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The Distribution of the Sum-of-Digits Function

par MICHAEL DRMOTA et JOHANNES GAJDOSIK

RESUME. Dans cet article, nous démontrons que la fonction
“somme de chiffres” (relative & des récurrences linéaires finies et
infinies particuliéres) satisfait & un théoréme central limite. Nous
obtenons aussi un théoréme limite local.

ABSTRACT. By using a generating function approach it is shown
that the sum-of-digits function (related to specific finite and in-
finite linear recurrences) satisfies a central limit theorem. Addi-
tionally a local limit theorem is derived.

1. INTRODUCTION

Let G = (Gj);>0 be a strictly increasing sequence of integers with Go = 1.
Then every non-negative integer n has a (unique) proper G-ary digital
expansion

n= Z €(n)Gj
j20
with integer digits €;(n) > 0 provided that
D _&i(n)G; < Gy
i<k
for all k > 0. The sum-of-digits functions sg(n) is given by
sa(n) =Y _¢i(n)
320

and the aim of this paper is to get an insight to the distribution of sg(n),
i.e. to the behaviour of the numbers

ank = |{n < N : sg(n) = k}|.

Version finale regue le 20 janvier 1998.
Key words and phrases. digital expansions, central limit theorem.
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It is also very convenient to consider a related sequence of (discrete) random
variables X, N > 0, defined by

PriXy =k] = “—J’;’,"—

Expected value and variance of X are given by

(1.1) EXy= -11\7 Y sg(n) and by VXy = ]%, Z (sg(n) — EXn)?
n<N n<N

There is a vast literature concerning asymptotic properties of EXy and

VXy and on the distribution of Xy.

Asymptotic and exact formulas for EX are due to Bush [3], Bellman
and Shapiro [2], Delange [5], and Trollope [20] for g-ary digital expan-
sions and due to Pethé and Tichy [17] and Grabner and Tichy [12, 13] for
G-ary digital expansions with respect to linear recurrences. Correspond-
ing formulas for higher moments EX$ and for the variance VXy can be
found in Coquet [4], Kirschenhofer [15], Kennedy and Cooper [14], Grab-
ner, Kirschenhofer, Prodinger, and Tichy [11], and in Dumont and Thomas
[7].

The asymptotic distribution of Xy and related problems are discussed
in Schmidt [19], Schmid [18], Bassily and Katai [1], and in Dumont and
Thomas [8].

The main purpose of this paper is to prove asymptotic normality (of
the distribution of X ) by the use of generating functions, where it is also
possible to derive a local limit law. (A similar approach was used in [6].)

2. REsuLTS

In the present paper we will deal with basis sequences G = (G); >0 which
satisfy specific finite or infinite linear recurrences.

2.1. Finite Recurrences. In the first case we will make the following
assumptions:

1. There exist non-negative integers a;, 1 < < r, such that (for j > r)

T
Gj = Z aiGj_,-.
=1

2.ged{i>1:3;#0}=1.
3. For all j > r and 1 < k < r we have

r
Gj-r 2 Z a;Gj_;.
i=k+1
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In section 3 we will show that the above assumptions imply that the char-
acterictic polynomial

r
P(u) =u" — Zaiu'_i
i=1

has a unique root a of maximal modulus which is real and positive (i.e. all
other roots o’ of P(u) satisfy |¢/| < ) and that
Gj~Cd (j— o0)
for some constant C > 0.
Remark. Usually '(e.g. see [12]) it is assumed that a; > a3 > --- > a, > 0

and that G; = ZJ: a;Gj—; + 1 for j < r. In this case all assumptions are
i=1

satisfied. (Furthermore, P(u) is irreducible and « is a Pisot number.)

If the sequence of a;, 1 < i < r, is not decreasing then the situation is more

complicated, e.g. if a; = a, =1 and a; = 0 for ¢ # 1,r then condition 3. is

satisfied, too. However, if r = 4, a; = a3 = a4 = 1, and ay = 0 then 3. is

violated.

2.2. Infinite Recurrences. In the second case our starting point is
Parry’s a-expansion of 1 (see [16])

=24 =+=+-,
0% 0%

where o > 1 is a real number and a;, ¢ > 1 are positive integers. (In the
case of ambiguity we take the infinite representation of 1.) The sequence
G = (Gj)j>0 is now defined by

J
(2.1) Go=1, Gj= ZaiGj_i +1 (5>0).
i=1
If we further set
A(u) = Zaiui and G(u) = ZGjuj
i>1 3>0
then
_ 1
(1 —u)(1— A(u))
and it follows that z9p = 1/a > 0 is the only singularity on the circle of
convergence |z| = zp, which is a simple pole. Hence
Gj ~ C"aj (J - 00)

and so we are in similar situation as above.

G(u)
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2.3. Asymptotic Properties. First we state a theorem concerning ex-
pected value and variance of X (defined) in (1.1). Actually this statement
is more or less a collection of well known facts (see [5, 17, 13, 15, 7, 10]).
More precisely, much more is known about the following O(1)-terms. There-
fore we will not present a proof.

Theorem 2.1. Suppose that G = (G;);j>o satisfies a finite or infinite linear
recurrence of the above types. Set

a;j—1
G(z,u) = z (JZ zl) 20t tei—1, ]

i>1 \ 1=0
and let 1/a(z) denote the (analytic) solution u = 1/a(z) of the equation
G(u,2) =1

for z in a sufficiently small (complez) neighbourhood of z9 = 1 such that
(1) = a. Then
log N

1
EXy = i Z sg(n) = 'uloga +0(1)
n<N
and
_ 1 CEXy)? = o208
VXN = 5 2 (saln) ~BXn)* = 0?22 + 0(1),
n<N
where

a'(1) o
u 5 and o p +u—p

Our main result concerns the distribution properties of Xy. We prove

asymptotic normality in the weak sense and provide a local limit law.

Theorem 2.2. Suppose that G = (G;);j>o satisfies a finite or infinite linear
recurrence of the above types. If 0® # 0 then for every ¢ > 0

1
(2.2) Nl{n < N :sg(n) < EXy+zVXpN}
1 T
V21 J oo

uniformly for all real z as N — oo.
Furthermore

(2.3) [{n < N:sg(n) = k}|

e~ 3% dt + O((log N)~1/2+¢)

uniformly for all non-negative integers k as N — oo.
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In section 3. we collect some preliminaries which will be used in sections 4.
and 5. for the proofs of (2.2) and (2.3).

3. PRELIMINARIES

3.1. Finite Recurrences. We will first collect some basis facts which will
be needed in the sequel.

Lemma 3.1. Suppose that Go,G1,... ,Gr-1 are positive, that G; =
Y i=16iGj—i for j > r, where a; > 0,1 < i < r, and that ged{i > 1:
T

a; # 0} = 1. Then the characterictic polynomial P(u) = u" — E a;u""* has
a unique root o of mazimal modulus which is real and > 1. I?':;thermore,
(3.1) Gj = Co? + O(a1~9)

for a real constant C > 0 and some 6 > 0.

Proof. First we show that P(u) has a unique positive real root a > 1 of
r .

maximal modulus. Set G(u) = 1 — u"P(u™!) = Y aju’. Then G(u) is

i=1

strictly increasing for real u > 0. Since G(0) = 0 and ILm G(u) = oo there
u—roo

uniquely exists ug > 0 with G(up) = 1. Since Gy, is strictly increasing we

T

have 3" a; = G(1) > 1 and consequently ug < 1. Furthermore, G'(ug) =
Jj=1

T .

> jajuf)—l > 0. Thus, a = 1/up > 1 is a simple root of P(u).
j=1

If lu| < up then

|G(u)| < G(lul) < G(uo) =1.
Furthermore, if |u| = up but u # up then the gcd-condition ged{i > 1 :
a; # 0} = 1 implies that
IG(w)] < G(ju]) = 1.

Consequently, there are no roots of P(u) other than a with modulus > a.

Next it is clear that G; has a representation of the form (3.1) for

some real C. We only have to show that C > 0. For this purpose define
Fj(zo,... ,2r-1) by Fj(20,... ,2r—1) =2; if 0 < j <r and by

r
FZ,’(:Z:O, e ,zr—l) = ZaiFj_l(zo, e ,:I:.,-_l)

=1

for j > r. Then Fj(zo,... ,%r—1) is multilinear and monotonic in all vari-
ables. Furthermore, F;(Go,...,Gr-1) = G, and Fj(1,a,... ,0""!) = of.
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Hence, by setting ¢; = in Gja~7 we obtain
<I<r

Claj = F}(clycla’ AR ,clar_l) < E?(G()’ ,Gr—l) = GJ
= Cd + O(af1=%),
Thus C > 0. =

Lemma 3.2. Suppose that G = (G;);j>0 satisfies the above conditions 1.-3.
If0<k<a; (for1<i<r),0<m < Gj-i, and j > r then

n=a1Gj-1+ - +ai-1Gj_i+1 + kGj_i +m
has digits
a(n)=¢(m) 0<I<j—1)

€j-i(n) =k
a(n) =a;— (j—i<l<j).

Suppose that n has the digital ezpansion n = €1, (n)GL + €11 (n)Gr-1 +
4+ e(n)Go. If j < L, k < €j(n), and m < G; then

n' = e (n)Gr + e,-1(n)Gr-1 + - - + €j41(n)Gj41 + kGj + m
has digits
€(n'
ei(n’
e(n'

Proof. Since kGj_; + m < a;G; we obtain for 1 <’ < i by condition 3.

(m) 0<i<y)

)
)
)

(n) (G << L)

T

i i
n-— E aillGj_iH < GJ - E ai"Gj-—i" = Z ai”Gj—i” S Gj—i'-

=1 i=1 i =i'+1
Thus, €(n) = aj_; for j —i <1 < j. Similarly,
i-1
n— Z ainGj_in —kGj_; =m < Gj_;
in=1
implies €;_;(n) = k and consequently ¢;(n) = ¢(m) for 0 < I < j — ¢. This
completes the proof of the first part.
Since kGj + m < €;(n)G; we have for 0 <i < L —j

1
!
n — Z €L-vGr—i < Gr_it1
i'=0
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which gives ¢/(n') = ¢(n) for j <1 < L. Finally

L—j-1
n' — 2 €—itGr—it — kGJ < Gj
=0
provides €;(n') = k and (n') = (m) for 0 <1 < j. O
Next let
bjk = ag;k = {n < Gj: sg(n) = k}|
and set
bj(z) =) bjx"
k>0
and

B(z,u) =Y _ bj(2)u.

Jj20
Lemma 3.3. For j > r we have
r a;—1
(3.2) bi(z) =) Yzt rta-itly, (z).
i=1 1=0

Proof. First observe that the set {n € Z : 0 < n < G;} (j > r) can be
represented as a disjoint union of the form

r
i=1 1=0

Thus by Lemma 3.2

a;—1

i—1
{Zahah_]’ +1Gj-i+m:0<m< Gj_i} .
h=1

r a;—1
bjk = Z Z bj—ik—ay——a;iy—1
i=1 1=0
which provides (3.2). O
Corollary. We have
P(z,u)
Bv) = =6

in which G(z,u) is defined in Theorem 2.1 and

r r—j fa;—1
u) = ij(z) (1 - i (Z zl> a1t tai-ly ) W
j=1

=1 =0
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3.2. Infinite Recurrences. In the case of digital expansions which are
related to Parry’s a-expansion we have similar properties.

Lemma 3.4. ([13]) Let G = (Gj);>0 be given by (2.1). Then a finite se-

quence (eg,€1,... ,€r) of nonnegative integers constitute the G-ary digits
L
€j = €j(n) of n =Y €;G; if and only if
J=0
(3.3) (ek,ek_l,... ,60,0,0,...) < (al,az,...)
for k=0,1,... ,L, where “<” denotes the lezicographic order.

Remark. Note that (3.3) implies that Lemma 3.2 holds for the infinite case,
too.

As above let
bj(z) = Z bj,kzk,
k>0
where b;; = ag;x = [{n < Gj : sg(n) = k}|, and
B(z,u) = Z bi(2)u’.
i20
By using (3.3) (or the corresponding version of Lemma 3.2 for the infi-

nite case) we obtain a similar representation of B(z,u) as in Corollary of
Lemma 3.3 in the case of finite recurrences.

Lemma 3.5. ([13]) We have
P(z,u)
B(Z,U) - l—G(Z,U),
in which G(z,u) is defined in Theorem 2.1 and
P(z,u) =1+ Z Zuttaigyd,
j21
3.3. Composition. A similar procedure which led us to recurrences for

b;x (resp. to generating function identities in Corollary of Lemma 3.3 and
to Lemma 3.5) can also be used to extract ayx from b;; = ag;k-

Lemma 3.6. Suppose that

L-1
N = Z elGj,
=0
is the G-ary digital expansion of N, where jo > j1 > -+ > jr—1 and ej > 0.
Then

e—1

L-1
(3.4) Z anp2* = Z bj,(2)z o e Z 2.
1=0 i=0

k>0
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Proof. By Lemma 3.2 (which is also valid in the case of infinite recurrences)
we have
L-1¢-1

ox =3 5

=0 i=0
L-1¢-1

(3-5) = Z Z ik—3h—g en—i

1=0 i=0
Thus (3.4) follows. O

{m<G’,,.sG m)=k— Zeh—-z}

h=0

4. GLOBAL LiMIT LAaw
The first step is to obtain proper information of b;(2).

Proposition 4.1. Suppose that G = (G;);j>o0 satisfies a finite or infinite
recurrence of the above types. Then

(4.1) bj(z) = C(2)a(z)! + O (au—«s)j)

uniformly for z contained in a sufficiently small complez neighbourhood of
290 = 1 as j — oo, where a(z) is defined in Theorem 2.1 and C(z) is an
analytic function with C(1) = C resp. C(1) = C".

Proof. Firstly, let G, satisfy a finite linear recurrence of the above type.
Then 1 —G(1,u) = u"P(u~!), where P(u) is the characteristic polynomial.
Thus G(1,a™!) = 0. Furthermore, since %G(z, u) < 0 for real and non-
negative z,u there exists an analytic function a(z) (for z in a sufficiently
small complex neighbourhood of zp = 1) with G(z,1/a(2)) =0 and a(1) =
a. Similarly we have G(1,a™!) = 0 and é%G(z, u) < 0 in the case of
infinite linear recurrence. Thus, there also exists an analytic function a(z)
with G(2,1/a(z)) =0 and a(1) = a.

In both cases there exist analytic functions G1(z,u), R(2,u), R1(2,u)
such that

1—Glz,u) = (u - —1—> Ga(2,),

a(z)
Gi(z,1/a(2)) #0,

P(z,u) _ P(z,1/a(2)) 1
Gi(z,u) — Gi(z, 1/a(2)) + (u a(z)) Ry(z,u)

for z,u in a complex neighbourhood of zy = 1,up = a. Since 1/a = 1/a(1)
is the unique (and simple) zero of G(1,u) = 0 on the circle |u| = 1/«
and since there are no zeroes for |u| < 1/a the function Gi(z,u) can be
analytically continued to |u| < 1/a+ ¢ (for some sufficiently small € > 0) if
z varies in a (sufficiently small) neighbourhood of zy = 1. Withoug loss of
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generality we may assume that |1/a(z)| < 1/a + /4. Hence, R;(z,u) can

be analytically continued to the same region and we obtain for |u| < 1/a+e¢
Plzu) _ _C(2)

1-G(z,u)  1-ua(2)

where C(z) = —a(2)P(z,1/a(z))/G1(z,1/a(z)). Finally, by Cauchy’s for-
mula we get

+ Ri(z,u),

1 P(z,u) du
%(2) = 5 1= G(z,u) wH
|lul=1/a+e/2
= C(2)a(z)’ + L / Ry (z,u) _du_
- 2mi BT i
|lu|=1/a+e/2
=C(2)a(z)) + O (a(l_a)j) ,
with some § > 0. This completes the proof of Proposition 4.1. O

With help of Proposition 4.1 and Lemma 3.6 we can prove asymptotic
normality of X . Observe that

1 ) )
_J_V_ Z aNkezkt — EetiN
k>0
is the characteristic function of X .

Proposition 4.2. Suppose that 02 # 0 and set uy = EXy and 012\, =
VXy. Then for every e > 0 we have uniformly for |t| < (log N)1/2~¢

(4.2) e~ HtuN/oN % ) anketon = e~/2 4 O((log N)~1/2te),
k>0

Proof. Set f(z) = loga(e?) in an open neighbourhood of z = 0. Then we

have
a(eit) — aeiut—02t2/2+0(t3)’

with u = f/(0) = &/(1)/a and 0% = f"(0) = o/'(1)/a + p — p? (see Theo-
rem 2.2). Hence, by using Proposition 4.1

bj(eit) = G, edlint—*t?/2) O(t+jt*+(1~8)7) | (a(l—J)j)

in an open neighbourhood of ¢ = 0 in R. Now suppose that N = Z eGj,
with jo > j1 > -+ > jr-1 and ¢; > 0 is the G-ary expansion of N Then
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e—1
by Lemma 3.6 and the trivial estimate Y e"* = ¢;(1 + O(t)) we have

s=0
e—1
> awke™ z bi(et)eit Ticoen Y it
k20 s=0
L—1 _
= Z e,Gj,eifl#t—i102t2/2+it i en O(t+irt>+(1-8)1) | O(N(-9),
=0
Now observe that
it
ON = 1/2 (1+O( )),
and that
e—itun /o — g=it(u/a)ig!* (1+0Gig 1))
Hence

Eezt(XN—-pN)/a'N = e—ztu.N/a'N ZaNkezkt/aN
k>0

—t*‘/zz ~ Gy ¢t/ (a3g”*) (i en—nlio—31)) ~t* (i1 —do)/ (2do)
=0
~1/2
x 0 PHUHIPHA=0) | o -y,

Let € > 0 be a (small) real number and let x be defined by jx—1 > jo—J§ =
jx- Then k < jo — jx < j§ and consequently

- T
Beit(Xn—un)/an — -t2’2ze’Gax O({tlos ™/ +1245 437 2 (tHP -+ (1805

=0

L1~
+0 =2 +o(N"?)
=k N

e—-1/2 2 -1 3, —1/2 _gy0—i§ .
ey O(|tlo] +8258 L [t355 M 2+ (1-6) o) + O(a%),

Since jo = (log N)/(loga) + O(1) this implies (4.2) directly for [t| <
(log N)/3. Furthermore, since
e~2/2+008155™) < =i * = o (5 1)

for (log N)¢/3 < |t| < (log N)1/2~¢ and a sufficiently small ¢ > 0 we finally
obtain the full version of (4.2). O

We can now use Proposition 4.2 to prove the first part of Theorem 2.2.
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Proof. Set

An(t) = et/2 — EeitXn—pn)/on,

Then by Esseen’s [9, p. 32] inequality we have
(4.3) %I{n < N:sg(n) < EXy +zVXy}]

1 [® _ip (1 /T
=— 2dt+ 0 =+
V2 /—ooe T -T

Choosing T = (log N)'/?~¢ we directly obtain from Proposition 4.2 and by
applying the estimate

A’:(t) ’ dt) .

e—z’tuN/aN%’_ ZaNkeikt/aN =1+ O(t2)
k>0

for |t| < (log N)~2 that

L[
-T

—-t—(—tl} dt =0 ((logN)‘l/z"'e(log log N)) .
Hence, (2.2) follows. O

5. LocAL LiMIT LAW

In order to prove a local limit law for Xy, i.e. the second part or Theo-
rem 2.2, we need more precise information on the behaviour of b;(z).

Proposition 5.1. Suppose that G = (G;);j>0 satisfies a finite or infinite
recurrence of the above types. Then there exist n > 0 and 6 > 0 such that

CBY by(e) = C(e¥)a(e?) +0 (a0-)

uniformly for |t| < n, where C(z) and a(z) are as in Proposition 4.1, and
(5.2) bi(e?) =0 (a(l—a)j)

uniformly for n < |t| < .

Proof. Obviously, (5.1) follows from (4.1) for some 7 > 0.

For the proof of (5.2) we just have to observe that |G(z,u)| < G(|z|, |u]) <
1if|z| <1, z # 1, and |u| < 1/c. Hence, by continuity there exist € > 0 and
7 > 0 such that |1 — G(u,e®)| > 7 uniformly for (real) ¢t withn < |t| <7
and (complex) u with |u| < 1+¢. Thus, B(e',u) is analytic (and therefore
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bounded) in this range and we obtain

) 1 . du
() = — t —_—
b](ez ) - 27”: / B(ez ,U)'U/]+1
lul=1/a+e
with some 6 > 0. O

With help of Proposition 5.1 it is possible to derive asymptotic expan-
sions for b via saddle point approximations.

Proposition 5.2. We have

G; (k—jp)?

P _\v_JEP) -—1/2
ik W(”‘"( ) +ou™)

uniformly for all j,k > 0.
Proof. We again use Cauchy’s formula

1

7r 3 .
k= o bj(e't)e_’kt dt.

-

b
Since
/ Ibj(e) dt = 0 (=99 = 0(G5/)
Nt <

we just have to evaluate

_1
27 Jigj<j-e

bji(e®)e ¥ dt + L bi(e®)e *tdt = I + I,
2m Jj-e<lti<n

where 0 < ¢ < i. From a(e't) = ae#t=2""*/2+0() it follows that there
exists a constant ¢ > 0 such that |a(e)| < e~ for |t| < n. Hence,

1 [ _ce -8j\ _ _cil—2e Y
I, < —/j_ee cjt dt+0(04(1 '5)7)_0(e oj )+0(a(1 6)1)

s

= 0(G,/7)
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Finally,

L o= L /n g} Coletin—R=37"/2 (1 4 (|63 + [t])) de +
J—C

2m
0 (a(l—J)j)

1 [ o s
o [ catetinhi g 4 0 Cale 3o /2 gy
T J-co |t|>5—¢

+0 ( /|t < Cale=17212(|3) + |¢]) dt) +0 (a(l—é)j)
]"5
Co’
Vamio T (-4525) + o)

_ _Gi (__J_#)_
= 2-7r——]jcr? exp ( 5502 ) + O(Gj/7)-

This completes the proof of Proposition 5.2. O

Finally Proposition 5.2 and Lemma 3.6 can be used to complete the proof
of Theorem 2.2.

L-1
Proof. As in the proof of Proposition 4.2 we suppose that N = ) ¢,G},
=0

(with jo > 71 > --- > jr—1 and ¢ > 0) is the G-ary expansion of N.
Furthermore, let ¢ > 0 be a (small) real number and let x be defined by
Jx-1>Jo — J§ = jx- Then by (3.5)

L—-1e-1

ANk = Z Z d1k—Y o en—i
=0 i=0
k—1e—1 L-1
G
Qi
_ZZ 1k =Y en— z+0(z .1/2
=0 i=0 =k JI
k—1e—1 k_zl—l _ i)’
G h=0 eh z]hu’

=22 ,f_‘zw]; o2 2ji0? + 0l o)

=0 =0
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/2, .
Ifl <k and |k — pn| = O(j,'“ log jo) then

2
(k — un)? (k - Zi;_:lo €n — ijlll')

20’%, 2j[0'2
2
(k—pn)? - (k - Shloen— ijzu)
2012\,
-1 2
1 1
(e Saiin) (o)
( hz—_—o 20%  2j0?

= 0 (357 10840) + O (33 (log 0)?) ,

where we have used puy = jou + O(1) and 0% = joo? + O(1). Hence, from

2
-1 . .
Jjo+O(1) (k — un)? (k — 2 h=0€h — ZJIM)
——€Xp ) - —
J 20y 2510

=140 (jﬁ'”z logjo)

we obtain

ank = N exp (— (k— MN)2> S &Gy (1 +0 (je—l/z logjo))
\/271'0%, 2012\/ 1=0 N °
+ O(Gjo/j())

= nl (exp (—M) +0 (jg_l/2 logjo)) .

2
A /271'012\, 2075

If |k — un| > jé/z log jo then we have for | < &

_ ) —1/2 _ (log jo)?
bjl,k—zt__lo ep—i 0 (aJIJO exp ( 402

=0 (o?j5")
which finally gives
. L-1
anNg = O((ajojo_l) +0 (Z -7312)
I=x Ji
= O(Gjo/Jo)-

This completes the proof of Theorem 2.2. O
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