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The Feynman path integral as an improper integral
over the Sobolev space

By

Daisuke Fujiwara

5 I* Introduction*
Let L ( x , x ) = ^ | x ( 2 - V ( x ) , be the Lagrangian with the

potential V ( x ) , For the sake of simplicity of notations, we
assume that the configuration space is of dimension 1 . But the
same results hold for n-dimensional case. The action of a path
r^ [ 0 , 1 ] —> 1R, r ( 0 ) = y and r ( t ) = x , with r €• L 2 { 0 , t } is the

functional

S ( r ) = J^ L ( r , r ) ds.

The Feynman path integral is a formal integral over the
path space JL :

feih-ls(r)^i.
-41

Among various proposals to give mathematically rigorous meaning to
the Feynman path integral, we adopt Ito's formulation [ 4 ] and [ 1 ] .
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We denote by ro the straight line segment joining y and x,

i .e . ,

r o ( s ) = 4-x + (1 --^) y.

We denote the Sobolev space H ^ ( 0 , t ) = { r ; r ^ L ^ O i t ) ! r ( 0 ) =

y ( t ) = 0 } by j^» which is equipped with the inner product

( n » r2^ = Jo r i ( s ) r 2 < s ) ds.

Let Q ( y ) =^1^-, e-^e- be a positive quadratic form such
J

that ( e - ) - is a complete orthonormal system ( c . o . n . s . ) and { A , } ,j j j j
is a positive summable series. Let b be an arbitrary vector

in 3^ . Let N ( d y , b , Q ) be the Gaussian measure on 3-t!. with the

mean b and the variance Q, Ito defined that

(1 ) feih-^r) ^^ =

-(-T^Lr)1^ ii? î ( 1 + S^-)1'2 fe1'1-18'^^) H<dr,b.nQ>,
H

if the right hand side converges.

Unfortunately, existence of the limit on the right hand
side of ( 1 ) was proved only for potentials V ( x ) of the following
two types:

1 V ( x ) = ax2 + bx + c .
2 V ( x ) = | ê -̂  djji, where JJL is a signed measure of

finite total variation on R<
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On the other hand Pauli [ 5 ] discussed the Feynman path integrals
for potentials satisfying

| grad V ( x ) [ = 0 ( j x l ) as x ——^ so .

We assume in the present note a little stronger condition
for the potential:
( 2 ) [ v < j ) ( x ) < - C , , if 2^ j .I U

We use the special quadratic form
9(r)=2^ ^Kr.ej)^ ,

where A>1 is a constant and < e j ) j is the c . o . n . s . consisting of
indefinite integrals of Haars' functions. Our main results is

Theorem. Let Q be as above and b be any element of^P.
We assume that V satisfy the condition ( 2 ) . If t | is
sufficiently small, then the right hand side of ( 1 ) converges to
the limit independent of b. The limit K ( t , x , y ) is the
fundamental solution of the Schrodinger equation:

«fr̂  - (!r^x)2 - ̂^ K ( t , x , y ) = 0 ,
K ( 0 , x , y ) = 5 ( x - y ) .

Here h is a small positive constant.

In the next section we will give more accurate statement
of the result as well as outline of the proof.

XIV - 3



2 . Outline of the proof.

Indefinite integrals of Haars' functions.

Let q = 2 ~ ^ ( 2 k + l ) , n= l , 2, 3 , . . . and k=0 , 1, 2, . . . , 2n-l-l,

be any finite binary fraction. We denote n by n ( q ) and k by

k ( q ) . We set m ( q ) = 2 n ^ ) - l + k ( q ) . For each such q, we define

g 2 -n (q )^ ^nd

eq(s) = J°' for l^-5 ^<1-

L ( 2 5 q ) - l / 2 ( 5q - |s - q t | ) for Js - qt|^5q.

_i Q

The system { -^ e. , (s )}^ is Haars1 c .o .n . s . in L - ' ( 0 , t ) . Hence
' U. 0 \4 'J[

{e^ ,} forms a c .o .n . s . in ^_ . Note that

IÎ L- 2-1/2 'q172 ' MLI s 2 -1 /2 ^3/2t 1 1 ̂ l^;1'2^

The Quadratic form Q. Let A > 1• Then

Qt^^A-111^ y.2, where yq=( r ,e ) .
q ^ A •l rC

Splitting of "K. . Let NQ > A+2 be so large that

M 9N-10( 2 . 1 ) 2^ A"" < 1 for any N >_ N Q <

We choose n so large that

1 ?NO( 2 . 2 ) n~1 ^ < 1 .
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Let N^ be the positive integer such that

( 2 . 3 ) n-1 ^Nn <̂  1 < n-1 ^v} ,

and m^ be the integer such that

( 2 . 4 ) n-1 /nn < 2 "^/4 < n-1 ^"+1.

We can easily prove from ( 2 . 1 ) , ( 2 . 3 ) and ( 2 . 4 ) that

( 2 . 5 ) 2N"-1< m, < 2N"+1.

Let Hi= span of {eq: m(q)<m^} and H^=span of {eq:m(q)^ m^} .

Then we have orthogonal decomposition

0\. = 0^+ iT^g »

which reduces the quadratic form Q. For any i- in "LP ,
we denote the corresponding decomposition

r = ri + rz.

For any b in H., the Gaussian measure N(dy,b,nQ) coincides with

the product measure

N ( d » - , b , n Q ) = N(dn ,b^ ,nQ^ ) ?< N ( d » 2 • b^ .nQ^ ) .

New coordinates in KI . The subspace 9-€^ is of

dimension m^-1. We arrange points {q t }m(q)<m of [0, t ] in

its order of magnitude. Then we obtain a division of [0, t ]

0 < t i< t2< . . . -< tn^_ i< t . We set tQ=0 amd t^ =t. The subspace

^ coincides with the space of all piecewise linear paths with

vertices at s=tj, j=0, 1 , ...., ,m^. So we introduce a new
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coordinates x ,=y( t , ) of y with respect to the basis { w , } j ,

which is given by

("O if sjCt,_i or tj+i^ s,
W J ( S ) = \1 if s=t^, J

^linear for t-j_i^.s<.'fc - and "t-^s_<_"fc ,^.^ •

Any ^1 in 3^ can be written into two forms:

r! = ^(qXm, ̂ q :: ^ ̂ ~1 x^ M^

Evaluation of It^^s integral.

Let b=bi+bo be decomposition of b into 3-ĉ  and (Hig.

Using any r = ri + r 9 > we make a new path y^ + bg• The action

of it is

s^ri^^j/ol2 ds + ll̂ ll̂  llnll2" ^v(ro+rl+b2) dst

We can write this as

S ( r o + r i + b 2 ) = i (y^^llbgll^ +^^ S j ( x j , X j _ i ; b 2 ) ,

where

s j (x j•x j- l ;b2)= ^•It^1"1 1 -Atj ^(^j.^.^bz)

with A'tj= tj~ t^-l an(^

^<Xj,Xj_l ;b2)=(Atj)- l j '^^V(XjWj+Xj_lWj_l+ro+b2) ds.
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x

The Hessian Hess(S) of S{rQ•t•r•^+^9) with respect to

l > « . . X m _ ^ equals Hess(S) = H - W= H ( I -H^W) , where

H= f'^^/^z1 ~ -^2 'A!

~ ~^2'

L^ A^

0

0

2'

f ""

t

A^2

^2^jh

^3~'

0. .........

7

• A

Ai^SF^'

y

> 0,, .....

~^4'

and W is the Hessian of "n

J=l
t j ^ ) j ( X j , X j _ l ; b 2 ) .

If |t is small (I-H^^W) is invertible. Hence the functional

^ ——>: Stro^'^' i^ '^z^ ^as only one critical point at ri^ri^

= 2 x,* w,. which is given byj J J

^J^J^J-l^ '^x^j+l^j+l*^/)^ ^ J ^T^

where x
^

=xo:':=0.

For any finite binary fraction q with m ( q ) > m ^ » we define

fq(ro+rl+b2)= Ĵ  V y ( r o ( s ) + r l ( s ) + b 2 ( s ) ) e q ( s ) ds

and ^(ro-^) = ^q(yo +^! + b2)• The splitting ̂ <= ̂ + ̂
reduces the quadratic form Q into Q^ and Qg and it reduces the
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Gaussian measure N ( d r » b , n Q ) :

N ( d y , b , n Q ) = N ( d y ^ , b ^ , n Q ^ ) ^ N ( d r 2 » b g , n Q g ) .

It is clear that

^dri.bi.nQ^Tf^y^l/Z expf-k5-A°>(q)(yq-bq)2)-||^ ldx.

The variance of this Gaussian measure is nQi , which is large.

So the density of this with respect to the Lebesgue measure can

be regarded as an amplitude of an oscillatory integral. On the

other hand N ( d y 2 , b ^ , n Q ^ ) has variance relatively small. The

delta measure concentrated at r^^^ is a good approximation to

N(d»-2 »bg ,nQ^) . Thus we have

Theorem 2 . 1 . If t ) is sufficiently small,

,h-l<
(2.ih)-l/2^(i+ Oplî l/2 Je^^O^^dr^b)

-K^m. n^nl̂ <^ ^^)^2]

•^ (^^L^-^^^ -^1 dx,
R

. / 1 M/2 lh- lS(ro+r{+b2) .•'•l^TtithJ e y i ^ r^(t ,x,y),

where yq*= ( y-^* , Cq) ,„ . We have the estimate

| ^x ^y r^(t ,x,y)| <^.C^^(h) 2 t.
a ̂  . ^..^1 <-r /^ o^n/8
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The last term of the right hand side of Theorem goes to 0
as n goes to c>0 . While the exponential factor of the first
term tends to 1 as n goes to (90 . In fact we have

-NTheorem 2 . 2 . Let 6^=2 ^. Then we have the following
estimates:

^y ̂  ^a^2 d+|x + | y [ )^--^

^hCL^)^-^2 < ̂ N2 + y\2 -M^n372
m ( q ) > m ^ h

lOy V^}< ^p(l+|x + | y j + (Ibj^d-^)4 ^/2.

"^(yq*- bq)2 < c(l+ l x | 2 +| y |2 ^\\^) ^
m ( q ) < m ^

Here a'1' denotes m a x ( a , 0 ) .

Theorem 2 .1 and Theorem 2.2 imply that the decisive

role is played by the oscillatory integral

j - TT'"" (-L————^/2[ ih-^ro+n+bz) -T)-11^"1 ,
Jn- " j=l C^ihAtj") J m^-l e l ' j=l ^J

Similar integrals are treated previously in [3 ] . We have

Theorem 2 .3 . If |t| is small enough, we can rewrite

/ i ,,1/2 ih~ l s( rn+r1 ; t ; +b9)
^Tmrr) e ° ' 2 ( i + k ^ ( t , x , y ) ) ,

X I V - 9



For any K>0, there exists Cv such that we have

^x ^y k ^ ( t , x , y ) _^ IT n d+t^K /^jM) -1'
»J ~" •*•

if a and 3 are smaller than K.

Convergence as n goes to IPO . In order to discuss

convergence of the oscillatry integral J^, We compare

S(TQ'^r'\^^) ^th "the action of piecewise classical orbit. Let

A ^ o=to < ti < . . . . < t^,i<t^=t

be the division of the [0, t] as above. Let r/be the piecewise

classical orbit

r^(s) +^x v ( ^ ) =0 for tj,i<s<tj,

r/^(tj )=X j+ ro ( t j ) » for j=o, l,.... ,m^,

with xn = x.« =0. The action along y is

^^ln-l

scl( t»x»xm^-l» t•^x l^)=^-j^l ^^j^j^j-l^

where

r^^j
s j ( t j t x j t x j - l ) = Jt..1^8^ dst

<J -L

The critical point of S^i|(t,x,x^ -l^m - z ^ ' * * ^ ! ' 7 ) with

respect to vertices x— _ i , x^ _ g , . . . , , x ^ is unique if | t [ is

small. The critical level of it equals the classical action

Sd(t,x,y) = (^ L(rc l (s)) ds»
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where y^ is the classical orbit joininig y ( 0 ) = y and y ( t ) = x .

Theorem 2 . 4 . If [ t ( is small, we have

ih ^id.x.x i,...,xi,y) m^-1-Tr"^ i \ i / 2
^ll^ihAtJ Lm^-1 e

' 1 J=l ^Jj « ;R"n

,i,-l</ 1 \ 1 / 2 ib'-^S^i ( t ,x ,y) #
=(zAr^) e cl '"( 1 + k» (A , t , x . y ) ) .

For any K > 0 < There exists a constant Cg>0 such that

^x ^ k # ( A > t , x , y ) |< \\ ." (1 + CK Atj |t|) - 1,
<y ^ —

if a and 3 < K.

The next theorem compares k*(/s^t ,x ,y) with k y . ( t , x , y )n\ ̂

Theorem 2 . 5 « For any K^>0, there exists a constant CK
such that

^ a ^ 3 .u 1 / 8
^x ^y (^(A^-x.y^k^d^y)) < C $^ ( 1 + [x | + |y [ + [jb^ |1 ) .

myc

If we make the division of interval finer, k*( ̂  ,t,x,y)

forms a Cauchy sequence. More precisely, we have

Theorem 2 .6 . Let A-]^ be a subdivision of A » then

^^ (k^A^t .x .y ) - k^A-i^x.y)) ^ C ^ I t H A l ,
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where | A . j = max t̂ ,L We set
Kj<m^"n

k( t ,x ,y ) = lim ^ k # ( A t , x , y ) .
IAI—^ 0 /

Then k ( t , x , y ) satisfies

^^ ^y k ( t , x , y ) < C t.

Combining all these, we can prove

Theorem 2 . 7 .

li. (2rih)-V2TT (It n^--^')!^ fe^^^'-O^'Ntdr.nQ.b)
n—— - ^ J^

=(2^) l /2e ih- ls^ ( t•x•y>(l.k<t,x,y)),

which is the fundamental solution of the Schrodinger equation.

Appendix

In proving above results, we use the following

stationary phase method in a space of large dimension. We

consider the following oscillatory integrals

I(S,a,i/)=

L / . i / ^ 1 / ^ i^S(x^, . . . ,XQ) xTT1 ' "1 -i
k=lt^k) J^L-l6 ° ^^.••^O)ll^i dx,.T
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The phase function S ( X L , . . . , X ( ) ) is a real valued function of

the form

S(XL,XL_I , . . . ,XQ) =2~._ S j ( X j , X j _ i ) ,
</ ~" —

with

^^j^j-i^ -ir^j-^-i)^ ^^(^^j.i) , j = i , 2 , . . . L .
We assume further that

^P ^y |^x ^^(x.y) ^ c^ ,

if OJ «, p ^ K and a+p ^_ 2.

If T=t^+tg+...+t^ is small enough, the critical point

^L-l^L^' • • • • > x ^ ) of the phase is the unique solution of

^XjSj+l(^j+! «x/) + \^^x^,^^_^}=0 , j=l,2,...,L-l,

where -K^^-K^ and XQ^XQ. We use the following notation

a(x^i^lo) = a(xL,XL_?, . . . . .xi^.xo) .

Let k < 1 and x^.^*, . . . ,x^_^* be the partial critical point,

i,e. ,

^x^j+^j+l*. X j» ) + ̂ S^/.^-i^O, for j=k+l,..., 1 -1 ,

where x^rx^ and x^^rx^. Then we set

B ( X L , . . ,x j^ ,x^ , . . . , X Q ) = a ( x L > . . • .x^^x^ . l* , . . . .x^^^^ .x^ , . . , X Q ) .
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We assume that for any sequence of positive integers
3Q=0 < Ji < J2 < • • • < Jr^

and positive K we have the estimate
r̂ ^^LC(Q ^a^

c7^ "x.XQ X

-\ "r ^ ^L T——( i—————i .———|
.... ^ d- a ( x T , x , ,x- .i,x, ,...k, .XQ) < AT^,

^jp -"L 1J ^s ^s 1 ^s-1 ^1 u nL
^1

if each a , _ < K, j = 0 , l , . . , . r and L.\) """—'

Theorem. Under the assumptions above there is a positive
constant 5 such that if T = t ^ + t g + . . . + t ^ < 5

^S^^rf^^^e1^^ ^detd+H^W)-1 /2 (a(x"L^o ) -^^L^O > ) »

where r ( x j , » x o ) satisfies the estimate;

for any ^O'^L^. ^?

^ ^^ ^(^L^O) <:A3K+io(T^(l+ Ck^-^ t j -T l ) - 1J ,

Constants S and Cv are independent of the dimension L of the

space. H is the matrix

^-h' -^2 0 , 0 , .... .0

H= 0 , . . . . 0
~^2 ' ~^2 ^3' ^3

0
--+3' -^3- '-h' -~b

0 0

and W is the Hessian matrix of
J J

^

t^ c < ) j ( x j ' x j - l ) at the
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critical point of S (x^ , x^^ , . . . x ^ ,XQ) with respect to X T H » X ^ . ^

, • • • • , ^c i •
c/
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