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Xx-1
Estimates for a number of negative eigenvalues of the Schrédinger

operator with intensive magnetic field,
Victor Ivrii

1. In this lecture I give estimates from above and from below for
a maximal dimension N < o of & linear subspace QflCl CO‘D(X)

on which a quadratic form

j k (12
Q(u) = [gJ (0y = v )u-TB = V,Ju + Vul ]dx (1)
is negative definite; here X is a domain in ]?d, d =3, gjk = gki
- Jk LIk jk .1 )
Vj' V are real~valued and g, g vj, g vjvk + Ve Lloc(x)‘ we

use Einstein' summation rule. Then Q is correctly defined on
CO(D(X). Let us assume that

""1 <l "2 .k d
(Hy) c S \%\ g’ (x)§j§k5c ¥ xg X, %e R\ O
and there are given functions X), §‘= §’O' §:1' ees ON X such

that
(Hy)  Eax) 20, ¥z 0, [Y(x) - ¥nl <lx-y\

and for every point yg X' = {X, gé) e 18 in X ) By, Y (y))
the following conditions are fulfilled:

(Hy) ™ € /€ nee, oy s /8,

m=0,1, eo e fjizg/g: g; §2>/1/Xn
[0%g3% | < ¢ -8l

V‘{c 62843' ¥ B: Bl <K <,

(H) X N Bly, ¥ (v)) = {x = z(x) §n 8y.Y (v)) with
\DBZ\ £ ¢ Xl-‘%l ¥

where B(y.x ) is an open ball with a center y and a radius J/ )

k
B: Bl < K

x4 = (Xl'XB) etc, k = k(y) =1, 2, 3 in (HS), Fd =4 E,jkID \%

k™1
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are components of the vector intensity of the magnetic field,

jk1 . 123
¢ &

/G . g = det (gg)s (g5 = ()7 Let F = (g FIF)

a scalar intensity of the magnetic field. Let us further assume that

is absolutely skew-symmetric pseudo-tensor with

1/2

(H)) ¥y elx,e,2ce/Xy in xNB(y.{(y)
FozeT @y,
(Hg)' ¥y {x'. ¢, >ce/7 8, v+rF cee? |
B(y, §(y)) < X
Moreover, let us assume that for every vy ¢ X'"' = { X*,
-1 52 -1 2 ¥
fl > cC f 'ff <Cq f'\/+F 5<§§ kln B(y, §(y))

the following inequalities are fulfilled:

B : 2, - Bl
(H5) \D (V + (2J+1)F)\ <c €,°¢ ¥ B: (Bl €Kk
with j = j(y) e z*, cy 7> 8c ; then X" 1is a union of the dis-
joint domains X;' .
Let

¥, = P2lowm | e, /e2 s

X min \v + (2j+1)r¢hF\
je z'

1/2

h =1 here)

/¢ (

on X' and Y2= 8}1 g:’/g)z on X",
Finally, let us assume that
(Hg)  Q(u) 2 ¢~ S( \Tul® - wiul® )dx ¥ u g cyP(x)
" ‘ ~ 1
where X" = {x, ¢ ¥ < 25, WeE L (X)), w3o.
Our the first principal result is
Theorem 1, Let conditions (Hq)=(Hg) be fulfilled. Then
N=CRy =C'R, < N < N+ C(Ry + Rg) + C'R,

where
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11 = j S’zl(-i dx

{X'N xg', veF < g S°2 (

-1
Riz = S §1X1 dx

{xn \ X"', V+F < ESDZ. Xi 2 §)"1/2+0J(1/2+0V‘8

R13 - j §>1 g; 1/2+06° 6}-1/2+0J dx |

XN X" vaF Sgsaz. ¥, € §>'1/2+°’31/2" < 5
y g8 o

S S02 S>21/2+o~ Y-1/240 oy

L

-
]
(@]

14

15

™

-
1}
o

§)3 fi-sy-ZS dx ,

21

§2 fz-sx-l-s dx ,

22 <

)
)

Ry = S w32 4 |
X.l
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here and in what follows §& > O, 6° >0, s are arbitrary and
C =C(c), C' = C'(c,c,, & ,0,8), K = K(o%,s) in (Hg)a(H5) .

Remark 2, If conditions (Hl)-(HB) are fulfilled and if
M+ R+ R, + Ry <o then Q is semi-bounded from below on
L2(X) and hence it generates a self-adjoint Schrddinger operator
A = (Dj - Vj)gjk(Dk - Vk) +V on X with the Dirichlet boundary
condition; then N is a dimension of its invariant negative sub-
space.,

Theorem 1 is a more refined and general version of the principal
theorems announced in(;},zgl. Moreover, under a certain condition
of a global nature concerning integral curves of the vector field
(F1,F2,F3) one can derive a more precise estimates. If A depends
on parameters then theorem 1 implies asymptotics of N with respect
to these parameters (see e.g. [},21 Y.
2. The following assertion is the crucial step in the proof of

theorem 1:

Theorem 3, Let

A i - (ho, - IVLVj)gjk(th - WV, +V (2)

with the Dirichlet boundary condition be a self-adjoint semi-bounded
Schrddinger operator with the discrete spectrum an with the polyno-

mial growth of the eigenvalue counting function N(A) as )\ — m;
here h ¢ (0,1] , rx‘z 1; let e(x,y,xk,ld,h) be a Schwartz kernel

of its spectral projector. Let yg X and in B(y,1)c:X conditi-

ons (Hy)-(Hg) be fulfilled with Y= ©= §, = 1; moreover, let

Ve cN(B(y,1/2)), 0 € WV <1, lDBf\{/lé o, ¥ 7B wsie <k,

Then

(i) The following estimate holds:

\R = \J (e(x,x,0, I\L,h) - S(X,‘l*h)h-d) \rz(x) dx \ S
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Ch-z(l + h gxlhl dx +

{B(le)v X1 Z h1/2-6"8

't\,th/z-oJmes Yagy,1y, ¥, & h1/2'°'§) +c'hl

1 ~
where
2
s(x, wh) = (172 H 7 (v 4 (2j+1)-thF)(_d‘2)/2 phF Vg
=0

(ii) If V + thF =2 ¢& in X N B(y,1) (and not necessarily
B(y,1) € X here) then

-S

e(x,x,O,'r.L.h) < c'h® t“‘ ¥ xg X B(y,1/2).

(1i1) If V = =(2j+1)F + 3%v' with ¢ (h,1] and j <zt

. NP . vV _ _ _ =1
and if V satisfies (H4)3 with Y- §>- 1 then for H_- h

R <ch®(1+ f Y 5,7 dx +

{a(y.1), ¥, 2 (h/ 3)/20
(h/ )% % nes { By.1), ¥, < (h/ Y2 ) 4 conmiat

.here § > = ?; in the definition of X;.

(iv) Moreover, if V' = & in B(y,1) then
, -1 V2 s
e(x,x,0, w=nh ,h) £ C'h “(h/ ) ¥ x < B(y,1/2).

The proof of theorem 3 is complicated and it is based on the
quasiclassical microlocal analysis of the non-stationary Schrédinger
equation with parameters r" h. Without conditions (Hg)',(Hg) the
similar assertion holds for [¢_$ c, d 22 and it is the basis of
the proof of the principal theorems of [:3] o When all these asymp-
totics are established we generalize them first to arbitrary balls
and then coplete the proof of theorem 1 by means of an appropriate

partition of unity and Rosenblyum variational estimate for an eigen-
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value counting function for operator generated by Q in
L2(X",3dx) with an admissible weight function J. One can find

the similar procedure in EA] .

3. Let us consider now the case d = 2, Certainly, now F = F>

Fo = i(D4V, - D,V,)/\{ g . This case is not completely investigated

yet. However I have proved the following

Theorem 4, Let d = 2 and all the conditions of theorem 3 be
fulfilled. Then
(1) If ¥, Zc™* then

R < c H"lh'i st pE
(ii) Assertion (ii) of theorem 3 holds.
(iii) If V = -(23+1)F + S 2v*  with e (h,1] and je z*
V -

and if V' satisfies (H4)3 with ¥ = =1 and if § ?‘3 ¢t

(here ¢ , = S in the definition of XZ) then
R scc2?aschn g,
(iv) On the other hand, if

\V + (2541) phF | ;;2;cr,u_'2 ¥je Z' ¥ xe B(y.1)

then

le(x,x, Ay, L) = e(x,x, Ay, p,h)| < cr(h/2)®

¥ x @ B(y,1/2) ¥ N, N\ e (-3%¢c, 2%/ (3

Yt/ 11 Mo € S ).

(v) Moreover, if

v+ (25+1) whF + pT2RVE/BF | > 2% > a(vv‘z

¥ ie Z' ¥ xeB(y.1)
where R 1is a scalar curvature associated with the metrics (gjk/F)
and if tL-l + }Lh < &= d(c,&) then inequality (3) holds,

Let us note that in the two-dimensional case the presence of the

intensive magnetic field can improve the remainder estimate; on the
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other hand, in this case the gaps in the quasiclassical limit of the
spectrum can appear, The role of Landau levels Ej =V + (Zj+1)r&hF
is more important in the two-dimensional case than in three-dimensi-
onal one; there is a correction A Ej = ra'zR(Ej - V)2/8F to

these levels,

4, Finally, it is well~known that if X =2Rd, d = 2,3, gjk, FJ are

constant and V = 0 then

e(X,x, \, '\uuh) =

@
(12 TY 37 (X - (2j+1)thF)+(d—1)/2 W A
3=0

in particular,

TIA) = TylA) = nkhF,a)) for d= 3,
T(A) = Togelh) = Too(A) = { (25+2)hF, j ez
for d = 2,
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