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Non archimedean Hopf surfaces.

par Harm VOSKUIL

0. Introduction

We study the non-archimedean Hopf surfaces. A Hopf surface is a surface
defined over a complete field K, which has K? — {(0,0)} as its universal
covering. So it can be described as K? — {(0,0)}/T, where T' is a discrete
group acting discontinuously on K2 — {(0,0)}. ’

The complex Hopf surfaces are very well-known. They have been studied
in detail by Kodaira (See [Ko.1] and [Ko.2]).

The p-adic Hopf surfaces are less known, although they are treated as
examples in some articles (See [GG], [Mus.1], [Mus.2] and [U]).All those ar-
ticles mention only the diagonal Hopf surfaces K2 —{(0,0)}/T with I gener-
ated by a single element v such that y(z1,22) = (a2, B22) with |a|, || < 1.
The most detailed study is given by Mustafin (See [Mus.1] and [Mus.2]).
So there will be some overlap with his work.

This article is divided into three parts. In the first paragraph we will
describe the group I'. We will prove that I' >~ Z/IZ X Z for some | € Zx.
So these results are the same as in the complex case.

In the second paragraph we will give some pure affinoid coverings of a
Hopf surface X, such that the reduction consists of non-singular compo-
nents. Here we will use the theory of toroidal embeddings (see [KKMS],
[0,1] and [0.2]).

In the third paragraph we will determine the cohomology of the line
bundles on a Hopf surface. We wil show that there is a Serre duality for
the line bundles. This is also stated in [U] when char(K) = 0.

This paper is part of the author’s doctoral dissertation at the university
of Groningen in 1990. The author would like to express his gratitude to his
thesis advisor Marius van der Put.

Manuscrit regu le 7 mai 1991.
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1. The structure of the group I'

We will first recall some basic definitions.
DEFINITIONS. Let K be a complete non-archimedean valued field.

An affinoid algebra A over K is a K-algebra which is a finite extension
of K < zq,...,2, > for some n.

An affinoid space Sp(A) is the set of all maximal ideals of the affinoid
algebra A.

On A we define a (semi-) norm : the spectral (semi-) norm
[|fll = sup |[f(z)|. The spectral semi-norm is a norm if there are no
T€Sp(A)

nilpotent elements # 0 in A.

Ezample : The set Y = {(21,22) € K% | |21] £ 1, |22] £ 1} is an affinoid
space. The affinoid algebra belonging to Y is K < z1,22 >.

DEeFINITIONS. A surfaceY is called separatedif Y has an admissible affinoid
covering {Y;|i € I} such that if Y;NY; # & then Y; NY; is affinoid and the
canonical homomorphism O(Y;)® O(Y;) — O(Y; NY;) is surjective.

We write U € Sp(A) and say U is relatively compact in Sp(A) if there
exists an affinoid generating system {fi,..., fr} of A over K such that :

U C {z € Sp(A)| |fi(z)| < 1, ..., |f+(z)] < 1}.

A surface Y is called proper over K if Y is separated and has two fi-
nite affinoid coverings {X,(]) | 2 = 1.n} and {X,(z) | # = 1..n} such that
XM e x® for all i = 1.n.

A Hopf surface is a proper rigid analytic surface that has K% — {(0,0)}
as its universal analytic covering.

Remark. In [U] a surface that we call proper is called compact.

In order to show that our definitions of a Hopf surface is meaningful we
have to show that K2 — {(0,0)} is simply connected. We will do this in the
following lemma.

DEFINITION. A connected analytic space X is called simply connected if
the only connected analytic covering of X is equal to id : X — X.

LEMMA 1.1. The analytic space K? — {(0,0)} is simply connected.
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Proof. Let us write U = K? — {(0,0)} = U; UU;, where U; = K* x K and
U, = K x K*. Since K and K* are simply connected, the same is true of
K x K* and K* x K* (This is theorem 1 in [vdP]). Now U; U U; is also
simply connected, since Uy, U; and U; N U, are simply connected. Indeed
let S be a locally constant sheaf on Uy, then S|y, is constant since U; is
simply connected (See [vdP]). This shows that S is constant on U, since

S(Ul)lUxﬂUz = S(U2)IU1nU2'

DEFINITION. A group I' acts discontinuously on an analytic space X if
for every affinoid subspace A C X the set {y € T|AN~v(A) # @} is finite.

LEMMA 1.2. A Hopf surface is a proper rigid analytic surface of the form
K? - {(0,0)}/T. HereT is a group of automorphisms of K? — {(0,0)} that
acts discontinuously and without fixed points.

Proof. The universal covering space of a Hopf surface X is
U = K? — {(0,0)}. Let = be the analytic map 7 : U — X. Let I be
the group of covering transformations of U,soI' = {y: U — U|roy = }.

We have to show that U/T' ~ X. Clearly T is discrete and U/T — X is a
covering of X. So we only have to prove that U/T' — X is bijective. Let us
look at U x xU = {(u1,u2)|m(u1) = m(uz)}. Now the projection on the first
factor p; : U X xU — U is again an analytical covering. Since U is simply
connected, we must have p; : Z = U for every connected component Z of
U x xU. The same is true for p; : U x xU — U, the projection on the
second factor.

Let (a,b) € U X xU and let Z be the connected component of U x xU
containing (a,b). Now we have the following commutative diagram :
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Here v € T’ and 7y(a) = b. This shows that U/T' >~ X.

Since X is proper, there exists a finite covering {X;|i € I} of X. We may
assume that 7~1(X;) is a disjoint union of copies of X;. Now the covering
C={Y C K?*-{(0,0)} | Y € 7~ }(X;) for some i € I} of K? — {(0,0)}
shows that I' acts discontinuously and without fixed points.

LEmMMA 1.3. An analytic automorphism g of K? —{(0,0)} can be extended
uniquely to an analytic automorphism of K2.

Proof. Let g be defined by g(z1,22) = (91(21,22),92(21,22)). Let

U=K?-{0,0}beU =U,UU; and U3 = K*x K and U, = K x K*.
We can expand g; and g, into a convergent power series on U; and Uy :

n.m
gilu, = E An,m 2122

n.m
g1lu, = E bn,m 21 23
n>0

These two power series have to be equal on X; N X3 so we have

— § n,m
gllU - Ap,m <129 -
n,m>0

This power series of g; is also holomorphic in (0,0). So g; is an ana-

lytic function on K2%. The same is true of g,. Therefore we have an
unique extension of g to an analytic automorphism of K2. It is clear that

9(0,0) = (0,0).

DEFINITIONS. Let |K*|:= {|a| |a € K*} be the norm group of K.
Let R € |[K*| and R > 1. We now define :

Br = {(21,22) € K*| max(|z1],|2|) < R}
OBgr = {(21.22) € K’| max(|z1],|z2|) = R}

A contraction v € I' is an automorphism of K% such that :

v(0BRr) C Br — 0BRr
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LEMMA 1.4. Let F C K% — O0BR be a connected affinoid subspace. Then
either F C K? — Br or F C Br — 0Bg.

Proof. Let R' € |K*|, R' > R. We consider the following affinoid
subspaces of K? :

L ={(z1,2) € K*| || < || < R}

I = {(z1,2) € K2[ |z2| < |21| £ R}

Iy = {(z1,22) € K*| |21] < ||, R < || < R'}
Iy = {(z1,22) € K*| |z2| < ||, R < |=1] < R}

For R' > R sufficient large we have :
F=F,UF,UF3UF;, where F;:=FnNnI,t=1.4.

Because (I; U )N (I3 U Iy) C OBRr we have (F U F3) N (F3 U Fy) = @.
Since F is connected, either F} U F; = & or F3 U Fy = &. This proves the
lemma.

LEMMA 1.5. The group T contains a contraction =.

Proof. The subspace 9Br C K? is the union of the two affinoid subspaces
{(z1,22) € K?| |21| = R, |22| < R} and {(21,22) € K?||z2| = R, |z1] < R}.
The intersection of these two subspaces is connected and non-empty, so dBr
is connected.

Furthermore since the Hopf surface X = K2 — {(0,0)}/T is proper, we
know that T' is not finite.  Indeed, suppose I' is finite. Now
O(X) = O(K? — {(0,0)})" is not finite dimensional over K. Since
O(K? — {(0,0)} is not finite dimensional. This shows that X cannot be
proper (See [BGR] or [Ki.1].).

Since T is not finite, there exists a 7y € T such that y(0 Br) N 0Br = 2.
Now applying the previous lemma, we have one of the following :

1) 7(8BR) C Br — 0Bg

2) 7(0Br) C K* - Bg
In the first case v is already a contraction, so then the lemma is true. In
the second case we have : Br N y(0Br) = @. We now apply lemma

1.4 with F = y71(Bgr). So we have : y"1(Br) C Bgr — 0BRg, since
7~1((0,0)) = (0,0). This proves that y~! € T' is a contraction.
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ProprosITION 1.1. The group T contains a contraction v such that
Fo=<7v>

is in the centre of I' and [T : T'g] < oo.

Proof. Let v € I' be a contraction defined by

7(21,22) = (a(zhz?)’ b(21,22)),

where a(21,22) = 3. @nm2023 and b(21,22) = Y bpm2l2l.
n+m>1 n+m>1

Since 4v(0Br) C Br — 0BR we have :

B> max lo(,2) = mas | 3 anmef o8 = max|anml R
n+m>1

A similar result is true for b(z1, 22), so we may conclude :

dre |K*|, r> R, v(Br) C Br.

a0 ao1
bio  bo1
absolute value < 1. In particular the order of + is not finite. It is clear that
if R" < R then v(Bgr/) C Bs, S := %, because :

The linear part of ¥ has a matrix ( . All coefficients have an

=| %

R, n+m
RI n+m — n+m [ ¥ < .
pmax |anm|(R) (2% anm| R 7 <r

If R' > R we look at the subspace
Y = {(21,22) € K*|R < max(|z1],|22|) < R'} C Bg.
The space Y is the union of two affinoid subspaces Y; and Y3, where
Yi = {(s1,2) € KR < |o1] < B, |2] < |2}
and

Y2 = {(21,22) € K*|R < || < Rz < |2}
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Since 7 is not of finite order and I" acts discontinuously on K2 — {(0,0)},

we have :
In >0,y (Y)NY =2

In particular we have : y*(Y)NJ0Bgr = 2.

Now Y is connected and we may apply lemma 1.4, therefore we have :
y™(Y)C K* — Br or v*(Y) C Bg.

Since y*(Br) C Bgr and Br UY is also connected, we must have :

7n(BRI) C Brg.

Now we have proved that every point p € K% — {(0,0)} has a I5— image
in the subspace

Z = {(z1,) € K? — {(0,0)}}p < max(|ar],|=2]) < B} € K? — {(0,0)},

where p < R is taken such that B, C y(BRg). This subspace Z is the union
of two affinoid subspace Z; and Z;, where

Z1 ={(z1,22) € K*|p < || < R,|z2| < |2}

and
Zy = {(z1,22) € K*|p < |z| < R,|z1| < |2}

If [I" : Ip] were not finite there would be an infinite number of elements
a € I’ such that :

a(Zl) A 75 g, OZ(Z2) N Zy ;é .
Since I acts discontinously on K2 —{(0,0)}, we must have [I" : I}] is finite.

Now we may suppose that Iy C I' is a normal subgroup, since we can
replace Iy by the intersection of all subgroups conjugated with Iy. So for
an elements a € I" we have aya™! = 4™ for some n € Z. The linear part of
7 has eigenvalues with absolute value < 1. This shows that only aya™! = v

can occur. This proves that I is in the centre of I'.

THEOREM 1.1. There exist global parameters t;,t, of K* such that a con-
traction v has the following form :

7(t1,t2) = (altl + /\t;n,OQtz).
Here 0 < |a1]| < |ag] < 1 and A = 0 if a; # af* otherwise A € K.

Proof. This will be proved in the following three lemmas.
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LEMMA 1.6. There exist formal parameters ty,t; € K[z,2;] such that
¥(t1,t2) has the form described in theorem 1.1 above.

Proof. 1t is clear that v also acts on the formal local ring K[z1,22]. We
denote this action with 4. Let m, m?, m3, ... be the powers of the maximal
ideal m of K[z, 22].

Now, after possibly an extension of degree two of I{, 4 has two eigen-
values aj,a; on m/m?. Let us take |a;| < |az|. We can make a linear
transformation of the variables z; and z; such that the linear part of v,
which is the matrix of 4 on m/m?, has the form (03 ; ) and * # 0 only

2
if a] = Q2.

With respect to this basis 21,22, 2%,2122,23,...,25 of m/m"™! [, n > 1
we find 4 has a triangular matrix :

aq

If a; # a; then the eigenvalue @, only occurs once. So modulo m™*!

there is an unique one-dimensional eigenspace belonging to a;. Taking the
limit » — oo we get an unique formal power series t; = 22 + ... such that
“;’(tz) = a2t2.

If a; = a; then the value eigenvalue oy occurs twice. So modulo m™t!
there is an unique two-dimensional eigenspace belonging to az. Taking the
limit n — oo we can find in this eigenspace a formal power series to = 25 +...
such that ¥(t2) = aat,.

If a; # af* V. m > 1 then also the eigenvalue o occurs only once. Again
we find an unique one-dimensional eigenspace belonging to a; and a power
series t; = 21 + ... € K[z1,22] such that §(t1) = a1t;.

If a; = off for a certain m > 1 then the eigenvalue oy always occurs
twice for n > m > 1. It has also an eigenvector ¢*. Now we can find a
power series t; € K[z,2;] such that §(¢;) = oyt + At5*. This ¢; is not
unique, we could also have taken t; + ut3*,u € K. This proves the lemma
for some formal parameters t1,%; in (0,0).
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LEMMA 1.7. The parameters t; and t; constructed in lemma 1.6 are holo-
morphic functions on K?2.

Proof. Let us choose an R € |[K*|,R > 0. Let
V ={f € O(Br)|f(0,0) = 0}

be the Banach space of functions that are holomorphic on Bg. On V we
have the sup-norm.

The contraction v induces an action 4 : V. — V on V. In the proof of
proposition 1.1 we have shown that 3r € |[K*| r < R 7(Bgr) C B,. Since
¥(Br) C B, C Bg, the operator 4 acting on V is compact. The p—adic
theory of compact operators (See [G]) tells us that for every A € K* we
have :

1) Kx=U,» ker((§ = A)" : V — V) is finite dimensional

2) K)x has a #—invariant closed complement W) in V and
(= A) : WyASW,

So we can suppose V = K@ W) for somme A € K*. Furthemore we have
V/(z1,22)"V = m/m™*!, where m is the maximal ideal of K[z, 2;]. Asin
the previous lemma this shows that the eigenspace K for A = a; or A = oy
has dimension 1 or 2. Specially the parameters t; and t; of lemma 1.6
are in fact holomorphic functions, since they are holomorphic on any Bg,
R> 0,R € |K¥|.

LEMMA 1.8. The map t : K* — K? defined by t(z1,22) = (t1,%2) is in-
vertible, so ty,t; are global parameters of K* and t : K* — K? is an
isomorphism.

Proof. Let p € |K*| be sufficiently small. Then the map
t: B, = {(21,2:) € K*|max(|z1],|22|) < p} — B,

is an isomorphism. This can be seen by considering the linear part of ¢.
Let so be the inverse of t. Let § be the transformation on the second B,
defined by é(a1,as) = (o101 + Aad*,aza;). It is clear that toy =6 ot.

For every R € |K*|, R > p there exists an n > 1 such that 6*(Bgr) C B,.

Let s be s:BRf—,;BpﬂBpw; K? so s=v""0s5p06"
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Now we have :
tos =1ty "seb" = 6 ltyy "spé"™ = 6 "tsp6™ = §~ ™6™ = 1 and
so0t="7""896"t =y 56" 1ty =y "soty" =y "y" = 1.
So the maps s do not depend on the choice of n. We can glue them

together into a map s : K2 — K2. Of course sot = t o s = id, since the
germ of sot and to sin (0,0) is the identity map.

Remark. Another way to prove the previous lemma would be the following.
The map ¢ : K2 — {(0,0)} — K? — {(0,0)} is already invertable on a small
polydisc B, — {(0,0)} around (0,0). This gives an isomorphism ¢ :

K? —{(0,0}/ <7 > 7= K*-{(0,0}/ <§>

‘P o
| I
E* = {(0,0)} ——  K?-{(0,0)}

D

Since K2 —{(0,0)} is simply connected (lemma 1.1), there exists a lifting
L of ¢~!. We can choose the lifting L such that Lot =to L = 1.

THEOREM 1.2. The group I is abelian and T' 2 Z X Z/IZ.

Proof. Let v € T be a contraction lying in the centre of I'.
First we look at the case where (21, 22) = (az1,a22), 0 < |o| < 1.

Now we have :
el = oy =90 = é(az,az) = a.b(z,22).

So § is linear, é(21,22) = (f121 + A22,0222) for a suitable choice of coordi-
nates.

If 36 € T with 8 = 1 then §(2,0) = (2,0). Since I' acts without
fixed points, we have § = 1. Therefore the map ¢ : I' — K defined by
¢(6) = pr—coordinate is injective. Now we can conclude that I' is abelian.
Since I' acts discontinuouly we must have I' & Z X I'iorsion and Z C T' is
generated by a contraction. The injectivity of ¢ shows that Tiorsion = Z/IZ
for some | € Z>;. Now we look at the case where

Y(21,22) = (n21,0022), 0 < |og| < |ag| < 1,1 # aa.
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The eigenspace belonging to a; is :
a) l—dimensional if o3 # a3*, Vm > 1 or

b) 2—dimensional if 3m € Z51, a; = of".
In case a we have :
€T = by =796 = 6(21,22) = (B121,P222)

This shows that I' has to be abelian. Since I' acts discontinuously, we must
have I' &2 Z X T'torsion and Z C T’ is generated by a contraction. Now since
the element 6 : (z1,22) — (B121,0222) is fixed point free
we must have T'iorsion = Z[IZ. Clearly Tiorsion is generated by
@ :(z1,22) = (Wiz,w2z), w' =1and g.cd.(i,]) = 1.

In case b we have :
€T = by =796 = 6(21,22) = (P11 + 123", P2 22).

Again the map ¢ : I' — K defined by ¢(§) = p1— coordinate is injective.
Therefore T is abelian and we have I' = Z x Z/IZ.

Now we consider the case where y(21,2;) = (a1 21+ 227", a222), 05" = 0.
Let 6 € T, then we have :

by =76 = §(21,22) = (br21 + p27", B2 22), b1 = 57"
Again T is abelian and therefore : I' = Z x Z/IZ.

Remark. We can also describe the generator of the torsion subgroup ex-
plicitly when the group Z C T is generated by a contraction v of the form :

Y(21,22) = (121 + A23",a022), 9" = 0.
Let & be a generator of Z/IZ. Then & has the following form :
@ (21,22) = (W21 + p2), wiz), w' =1, (1,j) = 1.
Now we have :

: ‘:’l : (21,z2) = (wlzl + (wl +wl"1wjm +w1_2w2jm + -

+wwl=DImyom imlz),
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Since @' = 1 we must have :

i 1 !
0=pu zwkw(l—k)jm — ijz Zwk(l—jm) =u Zwk(l—jm)
k=1 k=1 k=1
!
Spu=0V Zw(l“jm)k =0
k=1

Now w is a primitive [ — th root of unity, so we have :

1 PP S
Zwk(l_jm) _ l if jm =1 mod
P 0 otherwise

So there are no restrictions on @ when mj # 1 mod l. When jm =1
mod [/ then of course (I,m) = 1 and p = 0 because ! = 0 cannot occur
(when char(K) = p > 0 there are no p—th roots of unity # 1).

Since @ has to commute with vy, we have :
b= A=0Vijm=1 modl.
This gives us all the possibilities for & :
A#Z0 = jm=1 mod,(I,m)=1,u=0
A=0 = jm#1 modl, p€ Korjm=1 mod!, (I,m)=1, p=0.

THEOREM 1.3. Let I be generated by a contraction vy and let X be the
Hopf surface K? — {(0,0)}/T. Then the field M(X) of meromorphic func-
tions on X is :

27 . . a
1) K (z_lg) , If’)’(Z],Zg) = (alzl,a2z2),a1 = ag,g.c.d.(a,b) = 1,
a,b (S Z>0.

2P _ \p—1, ,mp—m .
2)K( — ) if y(z1,22) = (en21 + 427", 0022),
2

ay' = a;,A#0, char(K)=p > 0.
3) K in all other cases.
Proof. We have the following identities :
M(X) = {f | f is meromorphic on K? — {(0,0)} and v — invariant}

= {f| f is meromorphic on K? and y- invariant}.
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Since K? is a quasi-Stein space, we can now write : f = £, ¢t € O(K?).
(The proof of this fact is the same as the one given in [FP] theorem VI.3.5
for (K*)™). We can choose t,s in such a way that they are minimal, :.e.
have only a finite number of zeroes in common. Let

Y trmaay € O(K*)and s= > by m2l2" € O(K?).

n,m>0 n,m>0

Let us first consider the case where vy has the form : y(z1,22) = (21, 2222),
0 < |a1| < |ez| < 1. Then clearly we have : ¥(t) = ¢¢ => ¢ = afa} for
some k,l € Z>o.

Now suppose that a? # af Va,b € Z and (a,b) # (0,0). Then it is clear
that :

Y f)=f=2vt)=ctAy(s)=cs=>t = Azfzb ANs = pzfzl
¢f=£ € K.
s
So we have : M(X) =

Next we suppose that of = o} for some a,b € Z3o,(a,b) # (0,0).

We can choose a,b minimal, such that g.d.c.(a,b) = 1. Then we have

af = a§ = (d,c) = n(a,b) for some n € Z. Now a monomial 2§z}

with y(2F,20) = czkz} for a fixed ¢ = a¥a¥ is of the form 25z} with

(k,1) = (ko,lo) + n(a,—b) for some n € Z. This shows that :

W =F =2t =cthr(s)=cs= < € K ( 2) = M(X) = (%) .
Let us now consider the case where 4 has the form :
Y(21,22) = (121 + A23" a2 2), 3" = a1, A #0.
We can replace z; by A\~1z;, then v has the form :
Y(21,22) = (@121 + 23", 0222), 03" = ay.

k
Every monomial zf2} can be written as (f—,’,,—) Zstkm  Let us take z :=
2
and z, as new variables. Then we have :

Y(z)=2+1, 7(22) = az2;.
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Let g be polynomial in the variables z and 2, with y(g) = c¢-g. Then we
clearly have ¢ = af for some K € Zyo. This shows that g = z§h, where h
is a polynomial in z with y(h) = h. Let us take h = ¥ a;z’ and let s be

=0
the highest power of = such that a; # 0. Then we have:

v(h)=h = Z a;zt = Za;(x +1)
=0 1=0
= S$as+ 051 = a5

= s=0V a;=0.

Since a; # 0,we must have s = 0. When char(K) = 0 then s = 0 and
h € K. So in this case M(X) = K.

But when char(K) = p > 0, then we see p|s. Now we look at the
polynomial z? — z. We have : y(2? —z) = (2 + 1)? — (2 + 1) = 2P — z.

So any polynomial of the form 3 a;(2? — z)* is 7— invariant. The proof
given above also shows that polynomials (z? — )’ form a basis of the y—
invariant polynomials. This shows that :

2P — 22 P
2 &%) 2

p
M(X)=K(zP —2)= K (-zf,i—p - %) =K < o

2. Affinoid coverings and reductions

We first contruct a fundamental domain for the action of the group T,
where T' is generated by a contraction. Then we will study some special
affinoid subspaces of K% and their reduction. We will use this to contruct
a pure covering of K? — {(0,0)}, which is T~ invariant. This will give us a
pure affinoid covering of the Hopf surface X = K? — {(0,0)}/T.

DEFINITION. We call a subspace F C A% — {(0,0)} a fundamental
domain for the action of the group I, if F has the following properties :

1) K? —{(0,0)} = Uyer 7(F).
2) There exists a finite affinoid covering {Sp(4;)}™., of F.

3) The only action of I' on F itself is the identification of a finite num-
ber of affinoid subspaces By C F, where By C Sp(Ai) is defined
by a finite number s of equations :

|fil = ¢jy 5 =1..5, fj € Ai, ¢ € |K™|.
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So the subépaces By, are of the form

fi

By = Sp(A,' < =,
Cj

Sj=1.5>)
j

ProrosiTION 2.1. Let I be generated by a contraction
7:(21,22) = (aa(21 + A2"), 02 22),

where 0 < |a1| < |a2| < 1 and XA = 0 if oy # oF*, otherwise A € K. If we
choose |A| < 1 then T has a fundamental domain F defined by :

F = {(21,22) € K2~{(0,0)} | |a1] < 1, |22] < 1, (Jz1] 2 |ea|V|22| 2 |oa])}-

Proof. Let us first show that we may choose |A| < 1. We can replace the
coordinate z; by €21, € € K*. Then v is defined by :

Y(ez1,22) = (a1(e21 + €Az]"), az22), A # 0
Now take ¢ = uA~!, |u| < 1. This gives us the desired form of 7 :
V(21,22) = (o121 + p27"), a2z), |p| < 1.

A straightforward calculation now shows that :

U 7i(F) = K? - {(0’0)},

1EZ
TFE)N () = {

Y(F)NY(F) =@ if i -j| #0,

(21,22) € K? = {(0,0)} | |22] = |ea|* A |21 < Iall'}

or |z1]| = |on|' A 2| < |agl’

1
I || F

|z2|

fey| 1

|z, | —
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This shows that the subspace F satisfies the first property of our defini-
tion of a fundamental domain.

The only action of I' on F is the indentification of y~!(F) N F and
F n~(F). This gives the following indentifications of affinoid subspaces of
F:

7(C1) = C2, 7(C3) = C4.
Here C;, ¢ = 1..4 are defined by :
Cr={(a1,2) | |a] =1, || < 1}
Ca2 = {(21,22) | |1] = ||, |22] < |e2]}
Ca={(z1,22)|l2] = 1, || < 1}
Cs ={(21,22) | |22| = |z, |21] < |ea]}-

We will now show that F' can be covered by a finite number of affinoid
subspaces, such that C;,¢ = 1..4 satisfy property 3 of our definition.

If |a1]* = |eg|', A =0, k,l € Zso then T also preserves the area given
k

by {(1,7) € K2 (0.0} [ 5

2
of the domain F into two affinoid subspaces Fy and F;.

= 1}. This gives a y—invariant partition

1
F
I |ty | 2

|22]

[oy| 1
|z, |—

We have :
Fi = {(21,22) € K* = {(0,0)} | |aa| < |21 £ 1, |73] < |1}

Fy = {(z1,2) € K = {(0,0)} | loz| < |22 < 1, |22] > |2f]}-
The affinoid subspaces Cy,C; C F; are defined by |z| = 1 and |z| =

|az| respectively. The subspaces C3,Cy C F3 are defined by |22 = 1 and
|22| = |a1| respecti rely. This shows that F is a fundamental domain.
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If v has the form v(21,22) = (a1(z1 + A23"), a2z), |A| < 1, then
again F' = F; U F, as above with k = 1, | = m. Since |A| < 1 the area
{(21,22) € K?

fundamental domain.

= 1} is I'— invariant. Again F is a

If |a¥| # |ab|, Vk,l € Z5o then we can find an s € Zyo such that
lag] < |a1| since 0 < |ai1| < |az| < 1. Now the areas defined by l—ll =1

by |z2“1 = IE;- |7 = |-3-:| This gives us a finite affinoid covering of

F by F1, Fy, F3 and Fy (See figure below). The subspaces C; C F;, i = 1.4
have property 2 of our definition. So F'is a fundamental domain.

Fy

F
I ] 4

|z2|

Fz | Fu

oy | 1

|z, |—

DEFINITIONS. Let A be an affinoid algebra and Sp(A) its affinoid space.
A subspace X C Sp(A) is called a rational domain if there exists a set
{fo, f1,..-fn} generating the unit ideal of A such that X is defined by :

X = {z € Sp(A) | Ifi(w)l < lfo(@)l, i = 1.}

feemnn|

<1,i= 1n}

The rational domain X is an affinoid subspace of Sp(A) and has as its
affinoid algebra A < -fL;|z =1ln>XA<21.2, > [/ < foxi— fili=1.n>
(See [BGR] or [FP].).

We will only use rational subspaces of

Y = Sp(K < 21,22 >) ¥ {(21,2) € K*||=1| £ 1, || <1}
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In particular we will restrict ourselves to those rational subspaces X C Y
where the f;,i = 0..n, are monomials czfz}, k,l € Z>o, ¢ € K*. Such a
subspace X C Y will be called a monomial rational subspace (of Y with
respect to the affinoid generating set {z1,2:}).

Ezample. The affinoid covering of the fundamental domain F constructed
in the proof of proposition 2.1 consists of a finite number of monomial
rational sbuspaces of Y.

We will only show this for the affinoid space, F; when |af| = |a}]| for
some k,l € Zo. All the other cases are similar. Let F; be as in proposition
2.1, so we have :

Fi = {(z1,22) € K | |n| < |za] £ 1, |23 < |71}

!
a 2
={(,n)eY || |<1, | F[ <1
1
1 s k—s
22 1%
={(2:1,22)€Y| ? <1, o <1, s=1.k}
1 1
It is clear that the set {zF, a;2871,...,aF 21} generates the unit ideal of

K < z1,22 >, s0 Fj is a monomial rational subspace of Y.
Remark. Let v: K? — (RU {—o0})? be the map defined by :
(21,22) — (log |z, log|2]).
The image v(Y') of Y is given by :
v(Y) = {(z1,22) € RU{-00})’Nov(K?)|z; <0, z5 <0}.

The image of a monomial rational subspace of Y is a convex domain in
v(Y') defined by a finite number s of rational inequalities

niT1 + mizz <log|cn; m;|, t = 1..5

coming from the monomial inequalities

fi 21 2y
—=|=|—"—|<1,i=1.8 nim; €Z, cn;.m; € K.
Jo Cni,m;
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ProPOSITION 2.2. A convex domain C C v(Y),is the image v(X) of a
monomial rational subspace X C'Y if and only if C satisfies the following
two conditions a and b : :

a) Cis defined by a finite number s of rational inequalities :

nit; + mixy <log|cn,m;l, ni,m;i €Z, cnim, € K*, i = 1..s.

(When K is contained in the algebraic closure of a local field then
we can normalize the valuation on K such thatlog|K*| C Q. Then
all the coefficients of these inequalities are really rational.)

b) C has one of the following properties :

1) {(z1,22) € (RU{-0})? Nov(Y) | 21,22 < a} C C for some
a € (log | K*]) N Reo

2) C C {(z1,22) € (RU{-0}) Nnv(Y) | ¢ < 21 < 0} for some
c € (log|K*|) N R

3) C C {(z1,22) € (RU{-0})?!Nv(Y) | ¢ < x5 < 0} for some
c € (log|K*|)NReo

4) C C {(z1,72) € (RU{-0})?!Nv(Y) | ¢ < 71,22 < 0} for some
c € (log|K*|)NRgo.

Proof. Let X = {z € Y| |j)ﬁ%| <1, i=1.s} CY be a monomial rational
subspace. In the last remark above we have already shown that the image
C = v(X) C v(Y) is given by a finite number of rational inequalities. So
we only have to prove that C' = v(X) satisfies condition b.

Now fo(2) is one of the following monomials :

1) fo=c , CEK”

2) fo=cf | ce K*, k€ Zsg
3 fo=czy , ceEK*,l€Zs
4) fo = c2¥z) | ce K*, k1€ Zso.

In case 1 we have fo = ¢ € K*, so all the monomials Ii(% are monomials
cizy 2y with ny,m; € Zyo, ¢; € K*. This shows that C = v(X) has
property bl.
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In the other cases we see that some f; = a € K*, since fy,...f, generate
the unit ideal in K < z;,2; >. This shows that in the cases 2,3 and 4 the
convex domain C = v(X) satisfies conditions 42, b3 and b4 respectively.

We will only prove this explicitly in case 4. Now 2z € X satisfies
—,,‘L,-l < 1 for some k,l € Z5o, a € K*. Therefore v(X) satisfies the

2122
inequality : —kz1 — lz; < —log|a|. Since z1,z2 < 0 we have :

log o log |o]
> >
. (logle| log|a| -
= 1,2 > min P > ¢ for some ¢ € log |K*| N Ro.
xl =0 a

kx,+1x, =log|a|
xz =0

This shows that C = v(X) satisfies condition 04.

Now we will show that a convex domain C that satisfies conditions a
and b is the image v(X) of a monomial rational subspace X C Y. Let C
be defined by the rational inequalities :

niz1 + mizz2 <log|cn; m;|,ni,mi € Z, cn;m; € K*, i = 1..s.
Now z € v~1(C) satisfies the inequalities :

n; . m;
2129 " .
# S 1, 1 = 1“3_

Cnim;
Let n, m be defined by

n = min({0,n1,n2...ns}) and m = min({0, mq,m,...m,}).
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Now we take fo = 2['27" and define f; € K < 21,29 > by

fiz) _ =7tz

= i=1---s.
foz)  enim,’
n;+n _m;+m
So we have fi(z)ziLc"_zz-'_—, i=1---s.

i

If fo(z) = 1then X = {z € Y| IIJEZ <1, ¢ = l.s} is a monomial

fo(z2)
rational subspace of Y and v~}(C) = X and C satisfies condition a and b1.
If some fi(z) € K* for s > i > 1 then v'l(C) is again a monomial rational
subspace of Y, since the f; generate the unit ideal in K < 21,22 > .

Now suppose fo = z['z)*,n,m € Zso and f; ¢ K, i = 1..s.

If C satisfies condition b4 we can find an element ¢ € K* such that
Izi‘i’é"l < 1for all 2z € v™!(C). So taking fs+1 = ¢ we find a monomial

rational subspace X = v~!(C) of Y defined by |1—(—lf;(§ 5

<1,i=1l.s+1.

If C satisfies condition b2 we can find a ¢ € K* such that l < | < 1 for all

z
z € v"1(C). Furthermore by the definition of m there exists an f;(2) such
that 442 — 2" _ 1 > 0.

fo(z) - Cn;m=2y

From this we see :

L)) _|_ & | o
fo(Z) Cn;ym Z%”
r [ T I 1 _n . c
- ‘T Slcn.,mc | ifn; <land |—| <1
z1 | 23 2
= 9
|z |™ ra < leni,m| ifn; >0and |z| <1
\
= o < |a| for some o € K*.

2

So C satisfies condition b4, therefore we know v~(C) C Y is a monomial
rational subspace. If C satisfies condition b3 we again find that C' must
satisfy condition b4 if fo = 2727*, n,m € Zso. If fo = 2725, n,m > 0 then
C cannot satisfy condition b1.

The situations with fo = 27 or fo = 27" are similar.
1 2
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Remark. Using proposition 2.2 above we can now describe explicitly the
convex doamins C C v(Y) such that v~}(C) = X is a monomial rational
subspace X C Y.

In the next table we give description of C' and X in the case int (C) = 2.

C X
The empty set & |ez1] > 1 and |¢] < 1
a point P = (Lloglei|, L logles|) | |27] = |eal,|20] = |e2| < 1,61,¢2 € K*
a halfline z; = Llog|ei| el =lal £1, ¢ € K*
or z; = X log|cy| |2 = |e2] £ 1, ¢3 € K*
a line segment:
nzy + mzy = log|cy| |27z = |e1] £1, ¢ € K*
and +log|c2| < 71 < log|es|| |e2] < |a1]*, |2i] < |es| £ 1, ez,¢3 € K*
or +logles| < @3 < Flogles|| lea| < |z2l¥, [23] < les| <1, €565 € K*

If int(C) # @ then C can have one of the following forms. The numbering
corresponds with the one of property b in proposition 2.2.

1 2 3 4
c\[

DEFINITION. We define /|K*| as being the set

X, =

VIK*| = {z € R|z" € |K*| for some n € Zs0}.

Let C C v(Y') be a convex doamin. A point P € C # @ is called an extremal
point of C if there exists no line segment [Py, P,] C C with P # P, P; such
that P € [P],Pg].
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LEMMA 2.1. Let |K*| = {/|K*| and let X C Y be a monomial rational
domain such that v(X) = C # @ is a convex domain in v(Y'). Let A be
the affinoid algebra of X. For a polynomial f € K[z1,22,27",2;']N A we
have || f ||=|| 3 an,m2123" ||= maz|an m| || 2725 || where || || denotes the
spectral norm on the affinoid algebra A.

Let P,..P; be the extremal points of the convex domain C. Then we
have :

k
| 225" ||= maz{la™s™ | (a,b) € [ Jv™'(P)}.

i=1

Proof. Since |K*| = 4/|K*| and K is non-archimedean we have
I £ I|l= maz|anm| || 212" || -

Py P
VAR
/ . P2
o / P,
7
x2=0

A monomial z'23* has norm |c| on the line nz; + mz; = log|c| in v(Y).
The maximal value |c| € |K*| such that the line nz; + mz; = log|c| has at
least one point in common with the convex domain C is equal to || 223" ||.
It is clear that this rational line can contain at most two points P;. This
only occurs when the monomial belongs to a rational line on the boundary
of C. This shows that we have indeed :
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k
|| 225" ||= max{|a"b™| | (a,b) € (] v} (P)}-

i=1

So for a polynomial f = ¥ ap m2P2d € K[21,22,27 ", 2;']N A we have :

1/ ll= maxlanm| max, |a7b7

Here (a;,b;) € v~1(P;) are chosen in v~1(F;).

DEFINITIONS. Let A be an affinoid algebra, with spectralnorm || || and let
X = Sp(A). Let K° be the ring of integers of K, i.e.

K':={ze K| |z| < 1}.

We define the K%-module A° by A° := {f € A| || f ||< 1}. Now we define
the K%submodule 4% c A% by A% := {f € A| || f |I< 1}. We call
A = A%/A% the reduction of A and X = spec (A) the reduction of X.

We have a map R : X — X. The image R(m) of a maximal ideal m of
A is a maximal ideal of A defined by :

R(m) = the image of m N A%nAd = A%/A.

The map R is surjective onto the set of closed points of X (see [BGR]
p-270).

Remark. Let us take a monomial rational domain X C Y, X # & such
that C = v(X) is a convex domain # @ in v(Y). We can now associate
to an extremal point P; of C the monomials 223", n,m € Z that are in
the affinoid algebra A of X and attain their maximal value || 27'25" || in
v~1(P;). This gives a partition of the monomials in A.

Let f map the monomials z}2J" into Z? and be defined by :

f(e12") = (n,m)

Let M; be the set M; := {f(2727")|27'27" is a monomial in A and attains
its maximal value || 222" || in v=1(P;)}.
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M,

In the pictures above we have drawn the partitions. The figures 1,2,3
and 4 correspond to monomial rational domains X C Y that have property
b1,b2,b3 and b4 respectively (see proposition 2.2).

The line between the areas M; and M;;, belongs to both, since it corre-
sponds to the monomials that have their maximum value in both v=!(P;)
and v~1(Pi4q)-

LEMMA 2.2. Let X C Y be a monomial rational domain with affinoid
algebra A. Let |K*| = \/|K*|. Then thereis a 1 - 1 correspondance between
the minimal prime ideals p; of A and the extremal points P; of C = v(X).
In fact we have :

pi = {7 € A | If(ai’bi)l <1, (ai’bi) € v—l(Pi)}

Proof. Since |K*| = y/|K*|, we can choose for every monomial 2{'z3" €
A, a ca;m € K™ such that || 272 ||= ¢n,m. Now the K°-module A° is
generated by the elements z, , := 22 So the K-module 4 is generated

by the images Z,, , of T, y in A. A straightforward calculation shows that

Tam - Tkg =0 . Tnyk,m+i for some § € K.

Furthemore § € K~ if and only if Z,, ,, and T ; are the images of monomials
belonging to the same area M;.

This shows that we have indeed for every extremal point P; of C = v(X)
a minimal prime ideal p; = {f € 4 | |f(a:,b:)| < 1, (ai, b)) € v }(P)}.
The ideal p; is generated by the elements Z,, », with (n,m) ¢ M;, so 2}z
does not reach its maximum || 2727 || in v=}(B).
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Remark. Let us look at B; = A/p;. We see that this ring is generated
over K by the elements Z,, ,,,(n,m) € M;NZ2. We can choose the constants
€n,m such that the multiplication in B; is given by :

Tn,'m '-fk,l = -fn+k,m+l, (n,m),(k,l) € Mi n Zz-

Since the areas M; C Z? are rational, the semigroup of points in M; NZ? is
generated by a finite number of elements. This shows that B; is a finitely
generated K-algebra.

It is clear that the quotient field of B; is _I?(zl,zg).

FEzamples. We identify the monomials T, ,, € B; = Z/Pg with the points
(n,m) € M; N Z2. For convenience we choose B such that one of the bor-
derlines goes through the point (1,0). This can always be done by using a
transformation by an element of GL(2,Z).

Now the generators of B over. K are Z; 0and Ty, ;.
:(m,l) There are no relations between the generators,

so we have :

B = F[Tl,o,fm,l]-

(1,2) The generators of B are T;2,71,1 and Z; 5. We
° have the relations : 73 ; = T1,2.Z1,0. So we have :

B = -_’\;[51,2,71,1,71,0]/(7%,1 —Z1,2.T1,0)-

The generators of B are T1,0,71,1 and T3 3. We

j 2,3
L (2:3) have the relations : T3 3.T10 = 5:1’,1. So we
have :

B = K[Z10,%1,1,%2,3]/(T3 1 — T2,3.T1,0)-

Remark. Our description of the algebra B is in complete accordance with
the theory of toroidal embeddings as described in [KKMS], [0.1] and [0.2].
We will now state and use some results and definitions from it.

DEFINITIONS. Let M be the set of monomials 2{'23*, n,m € Z.

Now M =~ Z? where the isomorphism is given by the map

fiAag = (n,m).
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Let My be My := M ® R ~ R2,
We call a semi-group S C M saturated if S satisfies :

nr€S=>re€s, wherer € M and n € Zso

We call a convex domain in My bounded by two rational halflines starting
in the origin a (convex rational polyhedral) cone. We will always assume
that the cone does not contain a linear subspace. For a semi-group S C M
we define the space Xs := spec K[f~1(S)]. For a cone ¢ C Mg, the set
o N M is a saturated finitely generated semi-group. Moreover any finitely
generated semi-group S, not containing a line, has the form o N M for some
cone 0.

THEOREM 2.1. Let S C M be a semi-group that generates M as a group.
Let 0 C My be a cone such that int(o) # @, so

o = {A(ae1 + bea) + p(cer + dex)| A, € R0}

for some Z-basis {e1,e;} of M and a,b,c,d € Z with g.c.d.(a,b) =
g.cd.(c,d) =1 and n = |det ((cl 3) # 0. Now we have :

a) The space X is normal if and only if § is saturated.

b) The space X, is non-singular if and only if the semi-group o N M
is generated by a Z-basis of M.

c) If K contains the n — th roots of unity then X, = A%/ u, where p

is a cyclic group of order n acting diagonally on Ai—{.

Proof. All this is proved in [KKMS] Ch.I §1. We shall recall the proof of part
c of the theorem, because this will give us a nice and explicit description of

X,.

Let o be as in the theorem. We can choose a Z-basis {fi, f2} of M
such that o = {Afi + p(kfi +1f2)|A\, p € Ry0} C My, where k,l € Z with
g.c.d.(k,l) = 1. We may assume [ > 0, since we always can replace f by
—f2. So we have n = |det(kf; + lfa, f1)| = I, since det( fi, f2) = £1.

Ifn=10=1then {fi,kfi+1f2}is a Z—basis of M. These two elements
also generate 0 N M. This makes it clear that :

X, = specK[f7(f1), fTH(kfL+1f2)] 2 AL
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Let I # 1 and I > 0. Now the semi-group o N M is not generated by f; and
kfy +1fs. Let M* =Z-1fi ®Z- fr. Now {3£1, 571 + f2} is a Z-basis of
M* and the two elements also generate the semi-group o N M*.

Let ¢ map the monomials z%y", u,v € Z into M* and be defined by
w,v 1
g:zy —*u'7f1+v'f2

It is clear that specK[g~!(oc N M*)] = Ai—( and cNM C o N M*. Moreover
we have specK[g~'(c N M)] = specK[f~'(c N M)]. This can be seen by
using the map : 2 — z}, 22 — y.

If K contains a primitive /-th root of unity ¢ we can describe
X, = specK[g™!(0c N M)] as in the statement of the theorem. We can
define an action ¢ on A%(- = speck[g~1(oc N M*)] by :

((z)=C-z, {(¥) =y

The invariants of the group g :=< ¢ > are generated by the monomials
z"y*, r,s € Z that are in g~!(oc N M*). So we have :

K[f Y oenM)=K[g7 (on M)] = K[g~ (e n M*)]".
This shows that : X, = Ai_(/u.

LEMMA 2.3. Let X C Y be a monomial rational domain such that
C = v(X) is a convex domain in v(Y') with int(C) # &. Let Py,..,Ps
be the extremal points of C. Let M; be the cone associated to the extremal

a b
det ( . d)
where az + by = 0 and cz + dy = 0 are the bordelines of M;. Let K contain

all the n; — th roots of unity for i = 1..s. Now the reduction X of the
monomial rational domain X is the following :

point P; (See the remark just before lemma 2.2). Let n; =

’

a) Every extremal point P; corresponds to exactly one affine surface
Az}—(/ Hi

b) If the line-segment [P;P;] is part of the boundary of C, then the
surfaces belonging to P; and P; have exactly one affine line A}—< in
common.

c) If the line-segment [P;P;] is not contained in the boundary of C,
then the surfaces belonging to P; and P; have exactly one point in
common.
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Proof. Let A be the affinoid algebra of X.

In lemma 2.2 we proved that there is a 1-1 correspondance between the
points P; and the minimal prime ideals p; of A. Now theorem 2.1 shows
that spec(B;) := spec(A/p;) is the surface A—:;z/ﬂi defined by the cone M;.

Suppose the line-segment [P; P;] is part of the boundary of C. The mono-
mials in A that have an image # 0 in both B; and B; are the monomials

n,_ m l
(—z-l—zz-) , | € Z>o which correspond to the rational line P; P;. This shows

Cn,m
that the surfaces belonging to P; and P; have exactly one affine line A-lﬁ in
common.

Now suppose the line-segment [P; P;] is not contained in the boundary of
C. In this case there are no monomials in A which have a non-zero image
in both B; and B;. So the surfaces belonging to P; and P; can have at most

one point in common. Of course they have the point defined by 505-;5'2:: =0

for all £-22- in A in common, since int(C) # 2.

Remark : We are looking for admissible affinoid coverings of K% — {(0,0)}
that are invariant under the action of the group I' =< 4 > . To find such
coverings we use the fundamental domain of T' given in proposition 2.1.

First we need the notion of a pure covering, since we want the reductions
of the affinoid space to glue together nicely.

DEFINITION. Let Z be a rigid analytic space.

A pure covering i = (U;) of Z is an admissible covering by affinoid sub-
spaces U; satisfying the following conditions :

1) For each 7, U; intersects a finite number of U;

2) X U; NU; # & then there exists a Zariski-open affine set V;; C U;
such that U;NU; = R;‘I(Vij), where R; : U; — U, is the reduction,
and U;NUj is an affinoid space having reduction R;; : U;nU; — Vj;.

The word admissible in the definition means admissible with respect to
a certain Grothendieck topology on Z.

Remark : Thereis a 1-1 correspondence between pure coverings U of a rigid
analytic space Z and formal schemes X over K° such that the generic fibre
of the map X — Spf KO is the space Z. In this case the closed fibre of the
map X — Spf KO is the reduction of Z with respect to the pure covering
. :
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Indeed for an affinoid subspace U; C Z, U; € U with affinoid algebra
A;i=K < zy..xp, > /I we have :

A? = lim A?/m* A? = lim(K°[zy...ca)/T)/m* (K°[z1...2,]/T).

Here is m = K°° if the valuation is discrete, otherwise we take m = () for
some 0 # m € K°°.

Now SpfA? C spec K°[zy...x,]/I is the subspace defined by the ideal
m. This shows that the map Spf A? — Spf K° has Sp(A;) = U; as its
generic fibre and Sp(A;) = U; as its closed fibre. Now the properties 1 and
2 of the definition of a pure covering show that all maps Spf A? — Spf K°
glue together nicely. So we get a formal scheme X — Spf K° with Z as its
generic fibre and the reduction of Z with respect to the pure covering 4 as
its closed fibre.

LeEMMA 2.4. Let (X;) be a covering of K — {(0,0)}, such that every X;
is a monomial rational domain and int(C;) # @&, where C; = v(X;). Now
(C;) is a covering of v(K? — {(0,0)}) by convex rational domains.

The covering (X;) of K* — {(0,0)} is pure if and only if :
1) For each i, C; N C; # @ for at most a finite number of C;.
2) Vi,5, CiNC; #2 & C;NCjis a point P or
CinC;=CinL=C;NL, where L is a

rational line.

Proof. Let us first show that a covering as described in the statement of
the lemma is pure. If C; N C; = @ then also X; N X; = &. Since C}
intersects only a finite number of C;, our covering satisfies condition 1 of
the definition.

Let us assume C; N C; # &, s0 C; N C; is a point P or a rational line L
such that C;NL = C;N L. Now clearly v~!(C;NC}) is a affinoid subspace of

X = v~1(C;), since it is given by an equation |z, m| = ECJ"_zz"ll =1lin X;if
Ci; N Cj = L, where L is the rational line nz; + mz; = log|cn,m|. When
Ci N Cj is a point P then v~!(C; N C;) is given by two such equations,
coming from the two rational lines on the boundary of C; intersecting each
other in the extremal point P. The situation in C; is identical.

In lemma 2.3 we proved that X; is affine, so v~1(C; N C;) is also affine
in X;. The set v‘l(a N C;) is defined in X; by one or two equations of the
form Tp,m # 0, s0 v™1(C;NC;) C X; is open affine subset.
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Since v~1(C; N C;) describes the same affinoid subset of K2 — {(0,0)}
in both X; and X, we can identify v™1(C; N C;) in both X; and X ;. This
shows that our covering satisfies condition 2 of the definition, since it is

clear that v=1(C; N C;) = R7Y(v=1(C; N C})).

Let us now show that a covering (X;) of K2 — {(0,0)} such that the
covering (C;) of v(K?% — {(0,0)}) does not satisfy condition 1 or 2 in the
statement of the lemma is not pure. There are now three possibilities :

1) There exists an ¢ such that C; N C; # @ for an infinite
number of C;

2) There exists ¢,j such that C;NC; = C;NnC; N L, but
CinL#C;NL, Lis arational line.

3) Int (C; N C;) # @ for some ¢, j.

It is easy to see that in all three cases the covering is not pure, since it does
not satisfy some of the conditions in the definition above.

In case 1 it is clear that the covering (X;) does not satisfy condition
1 of the definition, since X; has a non-empty intersection with an infinite
number of C;.

In cases 2 and 3 the covering does not satisfy condition 2 of the definition
above. In case 2 we have : X; N X; # R} (V;;) or X;nNX; # R;I(V,-j). In
case 3 v~1(C; N C;) is not open in X; and X ;.

Ezample : Let the group I be generated by a contraction 7. In proposition
2.1 we constructed a fundamental domain F' for the action of I'. The finite
affinoid covering (F;) of F' we gave, where F; is a monomial rational domain,
can be used to give a pure covering of K2 — {(0,0)} that is I-invariant.
Indeed the covering (77(F};));ez is T-invariant and pure by the lemma above
if v has the form with A = 0. If A # 0 then we can choose a small enough
value of |A| such that y*(Fi) N y*+1(F}) and v*(Fk) Ny (F), k1 = 1,2 are
pure by the lemma above. Since y/(Fy) N yI(F;) = @ if |i — j| > 2 the
covering (v?(F}))jez is again pure.

We will now study in som detail the case where = is defined by :

Y(e1,22) = (o1(z1 + M), 002), 0< e < Jaa] < 1, < 1

and A = 0if oy # of and satisfies the extra condition : |af| = |a}| for
some k,l € Zy.
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In proposition 2.1. we showed that the fundamental domain F' can be
covered by the following two affinoid subspaces :

i k
ay] 2 [e] z
F,=Sp K<z, —, —i) andF2=SpK<zg,—2, -—}>
21 2z 22 2
k
A =1 kx,-lx,=0
1 22
Fq
lexz|
2 7(F3)
lexal
Fy
(E2
CHECHE
1z, —
In the next lemma we will study the special case |a;1| = |az|. Then we

will study the case |of| = |a|.

LEMMA 2.5. Let T' be generated by a contraction 7y such that
la1| = |ez|. Let {y'(F1), v/(F:)|i,j € Z} be the pure T'-invariant cov-
ering C of K? — {(0,0)} given above. The reduction of K — {(0,0)} with
respect to this covering C has for every extremal point P of the convex
domains v(v'(F})),j = 1,2, i € Z, a surface ~%, i.e. a P2 blown up in one
point. The surface ﬁ”i—{ corresponding to the extremal points P and v(P)
have one PL. in common, this line is exceptional in the ]Il’%< belonging to P

and ordinary in the other.

Proof. Let v'(A;),7 = 1,2, i € Z be the affinoid algebra belonging to
7'(F;). Let [v¢(A;)]p be the component of the reduction of y*(4;) that
correponds to the extremal point P of the convex domain

o(7'(4;)) C v(K* = {(0,0)}).

Since the covering C is I'-invariant and I' acts transitively on the sets of
extremal points, it is sufficient to look at one extremal point P. We choose
P = (log|ai|,log|az|). The point P is an extremal point of the following
four convex domains in v(K? — {(0,0)}) : v(F1), v(F2), v(y(F1)) and
v(y(F2)). So we have to consider the following affinoid algebras and their
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reduction in P :
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a 2 — —la Z

A=K —, = A =K|—,—

1 <z, 7 7 > [A]p = 7

2 -

I N Ny v W g 2 R

7(A1) = a’ 21’ 21> [’Y(Al)]P K o ’ 2 |

a z — —[a =]

Ay=K<m— 2> [Elp =F|- —

22 22 | 22 22

2 r— =

Z o 2 — — | 22 le

A)=K<—,—, — A)lp= K |—, —

7(Az) < o’ 7 7 [( 2)]p La’ 22
Here a € K is chosen such that |a| = |e1| = |az|. We will now glue the

reductions together.

The gluemg of [A;]p and [(A)]p a.long their intersection ‘defined by

70 %

# 0 and identifying ( ) with 2 Z
has coordmate ring K[xl,w3] x K [gil?-] where % =

gives us a PL- x AL and
a’_a_zand}m:zg.
a 7 Ty 21 21 21

The glueing of [A2]p and [v(42 7(A2)]p gives us again a PL- x AL defined by

K20, 2] X K[ﬂl], where 22 =

9 — _Zand.yl J-

227 T2 22

Now we have to glue these two surfaces ]]1’1 X Al along their intersection

given by
relations :

1 T2

2
z3 T o

NEE]

=Aa_k and —.—=

22 n Ty T2 Yo

-—1

2 #0, & # 0. Sowe identify ( ) with £ and use the

3 T _ W1

So we have to identify zo with 21, or z3 with z2. We choose z; = z3. Now
the glueing gives us a homogeneous coordinate ring

K[zo,z1,22] X K[yo,%1)/(Z0Y0 — T1%1)-

This is the coordinate ring of a surface ']15-3? (see [H]). We have

To Z2 T

T9 [o )]
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7(P)

In the point v(P) we also find a surface @— given by the homogeneous
coordinate ring K [£,% z5] x K [£,4]/ (-—Q ¥ _ 2u) We will now

a) o o o
describe the intersection of these two surfaces IPE( In the IF’7 belonging to
P this intersection is determined by '—a’-| ,|73| < 1. In the coordinate ring
this space is determined by zo = z; = 0. So we find the exceptional line
given by K[0,0,1] x K|[yo,1] in the ]P2 belonging to P.

o?

22

< 1.

In the 111’27 belonging to y(P) the intersection is defined by
So in the coordinate ring this space is given by

) (2) =2 (2) =0,

therefore z; = 0. We find the ordinary line given by

R[22, 22,0] R[22, 2] (o 2

o
Z1 4

in the @ﬁ belonging to v(P).

So the reduction of 1’2 —{(0,0)} with respect to the covering C is given
by a string of surfaces P2, e glued together as in the figure by 1dent1fymg an

exceptional line e in one ]PK with an ordinary line o in the text surface ]P—I?.

0o ~ [4 0 ~ € 0 ~ [4 0 ~ € 0o ~ €
2 2. 2 2
Px Pz P Px P
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Remark : Since the group I' above acts tranpsitively on the set of extremal
points, the reduction of the Hopf surface K? — {(0,0)}/T is given by a
surface P2, %/ ~, where ~ is the relation that identifies the exceptional line e
with the ordma.ry line o, when we use the covering C of K2 — {(0,0)} given
above.

THEOREM 2.2. Let I' =< 4 > be generated by a contraction vy with
|a¥| = || for some k,l € Zso with g.c.d. (k,l) = 1 and suppose K
contains a primitive k - I-th root of unity. Let F' be the fundamental do-
main of T qonstruqted in proposition 2.1. Let C be the pure I'-invariant
covering {v'(F1),7/(F2) | i,j € Z} of K? — {(0,0)}.

Every extremal point P of a convex domain v(v'(F;)),j = 1,2,i € Z
corresponds to a surface P2, %/Wk, in the reduction. The group py, is a
finite cyclic group of order kl acting diagonally on ]P"I’{. The surfaces ﬁ%/ Mkl
belonging to the extremal points P and y(P) have a line in common. This

line is the image of the exceptional line in the ]P’ =/ 1k, belonging to P and
it is the image of an ordinary line in the surface belongmg to the extremal

point y(P).

Proof. We only have to prove the theorem for one extremal point P,
since I' acts transitively on the set of extremal points. We choose

= (log|ai|,log|az]|). So P is an extremal point of the following four
convex domains in v(K? — {(0,0)}) :

o(F),v(Fa), o(7(F1)) and v(y(F2)).
The associated affinoid algebras and their reductions in P are :

l [ =1

ayp zZp —_ — |0y Z9
Al=K<zn,—, %> [A =K |—=. ... 22
1 1, 21’2{6 [ l]P .21, ’2{6_
A=K <2 42 o Gue=-F|Z,.... 2
(A1) = o 7 2 T(A1)|p= oo
k J— =k

Q 2 — —=|a Z

=K<z 235 @ = H_z,...,_u
Z9 32 -22 22

2 k r— —=k1

A=K <2 2 2y ANp=K |2 ... 2L
7(Az2) a7 7l [v(42)lp Ry
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Since char(K) { k,l, we can use theorem 2.1.c to get a more conve-
nient description of [4;]p,i = 1,2 and [y(A;)]p,i = 1,2. Let us take new
variables u,v such that u' = (—?1- and v' = 7?-’2- Now we have :

o )
CS R P
A n

[7(?47)11»:76%,2/“]

3 [
Iy ]

r@le =T [0, 2/ "

Here Z'is defined by E(u) = Ck-u,Z(v) =, E(i—% = {22-, Z(-E-) = 5_11-
where ( is a primitive k -l — th root of unity.
Furthermore we have :

=1\r E P | m
(™) (u) € K[u™", v/u
Skl —kr+(1-Fk)s
& klsAlr+ s, since g.cd. (k,1)=1

s k1H _ -— m _
& (uly (%) €E [u—l,-Z—k] -K [u-l,Z—'-; /uk] = (A1l

This shows that we have in fact :

= 7 kK
e e e = R C
2
— w kK
e =T w2 | =T [u 2] =% [u2]"
2
- w 1
ele =% o Zp| =T o0, 5] =T [0, 4]
(03] v
7 16
A _ 7 2,0 7 o = A
e =T [o, 2| =T [o %] =% [s,4]".

The group p = py,; works identical on the intersections of the affine spaces.
So we can interchange the group action and the glueing.
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In lemma 2.5 we already proved that the glueing gives us a surface ﬁ%
The group p acts diagonally on this surface ﬁl’%

Let K[zo,z1,2] X K[yo,y1]/(zoYo — z191) be the homogeneous coordi-
nate ring of P%.. Here 22 = y, & = ¢, 2 = 2 etc. This shows that the

b T2 9 Y1
action of u is defined by :

{(20) = ¢*ao

(1) = 'z

{(z2) = 22

C(yo) = ¢'vo

(1) = ¢Fn H=1,p=<(>.

Since the finite group p acts diagonally, the invariants of y are generated
by monomials. If we forget about degree the generators are :

I ki
xo, THYy L, t=0---1, 2jys "', 1 =0---k.

The homogeneous algebra of invariants is generated by the monomials of
degree kl in the z; and/or y; that are p-invariant. So the generators are :

zy T af iy Ty ritsk—i—j=H
Kl kl

Yo, W

ghi=ik=ily gl ik ik + 51 < kl.

Of course there are relations between these generators. One directly sees
that there are relations of the form sys3 = s3s4, where the s; are some
generators such that s;s2 is the same monomial as s3s4.

The relation zgyo — z1y1 = 0 gives rise to the following set of relations :

kl—t—j i _j, al—j bk—i kl—r—s_r, s al—r bk—s __
Ty ToZTiY% "Y1 T, T1Z0Y% Y1 =0,

where t+j=r+sand al + bk — 71— j = kl.
This shows that we can reduce the number of generators. We will not go
into this any further.

Since the surfaces ﬁ’%/uk,l, belonging to the extremal points P and y(P),

are the images of surfaces IP%, belonging to P and (P), which intersect
each other as in lemma 2.5, the last part of the theorem is clear.
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Remark : Let C = (X;) be a pure affinoid covering of K2 —{(0,0)} such that
all X; are monomial rational domains. Every extremal point P of a convex
rational domain C; = v(X;) gives a surface in the reduction of K2 — {(0,0)}
with respect to C. The surface belonging to P is the surface given by a

. - . V.
conic decomposition of R%. Every cone o gives a surface Xy, where o is
g

the dual cone of . So & is given by the points (n,m) € R? such that the
lines nz + my have only values > 0 on o. The surface X v is the component
of the reduction of X; in P and o is the cone given by the two half-lines

through P bounding C; = v(X;). We have Xy = spec K[f~ 1(0‘ n z?)),
where f is the map f : 272" — (n,m). In fact we have o= f(B;), where
B; is the set of the monomials in the affinoid algebra A; of X; that obtain
their maximum value in P. The glueing of the surfaces Xy for the cones o
defined by P gives us the surface in the reduction belongmg to P.

We will now study coverings C such that to every extremal point P
belongs a non-singular surface.

DEFINITIONS. A conic decomposition is called regular if the surface X;
is non-singular for every cone ¢ in the decomposition.

A regular conic decomposition is called minimal if there are no cones
o; and o; in the decomposition such that the decomposition obtained by
replacing o; and o; by their union o; U 0; is again a regular conic decom-
position.

Remark : In theorem 2.1.b we showed that the surface Xy is non-singular

if and only if the semigroup oNZ2is generated by a Z-basis of Z2.

This shows that if 0 = {A(ae; + bey) + p(ceq +dez) | A, € Ryo} where
{e1,€2} is a basis of Z? and a,b,c,d € Z with g.c.d.(a,b) = g.c.d.(c,d) = 1

the surface Xy is non-singular if and only if det((z fi )= +1.

DEFINITION. We denote the rational ruled surfaces P(O(m) @ O) by
Y m. (See [H]). Sometimes these surfaces are called the Hirzebruch surfaces
in the literature.

THEOREM 2.3.

a) A minimal regular conic decomposition corresponds with one of
the following surfaces :

Eo, ]PK’ Em, m Z 2
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b) Every non-minimal regular conic decomposition gives a non-singu-
lar surface which can be obtained from one of the surfaces above
by a finite succession of blow ups.

Proof. These facts are proved in [0.1] and [0.2]. We will not recall the
proof here. In the next remark we will describe the minimal regular conic

decompositions.

Remark : In the pictures below we give the minimal regular conic decom-
positions and the surfaces defined by them.

y=0
T4 I O3
x=0
x
g,
g3 g2
x-my=0 ~
o, g2
Ym, m2>2
T4 O3

So a minimal regular conic decomposition consists of 3 or 4 cones as
above.

EOZIPIT{—X]PIW

_y=0

If a regular conic, decomposition R; is not minimal then there are two
cones 0; and o; in R; such that replacing o; and o; by their union o; Uo;
gives another regular conic decomposition Ry. The surface defined by R;
is a blowing down of the surface defined by R;. By induction this proces
stops if we reach a minimal regular conic decomposition as above. Below
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we show an example.

x-y=0
(51 g2
R; defines a ]P?—( =3
04 g3
(B

R, defines a IP%
04 | O,U04

For later use we give the following decomposition :
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Herel;isgiven by z—iy = 0, ¢ = 1---s. The regular conic decomposition
R,_;4+1 is given by replacing 0541,05, -+ ,0; by 0,41 Uo,U---Uo;. Since
R, defines a surface ¥,,, Ry defines a surface ¥,, blown up s times.

THEOREM 2.4. Let I' be generated by a contraction y. There exists a pure
T-invariant affinoid covering C = (X;) of K? — {(0,0)} where the X; are
monomial rational domains such that every extremal point P of C; = v(X;)
gives a non-singular surface in the reduction.

Proof. If |a1| = |az| we have proved this in lemma 2.5. All other cases are
proved in the next proposition.

ProprosiTION 2.3. Let T’ be generated by a contraction v with

0 < |ag| < |az] < 1. Now there exists for every | € Zs; such that
|@b| < |ai| a pure affinoid covering as stated in theorem 2.4 above. The
reduction is as shown in the figure below.

N

P blown up | times
/ \° e\e x{\g, 2
e’y =22 21_2—3“--1—22—3-—1?1_( e= exeptional line

e\ o= ordinary line
(]

!F';\, blown up | times

Proof. Let F be the fundamental domain of I' constructed in proposition
2.1. Let v denote as before the map v : (21, 22) — (log |21, log|22]).

We now look at v(F’). Let the point Q = (¢1,92) € v(F) be defined by :

z1—22=0
{zl —lzy =log|ai| — 1 -log|as|

This point Q is in v(F) since 0 < || < |a1| < |@2] < 1 and therefore we

have
log|ay| — 1 -log |az]

1-1

0>q=¢q= > log |az| > log |oy|.
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We now cover the area v(F') by a finite number of convex domains as
shown in the figure.

H Po
0
p o,/
: p, tip
Hz ! T l'{zl
|
IR
.'VI ."[0 K

The line-segments drawn in the figure above are the following :

Ly z1—-23=0 z, € [log|az|,0]

L; z1—1tx,=q —iq T, € [log|azl, q2) i1=2..1
My z1=q 3 € [~00,¢2]

M, z1=q —iga+iloglas| z €[-o0,log|as|] i=1..1
K z,=0 Ty € [—00,0]

Hy z,=0 z1 € [—00,0]

Hy z2=¢ z1 € [-00,q1]

Hy z; =log|os| z1 € [—00,log|oz|]

The extremal points of the convex domains are @, P;,: = 0...I. The points
P; are given by Py = (0,0) and P; = (g1 —tq2 +1 log |z, log|az|), ¢ = 1...1.

Now proposition 2.2 tells us that the covering of v(F’) with convex do-
mains as above corresponds with a covering of F' with monomial rational
domains. Furthermore lemma 2.4 shows us that the covering of K2—{(0,0)}
arising from this covering of the fundamental domain F' by the action of T
is a pure affinoid covering of K% — {(0,0)}.
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The extremal points Q, P;,i = 0..] give surfaces in the reduction of
K? — {(0,0)}. The remark before theorem 2.4 shows that the surfaces are
the following :

to Q belongs a ]P’%(— blown up [ times.

to P; belongs a PZ.

to P;,1=2---1—1 belongs a ¥;.

to Py and P; = y(F,) belongs a il, i.e. a X; blown up one time.

The surfaces belonging to two different extremal points have at most
one line in common. They have exactly one line IPI? in common if and only
if the extremal points are joined by a line segment that is a part of the
boundary of a convex domain. The line they have in common is defined by
the monomials that reach their maximum on this rational line. A direct
calculation shows that these lines are as in the statement of the proposition.

ProPosiTION 2.4. Let I' be generated by a contraction v such that
|ab| = |ay| for some I € Z,. Now there exists a pure affinoid covering as
stated in theorem 2.4 above. The reduction is shown in the figure below.

ol

£, blown up 1 times—2-2-%, -2 2%, , 225,22 P;
€ ee e\

T, blown up | times—>-%, | ——X,_, 22y, 22 P;
el ex

Proof. The construction of the covering is the same as in proposition
2.3. The only difference is that we have now Q = P,. Therefore H; = Hy
and K = Mo.
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Looking at the figure below it is clear that we have a covering as in
theorem 2.4 and that the reduction is as stated above.

P
He p O
P
CATTT
M, M, M,

Remark. Using the coverings of K? — {(0,0)} given above, we can find
a reduction of the Hopf surface X = K? — {(0,0)}/T. Since I' covers

—{(0,0)} with the images of the fundamental domain F, it is clear that
the reduction of X is as shown in the statements of the propositions 2.3
and 2.4 above with an identification of some lines.

We will now construct another example with I' =< "/,E > where 7 is the
contraction v : (21,22) = (@121,0222) and Egenerates Tiors, Eis defined
by C : (21,22) — ({21,(22) where ( is a primitive m-th root of unity. In this
case the Hopf surface X = K? — {(0,0)}/T has a nice reduction X,/ ~,
where ~ is an equivalence relation identifying two lines of ¥,,.

LEMMA 2.6. Let ( be a primitive m-th root of unity. Let < C > be a group
acting on K2 — {(0,0)} where C is defined by ( : (21,22) = (€z1,€22).

Let ¥,, be as above with a homogeneous coordinate ring
K[z1,22][2, 90, --ym]/1,
where I is the ideal
I=(yizial™ —yzizl ™0 < i,j < m) (see [H]).

Now we have : K% — {(0,0)}/ < { >~ £,,\S$.
Here S consists of the two lines P}, defined by

z=0andbyyo=v1=--=9ym =0.

Proof. The group < E > acts on the two open subspaces K* x K of
—{(0,0)} defined by z; # 0 and 2, # 0. These two subspaces cover the
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whole of K2 — {(0,0)}. Now it is sufficient to look at the invariants of the
group action on these two open subspaces. The invariants are generated
by :

z

—2—a.ndz{" ifz #0

£

2L oand 2 if 20 #0

22
We will now glue the spaces defined by these coordinates together to find a
description of K?—{(0,0)}/ < { >. First we take homogeneous coordinates
x1,%9 such that %21 = % and % = —2 Let y;,¢ = 0...m be the non-
homogeneous coordinates y; = 2} 23" ~' i =0...m. The y; are global sections
of K* — {(0,0)}/ < ¢ >. Together with z; and z, they give a complete
description of the coordinate ring of K% — {(0,0)}/ < ¢ >.

The coordinate ring is given by :
R = K[z1,z2] X K[yo,.-yym)/I, I = (yix{x;"_j - y,-zix;"“w <,7 < m)

Furthermore we have the condition that y and y,, cannot be both zero,
coming from the fact that the point (0,0) is missing in K2 — {(0,0)}.

Since the coordinate ring of %, is K[z1,z2] X K[2,y0,...,¥m]/I and
R ~ K[zy,22] X K[1,%,...,Ym]/I, it is clear that K% — {(0,0)}/ < { > is
isomorphic to a subspace of ¥,.

In fact we have : K2 — {(0,0)}/ < { >~ T,,\S.

Here S consists of the two lines P1, defined by :

z=0 I([il?l,CI?Q] X I([O, Yo, ym]/I
=..=Yn=0 K[.’l)],xz] X I([l,OO]/I

ProprosITION 2.5. Let Z be as above. Let I' be the group T' =< Z,‘y >
acting on K? — {(0,0)}. Here 7 is a contraction defined by

v :(21,22) = (az1,a2) with 0 < |a| < 1.

Now there exists a pure T-invariant affinoid covering of K2 — {(0,0)} such
that the Hopf surface K — {(0,0)}/T" has the reduction ¥,/ ~. Here ~ is
the equivalence relation identifying the two lines ]PI? defined by z = 0 and
by yo=y1=---= yYm =0, where z,y;,t = 0,--- ,m are as in lemma 2.6.
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Proof. Since I is abelian and < E > is finite, it is sufficient to find a
fundamental domain F for the action of < v > on K% — {(0,0)}/ < {( >
such that the affinoid covering of F together with its < 4 >-images is pure
and gives a reduction with the properties mentioned above.

Again we consider the two open subspaces K* x K of K? — {(0,0)}
defined by z; # 0 and by 22 # 0. It is clear that the action of v on the
< ¢ >-invariants is given by :

21 21

7:;—2-—422-,,25"——»0/”.25" if 20#0
29 zZ9 .

yi— > —, " = a™z" if 2 #0.
21 21

Now we have a fundamental domain F = F; U F> where Fj, F> are given

by
21
Flz{(—z2)|[am|<|z2|<1 <1}
22

ng{(z2 )]|am|<|z1|<1 <1}
2

The subspaces F; and F, are affinoid spaces, they are in fact monomial
rational domains. It is easy to see that C = {y'(F1),7(F:) |i,4,€ Z} is
a pure affinoid covering of K2 — {(0,0)}/ < ¢ > by monomial rational
domains.

We will now define maps ' and v" such that v'(7!(F})) and v"(y*(F2))
are convex domains in (R U {£00})?. The maps are defined by :

v {(%,25”) € K2 —{(0,0)}/ < >| 22 # 0}' — (RU {£o0})*,

1 21 21
v (22,22) (log|z2| log p ‘)

o {(i—jz{") € K2 —{(0,00}/ <C>| = # 0} — (RU {+o0})?,

v” (;—z 2y ) = (m log )

Since the maps v’ and v” are identical on the subspace defined by
z1 # 0, 22 # 0, we can glue them together and get a map

2
21

'+10g |21, —log

v: K? - {(0,0)}/ < { >— (RU{£o0}).
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log|z7|=0
v(F,
log| 21| =0
g z,
v(Fy)
log|23| =0

Note that in this situation v(F3) does not satisfy condition b of propo-
sition 2.2. This is a consequence of the definition of v used here. But the
results of lemma 2.4 remain valid, mutatis mutandis.

Again we have a 1-1 correspondence between extremal points P of the
convex domains v(vy*(F})),i € Z,j = 1,2 and the components of the reduc-
tion. Every extremal point P gives a surface in the reduction. Looking at
the figure above ard using the remark following theorem 2.3 we see that
every extremal point P gives a surface L.

In order to describe the intersections of the surfaces X,, we need some
more information. We need to know the components in P of the reduction

of the four affinoid domains v(y*(F;)) with P € v(y*(F;) in P. This is a
straightforward calculation. The results are shown in the figure below.
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m z, 1 X3 Ym X2 2
R[;—f—’z,] R[;T ;,‘;] R[E—f’z ] R[xl,ym]
z, m Rz_L_l X, 2
R[22722] [7'2,2’;] R[%ag—o] R[E-:’SI—O]

The components can be glued together to give a surface X,, with homo-
geneous coordinate ring K[z1,22] X K[2,yo, ..., ym]/I. The identification is
given by :

T2 _ 2 T1_2A Ym _  m Y m

—_— — = _=Z —_ =z
1 21 Ty 2z Z 1oy 2

Now it is clear from the figures above that the surfaces ¥,, belonging to the
extremal points P and 7(P) have aline in common. This line is defined by
in = % = (in the ¥,, belonging to P and by = =& =0inthe other ,,.
So these lines are IP’}—( ’s defined by z=0and by yo =9y = ... = Yy, = 0.

Since < 4 > is transitive on the set of extremal points P it is clear
that the reduction of the Hopf surface K2 — {(0,0)}/T is £,,/ ~, where ~
identifies the two lines above.

3. Line bundles on a Hopf surface

Let I' =< v > be generated by a contraction y. We will now study the
line bundles on the Hopf surface X = K2 — {(0,0)}/T'. We will need some
properties of quasi-Stein spaces (see [Ki.2]).

DEFINITION. An analytic space Y is called a quasi-Stein space if there
exists an admissible covering of Y by open affinoid subspaces U;,U;, Us, ...
such that :

1) Uy CU, CUs C ...

2) the image of Oy (Ui41) is dense in Oy (U;).
Remark : Let Y be a quasi-Stein space and F a coherent sheaf on Y. In
[Ki.2] the following two properties are proved :

1) H(Y,F)=0Vi> 0

2) The coherent sheaf F is a sheaf associated with an O(Y)-module

F.
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LEMMA 3.1. The analytic space K* X K is a quasi-Stein space.

Proof. Let U; be the open affinoid subspace of K* x K defined by :
R;'<|zn| < Ri, |22 < Ry

We choose R; < R;4+1 and R; — oo for 7 — oo.

Now the covering (U;)ien of K* X K is admissible and satisfies the defi-
nition above. This proves the lemma.

LEMMA 3.2. Every line bundle £ on W = K? — {(0,0)} is trivial.

Proof. We have W = W7 UW, where W; = {(21,22) € W | 2 # 0} and
Wy = {(z1,22) € W | 23 # 0}. Now £|w, = Ow;, -e;, since W; = K* x K is
a quasi-Stein space and every line bundle on K* x K is trivial.

It is clear that
O(Wh)* = K*2% O(Wy)* = K*2% and O(Wy N Wy)™ = K*2725.

This shows that e; = ae; for some a € O(W; N W;)*. Furthermore we have
a = a7'.ay with a; € O(W}).

Now we take fi; = aje; and fo = azes. Clearly we have £|w, = Ow;, - f;
and f|lw, = fi and £ = Ow, - f. This proves the lemma.

Remark : Let u be the map u : W.= K? — {(0,0)} — W/T and let £
be a line bundle on X = W/T'. Now u*£ is a line bundle on W, so we
have u*£ = Ow - e. The action of the contraction v on v*£ has the form
v(e) = a - e for some a € Ow(W)*. Clearly we have : Ow (W )* = K*.

DEFINITION. For a € K* we denote by £, the line bundle on X = W/T
defined by u*£, = Ow - e with y(e) = a - e. Here v is the contraction
generating T'.

ProrosiTiON 3.1. Let I' be generated by a contraction v and let
X = W/T'. Now we have : '

a) Every line bundle £ on X is isomorphic to an unique £,.
¢) Pic (X)= K~
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Proof. This is a direct consequence of lemma 3.2 and the remark following
that lemma. Another way to prove the proposition is the following. The
map u : W — X is a local isomorphism of the Grothendieck topology. We
have : ‘

w*O% = Oy and H(X,0%) = HO(W,u*O% ).

Therefore we have : H'(X,0%) = HY(T, H*(W,0},)) = H'(T, K*). Since
T has trivial action on K* we see that H!(T', K*) = K*. This shows that :
Pic(X) = HY(X,0%) = K*.

Remark : In the next lemma we shall compute H(W,u*£,) = H'(W, Ow).
We will need this for the calculation of the dimension of the groups
H'(X,L,).

LEMMA 3.3. Let W = K?* - {(0,0)}. The cohomology groups H'(W, Ow)
are given by :

HY(W,0w) = { Z an,m21 23" | the powerseries are converging on W}

n,m>0

an,m21 2 |the powerseries are convergent on
Hl(W, Ow) = { nm<0
W\{(z122)|z1 = 0 or z; = 0}
H\(W,0w)=0, i>2.

Proof. Let W; = K* x K be the subspace of W given by z; # 0 for
i =1,2. We have W = W; U W;. Since W; is a quasi-Stein space, we have
Hi(W;,£) = 0for j > 0 and every coherent sheaf £ on W;. Therefore we
can use Leray’s theorem.

Let d be the natural map d : £(W;) ® £(W,) — £(W; N W;). Now
Leray’s theorem gives us : HO(W,£) = ker d, H'(W,£) = coker d and
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dim Hi(W, £) =0,t > 2. Now the take £ = Ow. It is clear that we have :

£(Wy) = Z an m212; | the powerseries converges on W 3,
n€zn,m>0

£(W3) = < Z bn m21 23" | the powerseries converges on W, 3,

n>0,
\ mEZ

E ¢n,m2123 | the powerseries converges on

E(Wl n Wz) = I n,me%

\

Wi n W,
Now the lemma is proved by applying Leray’s theorem.

Remark : Let M beaT-moduleandlet"'be' =<y > Z.Letd: M - M
be the map given by d(m) = y(m)—m, m € M. Then the groups H*(T', M)
are given by :

HYT,M)=kerd

HY(T, M) = coker d

H{(T,M)=0,i>2.
ProrosiTION 3.2. Let X = W/I',T' = Z and £, a line bundle on the Hopf
surface X. In this situation we have :
a) H9(X,£4) = H(T, HO(W,u*£4))
b) 0 — HY(T,H'(W,u*Ly)) » HY(X,Ls) » HYT,H (W, u*Ly)) — 0 is
exact.
c) H*(X,Lq) 2 HY(T,HY(W,u*L,))

Proof. 1t is clear that H%(X, £4) = HO(W,u"£a)' = H(T, H'(W,u*£,)).
We will use spectral sequences to determine the other groups H*(X, £4).

The left exact functor H*(X, —) is the composition of the two left exact
functors H%(T',—) and H°(W, —) and the exact functor £, — u*£q. We can
determine the right derived functors H*(X,—) of H°(X,—) by using the
right derived functors H*(T,—) and H'(W,-) of H°(T,~) and HY(W,-).

Let T, U be covariant functors in one variable. Now [CE] p.376 gives us
for the composite functor V = T'U a spectral sequence 11?9 => R"TU(-).
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Here R™ is the n—th right derived functor. In this spectral sequence we have
2! = RIT(RPU(-)). In our case we have V = H°(X,-), T = H)(T,-)
and U = HO(W,-).
This gives us : Pt = H"(XLy), n=p+gq

%% = HY(T, HP(W,u*Ly)).

Furthemore we have H4(I',—-) =0, ¢ # 0,1 and H?(W,-) =0, p # 0, 1.
Therefore 1187 = 0, p,q # 0,1. Now we have II}'? = II»? Vr > 2, since
d, : P9 — TB~"+1La+7 jg trivial for r > 2, i.e d, =0, and the spectral
sequence is defined by H(II,) = II,44.

Since IT¥"? = 0, p,q # 0,1 we have an exact sequence (See [CE] p.333) :

0— ' - HY(X, L) — I1;° — 0.

This is the exact sequence in part b of the proposition. Furthermore we
have : H*(X,£,) 2 " = HY(T, H'(W,u*L,)). This proves part c of the-
proposition.

LEMMA 3.4. Let v be a contraction given by vy(z1,22) = (o121, a222),
0< || < |az| <1andaf #abVk,leZ

Let £5 be a line bundle on X = W/T, where ' =< v > . Then we have :
liff=atad, abe Z<o

dim H°(X,Lp) =
0 in all other cases

1ifB=af ab, a,b-eZ
dim HY(X,Lp) = 1

0 in all other cases
1ifB=afab, a,beZso

0 in all other cases.

dim H*(X,£5) = {

Proof. The element v multiplies a, ,27'25"e € £5 by a constant :
Y(anm2125°€) = ayay' B - an m27 25 €.
Since af # ob Vk,l € Z we have :

fee H'(W,u*Lp), v(fe) = fe = f = anmsf2f, ofaff=1.
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From H°(X,£3) = H°(T, H*(W,u*£;3)) we can directly conclude that :
B8 B
dim HO(X,£5) =14 B=a7%;"a,b€ Zso.

Indeed all monomials in HO(W,u*£g) are of the form z23*,n,m € Zxo.

In a similar way we can determine dimH°(T', H!(W,u*£3)). From the
action of v on H(W,u*£3) we can see that :

dim HO(T, H (W,u*£)) = dim HY(T, H'(W,u*Lp)).
Now we can calculate
dim H*(X,£3)= dim HY(T,H'(W,u*Ls)) = dim H°(T,H'(W,u*£p))
as before.
Now proposition 3.2b shows us that :
dim HY(X,£3) = dim H(T, HY(W,u*£5)) + dim HY(T, H*(W,u*£3))
= dim H*(X,£p) + dim H°(X, £p).

This gives us : dimH(X,£5) =14 f=0cfal, a,bEZ
LEMMA 3.5. Let v be a contraction given by v(z1,22) = (a121,0222),
0 < |aa| < |az| < 1 and af = o) for some k,l € Zso with g.c.d.(k,l) = 1.

Let £3 be a line bundle on the Hopf surface X = W/T', where' =<y > .
Now we have :

(b+1 iff=a; e;? %, 0<r<k, 0<s<l,

dim H°(X,L5) = { be Zso
L 0 in all other cases
b+1 iff=a;"e;? ™, 0<r<k, 0<s<],
b€ Zxo

dim H'(X,£5) = ¢ b+1 iff=aad**, 0<r<k,0<s<lI,

b€ Zxo
L0 in all other cases'
(b4+1 iff=a]ad?*,0<r<k 0<s<l,
dim H*(X,£5) = < b€ Zxo

0 in all other cases.
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Proof. As in the previous lemma we have for monomials
anm2i 23 e € H'(W,u*Lg) :

n._m —an,.m n._m
Y(anm2iz3'€e) = atoy' B - an m2y 2y €.

So an element f-e € H(W,u*£p) is y-invariant if and only if fe is the
sum of monomials a, 27 25" - € that are y-invariant.

Now we can calculate HO(T, H'(W,u*£3)). Since
HO(X’ L) = HO(F7HO(W’ u*Ls)),

we have dim H°(X,£3) # 0 if and only if 8 = a7 ™a; ™, m,n € Zyo. If
B = ay™a; " then we can write 8 uniquely in the form 8 = al‘raz_bl_s

with 0 < r < k,0 < s < [ since of = ab.

Now we have 8§ = oy ™ag™ , m,n € Z>¢ for the following values of m and
i m=r+jk

{n=s+bl—jl, 0<7<b
This proves that dim H°(X,£5) = b+ 1.

In a similar way we can calculate dimH°(T, HY(W,u*£;)). Since 7 acts
on the space H'(W,u"£5) by multiplying the monomials with a constant,
we have : dim HO(T, H'(W,u*£3)) = dim HY(T, H}(W,u*Lp)).

Now wusing proposition 3.2. it is straightforward to calculate
dim H'(X,£5) and dim H*(X, £5).

Remark : Let 7y be a contraction of the form y(z1, 22) = (a™(21+A27"), az2),
0 < |a] <1, A # 0. In this case y(W;) # W;. So the action of 7 on

H'(W,u*£5) as given in lemma 3.3 is not well-defined. Therefore we need
another description of H'(W, u*£s). This will be done in the next lemma.
LEmMA 3.6. Let W{ C W be the subspace

Wi ={(21,20) € W | |z1] > |23"]}.

Then W] is a quasi-Stein space and W = W] UW,. Let vy be a contraction
of the form

Y(z1,22) = (@™ (21 + A),@20), 0< Ja] <1, 0< A < 1, m € Zso.
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We have

HY(W,0w) = { Z Gnm2 2y | the powerseries converges on Wi N Wz}
n,m<0

The action of ¥ on H'(W,Ow) is now well-defined.

Proof. We can see that W] is a quasi-Stein space by using the following
admissible affinoid covering (U;)iez,, of Wi. Here U; is defined by :

Ri2 > |21l 2 Rix >0, |z1] > R;3 - |27"].

Here we have R;9 — 00, R;3 — 0 and R;3 | 1 as 1 — oo.

Since W = W] U W, and W{, W, are quasi-Stein spaces, we can use
Leray’s theorem to calculate the Hi(W, Ow). We see that H'(W, Ow),i # 1
is as in lemma 3.3, only H'(W,Ow) is different. In fact we have :

HI(W, Ow) = { Z an,m21 25 | the powerseries converges on win Wz}
n,m<0
So only the convergency condition of the powerseries has changed.
Now the action of ¥ on H}(W,Ow ) is well-defined. We have :

1 2 Tk
— o™kt (102 —k,—l
V(i) e (10E) e

2\
_ o —mk—=l_—k _-I 2 : -k 2
= 2,’1 22 (i ) ()\z—l) .

i>0

This powerseries is convergent on W/ N W» since (7*) € Z and therefore
|(7%)| € 1. In fact we may forget about z;-powers > 0, since in H* (W, Ow )

we are looking at powerseries Y. ak;2fz) modulo monomials having a
k,1<0

zi-power >-0. So the series v (?l_z") stops as soon as m¢ — 1 > 0.
172

LEMMA 3.7. Let v be a contraction of the form

Y(z1,22) = (@™ (21 4+ Az3"),a22),0 < |a] < 1, 0 < |A| £ 1.
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Let £5 be a line bundle on the Hopf surface W/T', where I'=<v>.Now
we have :

(1 ifB=a"*,ke&Zso,char(K)=0

k
1 ifB=a*, ke 1) > — > ps,
dimHO(X,,Cﬁ)=<s+ iff=a"", k€Lyo,p(s+1)> 2P

char (K)=p>0

| 0 in all other cases
(1 ifB=0*, k<O0VE>m+1, char(K) =0
k
s if,B:ak,k2m+1,ps<;z-5p(s+l),

[k/m] = ps, char(K)=p >0
k
1 ifB=a" k> 1 — < 1
dim H (X,£5) = { s+ iff=o’, k2m+ ,ps<m_p(s+ )
[k/m] # ps, char(K)=p >0

ks
s+1 ifﬂ:ak,kEZSO,P(3+1)>E2p3,

char(K)=p >0

L 0 in all other cases
(1 ifB=0a*, k>m+1, char(K)=0
k
s ifﬂ:ak,ps<-5§p(s+1),k2m+l

and [k/m] = ps, char(K)=p >0
dim H*(X,£5) = 4 [k/m] (£)

s+1 ifﬂzak,ps<%Sp(s+l),k2m+l
and [k/m] # ps, char(K)=p >0

L 0 in all other cases

Proof. We may replace the coordinate 2; by A71z, so we can assume
that A = 1 and that v has the form : y(z1, 22) = (a™(21 + 23*), a22).

We also teplace the monomials zFz} by z*zjt™*

y(z)=z+ 1.

where z = Zk, so
2
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So now we have :

H 0(W, Ow) = Z ak,lmk zé | the powerseries converges on W
k>0 , I—km>0

E akylxkzé | the powerseries converges on
HI(W, Ow) = { k<0, 1-km<0
Wi n W,

Hi(W,0w) =0, i > 2.
We will first calculate H°(X,£3). We have :

k .
Y(zFA) = (z + D!z =a' Y (F) o'z}, >0, 1 —km > 0.
i=0

Now take f-e € £5 such that y(f-e)=f-e=7(f)-B-e.
So we must have : f = 3.7(f). We can write :

F=Y" fi@)z = 4(f) =) ' v(fil@)) - 74, 1(fi(e)) = filz + 1),
Sowe have: y(f) = B71-f = f = fi(z)z, B= a”i, i—m-deg(fi(z)) >0
and 7(fi(z)) = fu(z).

Let fi(x) be given by fi(z) = ZS: ajz’. This gives us :
j=0

1(fi)=fi & Zs:oajxj =Y aj(z +1), s = deg (fi)
i=

j=0
=S a5+ Qo1 = Q5
=>s=0Va, =0.
Since a; # 0, we have .9.: 0. When char(K) = 0 wefind s =0 and f; € K.
Therefore we have : f = fizi = czi, c € K, v(f.€) =a'-g- fe
dim H%(X,£5) =1 if=a i>0
- { dim H°(X,L5) =0 otherwise.

If char(K) = p > 0 then we find p|s. It is easy to see that the polynomials
(zP — z)7 are y-invariant. Now we have :
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a .
fi = anj(a:p — :c)’, deg (f,) = ps.
J=
f=fizh, i—m-deg(fi)>0s0i—mps>0, f=0a""

This gives us :

dim H°(X,L5) =s+1if B=0a"* i>0and p(s+1) > -Tin > ps
dim H°(X,£5) =0 otherwise.

Since there is for every ! > 0 only a finite number of polynomials z*2}

with k¥ > 0 and I — km > 0 and y(z*2}) = a/(z + 1)*2} and since there

exist for at most one value of ! invariant polynomials f;(z)z} such that

v(fi(z)2t€e) = fi(z)z}e, we have again :

dim HO(T, HY(W,u*Ss)) = dim HY(T, HO(W,u*Ls)).

We will now study the action of y¥ on H*(W,u*£3)). We have :

oo

Yz 7% ) = a7 (2 + 1)k a"IZ(-_k)x’k ‘23 k>0, 1> km.

i
i1=0

We can forget the terms x_k""zé with —I + (k + ¢)m > 0, so we only have
to look at a finite sum. Now take an element f-e € Lowinw, such that

v(fe) = By(f)-e= f-e. Sowehave: f=p3-v(f).
We can write f = Y fi(z7!)zi where f; is a polynomial such that
¢ — deg(fi) - m < 0. Therefore

1(f) =Y a(fiz™N)z = Y aty(fil(z + )7z
Sowehave: y(f) =87 1f = f= fi(z™1)z, B=a"F, i—deg(fi)-m <0
and y(fi(z71))z = f,(a: 1)z: modulo monomials z¥z} with ¢ — km > 0.

Let f be

f=filzhHz = Z a;z 2}
z+3m<0

=a,x” %2 + E a;z 7z, a, #0.
ji>s
i+jm<0
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Now 7(f) = 7! f implies that :

(1) @ + @41 = @41, b=~
& (7%)a;=0 Vms+m+i>0
¢>(1—")=—3=0Vm3+m+i20.

If char(K) = 0 then s = 0 cannot occur since in x"z{; we have s > 0.
So we must have ms + m + 1 > 0 and sm + ¢ < 0, since otherwise f = 0.

This gives us :
dim HO(T, HY(W,u*£3)) = 1 iff=ati<-m
dim Ho(T, HY(W,u*L5)) =0 otherwise.

If char(K) = p > 0 then we have p|sor ms+m + 12> 0, sm+1:<0.

1

TP -

1 1 1 i .
——— T — ¢ —— x—pr x(l—p)] .
— 7\ T — pl=pyr Z
(zP —x) zPm (1 -2177) (j___o

So we can use the polynomials :

Jo "
2.2 P" (z a:(l_”)j) , 1+ mpr <0, r>0.
i=0

Here jo is taken such that ¢ + m(pr + jo(p — 1)) > 0.

T
It is easy to see that the powerseries ( ) is y-invariant :

Furthermore we find an extra <v-invariant monomial zT2 if
—(r+1) < £ < -r<0andr # p-s for some s € Z>o. So we now
have :

r dim H°(T, H'(W,u*Lp)) = s if —p(s+1) < % < —ps,f=a”t,
—i>m and —(r+1)§%<7‘=>7‘:p3,
Y dim HOT, H{(W,u"Lp)) = s+ 1if —p(s +1) < % <-ps,B=0a"",

—+>m and —(r+1)§%<r¢r¢ps
| dim H(T, H'(W,u*L5)) =0  otherwise.
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Again we have : dim HY(T, HY(W,u*£3)) = dim H°(T, H}(W,u*Lg)).

So we have : dim H?(X,£3) = dim HY(T, H*(W,u*£p)).

Furthermore we have : dim H!(X,£3) = dim H%(X, £5)+ dim H*(X, £;5).
THEOREM 3.1. Let I' =< 7 > be generated by a contraction 7.

Let £ be a line bundle on the Hopf surface X = W/I'. We now have :

a) x(£5) =0
b) There exists an unique line bundle £ such that :

Ve HHX,£Q@£5") = H'(X,£p).
c) We have £'= £4, .4, = £(K).

Proof. The Euler characteristic x(£g) is defined by :

2

X(£6) =Y (-1)' dim H(X, £p).
1=0

In the lemmas 3.4, 3.5 and 3.7 we have used the following fact :
dim H'(X,£5) = dim H%(X, £5)+ dim H%(X,£p).

This proves statement a of the theorem.

The Serre duality in part b can be found by direct verification. We shall
only determine the only possible line bundle £. We have :

dim H°(X,£) = dim H*(X,£Q £7') = dim H*(X,£) =0

dim H*(X,£) = dim A°(X,£® £7') = dim H%(X,£) =1
Since dim H%(X,£;) = 1, we have £ = £, with a = akal, k,l € Zso.
Now take 8 = ajaj, r,s > 0, then we have :
0# dim H*(X,85) = dim H(X, Lyt qo-1) = —r+k20,-s+120.
So only k =1 =1 can satisfy b, therefore £ = £4,4,-

The canonical divisor K on X is given by

K {zl"1 2zt dzy Nz if y(z1,22) = (a121,0227)

™ day Ndzy i y(21,22) = (@™ (21 + 25),az2))
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Clearly we have : £(K) = £4,q,- This proves part ¢ of the theorem.

Remark : Theorem 3.1 gives us a Riemann-Roch theorem on the Hopf
surface X.

Indeed we have : (D) - s(D)+ (K- D)=4D(D—-K) +1+p,
= x(2(D)) = 4D(D - K) +1+p,

Taking D = K we have 0 =1+p, = p, = -1.

Taking D = n - K we have 1(nK? - n?K?)=0 = K?=0.

So we have :
D? = D - K for every D.
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