. )suchthat
D(({aagt}- - {@sqiPn=1) = O(N"'1og®*? N), N —oo.

We prove this theorem in Section 4. Theorem 1 is proved in Section 3.
Section 2 contains auxiliary results.

2. Auxiliary results

First, some further notation is necessary. For integers d > 1 and | > 2,
let Cy(I) be the set of all nonzero lattice points (hi,...,hq) € Z¢ with
—l/2<hj<l/2for1<j<d; C(l)=2ZnN(-1/2,1/2]. Define

r(h1) = Isin(w|h|/l) for h e Ci(l),
| for h=0,

and
d
(16) r(h,1) = [ r(h;,0)
j=1

for h = (hq1,...,hq) € Cy4(l). For real t, the abbreviation e(t) = 2™Vl g
used. Subsequently, four known results are stated, which follow from [Ko3,
Lemma 2], [Ei, Lemma 3], [Ko3, p.13, Ni, p. 35] and [Ni, Theorem 3.10},
respectively.
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Lemma 1. Let p > 2,a be integers,

5,(a) = 1 if a=0mod p,
P77 10 otherwise.

Then
p—1

d9(a) = 3 elan/p).

n=0
Lemma 2. Let q > 2 be an integer. Then
1 1,2 7\d
Z ——<—-(—logq+—)
heGala) r(h,q) v\mw 5
h=0(mod v)
for any divisor v of q with 1 <wv < q.

Lemma 3. Let A,B,T be integers, 1 < B <T. Then

1 A+T-1 nho
> oettn)| < Y | > e+ 2]
r(ho,T) T
n€[A,A+B) ho€(=T/2,T/2) n=A
According to [Ni, p. 35] [1/T 3, c(4,a+ ) €(nho/T)| < 1/r(ho,T). Now
the proof of Lemma 3 repeats that of [Ko3, p.13]. O

Applying this lemma twice, we get

Corollary 1. Let r > 1,M,M;,N,N; be integers, M € [1,p5], N €
(1,p]]. Then

Ni+N-1M+M-1 1
Z Z e(t”m)l < Z Z r T
n=N1 m=M; h_1€C(p7) h—2€C(p3) r(h—l’pl)r(h—27p2)

Ny+p]—1 M1+p3—1 —1 mh_2
Z Z t"m tr )I ’
n=N1 m=M; P1 P2
Lemma 4. Let N > 1 and P > 2 be integers. Let t, = y,/P € [0,1)¢
with yn, € {0,1,...,P —1}4 for 0 < n < N. Then the discrepancy of the
points to,t1,...,tN—1 satisfies

d 1
1)< =4+ = h
D(to, t1,...,tn-1) < 3 +N P)I Z ts)
heCa(P)
Corollary 2. Let T > N > 1 and P > 2 be integers, t, = yn/P € [0,1)¢
with y, € {0,1,...,P -1} for 0<n < N. Then

T

NET ((tn)nzo) ’

d
(17) D(tg,t1,...,tn-1) < 5+
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where

1 nh
((tn)n>0 Z Z W| Z C(h t.+ TO)

heCd(P) ho€(-T/2,T/2]

Corollary 3. Letp] > N > 1, ph > M > 1, and p1,p2 > 2 be zntegers,

thm = Ynm/PP5 €0, 1) , With Ynm € {0 1,...,pip5 — l}d for n,m =
0,1,.... Then

dMN

(18) MND( )((tnm)M1<m<M1+M N1<n<N1+N D(d+2)( ) )

where

) 1
D(d+2) tnm =
T (brm) Z Z Z (h, pip5)r(h_y,p])r(h—2,p})

T
heCq(pipy) h- 1€C(P')h 2€C(P§)

x|zz el tam+ o2+ )|

n=0 m=0 1 p 2

Lemma 5. Let x, € [0,1)°, n =1,2,..., q1,...,9s > 2 be integers, q =
min(qy, - - - ,qs), kD, .. k8 > 1 be integers, and put k = (k(l),... kG,
k = min(kM,... k(). Then

(19) D((en)ior) < D((Gendi)ny) + 5
@) D(((xh))) <2+ max  |s#{1<n<N|

q c,»E[l,qI (1)],'1. 1,.

frahi € [T0,7(e)} - Hv(cz)| < S+ D(n)i),

where ’)’(C-,,) = ci/q,l;c(i), {xn}k = ({xn,l}k(l),l, ey {wn,-"'}k(s),s)7 {y}m,i =
[ {y}/a*, m=1,2,....

Proof. Let v = [0,71) x --- % [0,75); v = [[;=1[0, {7i }xw ;)- It is easy to
see that

#{1§n§N|{xn}kEU'}S#{lSnSNl{xn}EU}
<#{1<n<N|{xp}k €v}.

Using (2), we obtain

FH{1 <0 S V] G v} S+ D((Be i),
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and

SH{LSn <N [ frade v} 2 me7 = D(({xad) 1)

S S
- IH% ~ [Hvdeo 4| -
=1 =1

Hence

D((xa)) < D(({xah)ns,) +  sup H% H{% ey

715 1786[0 1)8 1 =1

Similarly to [Ni, Lemma 3.9], the second sum is not more than

S S
1 1 s
1-TI(x- (,))<1 H(l“—k)ﬁ—;u
i=1 af i=1 q q

and we obtam the first part of the Iemma
Let v" = [[;_1[0, {7i}ro; +1 /a5). Tt is easy to see that

#1<n <N | {x} €V} <H#{L<n <N | {xp}k € v}
S#1<n <N {xn} €'}
and
|—]1\7#{1 <n<N|{x,}€v'}—mes U'I — |mes v — mes V|
< |#1 <7 < N fxuhi € v} = mes of
< 1"11\7#{1 <n <N | {x,} € 0"} — mesv"| + |mes v" — mes v|.

Bearing in mind that max((mes v — mes v'), (mes v" — mes v))

S
s max H czk,(z) H k(z

CiE[OyQ,(z))ﬂ‘ Lewsi=1 =19
s 1 S
<1-T] (1 _ ) <=
- k@) ) = 4k?
=1 q‘t q

we find that

1
|_ﬁ#{1§nSNl{xn}kev}l < qik

il . d .
+ max #{1SHSN|{xn}k€H[Ov'q?T)}—H%-

ci€[l,gF " ],i=1,...,8 i=1 A i=1 4

Now we obtain from (2) the second part of the lemma.
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Lemma 6. Let q1,...,qs > 2 be integers, ¢ = min(qq,...,qs), O
k() > 1 be integers, £V, ..., 00); put k = min(k®W,... k() £ = min(¢(),
e( )) Xn = (xn 1y-++yTn s) Yn = (yn 15 --,yn,s)y Zn = (zn,la--~azn,s);

andym— (€0} +—,g,—{zn,, @ i=1,...,5, n=1,2,... . Then
S
D) ((yn)n=1) < 2°DP)((%n,zn)p21) + prea

Proof. Let S ={1,2,...,s},I1 C S, v =ci/q; K€ )H(t), G e{l,... ,qf(i)”(i)},
0]
Yi=af (= {vihko ) = (Vo i=1.58,

—k®
v=][vho, [l &%,
i€l ieS\I
B; = {1 <n<N| ({xﬂ,i}k(i),i € [0, {'Yi}k(i)’i), Vi € I), and

({xn,i}k(i),i ={vhon and {zmi}ew; €[0,7) Vi€ S\I)},
B={1<n<N|{yni} €[0,%), i=1,...,8}.

It is easy to see that

I »=>m B=|J B,

ie[l,s] Ics IcS
(21)
#B— ] % < X |5#8r -,
i€(1,s] IcS
and

{Zni}ro i € [0, {1}k ;) <= {zni} € [0, {vi}ko 3)5

(1)
{znitew ; = (Hiheow,; < {zni} € (Ve i {Vidro i +1/ qk )i

{zniter; € [0,7) <= {2} €10,7) (% = {i}ew o)
Applying (2), we obtain:

)

e - s #B1] < [y = x#{1 < n < N ({oni €0 0udo) VieT),
and ({zns} € {3} o 0ho s+ 1/aE")

and {Zn,i} € [07 7;) Vi€ S\I)}I

< D®#D((({zn s, {znDiesv)nmy ) < D) ((n,20)0s) -
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From (20) and (21) we get :
(({yn})n- ) qkil

1 S S
+  max 7\7#{1 <n<N|{yn}e€ H[0,7(Ci))} - H'Y(Ci)l
ciefL, g+ i=1 i=1
1,_1, ]
s
< qk_+z+ m() ) Z |"'#BI 71l < __+28D(2s)((xmzn)n 1)
c,‘(-E[l,q:c + lics
1=1,...,8
where v(¢;) = ci/qf(i)‘”(i), i=1,...,s. O

Let @o = @(p1p2)/p1p2, where ¢(z) is a Euler function,
b) ={0,1,...,6m -1},
(22) T( ) =A{ }
Ar.(b) = {neA ()|(n,b)=1}.

It is evident that

(23) #A% (p1p2) = o(P1p2)pT 'P5 ! = @opT'py, m=1,2,... .
Now let

(24) A(i,m,s,co,-..,C25-1) = PI'PY’

xS s () (o)
h_1€C(pT) h_2€C(pT') heC2s(pT*pT)
s—1

X Syprpp (1 Mapft + hoMipT + 3 (0'hic; + hisecsns))
7=0

where M1pT* = 1(mod p3*) and MepT* = 1(mod p7*).
Lemma 7. Let: > 0; m,s > 1 be integers. Then
1 .
(25) Ok > A(i,m, s,co,. .., C25-1)
$opP1 P2 (cose-rC25—1)E(AN, (P192))%
.<_ K1(S)m2s+2,
with Ki(s) = 12<p_23( logpipe + = )23"'2pzp2

Proof. We follow [Ko3, p. 191]. We denote the left side of (25) by o;.
Changing the order of the summation, from (24) we get

(26) o1 < > > > T honp?)
h_1€C(pT*) h—2€C(p5*) h€Cas (pT*PT)
X 7‘~1(h—27p§n) ( y D1 p;n)E(h_l, —~2,h)7
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where
1
(@7 E(hthoah) = s > o7
0F1 P2 (coy---s€25—1)E(Am (P1p2))%*
s—1
X Gpmpm (h—1M2P§n +h_oMipT" + Z(qzhjcj + hj+scj+s)) .
3=0

o), a2

Let (h'()a R ,h2s-l,Pinp5n) =N 1p2 ) and let

(28) h’t = p‘:l+ﬂl,ipgz+,32,ih;:7 (h;ap1p2) = 17 181,1:7 ﬂ?,i > Oa
i=0,...,25—1.
This yields that there exist u,v € [0,2s5—1] such that 3; , = 0 and B3, = 0.
If 4 = v, then
(29) Z (Sprln—alp;n—ag (cuhyvr +uv3) =pi'py* for (vi,p1p2) = L.
cu€[0,p7°P3")

Now let p # v.
We find for integers v1,vs and vz (with (v;,p1p2) =1, i =1,2), that

(30) Z 6p11n—a1p12n—a2 (c,,hi,pgz’” v + c,,h:,pf Y vg + v3)
CurCv € [O)pinp?zn)

B2,
= X el Mapf oM

Cp,1,Cv,1 G[O’pvln) Cu,2 ,Cu,ze[O,PE"’)

+ (Con Mapll + s Mgl p vy + v3) =da,
where
o = > 3 m=ay (Cu,lepénhLsz‘"Ul + o1 MapP hlp vg + v3),
Cu,1,6,1€[0,PT*)
and
o = > 0, m-a3 (cu2MipT hypy ™" v1 + Cua M R vg + v3) .

Cu,Z,Cv,2€[0,p72n)

Observe that (Mgp’{“h:‘pgz"‘vl,pl) =1, (M1pThLPfl'"v2,P2) =1,
Z 611’1"-"‘1 (Cu,1M2P12nh:zP1232’””1 +v4) =pit,
cﬂ,le[()’p{n)

and

> Opm=az (co2 Ml hlp ¥ vy + v5) = pg2 .
CV,2€[0)p;n)
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Hence
(31) o = ppte and o = pyrtee,

Ifh_y #0 (mod p{*) or h_y #0 (mod p5?), then E(h_1,h_2,h) =0.
Now let

ho1=p*hly, hog=py*hl,.

From (27) we see, that

1
(wop"p5')?s
m, m ' m—o
x Z Py Dy X 5p'1n_°‘1p;""°‘2 (h~—1M2p2
(€oy--C25-1)E(Ar (T PT)) 28

s—1

+ h’_QMlpT“a1 + Z(qZh./fcjpfl'jpg:z'j + h9+scj+spf1,j+spg2,j+s )) )
Jj=0

(32) E(pT*h_;,p5%R 5, pT p5?h') =

Now, applying (29) for the case of u=v and (30), (31) for the case of
u# v, we get

E(py*h_y1,p5*h_y, 7957 ') = 03 *p'p5? .

We obtain from (26) that

o1 < ¢y 2° Z Z Z Z P p22 x

0Sen,02Sm b | eC(py ™) b, €C (' ~*2) W ECss ()~ 1Py~ 2)

(33) xr (R pft, P )r (B ops?, pit)r (W P 032, pT D).

Applying Lemma 2, we get

_ e — 2m T\ 2s
> r~H(pp?h, pT'py) < pi “‘p2“2(710gp1p2+5) ,
h'ECzs(p;n—alp;"_az)
and
(34) > i ePhoy,pl) <1 +p'°1(2—m10gp1 + Z) )
1 )= 1 T 5

K eC(p ™)
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Now, from (33) we obtain :

o1 < g5 Z (%m log p1ps + g)% (1 +pr (%m logp1 + g—))

0<aj,a2<m
a2 7
X (1 +p5 (;r-mlogpz + 5))

2 T\2 2 7
< ¢y (Smlogpips + g) (m+ 12+ (m+ 1)(>mlogpipz + )
T2 P P2 )

D1 j2) 2
x (pl—l +p2_1)+(ﬂ_mlogp1p2+g) pr—1ps—1

<K; (s)m2s+2 .

Let

b = (b(m) bg:)—l 0 bgrll)v b(m) 1,1

(35) B(v,i,d,s,b™) = A(i,m,s, b7, 071 mb§"ZL,

* b§ﬁ~1 V+1) ’

where 007} ., =057, ve€{0,1}, 5 €{0,1,...,tm ~1},

v !
(36) fm={b™ € (AnEr)™ | X X
s€[1,tm] j€[0,tm)

x 33 B j,s,b™)(24K1 ()2 kmm®*2) "1 > 1}.
1€[0,km —1] v€{0,1}

Lemma 8. With the notation defined above we have:
#Qn < 12 (#A* (p1p2 ))2t'", m=1,2,... .
Proof. 1t follows from Lemma 7 and (35) that

1 1
B(v,i,j,s,b™) =
(#AL(prp2))* « A%lpz))”’" ( (#A% (p1p2))?m

X Z A(z,m, s,bgu), bﬁl ly,bng)H, . ]+5 1u+1)
b(m (A, (p1p2))?m

S Kl (3)m2s+27
where v € {0,1},5 € [0,tm), and i € [0, & — 1]
Hence

> Y Y gmem 2 Bliisb™)

J€[0,tm ) i€[0,km —1] v€{0, 1} b(m)e(AL, (p1p2))2tm
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< 2K (8)tmkmm? T2,

and

)DEDUEDD Z m(P1P2))2t"'

$€[L,tm] j€[0,tm) i€[0,km ~1] v€{0, 1}

-1
X Z B(v,1,7,s, b(™) (2K1 (.s)tfnkmmzs”) <1
bmM (AL, (p1p2))2tm

Changing the order of the summation, we find that

(37) L ¥ ( v (24K1(s)t;~’nkmm?8+2’)_1

" 2tm
(#Am(p1P2)) b(m) (A%, (p1p2))2tm SE[L,tm]

x > Y Y Bigsb™) <1/12.

J€[0,tm) i€[0,km —1] v€{0,1}

Now, from (36), we obtain the assertion of the lemma. O
Put
(38) Ai(a,i,m,s,co,...,C5-1) = Z Z
h_ 2€C(pm+l) heCys (7 H1)
(hsyshas—1,05 =g
) s—1
(A2, 5 ) (b, 5 )pS Spg (h—z +4'p2 Zhjcjtm+1/tm),

=0

and for v € [1,5 — 1]

(39) Ax(e,i,m,v,co,...,C05-1) = Z Z

h—1€C(p;n+l) heCys (e 1)

(hvyeshg—1 by ggrmhas—1,p7 T =0
v—1 )
xr—l(h—lapin)r—l(hap;n)ptllép’f (h—1+p1km+l/km Z(qzhjcj+hj+scj+s)) .
Jj=0

Lemma 9. Let t,, > s > l,a € [0,m + 1],v € [1,s — 1], € [0, kmp—1] be
integers. Then

1
(40) ————— > A;(a,i,m,s,c0,- .. ,Cs-1)
A ’
(# m(p2)) (CO; Com 1)€(A (p2))3

< Ki(s)p2(m + 1)2“””1
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and

(41) Z A2(a7i7m7v700,"'7c2$—1)

A* 2s
(# (p ) (coy---sC25~1)E(AN, (p1))?*
< Ki(s)pr(m + 1)%H.

Proof. We will prove the statement (41). The proof of (40) repeats that
of (41). We denote the left side of (41) by o;. Changing the order of the
summation, from (39) we get

42) o= Y > r~(h_y,p7*)
h_1€C(PT1) heC2, (P T1)

(hvseenshs—1 Ry ggrhos—1.07 TH=p

Xr ( 'Dq +1)E(h—17h),

where
1
E(h-1,h) = —————- p
((p(pl)pl ) ’ (c01 +3C25— I)E(A (pl))Zs
v—1
X Ope (h-1 + p1km+1/km Z(qihjcj + hj+scj+s)) .

Jj=0

Let (hoy..., hy—1,hs,y- .. hv+s_1,p’1"+1) =p{*, and let

hysti = P} h,,s_{_,, v=0,1, i=0,...,v-~1.
Then there is (10,i0) € {0,1} x {0,...,v — 1} with (hy 44, P1) = 1.
It is easy to see that

43 E(h_1,h) < a(c,0,),
(43) (h-1,h) e (p))zs( 0s0)

where

. 1
(44) o(c,io, o) = ——7 Z Y

77
(p(pl )pl Crgs+ig GA:n-l—l (pl)

v-—-1
by (et 4 55 o S0 By
=0

We find that if h_; % 0 (mod p™™®V)) then E(h_1,h) = 0.
Now let h_; =0 (mod p™™®*)) and let h_; = p™™@*V)p
From (44) we find that

(45) o(c,i9, ) = pf for o1 > a,
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and

. 1
(46) o(c,io, o) < PP > ot

Cugs+ig €[0.PT")
v—1
! Pl 1
x 8 ac (RLy + Prkims1 /B D (0Bje + By sCiss) )
§=0
1 o,
< o7 2 Pidy- (f + prkm+1/kmg VO)thos+]'ocVoS+jO)
1

Cygs+ig G[O,pin)
for a1 <a,

where

f=h_1 +pikmi1/km E q(l_u)ih:/s+jcl/s+j'
ve{0,1}, j€[0,v]
(v,3)#(v0,30)
It is easy to verify that
log,, (m +1) —log, (m) < 1, m=1,2,...,
and
(47) [log,, (m + 1)] — [log,, (m)] < 1, for m=1,2,... .
According to (7), we have

(48)  km+1/km = P[llogpl (m-+1)]—[logy, (m)]

Bearing in mind that (q(l‘”o)ihl,os +jorP1) =1, we obtain from (46) that

€{l,m} for m=1,2,... .

o(c,19,1) < <p(’,‘1pf+°‘1 for 1 <a.

Now, (45) and (43) imply that

E(h-1,h) < ¢5'p] ™M ey (hor) for ar € [0,m+1].

1

From (42) we obtain

s Y% >

a1 €[0,m+1] h_yecPt!) heCy, (p* 1)
h_1=0 (mod pllnln(a'al)) (hyseenshs 1Ay qgyeens h23—1;P;n
(hQsrshy—1:hssshg gy 1,2 )=pS1

- — —1 2+min(a,
X7 (hog, PP e (b, pT g ol )

+1y_
)=p¢,
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Applying Lemma 2, we get

_ : i 2m + 1 7
<ot Y pitminesy) (1 +p; mm("’“‘)(———(m: ) logp1 + g))
a1 €[0,m+1]

N (2(m7r+ 1)

— min(a,01)

7
logp1 + 5) Y41

< ¥ lp%(¥ logp; + 5) (m+2+2(_(.7_2 logp + g))

_ 2 7 m+ 2
< g pi(m+1)** (= logp + —)23(—m -

2 7
2(—1 =
3 +2(—logpr + 5))

< Kq(s)(m +1)%+1 .

Lemma 10. Let

tm m+ltm—1km—1

(49) Q= {b<m> e (nEp)® 1.3 3 3

s=1 a=0 p=0 =0

o layi,m (8, B Bl 11) >
12K (s)t2,km(m + 2)(m + 1)2s+1 )

and

tm m+1 km—1 1

(50) Qo= {b("’) € BnEp)®™ > % > D>

s=1 a=0 p€(tm—s,tm) =0 v=0

 Ao(oym, tm — p bbb ) N 1}
24K, (8)t2,km(m + 2)(m + 1)2s+1 '
Then
1 * 2tm
(51) #my < 5 (#AW(P1p2) ", v=12.

Proof. Let v = 2. It follows from Lemma 9, and (39) that

1
(#A5,(p1p2))Hm 2

b(M (A}, (p1p2))?tm

As(a,iy,myty — p ,bm)

m (m m
.. b( ) bu,u)+1’ p(m™) )

pts—1,07 Iy Yp+s—1,v+1
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1
b/.t U geensd pts—1 y+1)e(Am(pl))23
A2(a> Myt — b;(tnzl/)7 ,bf:i)s 10 bfzn:/)+17 il ;(Zzl-)s—l,u+l)

< Ki(s)pr(m + 1)+

for s € [Litn), a € [0,m+1], p € (tm — $,tm), i € [0,kyn — 1], and
v € {0,1}. Hence

tm m+1 km—1 1

DD D D D) IR SIS

s=1 a=0 pe(tm—s,tm) =0 v=0 b(m)g(Az, (p1p2))2tm

Az(a,i,m, t, bg,rb)a - ffi)s 1 waf'i)ﬂ, 7b£z+)s—-1 u+1) <1

2K1(5)P11ﬁ2 km(m + 2)(m + 1)2s+1 <

Changing the order of the summation we obtain that

tm m+1 km—-1 1

eroyse =D VD S) S SIS D

b(m)g(A% (p1p2))2tm $=1 =0 p€(tm—s,tm) =0 v=0

A2(a7 i) ma tm bELr:LI)’ A bf:.r}?g 1 172] b[(L"ll/)-*-l’ 9 bﬁ,+l~1,y+1)
X —.
24K, (s)pltfnkm(m + 2) (m + 1)2s+1 - 12
Now, from (50) we obtain the desired result. Using (49), we similarly obtain
(51) for the case of v = 1. a

Now, from Lemmas 8 and 10 we get:

Corollary 4. Let

(52) Q3 = QU Q1 Uy 0.
Then
(53) #Qpn 3 < i—(#Afn(plpz))ztm, m=12....
Put
(54) Bi(i,p,5,b™, M) =} > iAo, pptY

h zeC(p;"“) heCas (p7+?)

l(h,pm+1)pm+16 +1( ‘2+Z( i b(ﬂ 1P2 +hs+] Lﬂ;jé)))

1 1 .
where c§+;':n3_1 yio = g';”‘ ), ve{0,1}, 5 €{0,1,... tmy1 — 1}.
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Lemma 11. With the notation defined above, we have:

1 .
(5) (#45,(p1p2))2m+1 Z Bl(z,u,s,b(m),c(m"'l))
(m+1)€(A¥ +1(p1p2)) tm41

m+1
Sp?ZAl(aai’m sabfl,l)7 7b§47-':-)s 11)
a=0
Proof. Let (hs,...,hgs_l,p;""'l) =p§, hi= h;pg‘, fori =s,...,25 — 1,
and let (hls_,_io, p2) = 1 for some ig € [0,s — 1]. We denote the left side of
(55) by 0. Changing the order of the summation we get from (54)

m+1
(56) o=> > > “L(h_g,p*)
=0 h_,eC(px*) heCy, (g 1)
(hsyeshos 1,75 T H)=p§
xXr- (h7 PgH-l)W(h—% h)7
where
1
W (h_ ,h _ m+1
(h-2,h) = Ry 2 P2

clm+le(Ax +1(p1p2))2tm+l

) ot (h 2+ Z ( j #+)J 1p2tm+l/tm + hs+JC§ﬁ-—;'—,(l))>)'
7=0

It is easy to see that

1
W(h-2,h) = pytt
(#A4; +1(p1p2)) (COr-‘;cs—l)e(ZA;z-'-l(PlPﬂ)s ’

s—1
X Jp;"'H (f + Z hs+jCj),
Jj=0
where
f=h_o+ Z qlhjb,H.] 1p2tm+l/tm-
Hence
(57) W(h_2,h) = m > pytt
m+1 P2 (o) ear )€ 41 (02))°
s—1

X 5p12n+1 (f + ngh;‘*'jcj) .

§=0
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It is evident that if f # 0 (mod pg), then W (h_3,h) =0

Let f =0 (mod p$), f = fpg. Bearing in mind that (h;_Hb,pz) =1,
we obtain

Z 5p;"+1—° (f + Z hsyici + h’s+ioc'i0) =p3.

cig€[0,p7 1Y) i€[0,5—1], i#io

Equation (57) shows that

Whah) S max S (5a2/p(p)ypiica(f +Zhs+,c])

c€(A7,41(p2))°
m+1 CtOE[ o7 +1) j=

< (p2/w(p2))p2 opg (f)-

Then equation (56) implies that

m+1
o<y X > (b2, 75 (B, 95 )
=0 p_,eC(ppt?) heCys (P H1)
(hsyhog_1,05 T )=pg
x p§ oy (hoy + Z ' hib™ potms1/tm) -
Now from (38) we obtain the assertion of the lemma. a

Corollary 5. Let b(™ ¢ (A;‘n(plpg))zt"‘, b™ ¢ Q. 3,

tm tm+1—1lkp,—1

(58) Fmy11 = {b(m+l) € (Ami1(p1p2))®m+t | Y Z >

s=1 pu=0 =0
Bi(i,p, 5,5, b)) 1}
96 K, (S)pztm+1 (m + 1)25+2

Then

(59) #Fmn+11 < 4( fn+1(191102))2tm+1 .
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Proof. Changing the order of the summation, from Lemma 11 we have

1 o
(60) (#A;cn(plp2))2tm+1 Z Z Z Z

c(mtDe(Ar, 1 (p1p2))*m+1 =1 p€[0,tm+1) i€[0km —1]

Bl (Z Ky S,y b(m)a c(m-}-l))
96K (5)pat2, 1 1km(m + 1)25+2
. (m) (m)
m Al(azmS,b 19 7b —11)
< K, p+s—1, A
< ;172 Z Z Z 96K (s)p2t2, ., 1k +1km(m + 1)2s+2

= aE[O,m+1] ﬂE[O,tm+1) iE[O,km—l]

We denote the right side of (60) by o. Bearing in mind (8) and that

b, =6, u=0,1,..., we find that

m+2 &
B 8 (m + ) ;ae[oz;nﬂ] ye[%;m)zemkzm—l]

Ai(oyi,m s,bl(ini), ,bffi)s_m)

" 12K1 (8)pat2 km(m + 2)(m + 1)25+1°

Taking into account (49), (52), and that b(™ ¢ Q,,3, we deduce that
o< (m+2)/8(m+1) <1/4.
Now, from (58) and (60), we obtain the desired result. (]

Let x2,%3,%5,T6,Y2,Y4 be integers, Y2 € (tm - S’tm))

(61) B2($2,$3,135,176,3/2,y4,3,b(m),c(m+1))_ Z Z
h_1€C(PT+!) heCos(pT 1)
(h 1s pm+l) (h’pm+l)p1in+1

x 51?1"“ (h‘l + prkmi1/km Z (q*h; bz(/?lj s T h5+jb$lj,x2+l)
05j<tm“‘y2

T (m+1) _(m+1)
+ Z (g hjc ya+3j,Ts +hS+ch4+j,ms+1) .
tm—y2<5<s
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Lemma 12. Let s < ty, y2 € (tm — S, tm), b(™) ¢ Q3. Then

1
) & owm)E 2

m clm+1)g( Ay (p1p2))2tm+1

B2($27 T3,T5,%6,Y2,Y4, S, b(m)7 c(m+1))

m+1
m m
< y4! Z A2 (a, z3, Myt — Y2, bgjgfz:ga v ’b3(12.|).3_1,w21 b§/2,i:2+1’
a=0
(m)
ceey by2+3—1,$2+1) .

P,roof. Let (Rtp—yzr-- - s Bs—1, Bty —yatss - - - s hos—1,0711) = p$, and let h; =
h;p$, @ € [tm — y2,8) U [tm — y2 + s,25).

Then (hj,,p1) = 1 for some jo = j; + sjo, with j1 € [tm — y2,s), and
J2 € {0,1}.

We denote the left side of (62) by 0. Changing the order of the summation,
we obtain from (61) that

m+1
® o= ¥ >
=0 h_,ec(pTt?) heCys (Y,
(Rt —ygre-shs—1 Rty —yotsrems hzs-l»PT+l)=p‘{‘
X 17 oy, pP )~ (b, pP W (ho1, h),
where
1
w h_l,h = m+1
( ) (#4511 (p1p2))%m+1 Z A

cm+e(Ay, o (p1p2))Pm+1

X Oyt (h‘l +ptkmarfhn Y (@ hibtay + Bttty 1)

0<j<tm—y2
(m+1) (m+1)
+ Z (qzshjcy4+j,ms + hs+jcy4+j,$5+1))'
tm—y2<j<s
We now obtain
1
W(h_1,h) < max TR >

*
ctm+De(Ar, |1 (p1p2))*m+1 #Am+1(p1) Cyg+i1,zs+ia €D 1 (P1)
y m

m+1 a T6p' !
X Py 5p'1"+1 (f +p1 Z (¢ hiCystjas + hs+jcy4+j,$5+1)) )
tm—y2<j<s
where

f = h—l +p1km+1/km Z (qwshjbg(;n.;).j,xz + hs+jbg(,?.|).j,x2+1) .
0<j<tm—y2



On normal lattice configurations 505

It is easy to see that if f # 0 mod (p$), then W(h_;,h) = 0. Let
f=0mod (p¢), f= f p%. Bearingin mind that (¢g*(1=72)p/ instgniP1) = 1,
we have

!
T6(1—j2
E 5p11n+1~a (f +q Ih; j2s+1Cya+i1,T5+52
Cy4+1'1,-r5+1'2€[0’p;n+1)

+ z ze(l V)hy3+ch4+],$5+V) = p‘ll .

(¥,5)€{0,1} X[tm —y2,s)
(v,3)#(2,51)

Hence

W (h-1,h) < (p1/0(p1))pT 0p (f)

<P1 5 h_1 + p1km+1/km (¢%h; béz-i)- s 7 ”‘S+Jb(2-i)- :tz-i—l) .
Js y2-+7,
0<j<tm—y2

Now, from (63) and (39), we obtain the assertion of the lemma. O

Corollary 6. Let b(™ € (A% (p1p2))?™, ™ & Qp 3, 20 = 2{([z6/km] +

T5km+1/km)/2}, 3 = km{Z6/km}, Y4 = tmp1{(tm @7 — 1) + y2)/tm+1},
m=12,...,

tmm 1 km41—1

PIPIDD

s=1x5=0 z6=0

(64) Frq12 = {b(m+1) € (Ams1(p1p2)) 2m

(m) p(m+1)
Z B?(x2a$3,$5a$6ay27y4737b >b ) > 1}

x 192K, (8)p1t2 k1 (m + 1) 2542

y2€(t7n _S,tm)
Then

1yax 2m
(65) #Fmi12 < 7 (#0041 (p1p2) ™

Proof. Changing the order of the summation, from Lemma 12 we have

1 km+1—1

1
(66) (A% (p1p2)) Zomtt Z Z Z

(m+1)€(A* +1(p1p2))2tm+1 z5=0 z¢=0

m m+1
X E B2($27$37$5,$6,y27y4vSab( ),C( ))
Y2€(tm —5,tm)
m+l 1 kmy1-—1

D3O IENDD

a=0 z5=0 z6=0 y2€(tm—5,tm)

(m) (m)
X A2(a1 3, My tm — Y2, b;(,?g;z, ) b(yzn.z.s_]_ z9? byz,x2+1v ’by2+s 1 x2+1) :

According to (7), km+1/km [’Ogm (m+1)]—(log,, m]
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Let p1 = 2 and kpy1/km > 1. Then zo = 2{[26/km]/2}, 23 = km{z6/km}-
If z¢ passes the set {0,1,...,kmy1 — 1}, then (z2,z3) passes kmi1/(2km)
times the set {0,1} x {0,1,...,kn — 1}.

Now let p; > 3 or p1 = 2 and kmpt1/km = 1. We find that zo = 2{([z¢/km]+
z5)/2}, £3 = km{z6/km}. If (z5, T6) passes the set {0,1} x{0,1,...,kmy1—
1}, then (z9,z3) passes kpm41/km times the set {0,1} x {0,1,...,ky, — 1}.
Therefore, for both of the cases, if (z5,z¢) passes the set {0,1} x {0,1,...,
km+1—1}, then (2, z3) passes kpm+1/km times the set {0,1}x{0,1,... , kp—
1}. Hence

1 m+1 -1

(67) (A% (p1p2))2mtt Z ZZ Z

(m+1)€(A* +1(p1p2))2 m+1 s=1z25=0 =0

Z 32(172,323,%5,136,?/2,2/4, S,b(m)’c(m+l))

8 192K, (5)p1 82, km1.(m + 1)%5+2

Y2€(tm—5,tm)
m + 2 tm m+1 1 kp—1
- 8 (m+ 1) Z Z Z Z Z
s=1 a=0 22=0 £3=0 yo€(tm —5,tm)

xp1A2 (Ol, T3, M, tm — Y2, bs(lrzrtgl'«‘z, SRR _S,Z:)-s 1,227 bgr;,'332+1’ b(g-i)-s 1 x2+1)

24K (s)p1t2,km(m + 2)(m + 1)2s+1

Bearing in mind (50), (52), and that b(™ ¢ Q,, 3, we deduce that the left
side of (67) is less than (m + 2)/(8(m + 1)) < 1/4. Then from (64) we
obtain the desired result. a

Now we choose vectors al™ (m =1,2,...) for the construction in (9) in
the following way:
According to (53),

#((A:n(p1p2))2tm\ﬂm’3) >0.

We take al) arbitrarily from the set (A‘l‘(plpz))%‘\ﬂl,g.
Taking into account (53),(59), and (65), we obtain that the set

(68) Fm+1,3 = (Am+1 p1p2)) tm+l (Qm+1,3 U Fm+1,1 U Fm+1,2) .

is not empty. Let a(!),...,al™ be chosen. Then we choose a(™*+1) arbi-
trarily so that
(69) a™b € Fppisg .

The sequence of vectors a™ (m =1,2,... ) is constructed inductively.
Next we fix s > 1, and we consider integers m such that t,, > s.
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Main Lemma. With the notation defined above, we have:

) > Y Y B(zz,33,12,5a™) = 0(m***log?m) ,

0<z2<1 0<z3<km 0<y2<tm

(71) Z Z Bi(z3,ys,5,a™,a™t)) = O(m* 3 log?m) ,

0<23<km 0<ys<tm+1

(72) Z Z Z Bz($2,$3,$5,$6,y2,y4,3,a(m),a(m+1))

0<z5<1 0<z6<km+1 Y2€(tm—5,tm)
= O(m23+3 10g2 m) ,
where m = 1,2, ..., £3 = 2{([z6/km] + Tskm+1/km)/2}, T3 = km{z6/km},
Y4 = tm1{(Em(PT" — 1) + y2)/tm+1}, and s < tp.

Proof. The proof follows from (7), (8), (36), (52), (58), (64), (68) and
(69). O
3. Proof of Theorem 1.

In this section, the integer s is fixed. For m = 1,2,..., let
Vin,1 = [0, 2kmpT") x [tm—lpgn-lvtmpgl),
Vin2 = [Zkm—1p]" ™", 2kmpT") X [L, tmp5"),

(73) Vm = Vm,1 u Vm,Z, GM,N = [0, M) X [I,N],
(74) G™ = G N Vim1, GS™ = Garw 0 (Vimz \ Vim),
and let

(75) Dg = #EDU) (({ayqx}, s {ay+s—1qx})(x’y)eE) .

It is easy to see that Ggm) is rectangular domain (i = 1,2) and

Doyn <> > Dim -

m>1i=1,2

Thus, to compute Dg,, y, it is sufficient to find the estimate of Dr, where F
is an arbitrary rectangular domain in V,,, m = 1,2,... . According to (9),
the analytic expression of {ayq®} depends on the position of (z,y) in Vi,.
We will consider three possibilities for the position of F' in V,,,: the middle,
the right bourne and the upper bourne. Next we will consider sub-domains
Fi; = {(z,y) € F | z =i mod (2ky), y = j mod (tm)} of rectangular
domain F, and we will compute the discrepancy on the sub-domain F; ; for
all (,7) € [0,2ky) X [0,tp), withm =1,2,... .



508 Mordechay B. LEVIN

First we obtain a simple expression for {a,q®}, where (z,y) belongs to a
middle domain of V,,:

Lemma 13. Let (z,y) € Vin; = 2k T1 + kmTo + T3,y = tmy1 + y2, with
22 €{0,1}, 23 € {0,...,km—1}, 41 € {0,...,pT —1}, yo € {0, ..., tm—1},
T1+22 <p" -1, and t,, > s. Then

(m)
q*3ay, 2, (z1] + y107)
(76) {oyq"}orp—os = { s }km_xs

1 {ag(;':,)mz+1((w1 + 22)p% + y107") }
qkm—:cs PP km

Proof. From (8) we obtain
(77) § € [trj)—1pt r(J)Pl(J)) i=L2,....

Let (z,y) € [0, 2knpT*) X [tm—lpz 1, tmP%") = V1.
Then equation (8) implies that r(y) =
According to (9), we find that

pr-11 (m) (. m m
_ ay, v (P50 + pTy1)
(78) ayq - q Z Z km(2n+u) { pmpm }k
n=0 v= 2 m

i ”"1 (Pin + piy1(4))
+4q° Z Z Z qk,(2n+u){ yz(Z) ak : }k.‘ ’

i=m+1 n=p1 1kz—1/kt v=0 p1p2

where y = tmy1 + 425 92(5) € {0,1,...,t — 1}, 32(i) = y(mod ¢;), and
9100 =y —12(9)) /s, i=m+1,.

Bearing in mind that k; (2n+u)—a; > 2k1_1p1 —z > 2kpmpt—x fori > m+1
and n > pl ~1k;_1/k;, we obtain that

{yq" Yok 25
-1 1

2kmx1+kmTo+13 {ayz,V(p2 n+ " yl) } } .
{q nz_o VZ qkm(2n+u) pl p km J 2km—z3
Hence
(m) m m
Qya, Z1+P1 Y1
(79) {ayqx}%m—-xs — {qmg{ Y2,T2 (p;mpm 1 ) . +qm3 Z
172 m

n=z) for xo=0
n=zj+1 for zg=1

y Z 1 ayz,V(Pz n+py yl)} }
km(2n+v—2z1—13) pl p2 km ) 2km—13

v=1, for £9=0 q
v=0, for z9=1
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= {{qm"ayz,zz (2195 + 107" }
pl pg km—3

1 {aéﬁm((m + z2)py" + ymi")} }
km ) 2km—2x3

ginee PTPY
{qxaaya,zz z1p5 + y1p7") }
pl p2 km—1z3
(m) m m
1 {ayz,x2+l((x1 + z2)pY + Y107 )}
gkm=2s pT'pg km

Now let (z,y) € [2k _1p'1"_1,2kmp'1n) X [l,tm_lpg‘_l) =Vmz2\Vm,1. Then
equation (77) and the conditions of the lemma show that r(y) < m. From
(9) we get

(80) ayqz = fa:,y

(m) (m m
+ qz Z Z qkm(2n+u) {ayz,y(p2nl? Ipl yl) }km

PP
n=pl" “lm— 1/ka“O 152

Pl_l

oo +
+4q* Z Z qu,(2n+u){ yg(z)u(p2n p1y1())}k.,

i=m-+1 n=p1i iy Jki v=0 p1p2 i

where f;, > 0 is an integer. It is easy to see that, here,

T > 2km_1pT_1 = min (km(2n +v)).
n>p7T  km—1/km, v=0,1

Hence we can repeat the calculations (77) - (79). Thus we obtain the desired
result. a

Define G; =
(81) Gi(m,z2,z3,y2, K1, K,L1,L) = {(:z;,y) | £ = 2kmx1 + kT2 + T3,
Yy =tmy +y2,%1 € [K1, K1+ K), y1€[L1,11 +L]},
with zo € {0,1}, z3 € {0,...,km — 1} and y2 € {0,...,tm — 1} .

Lemma 14. Let Gy C Vi; K, K1, L, L1 > 0 be integers; K1+ K+z9 < pT*;
tm(L1 + L) + y2 < tmpd* — s; tm > s. Then

(82) #GlD(s) (({ayqx}, ety {ay+3—1qx})(z,y)€G1)

< 2°B(z9, T3, 12, 5,a™) 4 52572,



510 Mordechay B. LEVIN

Proof. Let (z,y) € Gy,

. 1 if yo+i>t,
83 0 ,i) =
(83) m (y2,7) {O otherwise,

and let

th)m,v+2—a£v)7 ’5,’U=0,1,2,... .

(We continue periodically the coordinates of vector a™).) From Lemma 13
we have that

$3a (105" + (y1 + O (y2,7))pT)
_ y2+z T2 2 ! 1
(84) {ay‘Hq }2km—z3 { }km—mg

T'py’
L §Z‘lm+1<(w1+w2)p5"+(y1+9m<y2,z'))p?)}
gines Prog kn’

1=0,1,...,s—1.

We denote the left side of (82) by 0. Applying Lemma 5 with & = k() =
2k —z3and g =q (i=1,...,5), weget o0 <

#G, ( 2km —73 D(s) (({ayqz}%m—xa’ ceey {ay‘l‘s—qu}?km—x:i)(z,y)eGl))'

Using Lemma 6 with k = k) =k, —23, £ =0 =k, and g=¢; (5 =
1,...,s), we obtain from (84)

2s
q2km -3

(85) o < #6Gy(

+25p(2s) ((({ qxsag;)_i’m (z1p3" + (yl + O0m (y2, 'L))pT) }
prps ’
{a:flrzn-i)-i,zz+1 ((z1 + 22)p5" + (1 + Om (y2,%))PT") }) ) ))
p’l'npén 0<i<s—1/ (z,y)€G1 '
Then Corollary 3 (with M = K,M; = K;,N = L+ 1,N, = L;,d = 2s,
and r = m) implies that

(6) o <#Gi(gomt e Y42 Y Y

2km—x3
7 PrP2 h—1€C(p]) h_2eC(HY)

X > T o, pP)r T (heo, ) (b, PR |0 (B)),
heCas (pT*p7")
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where #G1 = K(L + 1) < pTpT and

—-1p3*—1

o1(h) = Z Z (h—lwl h—fnyl

r1=0 y1—0 Py

+ Z (qxahiagﬂz,—@ (z10F + (91 + Om (y2,7))PT")
=0
+ hosialr i1 (@1 + 22008 + (914 Oy, )T ) ) /979F')

It is easy to see that

h_1z195" + h_oy107" = (2195 + y197") (h—195' M2 + h_2pT" M1 ) (modp?"p3') ,

where M1p1 = 1(modp}*) and Myp7 = 1(modpT*). Taking into account
that z1p] +y1p" passes the complete residue system (modp*p5*) and using
Lemma 1, we have that

s—1
jo1()| = PP Sy (ho1pF Mo + hoopT' My + 3 (¢ bty 4,
1=0

+ hs“”ia’g:-i)-i,m-l-l)) :
Now from (24),(35) and (86) we find that
0 < (25¢%%m 4 52+ Ty ™) 4Gy + 2°B(22, 23,2, 5,a™)

Applying (7), (81) and the condition of the lemma, we obtain the desired
result. a

We can now use Lemma 14 to compute the discrepancy of the considered
double sequence in the rectangular domain £ C V.

Lemma 15. Let K;,K¢,L1,Le > 0 be integers, E = [2kn K, Kg)
x[tleaLﬁ] C V7n7 2ka1 < K6 < km(2p'1” - 1), tmL1 < Lﬁ S tmpg" — 85
tm > s. Then

(87) Dg = O(m**3log?m) ,
where the constant implied by O only depends on s.

Proof. We consider following rectangular domains:

Ey = [2km K1, Ks5) X [tmL1,Ls), Ey=[2kmK1,Ks) x [Ls, Lg),

88
(88) E3 = [Ks, Kg) x [Ls,L¢), E4=|Ks,Ks) X [tmL1,Ls) ,
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where K, Ky, K3, K5, L, Ly, Ls > 0 are integers, and
K, € {0,1},K3 € [0,km); K1,K,L,L; >0, Ly € [0,t),
K = [K¢/2kn) — K1, K5 = 2k, (K1 + K),
K¢ = K5+ kn Ko + K3
L =[Lg/tm) — L1, Ls =tmL1 + tmL, L¢ = L5 + Lo.
It is evident that
E =E,UE;U E;3U E,, and E;NE;j=0 for i#j.
Using (2) and (75), we obtain

(90) Dg< Y Dg .
1<i<4

(89)

From (81) we obtain :

Bi= |J Gi(m,z2,23,92,K1,K, L1, L),

0<z2<1
0<z3<km
0<y2<tm

E2 = U Gl(m7x2a$37y27K17K7L1 +L70)7

0<z2<1
051'3<km
0<y2<L2

Ey = U Gl(mnyax:iay?,Kl+K117L1)L)-

0<T2km+r3<Kokm+K3
0<y2<tm

(91)

We obtain from (89),(88),(7), and (8) that
#E3 < 2kt = O(mlogm) .
Applying (75), (70), and Lemma 14, we get from (7) and (91) that

Dg, < Y, >, ), #Gi(m,z2,23,92,K1,K,L1,L)

0<z2<1 0<z3<km 0<y2<tm

X D(S) (({ayqz}, Y {ay'f-s—qu})(z7y)€G1(m,x2,Z3’y2)K1 ’K’LI)L))

S 28 Z Z Z (B($2,$3,312,3,a(m)) + 43)

0<z2<1 0<z3<km 0<y2<tm
= 0(m*»*3log?m) .
Similarly, estimates are valid for the cases of sets F5 and F4. Thus

- 23+31 2
112?'5}51DE" O(m og“m) .

Now from (90) we obtain the assertion of the lemma.



On normal lattice configurations 513
Consider the right bourne of V,,,. Define
(92) G2 = GZ(m’x37y47L2aL3) = {($,y) I T = km(2p71n - 1) + z3,
Y = tmt193 + Y4,y3 € [L2, Ly + L3] C [0,p5")} -
Lemma 16. Let Gy C Vy,; Lo, L3 > 0 be integers; tpyi1(Le + L3) + ys4 <
tmDS — S; Ya € [0,tm+1), z3 € [0,km), tm > s. Then

(93) #G2D(s) (({ayqx}, cees {O‘y+s-1qx})(z,y)ea2)
< 2°Bi(z3,ys, s,a™ almtl)) 4 2s+3,

Proof. Let (z,y) € G2. Thus y < t,p¥, and from (77) we find that
r(y) < m. Similarly to (78) and (80) we have that

(m) (. m m
o _ [z aya,v (P51 + pY yl)}
{Olyq } - {q Z Z km(2n+u) { pmpm Km
n=6p7 k1 /km V=0 12

pl—l

oo o) (hn + piy1(d))
+q° Z Z Z k(2n+u){ St 2i i - }k,-}'

; D1p
=L nepi ey k=0 T 12

Hence

o™
(oo T -Drttntasy _ oo [ G (1" — D)3’ + ywi")}
v o'y km

1 a4 yapP ) . }
+ qkm—xg{ prln+1pgn+1 }km+1 + gFm+1Tkm—23 )

with yo = tm{y4/tm}a N = y3tm+1/tm + [y4/tm]7 Nm = kam/km-Ha and
ezy € [0,1).
Therefore

{q”3a§,2’?1 (zo + y1p7") }
km—z3

(94) {0 temyrthm—zs =

p1'Py
1
1 {agjff; )(nmpé”*l+y3p’"“)}
gkm—23 p{”“pg‘“ km41

where z = 2k, (p7* — 1) + km + 3, and zo = (p* — 1)p5* . We have for
i € [0,s — 1] that (z,y + ) € Vi, and that r(y + i) < m . Thus we can
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apply (94) for the pair (z,y + ¢). Bearing in mind (83), we obtain

(m) : m
q-’b‘sa +',1($0 + (yl + om(y27 Z))pl )
(95) {ay+iqz}km+1+km-$3 = { s }km—zs

Py
(m+1) m+1 0 m+1
1 {ay4+1,0(nmp2 + (y3 + Om1(y4,1))pT" )}
qkm—x3 p;'l+1p;n+1 km+1 ’

with y2 = tm{ya/tm}, Y1 = Ystmi1/tm+[ya/tm], T = 2k (pT" — 1) +km + 23,
and zo = (pI* — 1)pJ*. We denote the left side of (93) by o. Applying
Lemma 5 with k = k® = k1 + km — 23 and ¢; = q (6 = 1,...,5), we
obtain from (19)

S
g S #G2(qkm+l+km"‘$3

+ D(s) (({ayqz}km+l+km—z37 ) {ay+s—1qz}km+1+km—13)(z,y)egz) ) .

Using Lemma 6 with k = k) =k, — 23,0 = kjpandg; =q (i = 1,...,5),
we obtain from (95)

2s

qkm-l-l +km—T3

US#Gz(

+25D(29) ((({ qzaa&n-i)-i,l(xo + (Ystm+1/tm + [ya/tm] +0m (y2,1))PT") }
prpg prpy ’
(m+1)

{ Yati, o(nmpm+1 + (y3 + Omt1(ys, Z'))Pin-}-l) }) ) ))
m+1,m+1 0<i<s—1/ Ly<ys<Ly+Ls/ /"

Dby Py
Here we now replace fractions with denominators p7*pJ* and p7+!pJ+!

with fractions with denominator p"”'1 and we again apply Lemma 5 with

the parameters 2s instead of s,p instead of ¢;, and m + 1 instead of k(@
(t=1,...,28):

2s 25 2%
96) o < #6:( gz + s

2 plon (({ metlomn i oy

pyt!
1
(s iy ) )
pytl 0<i<s/ Lo<ys<La+Ls//’
where d; [PmH{q”a?(JTJ)m 1(=p1™ + ([y4/tm]}] + Om(y2,))p2, and f; =

o o T ™ Y] + Ot (yar ), i=0,..eys — L.
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Then Corollary 2 (with d = 25, T = P = pj"*!, N = #G5 = L3 + 1) implies
that

2s 452°
o < #6y( —
qkm+1+km z3 p'g'H—l)
71
1
v Y s e Y e
h_26C(PT+!) heCos (pT+) y3=0 Py
s—1
X (h—zya +3 (hi(patms1/ tmysq®alT); | +d;) +hs+i(yaa§T:23 +f i))) ) | :
=0

Taking into account (7), (54), (92), Lemma 1, and the conditions of the
lemma we obtain :

o242 Y Y e (g
h_2€C(PTFY) heCas(py 1)
s—1

1 +1
X py T Gyme (h—2 + Y (patmer/tmg™ hialT), | + hs+ia§T+i,3))
im0

< 52s+3 + 2sBl ($3, Y4, S, a(m), a(m+1)) .

Thus we obtain the assertion of the lemma. O

Corollary 7. Let E = [kn(2pT — 1), K¢) X [tmL1,Le] C Vin; 0 < tL1 <
Le < tmpT — 3, km(2p7* — 1) < Ko < 2kmp(*, tm > 5. Then

(97) Dg = O(m**+3log?m) .

P’I"OOf. Let K4 = km(2p71n - 1), L2 = [tle/tm+1] + 1, L3 = [Le/tm+1] -
L, — 1. Tt is easy to see that

(98) tm+1(L2 + L3) +1< L6 S tmpan - S.

If Ly < 0, then D < 4kptpyr = O(mlogm). Let Ly > 0, and let
E) = [K4, K¢) X [tmL1,tm+1L2), Ea = [K4, Ke)X[tmt+1L2,tm+1(L2+L3)],
E3 = [K4, K¢) X (tm41(L2 + L3), Le).

It is evident that

E =FE;UE;UE3, and E;NE;=0 for i#3j.
Using (2) and (75), we find that
(99) Dg < Dg, + Dg, + Dg, .
From (7) and (8) we obtain :
(100) Dg, < #E; < 2kptmy1 = O0(m?),  i=1,3.
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It follows from (75) that
Dg, < Z Z #GZD(S) (({ayqx}7 SRR {ay+s—-lq$}) (:c,y)EGz)’
0<r3<2 0<y4<tm+1

where G2 = Ga(m,z3,y4,Lo,L3), and z = K¢ — K4 < ky, . Bearing in
mind that (98) is true, we can apply Lemma 16:

Dp, < ), > (2°Bi(zs,ya,5,a™,almt) 4 52719
0<z3<km 0<y4<tm41

Now from (71), (99), and (100) we obtain the assertion of the corollary. [

We now consider the upper bourne of V,,:

Lemma 17. Let K3, K3 > 0, Ko + K3 < p’ln~1 -2, z5 € {0,1}, z¢ €
{0, 1,... ,km+1 - 1}’ y2 E (tm —s,tm), tm > S,
(101) Gs = G3(m7 $57x6ay2aK27K3) = {(*Tv y) I T = 2km+1-’1/'4 +

+ km41Z5 + Tg, Y = tm(5* — 1) + y2, Ko < 24 < K2 + K3} C Vi,
form=12,....

Then

(102) #G3D(s) (({ayqz}, (RN} {ay+s-—1qz}) (%y)GGa) S 32s+3
+ 2332(-’32, x3,T5,%6,Y2,Y4, S, a(m), a

where 29 = 2{([z6/km] + Tskm+1/km)/2}, 3 = km{ze/km}, and ys =
tmt1{(tm (P — 1) + y2)/tm+1}-
Proof. Let (z,y) € G3 and let ¢ € [0,t, — y2). The equality (83) and the

conditions of the lemma show, that 6,,(y2,4) = 0 . The pair (z,y + i)
satisfies the conditions of Lemma 13. The equation (84) implies that

(m+D),

@2a{™ . (z1pP + (P — 1)p™)
(103) {ay-Hq }ka—za { }km—wa

PPy
1{£mmmwwWdew}
ghm =8 pTp% b
where
z = 2km174 + km4125 + T6 = 2kmz1 + kmzo + T3,
(104) z3 = kn{z6/km} € {0,1,... ,km — 1},

1 = Takmi1/km + [(km125 + T6) /km],
z2 € {0,1}, 2 = [z6/km] + T5km+1/km (mod 2).



On normal lattice configurations 517
Now let i € [tm — y2,5 — 1]. Then y +1 > ty,pJ, and r(y +1) = m+1
(see (8) and (77) ). The pair (z,y +1) satisfies the conditions of Lemma 13
(with m + 1 instead of m). Hence, we have from (84) and (104) that

(105) {ay+iqm}2km+1 —Ze

e .
g*al) (@apF " + (ys + O (ya,1))P7) !
pm+1pm+1 km+1—T6
+1
1 {G§T+i,a):5+l((x4 2P+ W+ O (v, DPT) }
qk:m+1 g p'r1n+1p£n+1 km+1 )
where

Yy = tm(p11n - 1) +y2 = tm+1y3 +y4, Y4 € {07 17 v 7tm+1 - 1}7
Ya = tm(pl" — 1) + y2(mod timy1), Y3 = (tm(p?" — 1) +y2 — ¥a)/tm+1 -
It is easy to see that if k,+1 = kn, then z3 = zg. Otherwise k4
Pikm > 2km, and 2k, 1 — T6 2> kg1 2 2k > 2k — 3.
We denote the left side of (102) by o. Applying Lemma 5 with k =
2k — x3, kO = 2k, — a3 for i € [0t — y2); k¥ = 2Ky — z6 for
i € [tm —y2,5 —1]), and ¢; = ¢, for i =1,...,s, we get

o< #GS( T —T3 D(s) ((({ay+iqx}k(i))ie[O,s——l])(z,y)egs))'

Using Lemma 6 with k£ = 2k, — z3, kO = 2k, — z3, £ = k,, for i €
[O, tm — y2), and k(l) = 2km+1 — ZTg, é( ) = km+1 for i € [ - Y2,S 1], we
obtain from (103), and (105)

(e L)

v

o™

{ wa-tiszs+1((T1 + 22)p5 + (pF — 1)pT" })
TPy i€[0,tm —y2)
( { qzea?(m: a)cs( 5+ (y3 + Omt1(ys, 1)) }

m+1,_m+1
by Do

+1 .
{G§T+i,rl)cs+1((x4 + ﬂTJs)PmJrl (y3 + Omt1(ya, z))PTH)

p;n+1 p£n+1 }) 1€[tm—y2,5—1]

) K2§I4<K2+K3)) ’
where 21 = z4kmi1/km + [(km+125 + T6) /km)]-
Here we now replace fractions with denominators p{"py* and pj
with fractions with denominator pm+1 and we again apply Lemma 5 w1th

m+1 m+1
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the parameters 2s instead of s, p; instead of ¢;, and m + 1 instead of k()
(t=1,...,28):

e (e

q2km —I3 p1in+1
{ plal(lrzn-l)-i,rz+lx4km+l/ km + d; }) ( oo+ fi }
it i€[0,tm~y2) P ’
{ az(/Tﬁ,la)cst‘l + f; }) ) ))
pT+1 1€[tm —y2,5—1})/ K2<z4<K2+K3 ’

where for i =0,...,t —y2 — 1
= [q%é?l, o (91 (k125 + 26) k] — P03 ™),
=[a{" 2+1, 2041P1(22 + [(kmt175 + T6) /km]) — PT1PZ™)],
and forz =t—yo,...,5—1
fi = (o1 /p2) ™ g™ agyant, (43 + Ot (94, )],
fi=la ;TJ:13;5+1((P1/P2)m+1(y3 + Oms1(ys, 7)) + x5)].

Then Corollary 2 (with N = #G3 = K3, T = P = p"*!, and d = 2s)
implies that o <

#Gg( 2s +;:z-2+1)+23 Z Z r=(h_y, p™)r (b, pT )

h-1€C(PT*Y) heCas (P F1)

m+1
I SR (W X

z4=0 0<i<tm—y2

+ Z ($4plkm+l/kma$:).i,12+1 + )Rt

05’i<tm—y2
1 1
X (@l ki Y (gl + ke (7))
tm—y2<i<s tm —y2<i<s
Using Lemma 1, (7), (101), and the conditions of the lemma, we find that
o < 8s2% +2° Z Z (h_l,pm+1)7‘ ( m+1)p11‘n+1

h—1€C(pT"*!) heCas (Pi"“)

x 5PT+1 (h_l + Z (¢%h; az(/Z:)rz z T hs+ia§T-l)-i,x2+1)plkm+1/km
0<i<tm—y2

(m+1) +1
+ Z (qxe hiay4+i,1‘5 + hs+ia1(JT+i,ﬂ)35+1)> '
tm —y2<i<s
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We obtain from (61) that
o S 328+3 + 23B2($2, x3,Ts5,T6,Y2,Y4, S, a(m)7 a(m+1)) .
Thus we derive the desired result. O

Corollary 8. Let E = [2kn K1, Kg) X [tmpT — s+ 1, Lg) C Vin; 2km K <
K < km(2p7* — 1), tmpT — s+ 1 < Lg < tmpT, tm > si. Then

(106) Dg = O(m?®*3log?m) .
Proof. Let Ly = tmpd* — s+ 1, Ko = [k K1 /km+1] + 1, K3 = [K6/km+1] —
Ky — 1. Tt is easy to see that
(107) kmt1(K2+ K3 +1) =1 < Kg < k(207" — 1).
If K3 <0, then
Dg < 25k 41 = O(m).

Now let K3 > 0. Put

Ey = 2k K1, 2kimy1K2) X [Ls, Lg),

Ey = [2km41K2,2kmy1(K2 + K3)) % [Ly, Lg),

E3 = [2kpm+1(K2 + K3), Kg) x [La, Lg).
It is evident that

E = E,UF,U Ej, and E;NE;=0 for i#j.

Using (2) and (75), we find that

(108) Dg < Dg, + Dg, + Dg, .
From (7) and (8) we obtain : .
(109) Dg, < #E; < 4skm41 = O(m), 1=1,3.

It follows from (75) and (101), that

Dg, < Z Z Z #G3

0<z5<1 0<ze<km+1 y2€(tm —5,tm)

x D) (({ayqu ey {ay+s—lqz})(z,y)€03) ’

where G3 = G3(m? Ts5,%6,Y2, K?a K3) .
Because (107), we can apply Lemma 17. Thus from (72), (108), and (109),
we obtain (106). a

Now, combining (87),(97), and (106) we obtain :

Lemma 18. Let K1, Kg,L1,Le > 0 be integers and E = [2k, K1, Kg) X
[tmL1,L¢) C Vip. Then

Dg = O(m**31og?m),

where the constant implied by O only depends on s.



520 Mordechay B. LEVIN

Proof. Let
E, = [2ka1, km(2p71n - 1)) X [tle,tmpgn - 3]7
E2 = [km(ZPT' - 1)’2kmp11n) X [tle, tmp,Zn - 3]7
E; = [2ka17km(2p§n -1)) x [tmpgn - s+ 1,tmpy'),
E4 = [k’m(zp’in - 1)72kmp71n) X [tmp;n - S + 17tmp£n)7

and let
E,=ENE;, i=1,..,4

It is easy to see that
(110) E=ULE;, and E,NE;=0 for i#j
Now equations (7) and (75) imply that
DE; < sky = O(m).
From Lemma 15, Corollary 7, and Corollary 8, we get
Dy = O(m**3log?m), i=1,23.
From (110), we obtain the assertion of the lemma. O

End of the proof of Theorem 1. We use notations (73), (74), and (75).
Let

(111) G™ =GyunNNVm#0 for m=1,...,r and Gr*)=0.
It is evident that
™ =™y, m=12,... G™WNG™=0 for m#n,

and Ggm) is the rectangular domain (i = 1,2). Let (K,Sm’i),L,(‘m’i) Jou=1,2
be coordinates of the vertex of Ggm) :

G = (kM g{miy o (LD L) =12, m=1,2,... .
From (7), (8), and (48), we see that

km_lp'ln“l = 0 mod k,,, and tm_lp;”"l =0modt, m=23,....
Hence

Kfm’i) = 0 mod 2k,, and Lgm’i) =0mod t,, m=23,....

Applying Lemma 18, we obtain

D m) = O(m***log? m), i=12 m=23,...
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Using (2), (75), and (111), we find that

MND(({amqn}1 R {am+3_1qn})1Sn§N,OSm<M) = DGM,N

2
< Zr: Z DGEm) = O( il m?5+3 Jog? m) = O(r***1og?r)
m=

m=1 i=1
= O((log MN)***1log?log MN) .
Thus we obtain the assertion of Theorem 1. O

Remark. Using (76), (95), and (103) we can find specifically digits d; ;
(4,7 = 1,2,...) of a normal lattice configuration (see (5)). With the no-
tations defined above, if (z,y) = (2knz1 + kmT2 + Z3,tmy1 + ¥2) € Vi,

then

_ [q { ™ by (1195 + Y107 }] .

dy ., =
z,Y prln pgn

4. Proof of Theorem 2
Let

(112) A3(j,m,l/,01,0,...,03,0,61’1,...,03,1) =pm Z Z
hoEC(pm) hECgs(p"")

S
x 7 (ho,p™)r ™! (h, p™)ép,, (ho + Z(qfhicz',u + hi+sci,1/+1) )

=1
(1]‘3) A4(j7 m,v,C1,0,---,C5,0,C1,15- - - :cs,l)
s
= pm Z Tnl(h’pm)(spm ( Z(QZhici,u + hi+sci,u+1) ’
hECzs(pm) =1

with ¢; 42 =¢ip, v=0,1,i=1,...,s.

Lemma 19. Let v € {0,1}, j € [0,kn), o = ¢(p)/p, and

K(s) = 4p/o(p) (% logp + _57;)23“.

Then
1 .
(114) 55 9ms Z A3(], m,V,C1,0,--- 763,1) < K(S)m23+1,
POPT (e 0rma) €O (0))
and
1 .
(115) W Z Ay(4,m,v,c10,--- ,Cs,l) < K(S)m2s .
0

(c1,0,---,¢s,1)E(AS, (D)2
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Proof. We will prove the inequality (114). The proof of (115) repeats that
of (114). We denote the left side of (114) by o. Changing the order of the
summation, from (112) we obtain

o< >SS ri(ho,p™)(b,p™)E(ho,b),
ho€C(p™) heCas(p™)
where

1
E(ho, h) = 2sp2ms Z
#0 (C1rc20)E(Arm (9))2

S
X p™pm (ho + Z(q{ hjc; + hj+scj+s)) .
J=1

Let (hy,...,h2s,p™) = p*, let h; = p"‘h;, 1=1,...,2s, and (h:/os+i0’p) =1,
w=0,1,4=1,...,s. if hg #0 (mod p°), then E(hy,h) =0.
Now let hg = p®hg. Hence

pm—1
p
E(ho,h) < max ey
(horB) S en BB s P ¢(p) cm%:o

S
X Opm-a ( o+ ) (qhici+ h§+scz'+s)) :
=1

Bearing in mind that (qfohls,,0 +ig»P) = 1, and

pm—1 ]
Z Opm-—a (f + qzqoh;'/o+iocs"0+i0) =p%,
Csvg+ig =0

we find that
E(ho,h) < p**!/e(p).
Applying Lemma 2, we obtain

o<y 3 S (o, p™) (P ™ (p)

a=0 hoeC(p™) heCy,s(p™)
(ho,p™)=p%* (hy,....hos,p™)=p*

m

<p/e®)) (;zr-mlogp + g)zs(l +p'°‘(§m10gp + g))

a=0
2 2s/m+1 p 2 7
2541 2 ! _(Z Z
< m* p/(p(p)(ﬂlogp+ ) ( +p_1(7rlogp+ ))

5 m 5
< K(s)m23+1.
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Corollary 9. There ezist integers a%), ,agg),agnll), ,ag"f) such that

Em—1 1
(116) Y > As(om 1,6l a0, alD, . alD)
j=0 v=0
< 4k K (s)m® 7+ |
and
km—1 1
117 Y Y AGmp,alp, .. ,alR D, al)
7j=0 v=0
< 4k K(s)m*, m=1,2,... .
We use such integers a(m),. . o™ =1,2,...) to construct the real
1,0 Gs1

numbers ay,...,as (15).
Lemma 20. Let 1 < M < p™. Then form=1,2,...

(118) 2kmMD(({aqu}, ---’{asqf})ze[nm,nmnkmM)) = O(m**?),

(119) 2kmme(({a1q‘f}, o {asqf})ze[nmynmﬂ)) = O(m?t1).
Proof. We denote the left side of (118) by o. Equation (2) implies that

km—1
1) <SS olenn)
z3=0 z2=0
with
o(ze,z3) = MD(S)(({a qnm+2kmxl+kmz2+z3}
m m km
.,{asqs +2kmz1+ z2+z3})x1€OM)) .

We apply k) = 2k, — z3, i =1,...,s to Lemma 5:
sM

q2km—13
+ MD(s) ((({a qnm+2kmz1+kmzz+a:3} %k —33)1::1,.“,3)

where ¢ = min(qy, ...,qs). Using (15), we obtain, similarly to (79), that

0(1:27 .’L‘3) <

o G[O,M)) ’

z3 ,(m)
{a m+2kmx1+kmx2+z3} _ q; zzle
1q; 2km—x3 — — i
pm km_l‘s 1

1 {ag:g+l(xl + ””2)}
k

km, r3 pm

%

m,i
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Then Lemma 6 (with k; = ky, — 23 and [; = k,, 1 = 1,...,s) shows that

z3, (m)

o(z2,z3) < 2sM +28MD(28)((({ﬂ%ﬁ})iﬂ,...,s’

q2km—x3
(m)
({ amﬂz(fnl o } )i=1r-»s) xle[o,M))'

Now Corollary 2 (with T'= P = p™) implies that

2sM  2s2°M
o(z2,3) < qim + sp +22 5 Y ko, ™) (B, p™)

m

ho€C(p™) heCas(p™)
-1 s
X I Z 6((h0$1 + Z (qf%,—a%ixl + hs+ia1(::3+1(:v1 + .’l:z)))/pm)l .

z3=0 i=1

Applying Lemma 1, (14), and (112), we obtain
o(z2,13) < 45225 + 2° A3(z3, m, xz,a%), ... ,agr,'lz)).

From (14), (116), (120), and Corollary 9, we get (118). Using (117), we
similarly obtain (119). d

End of the proof of Theorem 2. Let N be in [n,,n,4+1). Define
D(N;,N3) =0 for Ny <0, and

(121) D(Nl) NZ) = N2D<({a1q:lc}7 ) {asqf})ze[Nl,N1+N2))

for Ny >0.
Using (2), (14), and Lemma 20 we have for M € [1,2k,,p™] that
(122) D(np, M) < D('nm, 2km[M/2km]) +2ky, = O(m2s+2) )

Applying (2),(14), (118), (119), (121), and (122), we get the assertion of
Theorem 2:

T
D(1,N) < D(1,2kip) + Y D(m,2%kmp™) + D(nr, N +1 —n,)

m=2

— O( Z m2s+l 4 ,’,2s+2) — O(r®*+?) = O(log®*2N). O
m=1
5. Appendix

The proof of Proposition 1. We follow [KN p.70]. Let s;,s2 > 1 be
integers. Consider a box v C [0,1)%, a block of digits Gy, 5, = {9i; €
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{0,...,q—-1}| ¢ =0,...,51 =1, j =1,...,s2}, a configuration w =
(di,j)i,jZI with d.i’j € {0, ey q — 1} and real numbers

Om = de,n/q"
n=1
Now let
Ay(M,N) = #{(m,n) € [1,M] x [L, N]| {emq"},-- ., {om+s-14"}) € v},

S(M7N7G81,52) - #{(man) € [I»M] X [LN] | dm+i n+j = iy
i €0, s1), j€El, 32]}
The block (dm+i’n+j)?1‘1 32 | is identical with Gy, s, if and only if

1=0, j=1
“dmtik G 9i Amtik
+.7 .11 ) ———+.’
Cmi = [omas] + 3 T g e Sl S dmek
k=1 q q k=n+s2+1 q
or
gi,1 gz Gi,s2 — dmtik
{omyig"} === 4o+ 224 0 T
q q k=sot1 1
or

91 @V + gy 9194+ gis, + 1)
q32 ) qs2
= Ai(G31,32)7 ’L (S [0,31).

{am+ig"} € [

It follows that
s1—1
S(M,N,Gs,5,) = A(M,N),  with v= ] Ai(Gss,).
i=0
Now suppose that the double sequence ({amq"},- .., {oz,,H.sl_lq"})m’n>1 is
uniformly distributed in [0,1)*'. Then
Ay(M,N) = g1 MN + o(MN),  with max(M,N) — oo,

and so w is a normal lattice configuration.
Conversely, if w is a normal configuration, then

Ay(M,N) = S(M,N, G, 5,) = MNmes v+ o(MN),

where v = Hf;al Ai(Gs,,s5), mes v =q %2 and max(M,N) — oo . This
holds for all Gy, 5,. Therefore

(123) Ay(M,N) = MNmes v+ o(MN),

for all boxes v = [[3%,[0,v;) with y; = hi/q®?, h; €{0,...,¢°> —1},s2 >
1,:=1,...,51, and max(M,N) = oo .
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Now let v be a box with arbitrary v; € (0,1] (: = 1,...,s1), and let
€ € (0,1) be given. Put s2 = 1+[—log, €] and put h; = [v;¢*], i =1,...,s1.
Then

(124) Ay, (M,N) < Ay(M,N) < Ay, (M, N),

where v; = []:%,[0, hi/q°?) and vy = [, [0, (hi + 1)/¢°2).
It is easy to see that vy; € [hi/q°?, (hi+1)/q¢%2), withi=1,...,s1, 1/¢*? <.
According to [Ni, Lemma 3.9 ]

max(|mes v; —mes v|,|mes vo—mes v|) < 1—(1-1/¢°?)"! < s1¢47% < s1€.
From (123) and (124) we deduce that
Ay(M,N) = MN(mes v+ €)+o(MN),

where |e;| < si€, and max(M, N) — oo . Hence for all s; > 1 and all boxes
v C [0,1)%1, Ay(M,N) = MNmes v + o(MN),withmax(M,N) — oo,
and so ({amq"}, ..., {0m+s;-19"}) mn>1 15 & uniformly distributed double
sequence in [0,1)%!. - O

Acknowledgment. I am very grateful to the referee for many corrections
and suggestions which improved this paper.
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