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Irrationality of quick convergent series

par JArosLav HANCL

RESUME. On démontre une généralisation d’un résultat dii & Badea concer-
nant P'irrationnalité de certaines séries & convergence rapide.

ABSTRACT. We generalize a previous result due to Badea relating to the
irrationality of some quick convergent infinite series.

There are many papers concerning the irrationality of infinite series.
Erdos [4] proved that if the sequence {a,}32; of positive integers con-
o0

verges quickly to infinity, then the series Z 1/a, is an irrational number.
n=1

The author [7] defined the irrational sequences and proved criterion for

them. Another result is due to Erdos and Strauss [5]. They proved that if

{ax}32; is a sequence of positive integers with limsupa; - --a,/an41 < ©

n—roo
o
and limsup a2 /an4+1 < 1, then the number Z 1/a, is rational if and only
n—eo n=1

if ant1 = a2 — a, + 1 holds for every n > no. Séndor [8] proved that
if {ax}32, and {b,}32, are two sequences of positive integers such that
limsupa,/(a; - ap—1bn) = oo and liminf apbn—1/(an—1b,) > 1, then the
n—oo o n—co
number Z bn/a, is irrational.
n=1

Finally Badea [1] proved that if {a,}3>, and {b,}5>, are two sequences

of positive integers such that b1 > (b2 — b)an41/an + 1, then the sum

Z an/bn is an irrational number. Later he generalized his result ([2]).

n=1

In this paper we will generalize Badea’s result in another way and prove
the following theorem.
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THEOREM. Let {a,}32; and {b,}32, be two sequences of positive integers.
If there is a natural number m such that the following three inequalities hold
for every n > n,

1) by >m+1

j=n-—-m j=m—k

m n—k—1 m—1
@ o) I b) X anmisfbumes >
k=1 k

m n—1—k m m
> —a, Y (-1)*F (T’?) I o+ 3 Y (-1 sgn(k +1 1) (m) x
k=0 j=n-m i=1 k=0 t
m n—i n—1 j= max (m—i,m—k—1)
X (k’) ( H bs H s) z a'n—m+j/bn—m+j
s=n—m s=n—k j= min(m—i,m—k—1)+1
and
(3)
m+1 m+1 n—k—1 m
bn Z (_l)k ( k ) H bj Z an—m+j—l/bn-m+j—l <
k=1 j=n—m-—1 j=m+1-k
m~+1 m+1 n—1-k m+1m+1 )
<-an ) (—1)'°( k ) IT b+ D ()™ senk+1-1)x
k=0 j=n—m—1 =1 k=0
n—t n—1
m+1\/m+1
x( i ) ( k ) (s:n[:w[n——le/ s_—-l;I—kbs) g

max (m+1—i,m—k)

X Z an—m+j—1/bn—-m+j— 1
j=min(m+1—i,m—k)+1

o
then the number A = Z n /by is irrational.

n=1

Proof : For the sake of simplicity we will suppose that (1) — (3) hold for
every n. (If not, we define al, = Gniminor On = Bnym+n, fOr every n =
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1,2,--- and these two sequences {a]}22, and {b),}32, satisfy then our
above requirements.)

Let us denote

() By = Bao = [ b
=1
(5) An = An’o = Bn Zai/bi

=1
Bn;=Bpni1—Bn 1:1 it=1,---,m+1
An,i = An,i—l - An—l,i—l t=1,---,m+1

One can prove by induction that

(6) B = 2’: (;) Bnj(-1)

and

™ s = 2=j (§)An-st-ry

hold for i =0,1,--- ;m + 1. (1) and (4) yield

i, (i O g
®) (j)B"" (j+1)B ”"‘“(j)B""’l(b"'f i >0

and

0 (s (= (e b

. . . n—j—1
1 1—7
= (,7> Bn—j—l (aﬂn—j + (bn—j - ] + 1 E a'k/bk> >0

k=1
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for every natural number n. Then (4)—(9) imply that B, ; > 0and A,; >0
for every positive integer n and ¢ =0,1,--- ,m — 1.

First we will prove that
(10) Apnm/Bnm < Ant1,m/Bnyim < -
and secondly
(11) Anmt1/Brnm+1 > Ant1,ma1/Bny1mar
(11) implies that there is a number ¢ > 0 such that
c= nli_r)roloAn,mH/Bn,m_;_l.

Using the famous theorem of Stolz (see e.g. [6]), we obtain

(12) A= lim A,/Bp =---= W0 Anmi1/Brmi1 =c.

On the other hand (10), (11), (12) and Brun’s Theorem (see e.g. [3]) imply
the irrationality of the number A.

Now we will prove (10) and (11). Using (4) and (5) we have

5 (DAns-1F 3 (D) Anami(-1)
(13) gn,m _ gn—l,m — z;(} _ 120 —
n,m n—1,m Zo (T)Bn—i(_]-)i ZO (T)Bn—-l—i(“l)i

i= i=

m—ig

E)(_ 1)’ (";‘) Bn—'i (An—m/Bn—m + Zl a/n—m+j/bn_m+j)
_ = j= _
£ ()81
2 (=1)"(7)Bn—i-1(An-m—1/Bn-m-1+ Y Gn-mtio1/bn-mei-1)
i= g=

m

Z (_ l)i (T) Bn—i— 1

=0
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;0( 1) (m)Bn tn.:v_:(:an—m-F]/bn —m~+7
> (1) (7) Bus

=0

m—1

20( 1) (m)B —i—1 Z Un—m+j— l/bn—-m+J—-
Z(—l)i(i)Bn——i—l

1=0

i=0 k=0 =0

3 ([ (A LN ST

m—k

- Z an—m—1+s/bn-m—l+s) /(Bn,mBn—l,m) =

s=1

(B Z( 1) (ZL)B —1-k Z Qp— m+_‘l/b‘n—'m+J

j=m—k
_ZZ( 1)z+k+1( )( )Bn_ Bn k-1 Z r—mti/Or—mti—
t=1 k=0 7=0
m—k
- Z an—m+s—1/bn—m+s——1)) /(Bn,mB'n-—l,m) =
s=1

m m—1
— _e(™m . .
- (Bn kz::l( 1) (k)Bn—l—k Z an—m+]/b —m+]+

j=m—k

+Bn_1an§(—1)’“(72) k1 — ZZ( 1)z+k+1( )( )Bn— iBp—k—1

i=1 k=0

max(m—i,m—k—1)

x > sgn(k +1— z')an--m+j/bn—m~%-j) /(Bn,mBn—1,m).
j=min(m—i,m—k—1)+1



280 Jaroslav HANCL

(13) and (2) yield (10). Similarly (13) (if we substitute m + 1 instead of
m) and (3) yield (11).

Remark: If we put m = 0 in the main theorem, then we receive b, >
1, 0> —a, and —b,8n_1/bn—1 < —@n(bp—1 — 1) — @n—1/bp—1. Thus b, >
(b2 _1 —bn—1)an/an—1+1 and this is the famous theorem due to Badea (see
e.g. [1])-

Consequence 1: Let {a,}52, and {b,}>2,; be two sequences of positive
integers. If

(14) bn > 2
(15) b < (b2_; — ba—1)@n/an-1+1
(16) bn(—b —10p—2 + 2b,2-,,_2an—1 —b —2an—1) >

> @nbp_1bn—2(bn—1bp—2 — 2bn_2 + 1) + 3an_102_; — 2bn_18n_2
- 2b‘n—2a"n—l + An—2

o<
hold for every m > no, then the number A = Y a,/b, is irrational.
n=1

Proof: Let us put m = 1 in the main theorem. Then (14) is (1), (15) is (2)
and (16) is (3).

Consequence 2: Let {b,}32, be a sequence of positive integers such that
by > 2 and

(a7) kb2_; — 3k — 1)bp—1 < bp < kbZ_; — kbn—1
hold for every n > no where k is a positive integer. Then the number

A= > k™/b, is irrational.
n=1

Proof: Let us put a, = k™ in consequence 1. Then (17) immediately implies
(15) and

bn > kb,,zl_l - (3k - 1)b -1 = kb _l(b -1 — 3) + b -1-

This and b; > 2 imply that the sequence {b,}22, is increasing. Thus (15)
is fulfilled too. Condition (16) can be rewritten in the following way
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(18) bn(—bn_1 + 2kb2_, — kb,_2) >
> k?bp—1bp—2(br—1bn—g — 2bp—3 + 1) + 3kbZ_, — 2bp—1 — 2kb,_2 + 1.

Let us define the sequence {s,}32 , of nonnegative integers such that

(19) Sp = kb2 _; — kbp_1 — by,
(17) implies that
(20) 0< 8p < (2k—1)bp_1.

Substituting (19) for (18) we obtain the equivalent inequality (21) with
(18) :

(21) (kb2 _; — kby_1 — 55) (kb2 _5 + 8p1) >
> k?bp_1bn—2(bp_1bp_o — 2b,_o + 1) + 3kb2_, — 2b,,_y — 2kb,_5 + 1.

Carrying out the equivalent calculations step by step, we receive

kbi_lsn_l — Snk‘bi_z — SnSn—-1 — kbn_lsn_.1 + kzbnﬂlbz_z - kzbn..lb -2
— 3kb2_5 4+ 2b,_1 +2kb_2 —1 > 0.

Using (20) and the fact that {b,}52,(b; > 2) is an increasing sequence, it
is enough to prove that

(22) kb2_, — (k — Dkbp_1b2_5 — Kbp_1bn_3 > 0,
where K is a suitable constant. (22) is equivalent with

kbn—1(bpn—1 — kb2 _5) 4+ kby_1b2_5 — Kbp_1bp—2 > 0.
(17) implies that

(23) —(3k — 1)bp_g < bp_1 — kb2 _,.
Because of (23), it is enough to prove that
(24) kbn—lbg.,_.z — Kibp_1bp—2 > 0,

where K, is a suitable constant too. But (24) is true for every n > nq.
Thus (18) is right and the number A is irrational.

Examples: The numbers > 2"/b, and > 3"/a., where a; > 2, b >
n=1 n=1

2, by, =2b2_; —2b,_1 —1 and a, = 3a2_; — 3a,—; — 4 are irrational.
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