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On the discrepancy of Markov-normal sequences

par M.B. LEVIN

RESUME. On construit une suite normale de Markov dont la dis-
crépance est O(N~1/2log? N), améliorant en cela un résultat don-

nant Pestimation O(e=(s M),

ABSTRACT. We construct a Markov normal sequence with a dis-
crepancy of O(N~'/2log? N). The estimation of the discrepancy

was previously known to be O(e~tos M)/,

A number o € (0,1) is said to be normal to the base ¢, if in a g-ary
expansion of «,

a=.d1d2"' = Zdi/qi, di€{071)"'vq_1}
=1

each fixed finite block of digits of length k& appears with an asymptotic
frequency of ¢~* along the sequence (d;);>;. Normal numbers were intro-
duced by Borel (1909). Borel proved that almost every number (in the
sense of Lebesgue measure) is normal to the base ¢g. But only in 1935 did
Champernowne give the explicit construction of such a number, namely

0=.123456789101112....

obtained by successively concatenating all the natural numbers.

Let P = (pi ;)o<i,j<q—1 be an irreducible Markov transition matrix,
(Pi)o<i<q-1 the stationary probability vector of P and f its probability
measure.

A number o (sequence (d;);>1) is said to be Markov-normalif in a g-ary
expansion of o each fixed finite block of digits byb;...by appears with an
asymptotic frequency of ps,Dogb, - -Pby_be-

According to the individual ergodic theorem fi-almost all sequences (num-
bers) are normals.

Markov normal numbers were introduced by Postnikov and Piatecki-
Shapiro [1]. They also obtained, by generalizing Champernowne’s method,
the explicit construction of these numbers. Another Champernowne con-
struction of Markov normal numbers was obtained in Smorodinsky-Weiss

Manuscrit regu le 7 février 1995.
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[2] and in Bertrand-Mathis [3] . In [4] Chentsov gave the construction of
Markov normal numbers using completely uniformly distributed sequences
(for the definition, see [5]) and the standard method of modelling Markov
chains. In [6] Shahov proposed using a normal periodic systems of dig-
its (for the definition, see [5]) to construct Markov normal numbers. In
[7] he obtained the estimate of discrepancy of the sequence {ag"}_; to be
O(e~<(°s M*"*) Tn this article we construct a Markov norma.l sequence with
the discrepancy of sequence {ag"}Y_; equal to O(N~'/2log> N).

Let (z,)n>1 be a sequence of real numbers, x - measure on [0,1). The
quantity

(1) D(u,N)= sup. I-—#{ne [LN] | 0<{2a} <)} —nl0,7)]

v€[o,1

is called the discrepancy of (z,)Y_,
The sequence ({z,})n>1 is said to be p—distributed in [0,1) if D(u, N) — 0.
Let the measure y be such that

2
ﬂ([’)'m Yn + l/qn)) = PerPerca--Pen—rcns Tn = -C1..Cny, N=12,..,

where ¢;, € {0,1,..¢ -1}, k=1,2,...

It is known that if and only if o is Markov normal number, the sequence

{ag™}2, is p-distributed.

The discrepancy D(u, N) satisfies D(u, N) = O(N~'/?(loglog N)'/?) for

almost all a.

The following facts are known from the theory of finite Markov chains [8,9]:
Let a Markov chain have d cyclic class Ci,...,C3. We enumerate the

states ey, ..., e, of the Markov chain in such a way, that if e; € Cp,, €; € C,

and i > j, then m > n. Here matrix P has d? blocks (P; ;)o<i,j<d—1, Where

P; ; = 0 except for P, 3, P23, Pa—1,4, Pa1. Matrix P? has a block-diagonal

structure. Let P, ..., P; be the block diagonal of matrix P?. There exists

a number k, such tha,t all the elements of matrices P (i = 1,...,d) are

greater than zero [9, ch. 4]. Let 6 be the minimal element of these matrices,

and pg-“) the ij element of matrix P*, k=1,2,..

It is evident that

(3) 0= mm p(dk")

where we choose minimum values for i, j so that e;, e; are included in the
same cyclic class.
Let f(j) be the number of cyclic class states e; (e; € Cy(;),j = 0,...,¢ — 1).
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According to [9, ch.4] we obtain

(4) |p5;°d+f(])‘f(*)) _ dp]| S (1 _ 29)—1+k/k0,
pg?d+f(j)—f(i)+l) =0, 1=12.,d-1, k=1,2,...

Let

(5) p=_max (pypi), An=[p ", n=12,...

0<4,j<g-1

We have, from the irreduciblity of matrix P, that
(6) p<1 and A, — oo.

We use matrices P, = (p;;j(n))o<i,j<q-1 With the rational elements

(7 pij(n) = vij(n)/Aq,

and we choose v;;(n) as follows:
Let 7 be fixed and p;j, be greater than zero. Then we denote

vij(n) = [Anpi], i §#4o, and vi(n) = An— ) vj(n).
Jj#jo
It is evident that
(8)

g—1

Zpij(n) =1, |Uij(n) - Aﬂpijl <4q, Z,] =0,.,¢—-1, n=1,2,..
j=0

If k, is sufficiently large, then using (3) and (6)-(8), we obtain
9) minpl{*’(n) 2 0/2, >k,

where we choose minimum values for 4, j so that e;,e; belong to the same
cyclic class.

It is evident that P, (n > k;) is an irreducible matrix with a d-cyclic
class.
Applying (3),(4) and (9) we obtain

(10)  |pHIOTI O (m) —dpj(n)| < (1 - )R, k=1,2,...

pHHf IOy =0, 1=1,2,d=1, 4,j=0,..,q—1,
where n > k;, and (pj(n));<, is the stationary probability vector of P,.
According to [7, 10] there exist integers vo(n),...,v4-1(n), L, > 0, such
that
pi(n) =v;(n)/L, v(n) + ... + v4-1(n) = L,
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(11) qi:vj(n)l’ﬁ(n) =v;(n), |pi —vi(n)/La| < B/As, (i=0,..g4-1).

—0

If k, is sufficiently large, then applying (5)-(8) and (11), we obtain

(12) max(pi(n),pii(n)) < (p+1)/2 <1, n > ki,
(13) oJin pi(n) 2p=1/2 min p;>0.

Let the measure u.,, on [0,1) be such that
(14) Hn([¥rs ¥r +1/07)) = Pey (R)Pesea (R)--Pe,_se. (R),

Yp = .C1eeCry NyT =1,2,...
where ¢, € {0,1,..q—1}, r=1,2,....

LEMMA 1. Let v = .c;...Cp .., . Then
(15) 1[0,7) = pa0,7n) + O(np™),
(16) 2[0,7) = pa[0, 72 +1/¢"™) + O(np™),

where the O-constant depends only on P.
Proof. It follows from (2), (5) and (6) that

cr—1

A7) pul0,7) = pl0,7) + D D PerPeres--Pe,_1p = 1[0,7a) + O(p").
r>n+1 =0

We apply (2), (14) and obtain

n cr—1

(18) 1[0,7n) = a0, 1n) + Z Z or(b),

r=1 b=0

af’(b) = PciPeics+--Pep1b ~ Pey (n’)pclcz (n)"’pcr—lb(n)'
If pe,Peyes--Pe._ip = 0, then p.., = 0 and according to (5), (7), (8), (11) we
have p..,(n) = O(p") and

(19) o.(b) = O(p").
Let pc,peycy---Pe,_,p # 0. Then
(20) Ur(b) = Pc1Deyey '"pc,_ler,

where

A (n) — Lnp. = Qcpvp(n) — Anpeys
A, =1— (142" ZnPay T (g 4 Jan nPeyvs
( ancl ,};'[1 Anp CrUE ) ’
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and v; = Cp4q OT b.
On the basis of (5), (7), (8) and (11) we deduce that

B
p'An
where |¢| < 2¢B/p’.
It is easy to compute that
A, = O(rp"), r <n.

Hence and from (17) - (20) we obtain

q r—1 ny\r ! H
p'An) - (1 p ) L P 1,J Piﬁéop 7

A < (1 + =) 1+

n cpr—1

p10,9) = [0, %) = O(np™ +1p™ D~ > PerPeses-+-Pe,p) = O(np™)
r=1 b=0

and formula (15) is proved. Statement (16) is proved analogously. m

We obtain the Markov normal number o = .dyd,... by concatenating
blocks o, = (a1, ...,a4,,),where a; € {0,1,...,¢ =1}, i =1,2, ..

’ ’

(21) Q= .00y
We choose the numbers a; as follows:

Let
(22)

Qn = {wn = (bg, '-°’bAgn+n) l bo € {O,...,Ln - 1}, bl,bz, .. € {0,,An - 1}}
So = [0,v0(n)), Sj = [vo(n) + ... +v;-1(n),vo(n) + ... + v;(n)),
Sip = [0,v:0(n)),
S,;,j = [’Ui,o(n) + ...+ ’U,"j_1('n),’v,',o(n) + ...+ 'v,',j(n))
(i=0,...,q—1,j=1,..,g-1).

We set ag =1,if by € S;, 1=0,...,q — 1. If we choose the numbers
ag, ..., 0x—1, then we set

(23) Qp = 'I:, if bk € Sak-hi’ i= 0, ey @ — 1.
Let

(24) ap = ap(wn) = .01, ..., 04,,+n, n=12..
(25)

Rig oy (pns, M) = #{n€[1,M] | B <{agq"} <7} - Mu.[B,7),

(26) En(ws) = 1}3%"5“ n:}y?x |Rj0,y) (s @n(wn), M),
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(27) E,.= wr'?ég" E.(wn).

We choose w, (and consequently a,(w,)) such that
(28) E,(w,) = E,.

LEMMA 2.
E,=0(p™"n?).
Proof. (To follow later.)

Let
(29) n = O, ey Npy1 = N + A2k, k= 1, 2, cee o

Every natural N can be represented uniquely in the following form with
integers k

(30) N =n, + M, , 0<M <Ay, k=12,...
Let
Ty, Q, M) =#{n € (Q,Q+ M] | {aq"} <7},
(31) R’y(/‘a «, Q’M) = T‘y(a’ Qa M) - MM[O, ’)’)-
For Q = 0 we use the symbols T, (o, M) and R,(p,a, M) .

THEOREM 1. Let the number a be defined by (21), (23), (24) and (27).
Then a is Markov-normal and the following estimate is true:

(32) D(p,N) = O(N~'1og’ N),

where the O-constant depends only on P.
Proof. Using (29), (30) and (31), we obtain

k-1
(33) R,(p,0,N) =Y R,(p,,nr, As,) + Ry (s, 0, i, My).
r=1
According to (21), (24) and (25) we have
(34) R‘y(ua Q, Ny M) = R‘Y('u" ar‘)M)’ M < A2r - 2r.

It follows from (31) that
R‘Y(p" Qr, M) = T‘y(af" M) - M”[Oa 7)7

and
T, (ar, M) £ Ty(ar, M) < Ty 41/g (0, M).



On the discrepancy of Markov-normal sequences 419

It is evident that

|Ry (s 0ty M)| < [Ty, (00, M) = Mp[0,7)] + [Ty, 41/ (0, M) — Mp[0,7)].
We apply (31) and obtain

|Ry (s 0try M)| < | Ry, (1t 0ty M) || Ry, 1/r (15 020y M) |+M (|1[0, ) — [0, ¥7)]|

+u[0,7) — p[0,7- + 1/¢7)]).
On the basis of (26)-(28), Lemma 1 and Lemma 2 we deduce that

Ry (1, v, M) = O(p~"r).
According to (34) we have for M < Ay, —r
(35) R,(u,a,n., M) =O0(p~"r?).
It follows from (31) that
R, (g, ar, M) = Ry(pt, 0tr, M — 27) + O(r),

It is evident from this that statement (35) is valid both for M < A,, — 2r
as well as for M € [A,, — 2r, As,].
Substituting (35) into (33) and bearing in mind (30) we deduce

R,(u,0,N) = kilO(p_’rz) +O0(p~*k?) = O(p~*k?).

Using (29), (30) and (5) we obtain
R,(u,0,N) = O(N'?log® N).

Hence and from (1), (31) the statement of the theorem follows. m
We denote

1, ifa=0;
0, otherwise.

(36) 6(a) = {
It is easy to see that
1 N
— 27 P
(37) 6(a)——ﬁ1;e ®, 0<a<N-1

LEMMA 3. Let1 < M < A,, and

M
Gu =30
z=1
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Then
Azn—-1 Azn .
(38) |Gul < Z Izyz ik .
m=0 z=1
Proof. According to (36) we have
M Az,
Gu= zzgds(m -y).
y=1z=1
Using (37), we obtain
A7l 4 M Aun oi ™E=9)
(39) |Gl = | Z 1 ZZgze ™ | <
m=0 2n =1 =1
Ag,.—-l Azn me
< Z —-—-lzezmTz”Zg ez‘t A2 |
m=0 2n

Let 0 < Ny — N; < Ayy,. It is known [5, p. 1] that

1 & omisz 1 1
40 —Y 2773 | < min(1, < .
(40) o 2 € | < min(l, ) < mr

From (39) and (40) we give the assertion of the lemma. m

LEMMA 4. Let 0 < uy < up < Asp, m >0 4,5 =0,..,g—1, n> k.
Then
S= 30 EmE G (n)/pi(n) — 1) = O),
T=uy
where the constant in symbol O depends only on P.

Proof. Let Ny = [u3/d], N, = [us/d]. We change the variable z = dy + 2
and obtain according to (13)

= 6— + Z Z 2,,_"‘(vd+z) (p(dy+z)(n)/pj(n) _ 1)’ where If‘ <1

y=N; z=1
Let
d
1 -JRE dy+z
oy = 3 &M (Pl (n) [pi(n) — 1)
z=1

It follows that

2d ok 21ri']"-ﬂ
(41) S—_-f"ﬁ—"' Z € 2u0‘,y

y=N;
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Applying (13), (10), we obtain

d 4\ pmime
(1 -9 —1+y/ko __ Praty v
Y ; ’

where |61| <1, z = f(j) - f(i).
Substituting this formula into (41), we obtain according to (13), that

s
o, = de’™ i + ¢

N,

(42) S=58+e Y, i(l — ) 1+v/ko le] <1,
y=N1
where
N’ - myd d .mz . mz
(43) Sl — z 621"2_2% 52 — 2(62111771; _ e2mz—2—n-).
y=N z=1

It is known that

m(zy—2z

(44) |75 B 1] = 2| sin mm(z — 2)/Aza)| < 27md/Agn.
Using (40) we get

S1 < Az /(md +1).
Hence and from (42-44) the assertion of the lemma follows.

We consider further that a;, 7 =1,2,...1s the sign of the number o, (w,)-
It follows from (25), that

n c.—1

(45) R[O,'Yn) (,Un, Qn, M) = Z Z R[’rr-ﬁ'b/q'v7r-1+(5+1)/¢1') (#’n, Cn, M)7

r=1 b=0

and
R[1r-1+b/q',‘Yr-1+(b+1)/q") (,LL,,, Qn, M) =

> 6(az41 — €1).-6(a0sr — b) — Mpg[ye1 +b/q", Y1 + (0 +1)/q").

z=1

Hence and from (45) we get

(46) R[Om.) (Bny Oiny M) =

-3

r=1 b=0 =

fury

M:

o

r

6(0@4_1 b 01)...6(0,,;4.1- - b) - ﬂn[’)’r—-l + b/qr, Yr-1 + (b+ 1)/q1'))
1
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LEMMA 5. Letn > kq,

(47) B(r,c) =
Azn o
=) ¢ e (7] S —)+01(z y)— un[%,"/r+ )(oz(w)+az(y))),
whf,:re
(48)
o1(z,y) = | E 6(azt1 — €1)--0(4r — €r)6(Ays1 — €1)...8(ay4r — 1),
w,.eﬂn
(49) 02(8) = o 3 8(s1 = €1)ob(amgr — ).
lQ"’l wn €Ny
Then
Agn— 1/2 n g1 g-1
(50) <SS CORSS S By

m=0 r=1¢;=0 cr=0

Proof. 1t follows from (46) and Lemma 3 that

n c.—1A4A,—-1

| R10,70) (s Ony M)| < Z Z Z — | ZezmTL

r=1 b=0 m=0

(5(0,,4,1 - Cl).--6(a;+r - b) - /‘n[’Yr—l + b/qr, Yr-1 + (b + 1)/qr)) .
Changing the order of summation and applying the Cauchy inequality

1 ¥ 1 & /
= < (= 2\1/2
(51) INE;g"l—(N;Ig"I) ,

we obtain that

lR[O,’Yn)(#n)an3 M)l <
Azn—1 (qn)/ n cp—1 Agp,

P (ZZIZ € ((au41 = €1).r-8(agsr — b)—

r=1 b=0 z=1

<

—bnlrr-1 +0/¢ Y1+ (b + 1)/q’))|2)
We change the variable b to ¢, and assume, on the right-hand side, the
summation on ¢;, i =1,...,7r — 1.
It is evident that
Azn—1 (qn)l/z n g—1 q—-1

(52) IR[O,%)(NmamM)l < Z —’ITI.—-!-—T(Z Z Z

m=0 r=1c¢1=0 c,-=0
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& 27i R 12
Z € % (8(az1 — €1)--8(@atr =€) = BnVry T )
z=1

We denote by S(w,) the right-hand side of formula (52).
It is evident that S(w,) does not depend on M and 7,.
Applying (26), we obtain

E.(wn) < S(wn)

and

IQI Y EBalwa) < IQI > S(wn).

Wn€Qp wa€EQ,
Changing the order of summation and using (51), we obtain

Azn—1 (qn)l/z n g-1 ¢-1

RS WEEY .S

m=0 r=1 ¢1=0 cr=0 W €Ny,
Azn omim 1/2
Z € 2;(5("'%}-1 = €1)---8(agtr =€) = Ba[¥r, ¥ +1/07)) )
z=1

Hence and from (47)-(49) we deduce formula (50). =
LEMMA 6. Let n > ky. Then

02(z) = pn[Yrs ¥ +1/9").
Proof. Applying (49) and (22), we get

n—1Apn—1 A,-1

oz(z) = I. A=+r E E Z 8(az41 — €1).--6(Azqr — Cr).

bo=0 b1=0  byy =0

According (23), we obtain
(53) Gr+i=¢; if and only if  by4; €S, 1=2,3,....

It follows that
L,-1A4A,-1 A,-1

0(z) = A:l:+r Z Z Z §(az1 — 1) Z Z 1=

=0 by=0 bz+1—0 z+2€sc1c2 bs+r€sc,._1c,-

n—1Ap—1

A,-1
L A‘”‘" Z Z Z 6(@z41 = €1)Verey(R) . Ve, _se, (1)

bo:O b1—0 b3+1=0

Using (7) we get

(54) 0’(:13) = OPcyer (n)‘"pcr-lcr(n)’
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where
“—1A,

(55) o=t Aw Z S .S Sa ).

=0 b;=0 bzp4+1=0

It is obvious that
z

(56) S Té@-d) =1

dgyeerydz=0 1=

Hence and from (55) we obtain, changing the order of summation

a1 w=lAn-1 A,-1 z
(57) o= Z — E Z Z H&(a,—d)«ﬁ (az41 — €1).
L, A +
doyeeydz =0 bo=0 b1=0  bo1=0i=0
According to (53), (36) and (22), we have
q-1
7= Z L, Az+l Z Z Z 1=
dgy...,dz=0 bo€S¢0 blesdodl bz+1 Esdzcl

= Z L Az+1 (n)vdodl (n)vd,cl (n)
do,...,dz=0

Applying (7) and (11) ,we obtain
o =P, (n).
On the basis of (54) and (14) the lemma is proved. m

LEMMA 7. Letn > ki, |y—z|>r. Then

01(2,9) = g3, - +1/¢")p0 7 (n) [pe, (n).
Proof. Let y > .
Applying (48) and (22), we obtain o,(z,y) =

n—1A,-1

Ay+1' Z Z E 6az+l_cl) 6(az+r cr)ﬁ(ay+l—cl) 6(ay+r C,.)

bo=0 by=0  by4,=0

As in the proof of Lemma 6, we get

(58) 01(2,y) = Pe, (1) Peyey (R D, _se. (n)) 00,

where
A,-1

(59) o= Ay Py z Z 6 az+r cr)ﬁ(ay+1 - cl)

brtr41=0  by41=0
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As in (56), we have

y—z—7r

Z 1-_[ 6(az+r+1 1.) =1

dy,.. 7y—z —-r=0 =1

Hence and from (59), changing the order of summation, we obtain

g-1 -1 Ap-1

o= Z Ay —— E E 6(azqr — Cr)X

dlyw-ydy-z—r—o b=+r+1—0 bv+1—-0

Yy—z—r
X H 5(a,+,~+,- - d,’)é(ay.H - C1).
=1
Using (53), (36) and (22), we get

q—1 1

o= Z F;__r Z Z 1.
dl,-"vdv—z-r=0 n b2+"+lesc,-41 bv+lesdv_=_,.c1
Applying (7) and (11), we obtain

q-1

o= Y Pea(MPaa,(n)pa,_ e (n) =pET7(n).
d1,...,d"_,_,‘=0

It follows from (58), that
01(2,Y) = (Per (M)Peses (0)-Pe, 1, (M) *PET 7 (1) [pey ().
Similarly for z < y. According (14) the lemma is proved. m

LEMMA 8. Letn > ky, |y—z|<r. Then

o1(z,y) <un[7r,7,.+1/q")( L (Y

Proof. Let y > z.
As in the proof of Lemma 6 and Lemma 7, we get
01(2,Y) < Pey (M)Peres (R)--Pey—o_scye (M)Pey—cer (M)Peyes () Pe, s, (1)
It follows from (12), that
1+p
2
Similairly for ¢ < y. According to (14) the lemma is proved. m

)y—z—l.

01(2,Y) < Pe,(M)Peses ()--Pe,_se. (M)(

LEMMA 9. Letn > k,. Then

(60) B(r,¢) = O(Agntin|es 7o -+ ql—,)).
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Proof. Applying (47) and Lemma 6, we obtain

AZ»
B(r,c)= Y o(z,9),
z,y=1

where 1

xiT—lm(z-v

o(z,y) =" (01(2,y) = phfre, 1 + ;:))-
Let
(61) B(r,c) = B; + By + B;, where B, = Z o(z,y),
1$$,ySAzm ly-z|Sr
B, = Z a(m,y), By = Z a(z,y).
1<z,y<Azq, y—z>7 1<z,y<A2q, z—y>T
According to Lemma 8, (12) and (14) we obtain
1 14+p 1z~
lBll < :u'n[’)'m')’r + _,,) Z (T)w 1=
1$m9ysA3n1 |!l'¢|.<_"
1

(62) = O(A2ﬂl“n[7r’7r + q_,,.))
It follows from Lemma 7 that

Azn Asn

By = pllve e +1/00) D D €7 R (50 (1) [pey () — 1).
z=1y=z+r

Changing the variable y to y; = y—z —r and applying Lemma 3, we obtain

B, = O(A2n/‘i[7r, ¥ +1/q").
Similarly estimate is valid for Bs.
Hence and from (61)-(62) we obtain the assertion of the lemma. m
Proof of Lemma 2. Substituting (60) into (50) and bearing in mind (5), we
deduce
Azn— (nq)l/2 n ¢-1 g¢-1

E,=0( Z_ =302 - D Asaptalyes e+ al;))l/2 =

r=lc¢1;=0 ¢,=0

Azn—-1
O(VAzan Z = O(p~"n?).
m=0
Lemma 2 is proved. m
Remark. By a similar method and the method in [12] a Markov normal
vector for the multidimensional case can be be constructed. By the method
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in [12] one can reduce the logarithmic multiplier in (32) to O(log N3/2). To
reduce the logarithmic multiplier forther see [15].

Problem. According to [12-14] the Borel and Bernoulli normal numbers ex-
ist with discrepancy O(N ~2/3+¢), It would be interesting to know whether
Markov normal numbers exist with discrepancy O(N ~¢) where ¢ > 1/2.
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