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Lubin-Tate formal groups and module structure
over Hopf orders

par WERNER BLEY et RoBERT BOLTJE

RESUME. Ces derniéres années les ordres de Hopf ont joué dans
des situations diverses un réle important dans I’étude de la struc-
ture des module galoisiens en géométrie arithmétique. Nous intro-
duisons ici un cadre qui rend compte des situations précédentes, et
nous étudions les propriétés des algebres de Hopf dans ce contexte
général. Nous insistons en particulier sur le rdle des résolvantes
dans les calculs explicites. Nous illustrons cette étude en appli-
quant nos résultats a la détermination de la structure de module
de Hopf de ’anneau des entiers d’une extension de Lubin-Tate
relative.

ABSTRACT. Over the last years Hopf orders have played an im-
portant role in the study of integral module structures arising in
arithmetic geometry in various situations. We axiomatize these
situations and discuss the properties of the (integral) Hopf alge-
bra structures which are of interest in this general setting. In
particular, we emphasize the role of resolvents for explicit compu-
tations. As an illustration we apply our results to determine the
Hopf module structure of the ring of integers in relative Lubin-
Tate extensions.

1. INTRODUCTION

In this article we axiomatize the situation considered in Taylor’s article
(T2].

1.1. Assume the following situation:

e O is a Dedekind domain of characteristic 0, K its field of fractions, K
an algebraic closure of K, and Q := Gal(K/K) the absolute Galois
group of K.

e G is a finite group on which 2 acts from the left via group automor-
phisms.

Manuscrit regu le 14 juillet 1997.
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e I' is a finite set on which G and Q act from the left such that G acts
simply transitive (thus |G| = |T|) with “(%y) = (“9Y(“y) for all w € Q,
g € G, and v € T (the last condition just means that the semidirect
product G x Q acts on T').

We always write the action of w €  on G and I exponentially from the left
(like “g and “y for g € G and v € I') and its action on K as w(z) for z € K.
For any intermediate field K C L C K, we set Oy, := Gal(K /L) < Q, and
denote by Oy, the integral closure of O in L.

There is a variety of natural examples for the general situation described
in 1.1.

1.2. Examples. For any field of characteristic 0 let u,, n € N, denote the
multiplicative group of n-th roots of unity in its algebraic closure.

(a) Let r,m € N and set K := Q(u,), G := pp,. Fix a primitive r-th
root of unity 3 € p,, and set T' := {z € K | z™ = 3}. Then T C pym and
G acts on I' by multiplication.

(b) More generally, let K be a number field, let m € N and G := py,. For
B € K*setI':={xec K|z™=}. Then G acts on I by multiplication.

(c) For K as in 1.1, let L/K be a finite Galois extension with Galois
group G, and let Q act on G by conjugation. Moreover, let v9 € L be a
primitive element (L = K(7p)), and let I' be the set of Galois conjugates
of Yo-

(d) Let E/F be an elliptic curve with complex multiplication by Oy,
where F is a finite extension of a quadratic imaginary number field M. For
any integral ideal a C Oy write E[a] for the subgroup of points of E(F)
that are annihilated by all elements a € a. For z € Oy let [z] € End(E) be
the corresponding endomorphism of E. Let, for simplicity, (a) = a C Op
be a principal ideal and set G := E[a]. For P € E(F) define K := F(P)
and I' := {Q € E(F) | [a)(Q) = P}. Then G acts on I by translation.

This kind of example is extensively studied in [A], [ST] and [T2].

(e) Let @, C F be a finite field extension of the field of p-adic numbers,
and let pr = (m) be the maximal ideal of the ring Op of integers in F.
Let F be a Lubin-Tate formal group attached to a Lubin-Tate power series
F(X) € Of[[X]]- Let [-]: O — End(F) be the usual ring isomorphism
with [7](X) = f(X). For n € N set G, := {z € pp | [v"](z) = 0}, the
subgroup of n"-torsion points in the Op-module p5 endowed with the F-
group law and the Op-action ax := [a|(z) for a € OF and = € py, and let
F, := F(Gy) denote the field obtained by adjoining the elements of G,,.
For fixed r,m € N, set K := F,, G := Gp,, choose 8 € G, \ G,_1, and set
I':={z epp|[™](z) = B} C Gmtr- Then G acts on I by translation.

For more details about this example in the case m < r see [CT, Ch.
X,[Byl, [T1], [By], and [CL].
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1.3. Following [T2] we define in the situation described in 1.1
A :=KG, B:=Map(G,K), C:=Map(,K),

the group algebra of G over K, the set of maps from G and from I to K,

respectively. Then A is a K-Hopf algebra, B is its K-dual Hopf algebra,

C is a K-algebra and a right A-module by the K-linear extension of the

action (f - g)(7) := f(8%y) of G on C, where g € G, f € C,and y € T.
Note that © acts on A, B, and C by

-1 -
“O-29) =3 w(Ag)“g, (“B)(g) :=w(b(“ " 9)), (“)(7) :=w(f(“ ),
9€G Ided
forwe R N\ €K, beB, g€, feC,andy € I. This is an
action via K-Hopf algebra automorphisms on A and B, and via K-algebra
automorphisms on C. Hence, we may take fixed points with respect to the
subgroup Q;, = Gal(K /L) for any intermediate field K C L C K:
Ap = (KG)™, By :=Map(G,K)*, Cf :=Map(l,K)%*.

We omit the index L for L = K. Then A, and By, are L-Hopf subalgebras of
A and B, and they are L-dual to each other. Moreover, Cy, is an L-algebra
and an Af-module by restriction of the A-action on C. In Proposition 5.2
we show that Cf, together with its Ar-module structure is a Galois object
in the sense of [CS], and, if G is abelian, that Cf, is a free Az-module of
rank 1. In the abelian case, we also define a resolvent (f,x) € K, for f € C
and x € G := Hom(G, K*), and show that, for given f € CL, one has
f+-AL =Cp if and only if (f,x) # 0 for all x € G, see Proposition 5.3.

1.4. For any intermediate field K C L C K, the L-algebras By and
Cr are commutative. Let us assume that G is abelian. Then also Ay, is
commutative, and we may define the maximal Op-orders

AL, By =Map(G,0z)%, Cp:=Map(T,0z)%,
of Ay, B, and CfL, respectively. Moreover, for arbitrary G, set
Ag = (0gG)™,

which is an Op-order of Af. Then, Cy is an Aj-module and we may define
the associated order

AP :={a€ AL |CL-aCCL}
of Cr in AL, which contains Aj7. If G is abelian, then we have inclusions
AL CAT*C AL
Again, we omit the index L in Ay, Bg, Cr, A}, AT®,if L = K.
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1.5. Remark. (a) Suppose that the action of Q on T is transitive. Fix an
element 7 and denote its stabilizer by {21, corresponding to an intermediate

field K C L C K. Then one has a bijection 2/Q; — G, where wQy, is
mapped to g € G, if “y = %y. Moreover, associating to f € C the value
f(70) € K, defines isomorphisms C =y LandC = Oy of L- (resp. Or-)
algebras.

(b) The absolute Galois group § acts trivially on G if and only if A =
KG.

1.6. If one assumes suitable Kummer conditions in Examples 1.2 (a), (d)
and (e), then A = KG. Moreover, in many interesting examples ) acts
transitively on I' and, in the notation of Remark 1.5 (a), the fixed field L
of the stabilizer stabg(vp) is an abelian Galois extension of K such that
the bijection Gal(L/K) = Q/Q, = Gisa group isomorphism (see e.g.
Lemma 6.1). In this case, the A-module structure of C corresponds to the
K G-module structure of L, and we are in the classical situation of Galois
module structure theory. Then, there are results due to Cassou-Nogues,
Schertz, and Taylor, stating that Of is free over its associated order in
KQG, see e.g. [CT, Ch. X, Ch. XI], [S]. In Section 6 we will study a slight
generalization of Example 1.2 (e), namely relative Lubin-Tate extensions.
We will show that also without any Kummer condition, the maximal order
C = Oy is a free rank one module over its associated order .A** (see The-
orem 6.11). But note that in general the algebra A is not the group ring
KG. Combining ideas of [T1] and [T2] we will give an explicit description
of A**® as the Cartier dual of the Og-Hopf order which represents the Og-
group scheme of n#™-torsion on F (see Proposition 6.5 and Corollary 6.9).
In contrast to the methods used in [CT, Ch. X] the main tool for our proof
of Theorem 6.11 will be the factorization of a suitable resolvent function
which takes values in Oz[[X]] (see Theorem 6.10). This will be of great
importance for further applications of these local results to fields obtained
by the division of points on elliptic curves as in Example 1.2 (d). These
examples are dealt with by the first author in his habilitation thesis [B].

1.7. The article is arranged in the following way. Sections 1-5 are devoted
to the general situation as stated in 1.1. In more details, the sections 2 and
3 summarize properties of the Hopf algebras Ay and By, respectively, for
intermediate fields K C L C K. Most of these properties can already be
found in [T2] without proofs. For the reader’s convenience and for later use
we provide proofs of all assertions. In Section 4 we show that Aj (resp. AL
if G is abelian) is an Op-Hopf order in Ay, if and only if the discriminant
ideals dp, of By, (resp. d4, of AL) over Oy, are trivial, see Proposition 4.6
(resp. Proposition 4.8). Thus, the structural information of being a Hopf
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order is completely described by an arithmetic invariant, the discriminant.
Moreover, we compute the index ideal [Af : Aj}]o, in terms of d4, and
dp,, see Lemma 4.3. Section 5 is concerned with the L-algebra structure
and the Az-module structure of Cr. If G is abelian we determine, for any
f € C, with f - AL = Cf, the index ideal [Cf, : f - A}]o, in terms of dp,,
dc,, and the resolvents (f,x), x € G, see Proposition 5.3.

Finally, in Section 6, we apply the results from Sections 1-5, in particular
the index formula of Section 5, to the Example 1.2 (e).

2. FORMS OF GROUP ALGEBRAS

We assume the situation defined in 1.1 and the notation introduced in
Section 1.

In this section we study the properties of the K-Hopf algebra A and its
subalgebras A; = AL, for intermediate fields K C L C K.

For a K-Hopf algebra H we write as usual Ay : H - H Qg H for
the diagonal, Sy : H — H for the antipode and eg : H — K for the
augmentation. If there is no danger of confusion, then we omit the index.

We view A as a Hopf algebra with A(g) = g® g, S(g) = g7 ! and
e(g)=1,forgeq.

2.1. Lemma. Let K C L C K be an intermediate field, and let gy, ... ,g, €
G be a set of representatives for the Qp -orbits of G. For eachi € {1,... ,r}
let L; be the fized field of stabq, (g;) < Qr, and let z;,,... ,z;,, be an L-
basis of L;. Finally, for 1<i<randl <j <, set

aij = z w(zi,,-) “g; € A,
weRy [stabq, (gi)

and assume that L C M C N C K are further intermediate fields. Then
the following assertions hold:

(i) The elements a;j, 1 <i<r,1<j <, form an L-basis of Ar. If
for eachi € {1,...,r} the elements z;3,... ,Tiy; form an Or-basis of O,
then the elements a;j, 1 <i<r,1<j < ry, form an Of-basis of A%.

(ii) One has dimg(AL) = |G|.

(iii) The elements aij, 1 < i <rl<jsr, form also an M-basis of
Ap; in particular, they form a K-basis of A.

(iv) The map

i%:AL®LAL—)AM®MAM, a®La'»—>a®Ma',

is an injective L-algebra map such that i% oiﬂ'f = ig . In particular, AL, ®L

Ay, can be regarded as an L-subalgebra of A ®% A.
(v) Under the identification A ® A, C A Qg A of (iv), AL is an
L-Hopf subalgebra of A.
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(vi) The map
¢%4: MQ®L AL = Ay, AQ®raw— a,

18 an isomorphism of M-Hopf algebras such that the diagrams

4

M
MQ®r AL —— Ay N@MM®LALL®1L—>N®MAM

w@wl 1«: Caﬂ@«‘hl ld’z

o0y oY
w(M) ®u(r) Auz) —— Aw(m) N®LAL ——  An

commute for each w € Q, where can: N ® )y M — N 1is the multiplication
map.

Proof. (i) It is easy to see that the elements a; j, 1 <7< 7,1 < j <y, liein
Ag. On the other hand, for arbitrary a = 37 5 Agg € Ay, the coefficient
Ag is fixed under stabgq,(g), for each g € G, and so A, € L; for each
i € {1,...,r}. Moreover, for each i € {1,... ,r} and each w € , one
has Aug, = w(Ag,). Now it follows easily that the elements a;;, 1 <i < r,
1 < j < ry form an L-basis of A. The second assertion is shown in a
similar way.
(ii) Indeed, by (i) we have

r

dimp(Ar) =Y ri=Y [Li: L) =) [Qy : stabg, (g:)] = |G
r=1

i=1 =1

(iii) First we show that the elements a;j, 1 <i<r, 1< j <, forma
K-basis of A. Expressing the elements a;ij, 1<t <r,1<j < by the
basis G of A produces a block diagonal matrix with r blocks indexed by
the Qr-orbits of G, where the i-th block is given by

(w(zi,j)) J€{l,eur;}
UEQL/st&an (9i)

whose determinant does not vanish, since L;/L is separable. This shows
the result for M = K. For arbitrary M, it suffices by (ii) to show that the
elements a;; (1 < i <71 < j < r;) are M-linearly independent. But this
follows from the case M = K.

(iv) This follows immediately from (iii), since i/ maps an L-basis to an
M-basis.
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(v) It is easy to see that S(AL) C Ay, since taking inverses in G com-
mutes with the Q-action on A. Let a € Ay. Then, by (iii), we may write

A(a) = Z Ai,j’il’jl a;j O ay j1 € A®I_( A
i,5,i" 3"

with uniquely determined coefficients A; ; + € K. We apply an arbitrary
element w € 21 on both sides. Since A respects the Q-action, we obtain

A(a) = Z w(Xiji 1) aij O ai j -
1,58,
Thus, by_their uniqueness, the coefficients J; ;i y» are contained in L, and
A(a) € if(AL ®r Ar).
(vi) It is easy to see that ¢ is a homomorphism of M-Hopf algebras and

that the two diagrams commute. Moreover, by (iii), ¢%’f is an isomorphism.
a

For the rest o_f this section we assume that G is abelian. Let L be a
subextension of K /K. In order to understand the L-algebra structure of Af,

we work with the Wedderburn decomposition of A. Let G := Hom(G, K*)
denote the abelian group of K-characters of G. Then Q acts on G by

(“x)(9) = w(x(“"9))

for x € G, we Q, and g € G. It is well-known that the map

p:A=KG— H K, Z’\gg = (Z AgX(g))xeé
<G 9€G 9€G

is an isomorphism of K-algebras. For x € G, we denote by ex € A the
element corresponding to the primitive idempotent ¢, of eréK which
has entry 1 in the component x and 0 everywhere else. Then

ex = l—cl,—, " x(g g
g€G

Note that “(ey) = €(wy) for each w € Q@ and x € G. The Q-action on A is
transported via p to the action

w((AX)xeé) = (w(’\(w' x)))xeé

for (/\x)xeé € eréf{ and w € Q. Thus, the application of w moves the
X-component A, to the “x-component while simultaneously applying w to
Ax- This implies that p restricts to an isomorphism
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(1) pr:Ar = {0 € [[ B 1w(Ay) = Aoy for all w € 2z}
x€G

2.2. Lemma. Assume that G is abelian and let K C L C K be an in-
termediate field. Let x1,...,Xs € G be a set of representatives for the
Qp-orbits of G. For each k € {1,... ,s}, let Ly denote the fized field of
staba, (xx) < QL, and let yg1,... ,Yk,s, be an L-basis of Li. For1<k<s
and 1 <1 < sg, set

&'k,l = E w(yk,;) “’exk €EA.
weﬂL/staan (xx)

Then the following assertions hold:
(i) The composition

8
5 AL [[ B2 [ &,
where p denotes the projection to the xi,...,Xxs-components, restricts to
an L-algebra isomorphism

8
pL: AL — H L.
k=1

In particular, the mazimal order AL, of Ay is given by pr (ITi=, © i)

(ii) The elements axy, 1 < k < 8, 1 <l < s, form an L-basis of Ay.
If, for each k € {1,... ,s}, the elements yr1,... ,Yr,s, form an Of-basis
of Oflk then the elements ary, 1 < k < 8, 1 <1 < 8k, form an Of-basis of
Ar.
Proof. (i) This follows immediately from (1).

(ii) The elements ak,; are contained in Ay and the elements pz(dx,),
1<k <s,1< 1< s form an L-basis of [[;_, L. Thus (ii) follows from
(i). The integral version can be seen in the same way O

3. DuALITY

We assume the situation described in 1.1 and the notation from Section 1.

It is well-known that the Hopf algebra dual of A is the K-Hopf algebra
B := Map(G, K) consisting of all set maps from G to K. The duality is
given by the non-degenerate bilinear form

(=) A®xB—=E, (3 Xa.f)r Y Af(e).

g9€G geG
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The K-linear structure of B is obvious. Multiplication is given by (f1 f2)(g)
= f1(9)f2(g), for f1,f> € B and g € G, with the constant map with value
1 as unity. The diagonal A, augmentation ¢, and antipode S are given by
A(f)(91,92) = f(9192),
«(f) = f(1),
S(f)9) =flg™),

respectively, for f € B, g,91,92 € G, where in the definition of A we
identify B ® ¢z B with Map(G x G, K) in the obvious way. For the K-basis
elements Iy, g € G, with ly(h) := dyp, for h € G, we have

A(ly) = Z lg, ®r lg; -
91,92€G
9192=9

Note that Q acts on B by

(“f)9) = w(f(“"'9)
for w € Q, f € B, and g € G. This action respects the K-Hopf algebra
structure, as is easily verified. For a € A, f € B, and w € 2 one has
(2) (“a, °f) = w((a, f))-
For each intermediate field K C L C K we set
By :=B% = Map(G,K)™
{f: G > K| £(“) = w(f(g)) for all w € Oz}
Then By, is an L-subalgebra of B.
The next lemma shows that By, is an L-Hopf subalgebra of B and is the

L-dual of Ay, with respect to the restricted bilinear form (—,—). By B, we
denote the maximal order in By, which is given by

By, = Map(G, 0%)% .

3.1. Lemma. Let K C L C K be an intermediate field, and let gy, ... ,g, €
G, Ly,... ,L,,andz;1,... ,ziy, € L; (1 <i<r)begiven as in Lemma 2.1.
Moreover, for 1 <i<r and 1< j < letb;j € B be defined by

bii(g) = w(zij), if 9= “gi for some w € Qp,
w\9) = 0, otherwise.

Assume that L C M C N C K are further intermediate fields. Then the
following assertions hold:
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(i) The map

,
or: B — HL.' , b+ (b(gi))izl,...,r ’
i=1

is an L-algebra isomorphism. In particular, oy, restricts to an isomorphism

r
oL: BL_—)IIOL,'°

=1
(ii) The elements b;j, 1 < i < r, 1< j < ri, form an L-basis of Bg.
If, for each i € {1,... ,r}, the elements z;,,... ,Ti,, form an Or-basis of

OL; then the elements b;j, 1 <i<r, 1< j < ri, form an O -basis of By.

(iii) One has dimg(BL) = |G]|.

(iv) The elements bjj, 1 < i <7, 1 < j < r;, form also an M-basis of
By

(v) The map

]ﬂl B ®r By, — By @y By, bbb — b®Mb’,

is an injective L-algebra homomorphism such that j3 o jM = jN. In par-
ticular, By, ®, By, can be regarded as L-subalgebra of B ® B.

(vi) Under the identification B, ®1 B, C B®zB of (v), Br, is an L-Hopf
subalgebra of B.

(vii)) The map

v M®LBr —» By, A®pLb— b,
s an isomorphism of M-Hopf algebras such that the diagrams

'I’M Ni M
M®rB, — By  NeyM®,B;, ~% Neuy By

“’@wl 1“’ can@BLl lﬁ,

w(M) N
w Y
w(M) ®y(z) Buzy —— Bo(m) Ne®r AL —— By

commaute for all w € Q.

(viii) The map Ar ®1, Br, = AM ®Oum By, a®r b — aQ®um b, is injective;
in particular, Ar ®r BL can be regarded as an L-subspace of A @z B.
Moreover, the restriction of (—,—) to AL ®r BL takes values in L and is
non-degenerate.

(ix) The L-Hopf algebras AL and By, are dual to each other with respect
to (—,—): AL ® By — L.

Proof. (i) For b € By, and i € {1,...,r}, the elements b(“g;) = w(b(g;)),
w € Qf, are determined by b(g;). Hence, o is injective. On the other
hand, for given elements \; € L;, i = 1,... ,r, the map b: G — K, defined
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by b(“g;) := w(X\;), for ¢ = 1,... ,r and w € Q, is well-defined and is
obviously in By,

(ii) This follows immediately from (i).

(iii) This follows from (ii) and the equation };_,[Q, : stabg, (g:)] = |G|-

(iv) This is proved in a similar way as Lemma 2.1 (iii) by reduction to
the case M = K and using the basis l;, g € G, of B which leads to the
same transition matrix as in the proof of Lemma 2.1 (iii).

(v) This follows from (iv).

(vi) This is proved in a similar way as Lemma 2.1 (v) using the basis
bij, 1<ig<r,1<j<m,of Br.

(vii) By (iv), ¥¥ is an isomorphism of M-spaces. The remaining asser-
tions are easily verified.

(viii) The injectivity of the map Ay ®1 By, — Ay ®pm By follows from
Lemma 2.1 (iii) and part (iv). Moreover, (AL, Br) C L by Equation (2).
Using the bases a;; of Ay from Lemma 2.1 and b;; of B, 1 < i < 7,
1 < j < 74, with their property from Lemma 2.1 (iii) and from (iv), we
see that (Ar,Br) = L and that the restricted pairing Af ® , By — L is
non-degenerate.

(ix) This follows from part (viii) and from the existence of bases a;;
of Ay and b;; of By with the properties from Lemma 2.1 (iii) and from
(iv). O

4. INDICES AND HOPF STRUCTURES

We assume the situation described in 1.1 and the notation from Section 1.
Let K C L C K be an intermediate field. We may take duals of Of-
lattices in Az and By, with respect to the non-degenerate pairing

AL ®L Br — L, (Z)‘gg’f) — Z’\gf(g)'

9€eG IS¢
More precisely, if R C Ay and § C B, are Of-lattices, then

R*:={f€BL|(r,f) €O for all r € R}
and
S*:={a€ AL | (a,8) € Of for all s € S}

are Op-lattices in By, and Ay respectively. Note that R is an Ofp-order
(resp. Op-subcoalgebra) of Ay if and only if R* is an Of-subcoalgebra
(resp. Op-order) in Br. A similar statement holds for S. Moreover, R is
an Or-Hopf order in Ay, if and only if R* is an Or-Hopf order in B, and
similarly for S.

Recall that for Op-lattices X C Y of equal Op-rank the Op-order ideal
[Y : X]o, is defined as the product p;---ps of non-zero prime ideals
p1,...,ps of O if R/p1,... ,R/p; are the Or-composition factors of Y/ X.
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More generally, for Op-lattices X and Y in a finite dimensional L-vector

space, the order ideal [Y : X]op, is defined as the fractional ideal

Y:XNY)o,[X: XN Y]ai. For the following properties of order ideals

see for example [R, §4]. If L C L' C K is a finite extension field of L then
[OLr ®o,Y : Op ®0o, X]OL' =[Y : X]o,OL .

If p is a non-zero prime ideal of Of, then the following localization property
holds:

[lfp : XP](OL)p = ([Y : X]OL);) .
IfY and X are free Or-modules and M is the matrix of coefficients arising
from expressing an O -basis of X by an Of-basis of Y, then
Y:Xo, = det(M)Oy .
Finally, if L C L' C K is as above and X' C Y' are Op,-lattices then
[Y’ : X’]oL = NL’/L ([Y' : X']OL') .

If G is abelian we denote by d4, the discriminant ideal of the maximal or-
der Ay over Op, ie. da, =[], d;, /1, in the notation of Lemma 2.2. Sim-
ilarly, for arbitrary G, we denote by dp, the discriminant ideal of the max-
imal order By, over O, i.e. dp, = [[;_; di,/, in the notation of Lemma 2.1

and Lemma 3.1. If L C L' C K is as above then we write D/, for
the different of O, over Or.

4.1. Lemma. With the notation of Lemma 2.1 and Lemma 3.1 one has
T
Bi:{z Z w(A;) “'g,-l)\,-eD;il/L fori=1,... ,r}.
i=1 weQL/staan (g;)
Moreover, B} is an Or-order in AL if and only if dp, = OL.
Proof. Each element a € Ay, can be written in the form
r
a = Z Z w()\g) wgi
i=1 weQy/staba; (gi)

with uniquely determined X\; € L;, i = 1,... ,r, by Lemma 2.1 (i). Then
a € B} ifand only if (a, f) € Of for all f € Br. By Lemma 3.1 (i), each f €
By is a sum of elements of the form ), w(z;)leg, i € O, i =1,...,r,
where the sum runs over coset representatives of Q1 /stabg, (g;). Hence,
a € By, if and only if

> w(Xh)w(zi) = Try, r(Xiz:) € O,
w€eRN [staba (9:)
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for all : € {1,...,r} and all z; € Of,, which is equivalent to \; € DZ,'I/L
forallie{1,...,r}.

If dg, = Of then Dy, = Oy, for alli =1,... ,r, and therefore B} =
A7 is an Op-order. Suppose, conversely, that B} is an Or-order and let
i € {1,...,r} be arbitrary. Let ¢ € {1,... ,7} and v € Qf be such that
g; ! = Ygs. Note that stabg, (g;) = stabg, (¢;") and that v : Ly — L; is
an L-isomorphism. Let \; € D;il/ ; and A}, € D;: /L be arbitrary. Then

> w) Y, > W'(Xy) “gu

w€Ny /stabq, (9i) w'€Qy [staba, (9;1)

are elements of B} . Hence, also their product lies in B} . In particular the
coefficent at 1 € G of this product is an element of Of:

(3) Y. wWwr(N) =T (X)) € O

weQy /stabq (9:)
If X}, runs through 'DI—,: ;1 then v()\},) runs through D;il/  and (3) implies
that Try, /L(D;f/L) C Or. But this is only possible if dy,/;, = Or. Since
this holds for all i € {1,... ,7} we obtain dp, = Of. O

4.2. Corollary. One has A}, C B} and [BE, : Aj]o, = dp,.

Proof. The inclusion Aj, C By is clear from Lemma 4.1. From the definition
of A7 and from Lemma 4.1 we have

r r r
(B: - Azlo, = ([ 2z} : [T 0nilo, = [110k: : Pryilos
=1 =1

i=1

= HdLg/L = dBL .

=1

O

We remark that, for G abelian, B is not necessarily contained in Ay,

For the following lemma we assume that G is abelian. Let L C L' C K
be a finite extension field of L containing L;,... ,L, and El, ceey L, in the
notation of Lemma 2.1 and Lemma 2.2. Then Az, = L'G, By, = Map(G, L')
and Aps = Hx cg L' via pr+ as L'-algebras. Such a finite extension L' will
be called a splitting field for Ar, and Byp,.
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4.3. Lemma. Let G be abelian. Then

(A : A3lo, = |G|€ldp, d;
for each intermediate field K C L C K.
Proof. Let p be a non-zero prime ideal of Or. Since (Ag)y is the maximal
(Or)p-order in Ar, and (A7), is the set of elements in Az, whose coefficients
with respect to G are integral over (OL),, we may as well assume that Of,

is local with maximal ideal p. Let L' be a splitting field for A and By.
We determine

[AL : A2)5, 01 = [Op ®o, AL : Op ®o, ALlp,,
using the isomorphism ¢£’: L'®p A — A, the maximal Op/-order Ay

of Ay, and the isomorphism pr/: A = [[,ca L'. More precisely, [AL :
A3 ]o, Oy is the quotient of the squared order ideals

I} o\12
4) [pr(AL) : (o1 0 67 )(O1 ®0,, AL)] oy
and
(5) [or (Ar) : (o © 6F ) (O ®0, AL)b,, -
For the computation of the squared order ideal (5) let xx, f}k, Yr,1, and ag g,
1<k <s,1<1< sg, begiven as in Lemma 2.2 such that yg 1,... ,yk,s, is
an Op-basis of OIZ,, for each k =1,... ,s. Then the elements
arg = > wlyer) ey, (I<k<s, 1<ISsk)
weNL [staba; (xk)

form an Op-basis of Ay, and (pr o ¢£")(0L: ®0, AL) has as Op-basis the
elements

(x(@r) e (1<E<s 1<I<s).

Expressing this basis by the Op-basis ¢y, x € G, of pr(Ar) = eré O,

we obtain a block diagonal transition matrix with blocks indexed by G/Qy..
The block belonging to xj is given by

(w(yk,l)) 1€{1,... a5}
weﬂL/staan (xk)

The square of the determinant of this block generates the Op-ideal di,,, /L
Thus, the squared order ideal in (5) is given by

s
(6) 14z, /000 = day /0w -
k=1
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For the computation of the squared order ideal (4) let g;, L;, z; j, and a; j,
1<i< 7, 1<j <, begiven as in Lemma 2.1 such that z; 4, ... ) Tip; is
an Op-basis of Or, for each i € {1,... ,r}. Then, the elements

Gj=  »,  w@g) s (1<i<n 1<i<n)
wENy /staba (9:)
form an Op-basis of Aj. Thus, the elements

> w(i;) X("’gi))

w€Qy /stabg, (9;)

€@ I<ig<n 1<jsm)

form an Op-basis of (pr 0 ¢%')(O ®o, A3). Expressing this basis by the
basis €,, x € G, of pr (Ar) = eré Oy, we obtain the transition matrix

M = ( Z w(zi,j)X( ugi)) Goi)
w€Ny /stabg, (9;) xed

which is the product M = M;M; of the block diagonal matrix M; with
blocks indexed by ¢ = 1,... ,r, the i-th block given by

M, ; = (w(zi,j)) je{l,r}y 0

uGﬂL/stabﬂL (95)

and the matrix
M2 = (X(g)) 9€G *
X€EG

Now, det(Ml,,-)2 generates the Op-ideal dp,/; thus det(M;)20; = dp, .
Moreover, since

> x1(9)x2(9) = D (xaxe)(g) =

{IGI, if x1 = x37,
g9eG geG

0, otherwise,

for x1,x2 € G, we have

(7) det(Mz)? = det(MEM;) = +|G| €.
Altogether this yields
(8) det(M)*Op = |G|I€dp, O

which expresses the squared order ideal in (4). Now, dividing the ideal
in (8) by the ideal in (6), the result follows, since extending @r-ideals to
Oy -ideals is injective. a
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4.4. Next we investigate under which circumstances A7 and (in the abelian
case) Ay, are Hopf orders over Of, in Ay. The crucial point is to get hold
of the image of the diagonal.

Since the following might be of general interest we place ourselves for
the moment in a more general setting. Let H be a finite group, E/F a field
extension in characteristic zero, and R C F a subring such that F is the field
of fractions of R. Suppose that A C EH is an R-subalgebra of EH with
R-basis ay, ... ,a, which is also an E-basis of EH. Then the multiplication
map FE®r A — EH, A ®g a + MAa, is an E-algebra isomorphism and the
map AQrA -+ EHQgEH, a®gra' — a®Ea’, is injective, so that AQr A
can be regarded as an R-subalgebra in EH @ g EH. We would like to decide
whether A(A4) C A®g A or not. We write

a; = Z a,-,hh
heH

fori=1,... ,n with o, € E, and we consider the matrix
S := (a,-,h) ieq1,....n} € GLy(E),
heH

together with its inverse

T:=81= (,Bh,i) heH

ie{1,...,n}

Then we have the following criterion:

4.5. Lemma. Keeping the notation of 4.4, the following assertions are
equivalent:

(i) One has A(A) C A®r A.
(i) One has >,y @i nBh,jBnj € R for all 4,5,5' € {1,... ,n}.

Proof. We write
n 3
A(ai) = Z 'y;;),aj RF aj
Jj'=1

with uniquely determined coefficients 71(3, € E. Then, for i € {1,... ,n},

we have A(a;) € A®g A if and only if 7 € R for all j,j' € {1,...,n}.
Using the expansion A(a;) = Y ;g @inh ® h, we obtain the equivalent
equation

n
i
D ciph®h= 30 3 vhaimagmhi @ha.
heH 3,3'=1 h1,h2€H
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Hence, the coefficients 'yj(j]), are uniquely determined by the system of linear
equations

Z7ﬁ) i Oty = @ p, ifhy=hy=:h,

j’j' ],]l 2,107 ,h2 0’ ifhl # h2,

one equation for each ¢ € {1,...,n} and each pair (h;,h;) € H x H.
Now it is easy to verify that these equations are satisfied for

7;3' = Z ai,hﬁhvjﬁh’j"

heH
and the result follows. ad

In the following proposition we apply Lemma 4.5 to the Or-order Aj, in
Ar.

4.6. Proposition. The Oy -order A}, is a Hopf order in Ay, if and only if
dp, =0O¢.

Proof. Clearly, Aj is stable under the antipode of A;. The inclusion
A(A3) C A} ®p, A} can be tested by localization. Thus we may
assume that Oy, is a local ring. In this case we choose g;, L;, z; j, and a; j as
in Lemma 2.1 such that, for each i € {1,... ,r}, the elements z;1,... ,Zi,,,
form an Op-basis of Or,. Then the elements a;;, 1 <i<r, 1< j <y,
form an Op-basis of A7, and, in the notation of 4.4, the coefficient matrix
S is a block diagonal matrix, the blocks indexed by i = 1,... ,r, and the
i-th block given by
(w(l'i,j)) J€{1,...,r;}
wGﬂL/stnan(gi)

If z74,... 1 &y, € Li is a dual basis of z;1,...,zir with respect to the
trace form Try, /1, then the inverse T of S is given by the block diagonal
matrix with i-th block

(UJ((B:,])) wenL/sta.bﬂL (9:) -
J€{1,...,73}

Now, taking into account the block diagonal structure of S and T,
Lemma 4.5 states that A(A7) C A7 ®0, A7 if and only if

(9) Z w(:Bi,j)w(w:’jl)W(Z:’jn) = ’I‘IL../L(Zi’j:E;,le:’jn) € 0]_’,
wEQL/staan(g;)

for all ¢ € {1,...,r} and all §,5" € {1,...,r;}. But since zj;, j =

1,...,r;, form an Op-basis of ’DZ_I/ 1» the condition in (9) holds for given

i€{l,...,r} andall j/,5" € {1,... ,r;} if and only if'an,./L(D;f/L) COr.
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But this is equivalent to Dy, ;1 = Oy, and to dy,;;, = Or. Now the result
follows. O

4.7. Corollary. The following statements are equivalent:
(i) The order Aj is a Hopf order in Af.
(ii) The discriminant ideal dp, is trivial.
(iii) One has A7 = Bj.
(iv) One has (A3)* = By.
(v) The mazimal order By, of By, is an Or-Hopf order.
If (i)-(v) hold then Aj, is the smallest Or-Hopf order of Ar.

Proof. The equivalence of (i) and (ii) is the content of Proposition 4.6. The
statements (ii) and (iii) are equivalent by Corollary 4.2 which asserts that
[B; : A}] = dp,. Obviously, (iii) and (iv) are equivalent, since Oy, is a
Dedekind domain. Moreover, (i) and (iv) imply (v). Finally, (v) implies
that Bj is an order in Az, and then Lemma 4.1 implies (ii).

If (i)—(v) hold then Bp, is certainly the largest Or-Hopf order in By.
Therefore its dual A7 is the smallest Or-Hopf order in Af. O

4.8. Proposition. Let G be abelian. Then the mazimal O -order AL of
Ay is o Hopf order if and only if dg, = Op.

Proof. Since the antipode S is an L-algebra automorphism of Ay, the max-
imal Op-order of Ay, is stable under S. As in the proof of Proposition 4.6
we may assume that Oy is local. Now let g, L, Yk, and dx; be given as in
Lemma 2.2 such that, for each k € {1,... ,s}, the elements yi1,... ,yks,
form an Op-basis of OI?:.' Then the elements Gz, 1 <k < 8,1 <1 < 8,
form an Of-basis of Ay. The matrix S in the notation of 4.4 is given by

1 ( Z w(Yr,1) ("'Xk)(g_l)) ()

G
l I w€Qy [staba; (xk) 9€6

We can write S = 5152, where S is the block diagonal matrix with blocks
indexed by k = 1,... , s and whose k-th block is given by

Sl,k = (w(yk,l)) 1€{1, .5} 0
weny /stabg  (xx)

= IIEI ((“’xk)(y‘l)) o) -

geG

Sa
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If, for each k € {1,... , s}, we denote by y; 4,... , %% ,, € Ly, the dual basis
of Yr,1,--- ,Yk,s, With respect to Trf,,,/L’ then

*
Tl,k = (w(yk,l)) uGQL/staan(xk)

1e{1,... ,ak}

is the inverse of Sj k. Moreover, by the orthogonality relations for irre-
ducible characters, the inverse of S is given by

Ty = ((“%)(9)) e

(kyw)

Thus, the inverse of S is given by

T=( ¥ w) (),

weNy /sta.an (xk) (k1)

Now, Lemma 4.5 states that A(Az) C AL ®o, A if and only if
Z S wyrd) (“xe)(9) @' Whw) (“Xk)(9) @ (Wi 1) (“xkn)(9) =

gEG w,w' W'
1 J "
@ 3wy @' i) @ @inm) D () (“xe)(“xan)(9) € O
w,w' W' 9€G

for all (k,1), (¥',1"), (K",1" ), where the triple sum runs independently over
all w € QL/StabQL(Xk), W' € QL/StabQL(XkI), and W" € QL/StabQL(XkH)
By the orthogonality relations of irreducible characters the last sum over
g € G reduces to |G| if (“xx)(“x#)(“"xx) = 1 and vanishes otherwise.
If dg, = O then y;; € O; for all pairs (k,1), and the above condi-
tion is certainly satisfied. Conversely, if the above condition is satisfied,
then we choose k' € {1,... ,s} arbitrarily and remark that stabq, (xx) =
stabg, (xp')- Let k" € {1,...,s} and k € Q1 be such that x;,I = "ypn.
Moreover let k € {1,...,s} be such that x; = 1. Then L; = L and the
above sum reduces further to

Z w' (y}:l,ll ) w" (y;u’lu) 5ulxkl ,.,llxk" 1 =

w! ,U"

= Z w,(y;l’ll) wlﬂ(y,:n’ln) = 'I‘r[“lkl/L (y’:I’ll n(y;ll,lll )) y
w'
since “'xp “"xx» = 1 if and only if " = w'k. The elements K(yg»1),--- ,

K(Yks, ) form an Of-basis of n(DL p) = D;l 1+ Since the last term in

the above equation lies in Of, for all I and 1", we have 'I‘r,:k, /L('D;z /L)

Or. But this implies d; , ,; = Or. This holds for all ¥’ € {1,... ,s}. Thus,
dAL = OL- O
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5. SOME A-MODULES AND RESOLVENTS

We still assume the situation described in 1.1 and the notation from
Section 1.

Let C := Map(T, K) be the K-algebra with pointwise multiplication.
Then, Q acts on C via K-algebra automorphisms by

(“N) = w(f (™),
for w € Q, f € C, v €. For an intermediate field K C L C K let
Cy := C™ = Map(T, k)%
be th L-algebra of 2z-fixed points of C. Moreover, let C;, be the maximal
Op-order of Cr. Thus,
Cr = Map(T, 0z)% .
Note that C is a right A-module via the G-action on I':
(10) (£ Q- 29)) () =D A f (%)
9€G g€eG
for Ay € K, f € C, w € . This action of A on C satisfies
“f-a)=(“f)-(“a)
foralla€ A, f € C, w € Q. Thus, the A-module structure on C restricts

to an Ar-module structure on Cy, for any intermediate field K C L C K.
Moreover, as apparent from (10), Cr, is an Aj-module by restriction.

Similar to Lemma 3.1 for the algebra B we have the following lemma for
C.

5.1. Lemma. Let K C L C K be an intermediate field, and let vy, ... ,: €
T be a set of representatives for the Qr-orbits of I'. For eachm € {1,... ,t}
let Ly, denote the fized field of stabq, (Ym) < Qr, and let 2m 1, - - . , 2Zm.1,, be
an L-basis ofI:m. Fori1<m<tandl<n<ty, letcny € C be defined
by

W(Zmn), Y= “ym for somew € Qr,
cm.,n(')’) = .
0, otherwise,

for vy € T. Assume that L C M C N C K are further intermediate fields.
Then the following assertions hold:
(i) The map

t
T: CL _E‘) I.‘ma [ (.f(’Ym)),

m=1
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is an L-algebra isomorphism. In particular, T restrict to an isomorphism

t
71: CL = H 0-m .
m=1
of Of-algebras.

(ii) The elements cpypn, 1 <m < t, 1 < n < ty, form an L-basis of Cf.
If, for each m € {1,... ,t}, the elements zp 1,... ,2Zms, form an Or-basis
of Oj;_, then the elements cmp, 1 <m < t, 1 < n < tm, form an Of-basis
of Cr.

(iii) One has dimg(CL) = |G|.

(iv) The elements cpn, 1 S m < t, 1 < n < ty, form an M-basis of
Cu.

(v) The map

7r£'!:M®LCL—)CM, A®rcH e,

s an isomorphism of M -algebras such that the diagrams

M M
Me®LCL —= Cu Ny MerCL ————)NQ#L N®yCu
“’®“"l l"’ can®Cyr, 1 lwﬁl
e y
w(M) ®y(r) Cuz)y — Cu(m) N®L,Cr, —— Ox

commute for all w € Q.

Proof. All assertions are proved in a similar way as the analogous assertions
of Lemma 3.1. a

Next we show that the L-algebra Cf is an Ay-Galois extension in the
sense of [CS]. Let us shortly recall the relevant notions in a general setting.
Let R be a commutative ring, let H be an R-Hopf algebra which is finitely
generated and projective as R-module. Furthermore, let S be a commu-
tative R-algebra, finitely generated and projective as R-module, which is
also a right H-module. Then S is called an H-Galois extension of R if and
only if the following conditions are satisfied:
(G1) (i) (st) - h =3 () (s - hy))(t-hz)) s
(i) 1s - h = €(h)1s,
for all h € H, s,t € S, where A(h) = Z(h) h(1) ® h(z) is the Sweedler
notation and the module structure of S over H is denoted by a dot.
(G2) The map

H®gr S — Homg(S,S), h®rs— (t— (t-h)s),

is an isomorphism.
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In fact, it is well-known that (G1) is equivalent to S being an H*-object,
and that (G2) is equivalent to the condition that the H*-object S is a
Galois H*-object in the terminology of [CS, §7].

5.2. Proposition. Let K C L C K be an intermediate field. Then the
L-algebra Cr, is an Ar-Galois extension of L. Moreover, if G is abelian,
then CL, is a free Ar-module of rank 1.

Proof. It suffices to verify (G1) in the case L = K. Solet g € G, f, f' € C,
and v € I'. Then
(F£)-9)(v) = (£ (%) = (' (W) = (£ - 9)(F' - 9)(7)
= ((f-9)(f"-9) (M),

thus, (ff')-9 = (f-g)(f'-g) which is the statement in (G1) (i). Moreover,
(1c-9)(v) = 1c(%y) =1 =1¢(y), for all ¥ € I'. Hence, also (G1) (ii) holds.

In order to prove (G2), we use Lemma 2.1 (vi) and Lemma 5.1 (v) to
reduce the assertion to the case L = K. Moreover, by Lemma 2.1 (ii) and
Lemma 5.1 (iii), it suffices to show that the map in (G2) is injective. So
let dec 9 ® fg € A ®% C with arbitrarily chosen f, € C for g € G such
that it vanishes under the map in (G2). Then

(11) > f(M)fs(y) =0, forall feCandallyeT.
9€G

Let go € G and «y € T'. Then, choosing f € C in such a way that f(%y) =1
and f(v') = 0 for 4/ # 9%, the equation in (11) implies fg,(y) = 0. Thus
fg90 = 0 for all gg € G. This shows that C is an Ar-Galois extension of L.

If G is abelian, Ay, is commutative and By, is cocommutative. By [CH,
Prop. 2.3, Thm. 3.1], Cr, and By, are isomorphic as Az-modules, where the
Ar-module structure of By, is given by (b3 5 299)(9') = > e Agb(99')
forallb € By, g’ € G. Moreover, Ay, and By, are isomorphic as Az-modules
by sending 14, to the element l; € By, with l;(g) = dg,1- O

Let G be abelian. Since Cf is free over Ay for any intermediate field
K C L C K, the following question arises naturally: Is Cz free over some
Op-order in Ay. It is well-known that, if this is the case, it is only possible
for the associated order

.Aiss :={aGAL ICL-GQCL}
of Cz in Ap. Obviously, A7 C A7*® C A;. We will prove that, in the
situation we consider in Section 6, C;, is free over A7*. In the proof we
make use of the resolvent

(fix)v == D F(*Mo)x(g7") € K

geG
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attached to f € C and x € G for fixed v € T.

For an intermediate field K C L C K, let L' C K now denote a finite
extension of L such that Qs acts trivially on G and I'. We call such a field
a splitting field for Ay, and Cr. Note that, since

“’((f’X)'Yo) = (“f, “X) w0 »

foralw e Q, f € C, x € G, and 4y € T, we then have (f,x), € L’

for all f € C, x € G, and 7y € I'. We denote by dc, the discriminant
ideal of Cy, over Or. Thus, in the notation of Proposition 5.1 we have

do, = an:l di,,,./L°
5.3. Proposition. Assume that G is abelian and fizyo €. Let K C L C
K be an intermediate field, let L C L' C K be a splitting field for Az, Bz,
and Cr, and let f € Cp. Then f - Ap = Cy, if and only if (f,Xx)y, # 0 for
all x € G. Moreover, if f - AL = Cr, then
Cr: f- A3, O = dp,dg! T] (£,%)3,00 .
X€G

Proof. (a) Let xg, L, Yk,1, and the L-basis
(12) gy = > w(yer) “ex, (1<k<s, 1<K 8)
weNy, /staan (xx)
of AL be given as in Lemma 2.2. Then the elements
(13) (f-ax)M),er € [T 2
yer

generate (rp o 7F' )(L' ®p, f - A1) C [I,er L' over L'. We express these
generators by the primitive idempotents ¢,, ¥ €T, of [[,r L' and obtain
a transition matrix

M= ((f - ar)(7)) e = ((F - dr)(%0)) iy
y€er 9€G
so that f- Ap = Cp if and only if det(M) # 0. We determine det(M). For
the entries of M we have

(f - 362)(%0) = —

G X el (a0

w€Ny [staba; (xx) 9'€EG

Y Y el (e ()
l l weNy [stabg, (xx) hEG
= I—bl—l Z w(yr,t) (fy “Xi)vo (“x)(9) -

wey /staba; (xk)
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We can write M as M = M; M,, where M; is a block diagonal matrix, the
blocks M ; indexed by k =1,... ,s, with

Ml,k = (w(yk,l)) ‘e{lv"v’h} )

UEQL/stlbﬂL (xk)

and where

M, = I%I((f’ ka)‘yo(ka)(g)) k,uenb/g::-Gl:nL(xk) = Tév'l'((fa X)’roX(g)) x€é *

9€G

Now, det(M; ;)20 = dg, /» hence det(M;)?0OL = dy, /.- Moreover,

det(M)* = (H(f,x)io) |G|~ det (x(g)) 5ee
XGé g9€G
= % (H(f,x)io) lelmd
x€G
by (7). Thus,
(14) det(M)?Op = da |GI7 [] (£, 03,01 -

x€G

This shows that f - A, = Cy, if and only if (f, x),, # 0 for all x € G.

(b) Next we show the assertion about [Cf : f - A}]o,. Since both sides
of the equation behave well under localization, we may assume that O, is
local. We transport the two Op-lattices Or Qo Cr and Op Qo, f - A7
by the isomorphism 77 o £’ into [Iyer L'

Retracing the calculations in (a) one observes that, if yx1,... ,Yk,s, is
an Of-basis of O; , for each k = 1,...,s, then the elements (12) form

an Of-basis of Az, and the elements in (13) form an Op-basis of (71 o
7E') (O ®o, f - Ar). Thus, the calculation in (a) shows that

(15)

’ 2 -
[r2(Cr) : (rir 0 7 )0 ®o, f - AL)]g,, = da G171 [] (£,%)3,00 -
X€G
Moreover, we already know from Proposition 4.3 that

(16) [f-Ap: f-Aflo, = [As: Azle, = dp,dg; |G|16).

Now, it suffices to show that

(17) [T(Cr) : (w0 £ ) (O ®0y, CL)] ZOL, =dc, O,

since then, dividing the product of (15) and (16) by (17) yields the result.



LUBIN-TATE FORMAL GROUPS 293

Let vm, Ly, Zmn, and cnn be given as in Lemma 5.1 such that, for
each m € {l,...,t}, the elements zp1,...,zmy, form an Of-basis of
Oim° Then, the elements cppn, 1 < m < ¢, 1 < n < ty, form an Of-
basis of Cz. Thus, the elements (77 o w%’)(c,n,n) form an Op:-basis of
(rpr o wf’)(OL: ®o, Cr). We express this Op-basis by the canonical Op-
basis of primitive idempotents ¢y, v € T, of 71/(Crr) = [[,er O and
obtain a transition matrix M. This is a block diagonal matrix with blocks
My,... , M;, where

My = (w(Zmpn))  netr. tm
weRy /stabg, (Ym)
for m € {1,... ,t}. Since det(My,)*0OL = d /1, We obtain (17), and the
proof is complete. a

As an immediate consequence of Proposition 5.3 we obtain:

5.4. Corollary. In the situation of Proposition 5.3 with f € CL, such that
(f1X)yo # 0 for all x € G one has

[CL: f- ALlh, Op = dpdgl[AL : A5 ] (£,%)%,01
x€G

for each Or-order A, of Ar. contained in APS. In particular, if AL C ATS
and if .f € Cr, is such that

[AL : A3)%,dc, O = dp, ] (£,%)2,0L ,
x€G

then Cp, = f -__.A:L is a free Ap-module of rank one with basis {f}, and
consequently, Ap = A7*.

6. RELATIVE LUBIN-TATE FORMAL GROUPS

Our main reference for the general theory of relative Lubin-Tate formal
groups is [dS].

Throughout this section p denotes a rational prime number. For any
extension field Q, C L C Q, we write Of, for the integral closure of Z, in
L and py, for its maximal ideal. We fix a finite extension field F' of (§ and
we set ¢ = |Or/pr|.

Let d > 0 be a fixed integer. We denote by F'/F the unramified extension
of degree d > 0 and write ¢ for the Frobenius automorphism of F'/F. We
fix an element ¢ € F such that vp(§) = d, where vr denotes the normalized
valuation (i.e. vp(F*) =Z) of F.
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As in [dS, Ch. I} we set
Fe={feOp[X]] | f=7X mod X?,
Npp(n') =¢ and f = X? mod pp[[X]]}.
For any power series g in one or more indeterminates over O [[X]] let g¢

arise from applying ¢ to the coefficients of g. From [dS, Ch.I, Th.1.3] we
know that for every f € F; there exists a unique one-dimensional commu-

tative formal group F; defined over O such that f € Hom(Fy, ,7-'? ). Note
that f¢ ¢ F¢ and .7-'}’ = Fj4. Of course, classical Lubin-Tate formal groups

correspond to the case d = 1.
In order to introduce all the necessary notation we recall

6.1. Proposition. ([dS, Chl, (1.5)]) Let f(X) = mX + ..., g(X) =
mX +... be in Fy. Let a € O satisfy a1 = ma/m1. Then there ezxists a
unique power series [als, € Op|[[X]] such that

(i) laljg =aX mod X2,

(i) [alggo f=golalsy.
Moreover, [a]¢,, € Hom(Fy, F;). The map

{a € Op | a® 1 =m/m} > Hom(F¢,F,), aw [a]s,g

is a group isomorphism and in the case f = g a ring isomorphism Op ~
End(Fy). Furthermore, if h(X) =m3X + ... € F; and b1 = m3/m,, then
[ab]£,n = [blg,n © [a]1,q-

In the sequel we shall always write [a]; for [a]s,s. For f(X) =7'X+... €
F;andi >0, weput f = 4o .0 ffo f. Then 0 € Hom(Fy, F 4:)
and if vp(£) = d, then f@ = [¢]; € End(Ff). Moreover, for @ € Op we
write al®) = a%" 7" ... af - a. It follows that f¢)(X) = [«'()] 154 (X)-

As usual we endow the set pz with the structure of an Op-module,
denoted by F¢(pz), by setting

$+fy:=}-f(z)y)) a,-a:::[a]f(a:),
for z,y € pp and a € OF.

We now fix £ € OF with vp(§) = d and a power series f(X) =7'X+... €
F;. Let m € OF be any prime element. For n € Ny we define the group of
pz-torsion points of F; by

Gtn = {z€ppllas(z) =0,Va € pi}
= {z€pp|[m"]s(2) =0}
= ker(f®: Fy(pp) = Fron(b7))
(see [dS, Ch. I, 1.7]).
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In fact, Gy, is an abelian group under + of order ¢". The field F, =
F'(Gy,,) does not depend on the choice of f € F;. F;,/F is abelian and
F¢n/F' is totally ramified of degree ¢"~(q —1). Every a € Gypn \ Gypn-1
generates F;, over F' and, in addition, « is a uniformizer for F¢,. This
implies that OF, , = Op[c]. See [dS, Ch. I, Prop. 1.8] for more details.

We are now ready to describe a set-up that fits into the general framework
of Sections 1-5. We fix integers r,m > 1 and set G = Gy,,. We choose a
primitive p-torsion point 8 (i.e. B € Gy, \ Gy,,_1) and set

I'={yepp|f™(y) =8}
We consider F, as our base field and in order to simplify notation we set
K:=F,, Q=Qg, L=Fgin.

The data Ok, K, G and I' now satisfy the axioms postulated in 1.1, where
Q := Qg acts on G and T' through Galois automorphisms (thus we also
write w(g) and w(y) instead of “g and “y), and where G acts on I' by
translation:

h=g+57,

for g € G and v € I'. In particular, |T'| = |G| = ¢™.
As in Sections 1-5 we set

A:=(KG)®, B:=Map(G,K)®, C:=Map(,K)%,

omitting the index K.

The following lemma reveals the connection to results of Cassou-Nogues
and Taylor (see [CT, Ch. X, Thm. 3.3]).

For the rest of this section we fix an element 49 € I'. Then L = K (7).

6.2. Lemma. Suppose that r > m > 1. Then the following assertions
hold:

(a) The map
7:C— L, ¢+ (),

15 an isomorphism of K -algebras.
(b) One has A = KG.
(c) The map

G — Gal(L/K), g~ wy,

where wy is uniquely determined by wshyp = 9y (= g +¢ 70), is a group
isomorphism.

(d) Identifying G and Gal(L/K) as in (c), the map T is also an isomor-
phism of A-modules, where we consider L endowed with the right A-module
structure ¢ - a := az fora € A and z € L.
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Proof. (a) First we show that Q acts transitively on I'. In fact, applying the
Weierstrass Preparation Theorem we can write f(™(X) — 8 = h(X)u(X)
with a distinguished polynomial h(X) € Ok[[X]] of degree ¢™ and a unit
u(X) € Ok[[X]]*. Since 8 is a uniformizer in K, h(X) is an Eisenstein
polynomial and therefore irreducible. Hence the Galois group 2 acts tran-
sitively on ' = {z € F | h(z) = 0}. Now the result follows from K (v,) = L.

(b) This is immediate from G C K.

(c) Let g,h € G. Then

Wig+sh)(10) = (9 +5 k) +77 = g +5 wa(70) = wn(g +5Y0)
= wpwy(70) = (wgwn)(70)
since g € K and Q/fy is an abelian group. This implies that the map
g — wg is a group homomorphism, which is bijective, since G and Q act

transitively on I'.
(d) This follows from

(c- 9)(v0) =g +5 1) = c(“s)yg) = wy(c(m)),
force Cand g € G. O

Of course, the map 7 of Lemma 6.2 is an isomorphism of K-algebras for
arbitrary m > 1. The map in (c), however, is then no longer a homomor-
phism, but still a bijection. Via 7 we can endow L with the structure of
an A-module. But for m > r, this does not coincide with the usual Galois
module structure, since A is no longer the group ring KG. At least in
the context of this paper, this new module structure seems to be the more
natural one. In the following we shall always identify C and L via 7; in
particular we write ¢, = 771(z) for z € L.

We recall the following trace relation which is basic for the rest of this
section.

6.3. Proposition. ([Ch, Lemma 3.2]) For i € Ny one has
8 = Z gi € p’F'-‘,.
g9€G

Moreover, sqm_y has ezact F'-valuation m and for i > ¢q™ — 1 the F'-
valuation of s; is strictly bigger than m.

Although obvious at this point, we remark that for ¢ = 0 the summand

0° has to be interpreted as 1. We also remark that 7'(™) is associated to

7™,

We recall that the associated order of C in A is defined by
A ={a€ A|C-aCC}.
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Motivated by [T1, Theorem 3] we will prove that A%* coincides with the
Cartier dual of the Og-Hopf order which represents the Og-group scheme
of pZ-torsion on F;. This affine group scheme is represented by the Ok-
Hopf order

g _ O[X]]

(ftm) (X))
We view B8® as an order in B via the rule b(X)(g) = b(g) for b(X) € Ok[[X]]
and g € G. Let A% C A be the Cartier dual of B8. Then A% is an Ok-
Hopf order. For a thorough discussion of these facts the reader is referred
to [BT, II, §7].

Let Trp/k : B — K denote the trace map Trp/x(b) = > ¢ b(g9) and
write D~1(B#) for the inverse different of B8S:

D!(B¥) = {b € B | Trp/x(bB*) C Ok}.

6.4. Lemma. The inverse different of B8 is given by

DY(BE) = —— pes,

'(m)

Proof. The set {1,X,...,X%" "1} constitutes an Ok-basis of B8 and also
an K-basis of B. Let b= Y% " a;X* € B, a; € K. Then:

-1
(18) beD'(B¥)e= Y &) gt ecOkforj=0,...,q" -1
=0 9€G
From Propostion 6.3 it follows immediately that ﬁ;Bgs C D7Y(B®).
For the converse inclusion we set v = min{vz(a;) |i=0,... ,¢q™ —1} and

io = min{i | vz(a;) = vy}, where v is the extension to F of the normalized
valuation vg. Then (18) implies for j = ¢™ — 1 —ip:

io—1 -1

"o m_ ™ s
S g e, Y Y WY e e o
i=0 g€G g€eG i=ig+1 g€G

Again from Proposition 6.3 we conclude that the vz-valuation of the middle

summand is equal to vy + m, whereas the other summands have valuation

strictly bigger than vy + m. Thus vo + m > 0, which proves D~!(B8%) C
1

—ray B8S. O

"I(m)

In what follows, the elements of G play two different roles in the group
algebra FG: on the one hand they occur as group elements, on the other
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hand they are field elements of F and occur as coefficients in FG. To dis-
tinguish these different roles we henceforth write z, instead of g whenever
g is considered as a field element. Moreover we write gy for the unit ele-
ment in G. Following [CT, Ch. X, Def. 3.2] we introduce certain special
elements of the algebra A. For i > 0 we set

1 .
(19) Oi '= m) Z a:;(g - 90) -
7r
geG
It is immediate that these elements are Q-invariant.

6.5. Proposition. The Cartier dual A% of B8® is given by
-2

1
Ags-‘-{WZf(y)g|f€Bgs}=0K'go+ Y Ok-oi
9€G =0

Proof. For the proof of the first equality we follow very closely the proof of
[T2, Prop. 1]. Since the trace pairing

(,):BxB—=K, (b,b2)=Trp/k(b1bs)
is non-degenerate we have a natural isomorphism
¢:D7Y(B®) — Homg, (B%,0k),
d +— (b £(d)(b) = Trp/x(db)).
By the definition of the Cartier dual we get a natural identification

7 : Homp, (B®,0k) — A%, h+— Z agg,
g€eG

if h(b) = 3 cc agb(g), Vb € BE. Thus for d € D~1(B#%) we obtain
(no&)d) =3 _ dlg)g

9€eG
and the first equality in the proposition follows from Lemma 6.4. In order
to prove the second one we first define I € B8 by

™ if g = go,
I(g) = LI
0, if g # go-

Note that | = f™(X)/X. Writing f(™(X) = h(X)u(X) with a dis-
tinguished polynomial h(X) € Ok|[[X]] of degree ¢™ and a unit u(X) =
up + ... € Og[[X]]* we see that

h(X) u(X) — ug

l =up—— + h(X) X

e = uoﬁ()f—) mod (f™(X)).
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It immediately follows that the set {I,X,... , X qm_z,l} also forms an Og-
basis of B8. Now the second equality is an immediate consequence of the
first one and Lemma 6.3. O

Our aim is to show that .48° is equal to the associated order A?*. The
following lemma is a first step in this direction.

6.6. Lemma. ([CT, Ch. X, Lemma 3.5] The elements g;, i > 0, are con-
tained in A*S. In particular, A% C A3,

Proof. The proof is simply an adaptation of the proof of [CT, Ch. X,
Lemma 3.5] to our situation. For the reader’s convenience we give a short
translation into our setting and notation. The maximal Og-order C of C
identifies via 7 with the ring of integers O, in L. Since O = Ok|[y], it
suffices to show that

(20) C,Y(I): -0, €C
for 0 < 7 and 0 < k < ¢™ — 1. To achieve this we compute 'r(c,yg -0;):
1 .
Tleys o) = = Y- 2h(cps(r0 +£ 9) = ey (1)
9€G
1 i (Yo k k
= m) Z z;( ‘(%0) = 15)
e

1 .
= = Eafz(ff(’)'o,g)k - 16)
™ geG

1 Z i
= 1l"(m) Ty 9-7:1(70’9) )
g€eG

where we have set F;(X,Y)*¥ = X* + YF(X,Y). Recall that g = z, and
write Y71 (X,Y) = Y 02 X%a,(Y) with a,(Y) € Op [[Y]]. Then

o0
1 ,
T(C,yg . a‘i) = za(’) . m Eg"as(g).
=0 g€eG

Since the right-hand term is integral by Proposition 6.3, this establishes
(20). O

From Lemma 6.6 we deduce the following corollary which may be viewed
as a generalization of the trace relations of Proposition 6.3.
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6.7. Corollary. Letx € G andi>0. Then

1 :
—im) Z g'x(g) € Op.
9€G

Proof. Each x € G induces a homomorphism A — F of F-algebras, which
we again denote by x. Together with Lemma 6.6, this implies that

x(o3) = ;r-,(lm—) > 9kx(9) -1
9€eG

is integral over Op. Now we easily deduce the integrality of ,,,—(l.,r) 3 g'x(9)
9€G
from Proposition 6.3. 0

Now that we know that the Hopf order .4%° acts on C we can apply the
results of [CH] to show that C is a free .A%°-module (necessarily of rank
one). In this context recall the definition of tameness of [CH, Def. (2.2)].

The module of integrals I is defined by

I ={a € A% | d'a = €(a')a, for all a’ € A%°}.
Recall the definition of o; in (19).

6.8. Lemma. With the above notation one has I = =0k Y e 9-

Proof. The inclusion “D” is immediate. For the converse let a = 9€G A9
)¢ € F, be an element in I. Since A®® is generated by go, 00, ... ,0qm_1 We
obtain the condition

aeI«:m,--Z)\ggzo fori=0,...,¢" —2.
geG

On multiplying and comparing coeflicients we derive

> @ (g1 — M) =0,
9€G\{g0}

for all i = 0,...,4™ — 2 and h € G. The Vandermonde matrix
(a:;),-zo’"_ ™2, geG\{go} is obviously invertible. Therefore, Apg-1 = Ap, for
all g,h € G, which in turn implies a = A- }_ ;g with A € K. Now the
result follows, since 7™ is the highest possible denominator for elements in
A8S, a
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6.9. Corollary. The associated order A*S is equal to A% and C is free of
rank one over A%,

Proof. From [Ch, Lemma 3.1 (b)] we deduce that C - I = Ok, which shows
that C is a tame .A8%-object. Now [CH, Thm. (5.4)] implies that C is free
over A®® of rank one. Hence A% = 485, O

The disadvantage of the approach we have taken so far is that we do
not get an explicit generator. These local results are certainly of interest
for themselves, but they also play an important role if we want to derive
analogous results in the global situation of Example 1.2(d). To obtain a
link between global and local we will need an explicit generator or, and
this will lead to even stronger results, a relation between local and global
resolvents.

For x € G , we define the resolvent function

Ry(X) := Z oI X X) xta™) € Fiix]).
gEG

6.10. Theorem. For each x € G one has

Ry (X) = '™ . u, (X)
with a unit u, (X) € Op[[X]])*.
Proof. First we note that

(m)
R, (0) = f X(X) =7'(m)

X=0

Note that for g € G one has f(™(g +; X) = f(™)(X). Since ™ (X) has
no constant term, it follows from

(X) Zf (g+fX) ( —1)
g€eG

that R, (X) € Op[[X]]. Hence it suffices to show that each coefficient of
R, (X) is divisible by #'(™). However, it is easily seen that we may write

F™ (g +¢ X)

oo
g+f X = Z%,(g)X" )

=0
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where ¢; € Op/[[X]], i € Ny, are power series depending only on the formal
group F;. Hence we may deduce

By(X) =Y > alo)x(g™H]X*

i=0 geG

This completes the proof, since by Corollary 6.7 the terms in brackets are
divisible by /(™). m|

Consider the map
AN

Y
Since f(™(X) € O [[X]], it is Q-invariant. Thus, ¢ € C, and ¢ = ¢4 with
0= f(L,:o('m. Moreover, recalling the definition of the resolvent (c, x),, for
X € G from Section 5, we have the following relation:

@ = Y eo)xie™) =3 L@ M) ooy

(21) c:T - F, «

Ies 9€G g+f7
(m)
(22) = S0 g ).
9€G g9 f’Y

We are now ready to state and prove the main result of this section.

6.11. Theorem. (a) The A*S-module C is free of rank one on any map
¢ € C with the property that

(Ca X)‘yo ~NT

for all x € G.
(b) Any function ¢, € C with £ € L* having pr-valuation ¢™ — 1 is an
A?$%-basis of C. In particular,

(23) C=c- A
with ¢ = ¢y from (21).

Proof. (a) Let L' be a splitting field for A, B and C. Then, by Corollary
5.4 it suffices to show that

(24) [A% : A%, dcOp = dp [] (%)%, 01,
x€G

with A° = (0zG)®. By assumption
(C, X)'Yo ~ 7™ ’
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for each x € G. On the other hand [Ch, Lemma 3.1] implies that d¢ ~
™4™ It therefore suffices to show

(25) [A%S: A2 = dpn™"

In order to prove this equality we split the above index and show
(26) (O ®0, 4™ : OLGlh,, = ™" Oy

and

(27) [OLG : O ®ok AOI%L, =dp.

Equation (27) follows immediately if we recall from Lemma 2.1 that the
elements

> wl@ig) e (1<i<r 1<j<m)
weSd/stabg(g;)
constitute an Ok-basis of A°, where {g;,... ,9-} C G is a set of represen-
tatives for the Q-orbits of G and z;,,... ,%;,, is an Og-basis of Og;, with

K; being the fixed field of stabgq(g;)-

The proof of (26) follows very closely the proof of [CT, Ch. X, Thm. 4.1].
The Op-basis {go} U{g— g0 | 9 € G\ {g0}} of Or/G is transformed to the
Ops-basis {1 ®o, g0} U{l @0 0i |i=0,... ,q™ — 2} of O @0, A>* by
means of the matrix

1 0 0
0o ™t . pm!

S = 0 ﬂ.l(m) —lgl . W'(m)—lgN ,
0 wmTlgN-1 . pim)~gN-1

where we have set G = {g0,91,-.- ,gn} With N = ¢™ — 1. Recall that
7'M ~ 7M. By the Weierstrass Preparation Theorem we may write
F™(X) = hp(X)u(X) with a distinguished polynomial hy, (X) and a unit
u(X) € OL[[X]]*. Since

N
= H(X - g]) )
j=1

we conclude by Vandermonde that

2 —2mN d hm(X)) —2mN h!m.(g.‘l
det(S)? ~ % H ( rras o) | Ml H
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Adapting the proof of [CT, Ch. X, Lemma 2.5] we can show that A/ (g;) ~
7'™ for j = 1,... ,N. Furthermore va___l g; is associated to the leading
coefficient of £(™)(X), which is 7'(™). Summing up we obtain

det(S)Z ~ iﬂ.—ZmN . 71,'rnIV—‘m. — ﬂ___mqm ,
which proves (26).

(b) It follows from Theorem 6.10 together with (22) that for ¢ = ¢y we
have (c,X)y, ~ 7™ for all x € G. By (a) we conclude that C = c - A*S.
Note that vr(6) = ¢™ — 1 since 7 (resp. () is a uniformizing element in L
(resp. K).

Let £ € L™ have pr-valuation ¢™ — 1. Since L/K is totally ramified of
degree g™, there exists a unit u € Ok such that

z=uf modpgO; resp. c¢;=ucy mod pgC.
Together with (23) this implies
C=cy, A +psC.

Now the full statement in (b) is a consequence of Nakayama’s Lemma. O

To conclude we have a closer look at the associated order when F = Q,.

6.12. Theorem. Let F = Q,. Then A®® is the mazrimal order A in A,
and dy = Ok.

Proof. From Lemma 4.3 we know that
[A: A, =dpdy'p™",
whereas from (25) we obtain
(A% A1 =dpp™" .
Therefore [A : A‘”‘s]fgx = d;ll, which forces A = A*%and d4 = Ok. O
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