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COMPLEXITY OF A-TERM REDUCTIONS (*)

by M. DezaNI-CIANCAGLINI,
S. Ronchr DeLra Rocca and L. Sarrta (1)

Communicated by J.-F. PERROT

Résumé. — Dans cet article on définit une mesure de la complexité d'un A-terme comme le nombre de
B-réductions nécessaires pour arriver & sa forme normale, si elle existe. On étudie d’\abord quelques
propriétés générales de la complexité d’applications entre formes normales, ensuite’ on calcule un
maximum pour la complexité dans le cas d’applications entre formes normales appartenant a des classes
particuliéres.

Abstract. — The complexity of a A-term is defined as the number of B-reductions needed to reach its
normal form (n. f.). In the present paper some general properties of the complexity of applications of
n. f. s. are stated and this complexity is maximized, in some interesting cases, as a function of
parameters describing the structures of the current n. f. s.

1. INTRODUCTION

As the very considerable quantity of literature on the subject shows ([13]
and [1] are merely the first and last studies published, chronologically speaking),
the use of A-calculus in the study of programming languages is now a classic
topic.

Formerly it was usual to consider, in the said approach, only that subset (of the
set A of all k-terms) which represents programs and data. Since it has been
found that both programs [19] and data [16] can be represented by A-terms in
normal form (n. f.) they are naturally related to a subset of the n. f. set 4.

Our starting point is somewhat different, in that we consider the whole A as a
programming language, whose properties we will examine. The definition of
semantics for A [15, 17,18, 20] acts as a support to this approach. Considering A
as a programming language, the execution of a program, applied to some data, is
defined by the B-reduction of a A-term until one attains its n. f., if it exists. In A
models too, the set 4" is pre-eminent, in that:

— two different n. {. s. have different meanings, otherwise the model becomes
inconsistent [20];
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— only A-terms that have n. f. represent finite computations, hence such terms
are more significant from the programming point of view [20].

In the present work we will define and compute the ‘“complexity” of
applications such as:

NM, ... M,, (1)

where N and M; (1<i<k) are n. f. s. By complexity we mean the number of
B-reductions (=steps) needed to reach then. f. of (1), if it has a n. {., according to
a given reduction strategy. This complexity measure satisfies Blum’s axioms for
step counting functions [6].

It is well known that the property of having n. f. (halt problem) s, in general,
semirecursive, but we will use a result given in [S5], which states that applications
of n. f. s. of a given shape have n. f. More precisely, the set 4" is split into @ + 1
disjoint classes A ,(h=0). If a n.f. Ne#",, then all A-terms obtained by
applying N to k arbitrary n. f. s., with k<h, have n. f. too, but there exist
(h+1)n.f.s. M, ..., M, ., such that

NM, ... My.q,

does nat have n. f. If Ne /", then all A-terms obtained by applying N to k
(k=0) arbitrary n. f. s. have n. f. too. So the problem treated in this paper is to
compute the maximum of the complexity of A-terms like NM,; ... M,, when
function of some integer parameters, which we introduce to describe the
structures of N, M, . ., M. These parameters are not measures of size as
defined in [6], since there exist infinite applications of n. f. s. with given values of
such parameters.

The relations between A-calculus, combinatory logic and URS are well
known. The notion of “complexity” inside the other two formalisms has been
studied in {4, 7, 8 and 2].

In [4], Batini and Pettorossi give the axioms for structural and computational
complexity in the case of weak reductions inside combinatory logic. Moreover
they introduce some possible measures and connect structural and
computational measures in special cases. By using the same approach, Canal
and Vignolle [7, 8] have obtained new and more far-reaching results.

Barendregt introduces in [2] a “norm” for URS which represents a measure of
the computation length according to [14].

The present paper may be viewed as a continuation of and an improvement
on [11]. In fact, a correspondence was established in [11] between n. f. s. and
trees (which is used here too) and the complexity of applications like (1) was
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COMPLEXITY OF A-TERM REDUCTIONS 259

upper-bounded in certain cases. Here, general properties of complexity are
established and the complexity of applications like (1) is maximized in certain
cases different from those treated in [11]. In [12] we use the same approach as
here to compute the maximum of the complexity of applications studied in [11].

In Section 2 we state some general properties of complexity, which are
independent of the reduction algorithm; these properties justify further
definitions and a tree representation of n. f. s.

In Section 3 we study applications like (1), when N corresponds to a tree which
is confined to a single root; in this case we get simple properties.of complexity.

Section 4 shows the complexity evaluation of an application NM where N
and M are n. f. s. which satisfy suitable conditions.

We believe that the present paper may be a step towards a rigorous complexity
theory for A-calculus. Further studies will be carried out by the authors to
compute the complexity of more extended classes of A-terms.

2. KEY NOTIONS AND GENERAL PROPERTIES

In the present section we clarify some general properties of the complexity of
applications of n. f. s. Besides their intrinsic interest, these properties are an help
in understanding the intuitive meaning of the definitions we will introduce here.
In [11] we took already into account some of these properties although we did
not state them explicitly.

First we briefly recall the nomenclature referring to A-terms. It is well known
that any n. f. can be represented -as follows:

NEle...x,,.l;Nl.HNm

where = denotes identity (modulo a-reduction); { is a variable and Ny ... N,
are n.fs.

In N, (isthe head, N ;(1 £i<m)is the i-th main argument and A x, . .. x,is the,
prefixed sequence [9] (p. 88, 162). A n.f. without prefixed sequence is a
A-free n.f.#(N) will denote the number n, i.e. the number of variables in the
prefixed sequence of N.

We will assume that different variables in a A-term have different labels. This
may always be achieved by a-reductions. In this way we may talk of occurrences
of both free and bound variables without danger of confusion.

A 'A-term is A-free iff it reduces to a A-free n. f. According to [9](p. 162),if T, U
and V are A-terms, we will say that a given occurrence of T in U is a functional
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occurence just when T occurs in a component TV of U. A given occurrence of T
is an argument occurrence in U just when T occurs in a component VT of U.

As usual, a contextisaA-term C[ , ..., ]in which a given number (say p) of
components is missing; then C[My, ..., M ] denotes the result of filling the -
missing components with M, ..., M.

Let €[T] denote the complexity of the A-term T, i.e. the number of
B-reductions necessary to reach the n. f. (if it exists) of T according to a given
reduction strategy (and infinite otherwise). In the present paper we will study the
complexity of applications of n. f. s.

The properties which we consider in this section do not depend on the
reduction algorithm, so we can choose it later.

The first lemma states the complexity independence of the abstractions which
can never be reduced because there are too few arguments.

LEmMMa 1: Let N=Axy ... x,.0Ny ... N, be a n.f. and
N*=Axy; ... x.LN; ... N, with kén. For any X,, ..., X eA:

GINX, ... X)]=¢[N*X, ... X.]. )

Proof: NX, ... X, and N*X, ... X, reduce in k steps respectively to
AXgs1...%:.0’'N{...N,, and {'Nj...N, where ('=([x;/X;] and
N;=N;[x;/X](1=2j<m), (1=i<k). As the possible further reductions may take
place only in the component {' N{ ... N,,, equality (2) holds. [J

While lemma 1 allows us to eliminate some variables bound in the prefixed
sequence of N, following lemma 2 allows us to neglect some arguments, when
the head of N is a free variable.

LemMa 2: If N=Ax, ... x,.aN; ... N, aisfree in N and n<k, then, for
any X4, ..., XyeA:

%[NXI.X;(]=%[NX1X"]
Proof: As the head a of N is free then NX 1 ... X is reduced, in k steps, to
aN{...N,X,:1...X,, where Nj=N;[x,/X;] 1£j<m) (1Zi<n). As

further reductions cannot involve X, ., ..., X, we get the proof. [

Following lemma 3 proves that the introduction of a free variable as head of
a n. f. N does not modify the complexity of the application NX, ... X, when
# (N)=k.

LemMma 3: Let N=Axy ... x.{(N; ... N,bean.f and
N*EXXI...xk.a(CNl...Nm);
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COMPLEXITY OF A-TERM REDUCTIONS 261

then, for any X,, ..., X eA:
%[NXI e Xk]=(g[N*X1 oo Xk]' (3)

Proof NX, ... X,and N*X, ... X, arereduced,in k steps, respectively to:
§'Nj...N, and a({’'Nj...N,) where {'={[x;/X;] and N;=N;[x;/X]
(1£j<m) (1<i<k). All the further reductions take place in the component
{'Ni ... N;.; so equality (3) holds true. [

In lemma 1 the bound variables x; .4, ..., X,, never reduced, behave as free
variables. This fact may be generalized, obtaining a refinement of the distinction
between free and bound variables. This refinement was already given in [5]. We
recall here the following:

DerFmiTiON 1:Inan. f N=Ax, ... xk.CN, ... N,,werecursively define the
h-replaceable (1 £h<k) variables as follows:

— the variables x; (1 <i<h) are h-replaceable;

—ifZ=hz, ... 2z.82Z, ... Z,is a component of N and 0 is h-replaceable,
then all the variables which are bound in the prefixed sequence of Z; (1 <j=s) are
h-replaceable. .

A variable which does not satisfy the previous definition is said non-
h-replaceable. o -

Moreover we say that a variable is w-replaceable (non—co-repla\(:’eable) if it is
h-replaceable for some h =1 (non-h-replaceable for every h).

Example 1: In the following n. f. the h-replaceable variables which are non-
(h—1)-replaceable are underlined by h lines:

Axy.x(Atu a (tv.b(u(Cx)) (__X (Az.d (E)))

In [5] it is proved that iff a variable is h-replaceable then it can be replaced by an
arbitrary n. f. whenever the n. f,, in which it occurs, is applied successively to (at
least) h suitable n. f. s.

Asan application of definition 1, we prove the following lemma, which assures
us that the complexity of a A-term of the shape NX, ... X, isindependent of the
number of non-k-replaceable variables which occur in “‘particular” positions
in N.

LemMA 4: Let N bean. f. and Z be a component of N such that either Z is A-free
and it has a non-k-replaceable head or the variables bound in the prefixed sequence
of Z ure non-k-replaceable. If for some context C[ ], N=C[Z], N*=ClaZ]and
a is non-k-replaceable when it fills the hole of C[ ] then,forany X, ..., X, eA:

(g[NXl e Xk]=(g[N*X1 . Xk]
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Proof: By hypothesis Z is either of the shape: Z=bZ, ... Z, or of the shape:

Z=\y; ... yp.f where y; (1<i<p) and b are non-k-replaceable variables.
When N=\Ax, ... x,.N is applied to X4, ..., X, the reductions involving Z
involve respectively only Z, , .. ., Z , in the first case and Z in the second case. If

Z is changed into a Z the previous reductions remain unchanged; moreover, as a
is non-k-replaceable, then we are sure that the introduction of a does not create
new redexes. So the lemma is proved. [J

In [5] the notion of h-replaceable variables allowed a partition of the n. f. s.
into classes A ,(h=0), such that applications of a n. f. belonging to A4, to
k=<hn.f.s., possess n. f. too. To make self-contained the present paper, we
recall here this partition. First we need the notion of nested occurrences of
variables. Two occurrences of variables are said nested in a n. f. N iff the first one
is the head of a component Z of N, being the other the head of some main
argument of Z. More formally we have:

DermNtTioN 2: If Z=Az, ... 2,.0Z, ... Z isacomponent of an. f. N, then
this occurrence of 8 and the occurrence of the head of Z; (1<j<s) are nested
in N.

Let us note that this relation is irreflexive; symmetric and non-transitive.
Example 2: In the n. f. of example 1:

— the leftmost occurrence of x and the occurrence of a are nested;

— the leftmost occurrence of x and the occurrence of y are nested;

— the occurrence of a and t are nested, etc.

Moreover, let us define group of nested occurrences in a n. f. N a sequence
(y1, ..., y,) of variable occurrences, such that:

— y; is the head of N;

— y; and y;,, are nested (1<i<t—1);

— y, is an argument occurrence.

Example 3: In the n. f. of example 1 we have two groups of nested occurrences:
(x,a,t,b,u,c, x)and (x, y, d, z, x).

We can now define the classes A", (h=0):

DeFINITION 3: A n. f. N with # (N)=n belongs to A", (0<h<n-1)iff in N:

— there exist no two nested occurrences of h-replaceable variables;
— there exist at least two nested occurrences of (h + 1)-replaceable variables.

DEeriNiTION 4: A n. f. N with # (N)=nbelongs to A/ ,u A, iff in N there exist
no two nested occurrences of n-replaceable variables. More specifically Ne 4",
or Ne A, according to the head of N is bound or free.
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COMPLEXITY OF A-TERM REDUCTIONS 263

Example 4: The n. f. of example 1 belongs to 4", since:
— there are no two nested occurrences of 1-replaceable variables;

— in the subterm zx the occurrences of z and x are nested and moreover these
variables are both 2-replaceable.

ReEMARK 1: From definition 4 the components which occur in N € 4/, as main
arguments of components whose heads are w-replaceable belong in their turn to
N o Moreover, if Z is one of such components of N, and A x, ... x, i1s the
prefixed sequence of N, then also Ax; ... x,. Z e A,.

In [5] it is proved that a n. f. N belongs to the class 4/, iff all the A-terms
obtained by applying N to h arbitrary n. f. s. possess n. f. too, but there exist
h+1n.f. s. My, ..., My, such that NM, ... M, possesses no n. f. More
precisely the following theorems are stated:

THEOREM 1: A n. f. Ne A, (h20) iff:
- VM, ..., MyeN: NM, ... M, possesses n. f.;
—3dM,, ..., My, eV NM; ... M, possesses no n. f.

TueoreM 2: A n. f. Ne N, iff:
— Vhh=0),VM,, ..., M,e ¥': NM, ... M, possesses n. f.

REMARK 2: From theorem 2 it follows that, if Ne 4", and M e 4, then the
n. f. of NM will belong to 4", too.

The previous classification assures us that some applications of n. f. s. reduce

ton. f.in a finite number of steps. More precisely from theorems 1 and 2, we can
assure that the application:

NM, ... M,, “4)
has n.f. when Ne #",, 1=k (o is considered greater than any integer) and
M,, ..., M, are nfs. We 'wont evaluate finite complexities, then only

applications satisfying the latest conditions will be considered in the following.
Moreover, utilizing the results of the present section, we can limit ourselves to
consider application NM; . ..M, with Ne /", and # (N)=k. Namely we can
prove the following lemma:

LemMA S: IfNe N yandk<h,forany Xi, . . ., X, €A thereexists anf. N* and
an integer v <k such that N¥*e N, # (N*)=r and moreover:

%[NXl . Xk]=(g[N*X1. . .X,].

Proof: Let # (N)=n.If Ne &, we consider separately two cases:
— ifn=klet r=k and let us choose N* as defined in lemma 1. We point out
that N*e A ;
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— ifn<kletr=nand N*=N.Lemma 2 assures us that the complexity does
not change.

If NeA, (h#w) by definitions 3 and 4 we have n=h; let then
N=Axy...X...%,.0N,...N,,. In this case we choose r=k. By lemma 1, we
can replace N by the n.f.:

N'=Axy...x.CNy. . N,

Since Ne &/ ,and h=k,N' e /', U N ,;thenif N'e &/, we can choose N¥*=N".
Otherwise, by lemma 3, we can replace N’ by: N¥*=Ax;...x;.a({N;...N,).
Since N'e€ A", then N*e A/, and it is the desired n.f. [J

We point out that the existence of N*, in lemma 5, is proved in a constructive
way.

To summarize the results of this section, we can say that, in what follows, only
applications NM; ... M,, where Ne &/, # (N)=kand M, ..., M arenfs.,
will be considered. We call complete such applications. Let us note that a
A-free nf. N is a complete application according to this definition, since Ne A",
and # (N)=k=0. The word complete is suggested by the fact that the
complexity does not rise up by increasing either the number of variables bound
in the prefixed sequence of N or the number of arguments to-which N is applied.

In a nf. Ne /', a variable is said to be réplaceable (non-replaceable) if it is
h-replaceable (non-h-replaceable). Obviously a variable which is replaceable is
also w-replaceable (but the converse is not always true). Only in the particular
case of N € /", the replaceable variables of N coincide with the w-replaceable
ones. From definitions 3 and 4 it follows that, in any nf., there are no two
occurrences of replaceable variables which are nested.

Example 5: In the n.f. of example 1, which belongs to 4", the replaceable
variables are the 1-replaceable variables. We rewrite this n.f. and encircle its
replaceable variables:

Axy. @ (Atu.a(©OAv. b(@ (@M (¥ (Az.d (zX))).

Using the definition of replaceable variables, we can rewrite lemma 4 by
substituting non-replaceable for non-k-replaceable, provided that Ne A",
and k< h. Then lemma 4 states that the complexity is independent of the number
of non-replaceable, nested variables. Now we introduce a tree representation
of n.f.s. which is independent of this number but makes evident the occurrences
of replaceable variables as heads of components whose main arguments are not
all A-free. This representation will be used to compute the complexity of

applications of n.f.s. The same representation was used, in an analogous way,
in [11].
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Given an.f. N, we build up the corresponding tree according to the following
(alternative) rules:

Rutke 1: If in N every replaceable variable is head of a component whose main
arguments are all A-free n.fs., then the corresponding tree is a single root
labelled by N.

RuLe 2: Otherwise we scan N from left to right and every time we find a
component whose head is replaceable we store its main arguments and then
replace each of these in N by a . After this procedure let M,, ..., M (s=1) be
the stored n.f:s.and N, the obtained string. Then the tree which represents N is
a root with label N, connected by s (ordered) branches to the trees which
represent respectively M,, ..., M,.

RemARk 3: We notice that (according to rule 1) a n.f. without occurrences of
replaceable variables is represented by a single root.

The above construction may be visualized as in figure 1.

it piN) then - N
else AN

Tree corresponding Tree corresponding
to My to Mg
Figure 1. — Tree corresponding to a n.f. N, where: Pis the predicate tested in rule 1;

N, and M;(1 £j<s) have the same meaning as in rule 2.

Example 6: The tree which represents the n.f. of example 1 is shown in figure 2.

About the labels of nodes in trees which represent n.f.s. we notice that:
— the labels of terminal nodes are n.fs.;

— the labels of non-terminal nodes are n.f.s. with some main arguments
replaced by x.

We may extend in an obvious way the given definitions of head, main
arguments and prefixed sequence including = into the set of n.fis.
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AXY. X% %
Atu.a(tx) yl{Az.d (zx))

Av.blulex))

Figure 2. — Tree corresponding to the n.f. of example 1.

Since in any n.f. there are no two nested occurrences of replaceable variables,

then all labels of nodes different from the root have heads which are non-
replaceable.

We say that the level of a node in a tree is the maximum number of branches

which may belong to a path from this node to a terminal node. More formally,
we have:

— the level of terminal nodes is 0;

— the level of a non-terminal node is the maximum between the levels of its
sons plus 1.

Now, let us classify the n.f.s. according to the levels of the roots in the
corresponding trees.

DEFINITION 5: N € &, iff the root of the tree corresponding to N has level !

Example 7: The n.f. of example 1 belongs to &, since the root of the tree in
figure 2 has level 2.

As the O-level n.fs. have quite simple properties in regard to the f-reduction, in
next section we will examine applications of such n.fs.

In the last definition of the present section we associate to some variables the
level at which they are bound.

DEerFiNITION 6: Let t© be the tree corresponding to a nf. N. The t-bound
variables in N are the variables which are bound in the prefixed sequence of
labels of nodes at level ¢ in 7.

Example 8: In the n.f. whose tree is shown in figure 2:
— X,y are 2-bound;

— t, u are 1-bound;

— v is O-bound.

We notice that in a nf. Ne % :

— the [-bound variables are w-replaceable (since they are bound in the
prefixed sequence of N);

R.A.LR.O. Informatique théorique/Theoretical Informatics



COMPLEXITY OF A-TERM REDUCTIONS 267

— the t-bound variables (0 < t <[ — 1) are replaceable (since they are bound in
the prefixed sequence of components of N which are main arguments of other
components whose heads are replaceable).

3. PROPERTIES OF N.F.S. OF LEVEL 0

In section 2 we associated to each n.f. the level of the corresponding tree;
the n f.s. corresponding to trees consisting of a single root (n.f.s. of level 0) look
quite simple. This simplicity in the representation corresponds to an analogous
simplicity in evaluating the complexity of applications. In fact let us consider a
complete application:

NM,...M, (%)

where N € #,. In order to obtain the n.f. of (5) it is sufficient to reduce:

— the prefixed sequence of N, obtaining thus a A-term N';

— the prefixed sequence of the functional occurrences of M; (1<i<k)in N'.

The conditions on N assure us that all the arguments of M;in N’ are A-free
A-terms, and hence the reduction ot the prefixed sequences of M; does not
generate new redexes.

To obtain further results in studying such applications we need some
parameters, in order to quantify the number of occurrences of effectively
replaced variables, i.e. variables bound in the prefixed sequences
of N, My, ..., M. We will distinguish variables bound in different abstractions
of N and in different M;(1 Zi<k).

DerFmniTiON 7: If NM . . . M isan applicationand N=Ax; . .. X .N, we define:
— ©; maximum number of occurrences of x; (1 <j< k) within a group in N;
— n number of groups of nested occurrences of replaceable variables in N;

— v maximum number of main arguments of the components of N whose
head is replaceable;

— p; number of occurrences in M; of the variables bound in its prefixed
sequence (1 <j<k);
— 3 maximum of # (M)) (15j<k).
Example 9: Let
N =Axyz.a(M.x(ty) (cx)) (z(d (ze))),
M I‘E Auv.uvv,
M,=Au.u(Aw.ww)f,
M;=Auv.v(Aw.w)u.
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We have in this case:
o1=2, n=3, p1=3, =2,

02=1, V=2, p2=1,
c3=2, p3=2.

By means of the parameters introduced in definition 7 we can evaluate how the
number of occurrences of a variable ina n.f. N € %, A, will increase in the n.f.
of the application NM. We notice that the proof of the following lemma does not
require that NM is a complete application. This maximization is obviously
independent of the used reduction strategy, and moreover we are sure to reach
the n.f., whatever the reduction strategy is, thanks to the given conditions on N.
This is proved in [5] for the general case of Ne .47, (h=k)and & (1= 0). Then in
the proof of the following lemma we will use a “‘suitable” reduction strategy,
which permits us to induce on the parameter ¢;. We define

r if r>0,
L p—
b= {1 it r=0.
LeEMMA 6: Let NM be an application, where Ne o, /', and Me ¥ . If a
variable a occurs vy timesin N, and a does not occur in M, theninthe nf.of NM a

occurs at mosty.[p,]°* times, where o, and py are computed for NM according to
definition 7. '

Proof: We make this proof by induction on o,. Let N=Mx, .N.

First step: 6, =0 means that the desired n.f. is N, and the lemma is obviously
true.

Inductive step: We assume this lemma true for o; <v and we will prove it
for 5, =v+1. N will contain a given number (say n) of groups of nested
occurrences. Let N* be obtained from N by replacing, in each group, the
outermost occurrence of x; by a-variable (say b) which does not occur in N.
N* contains a given number (say g) of free occurrences of b; clearly it will
be g<n, since one occurrence of b may belong to more than one group. Let
P, ..., P, bethe components of N* whose head is b [we notice that some P ;
(1=£j=<q) may coincide with one argument occurrence of b]. Since these
components are disjoint by construction, there exists acontext C[ , ..., ]such
that N*=C[P,, ..., P,]. We distinguish the occurrences of a according to they
occur in one P;(1<j<g¢) or not. More precisely we define:

— ¥; as the number of occurrences of @ in Pj;
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For (A x,.P ;) M we have 6, v and then, by inductive hypothesis, its n.f. P
contains at most y ;[p ;]” occurrences of a. By construction C[P{, ..., P;lis the
nf. N' of A x,.N*) M. Again by construction (Ax;.N)M=(Ab.N)M. Let
P;=bP{ ... P for 1<j<q. Then in N'[b/M] we must reduce at most
g redexes of the shape: MPY ... PY for 1<j<q. From above, in P{,
PP, ..., PPaoccurs v times if p, =0 and v ;lp,]° times if p; >0. In the first
case, by reducing the variables of the prefixed sequence of M, the number of
occurrences of a cannot increase, and in the n.f. of (A x; j\l_) M a occurs at most
y times. Otherwise, at most p, copies of the same component are created and
s0 aoccurs at most y ;.[p,]°** times in the n.f. of MPY ... PY. Then in the n.f.
of (A\x;.N)M a will occur at most i vilpd t+y*Sy.[p,]*t ! times. O

ji=1

Necessary conditions to reach the maximum evaluated in lemma 6 are:

— all occurrences of x; are functional;

— the occurrences of a are all inner to the innermost functional occurrence
of x,;
— M has exactly p; occurrences of a variable bound in its prefixed sequence.

We avoid to analyze all the possible structures of N and M, and we confine
ourselves to prove that a particular choice of N and M reaches thi$ maximum.

LemMMaA 7: The maximum of lemma 6 is reached by choosing:

N=hxy.clxylclxy...(cxq@...a))...))...(x1(cxy...(cx(@a...a))...))

O, \"Y:v " O, T
—_— -
Az.z...z if p1>0,
M=\ e
d if p1=0,

where Y ;v,=7.
1
The proof of this lemma is performed by executing the reductions of NM and
hence it is omitted. [J

Example 10: If the values of the parameters are the following:

c;=2, n=3, p1=2, y=3,
we build

N=Ax;.c(x; (C(xy 2)) (x, (c (x4 @) (x4 (c(x1 2))),
M=Az. zz.
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The n.f. of NM is

N’=cRRR where R=c(aa)(c(aa))

and a occurs really y.pJ=3.22=12 times in N’

Now we must choose a reduction strategy, because we will consider also the
behaviour of intermediate redexes. Asin [5]it has been proved that any complete
application reaches its normal form whatever strategy is applied, we choose the
leftmost-innermost one. This strategy is efficient in the A-I-calculus, i.e. for
A-terms in which all bound variables occur at least once (it is well known [3] that
no recursive strategy minimizes the complexity of all A-terms).

As usual =will denote reducibility in a finite (possibly zero) number of steps
and =, will denote reducibility in exactly i steps.

If N=Aix,;...x,. Ly, the reduction of (5), according to the leftmost-
innermost strategy, yields consecutively:

(7\.x1 e xk.Lo)Ml P ng 1(7\,.)(2 cee xk.Lo[xl/Ml])Mz e Mk
g(}»X2 ...xk.Ll)M2... ngl().x3 ...Xk.Ll[Xz/Mz]M3 ng.
Z(Axy Ly )My 2y Li— s [xi/ M) Z Ly,

where L ;(1<j<k) denotes the n.f. of Lo[x,/M,, ..., x;/M ;]. At present we
disregard the number of reductions needed to obtain L ; from L;_, [x;/M ;]
(1£j<k), even if it is easy to evaluate, as we will see later.

We notice that all redexes of NM,...M, which look as:
Axjeq1-..xx.Lj )M,y ... M, are applications of n.f.s. again. We call these
redexes principal redexes of NM, ... M, and we use them to examine the
properties of applications like (5). The n.f. L,of NM, ... M, is also a principal
redex.

First we prove that all functional occurrences of n.f.s. in principal redexes
belong to &, and such principal redexes are still complete applications.

Lemwma 8: All principal redexes of a complete application
NM, ... M,
where Ne % , are complete applications too, where the nf.s. occurring in
functional position belong to % .

The proof of this lemma is given in the appendix.

Now we prove that the number of nested occurrences of replaceable variables
of N does not increase during the reduction, even if the total number of variable
occurrences do (since Ne % ,, A, the replaceable variables of N are the
variables bound in its prefixed sequence).
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LeMMA 9: Let NM, ... M, be a complete application, where N € &, and let
AXj41 ... % L)Mjsy ... M, be one of its principal redexes (0<j<k—1).
In L ; there are at most o, occurrences of the variables x, inside a group, for
(+1Z1Lk), where o4, ..., o, are computed for NM, ... M, according to
definition 7.

The proof of this lemma is given in the appendix, too.
To evaluate the complexity it is more convenient first maxjmize, by means of

lemmas 6, 8 and 9, the number of occurrences of the variables bound in the
prefixed sequence of N inside the principal redexes of NM, ... M,.

LemMa 10: Let NM ;... M, be a complete application where N € & ,, and let

AXj41... X L;)M j4q ... My be gne of its principal redexes (0<j<k—1).
J

In L; the variables x,(j+1=<1<k) will occur at most n.c;. [1[p:1° times,

i=1
where all parameters are computed for NM ; ... M, according to definition 7.

Proof: We will prove this lemma by induction on the index j.

0
First step: For j=0 we have [] [p;]®*=1, and the lemma obviously holds,
i=1
because the principal redex is just NM, ... M,, where x; occurs at most
n.o,; times.

Inductive step: Suppose that the lemma holds for j=r, and let us prove that it
holds for j=r+1. In (Ax,.;...x.L)M, ;... M, there are at most

n.oy. [][p:]° occurrences of x; (by inductive hypothesis) and at most o,
i=1

occurrences of x; inside a group (by lemma 9) for r+1<I/<k. Now we must
reduce(Ax,4,.L,)M,,  where Ax,,,.L, €% ,, & ,(bylemma 8). To compute
the number of occurrences of x;in L, [x,, /M, ;] we can then apply lemma 6,
with vy equal to the number of occurrences of x,;in L,, and p¥, o} computed for
(Ax,+1-L,)M, . (the = has been adjoint to avoid confusion with the values of
the same parameters computed for NM, ... M,). Then we have:

t
y=n.c.. [[[p:"  pf=prs1, of=0,11
i=1

r+1
So, x; occurs at most y.[p}]°’ timks, i.e. n.o;. [] [p;]° times in the n.f. of
i=1
Ax,41-LIM, 4y O

The maximum computed in lemma 10 is actually reached if:

— in N each group of nested occurrences of variables contains exactly o ;
functional occurrences of x ; (1 £i < k) and moreover they occur from left to right
in non-decreasing order of the index i;
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— M, has p; occurrences of the same variable.
We prove that there exists a choice of N, M, ..., M, which reaches these
maxima.

Lemma 11: The maxima of lemma 10 are obtained for the choice:

NE)\,xl...xk.cﬁl‘..Nl

n
where:
‘(xi(c(x,-(c...(xi(cﬁiﬂ)c...c)...)c...c))c...c) if p;i>0
c; v—1 v—1 v—1
N,= (cxic...0)...(xic...0)N sy if pi=0
\% \% |
D i ——
(S
(1=igk-1)
Tv‘ks(wc...c)...)c...c));_c...c)
Gy % v—1 v—1
and:
)\‘Ztl...tﬁ_l.z...z l_f pz>0
M= pi (1=Zigk).

}Ltl.‘.ts.d l:f p!=0

We omit the proof of this lemma, because it consists in executing the
reductions. [J

We can now evaluate the complexity (according to the leftmost-innermost
reduction strategy) of the complete application NM { . .- M, when Ne % ,. For

a function f (x,, ..., x,) (n>0), we will write f(xy, ..., X,)=s to indicate that
VX, ..., X, f(xy, ..., X,)Ss and in the current domain of f (x4, ..., x,) there
exist xj, ..., X, such that f(x§, ..., x;)=s.

TueoreM 3: Let NM ... M, be a complete application and Ne%F .
According to the leftmost-innermost reduction strategy:
k—1 r
GINM, ... M ]<k+n.min[v, 8]. Y o,.¢. [][p:]°
r=0 i=1
Proof: First we prove that the given expression is an upperbound for the

complexity of NM, ... M,. To prove this it is convenient to prove somewhat
r

more, i.e., that we need at most 1+n.6,,; [ [p;]°.min[v, 3] steps to obtain
i=1
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from one principal redex the following one (r is the order number of the principal
redex which is reduced). In fact, to obtain from a redex:

Axp4y ... X L)M,yy ... M,
the following one, we must execute one reduction to get
Axpsz oo X Ly[xy iy /M )M i ... My

and then we must reduce L,[x,; /M, ] to n.f. By lemma 10 there will be at

r

most n.6,,, || [p:]° occurrences of x, 4, in L,. So we will have at most the

i=1
same number of components to reduce in L,[x,,,;/M,,,]. Each one of these

components needs at most min [v, §] reductions. So the first point of the theorem
is proved; in fact

k— k—1 r

1 r
(I+n.c,41.[][p:]° - minlv, 8))=k+n.minlv, 8]. ¥ o,.+;. [][p:]°
0 i=1 r=0 i=1

r=

To prove this expression is really a maximum for the complexity it will be
sufficient to choose N, M, ..., M, as in the proof of lemma 11. [

Example 11: If the values of the parameters are the following:

k=2, o;=1, o,=2, n=2, p;=2, p2=0, v=2, 6= 1
we build:

N, =(xz (¢ (x2 €0))0),
ﬁ1 =(xy (Cﬁz) 0,
N=kx, X,.¢ Ny Ny,
M,=\z.zz,
M,=At.d,

NM; M, 2, (Ax,.cN; [x;/M]N; [x, /M) M,
where:

N, [x;/M;]=(M; (cN2)©) 2 ; (¢ N (¢ N,)¢) =Nj.

In the principal redex (A x,.cNj Nj) M,, x, occurs n. o, . pj' = 8 times, as stated
in lemma 10.

(Ax2.¢Nj N M; =, cNj [x,/M,] N [x,/M,]
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where:
N [x2/Ma]=(c(M2 (¢ (M; cc)) ¢) (¢ (M, (¢ (M3 ce)) ) ¢ 2 4 (c(de) (c(de))c).

Then the total number of B-reductions is exactly

{k+.n.min (v, ES].ki1 Gyt l—r[ [pi]°i}=2+2.‘[1+2.2] =12.

=0 i=1

4. PROPERTIES OF LEVELLED N.F.S.

Now we will consider n. f. s. represented by trees of level greater than 0. Since
we are unable to give general properties of applications of these n. f. s. we will
study a subset of 4. The interest of this subset is that it is, in some sense,
complementary to the subset considered in [11]. In fact, as said explicitly in [12],
each n.f. can be split into nested contexts such that each one of these belongs
either to the subset-considered here or to the subset considered in [11] (with an
obvious generalization of the definitions from n. f. s. to contexts). In this section
we will study n. f. s. such that, in the corresponding trees, the replaceable
variables which occur in labels of non-terminal nodes are bound in the prefixed
sequence of the same label. More precisely, we will study the complexity of
applications of levelled n. f. s., defined in the following way:

DeriniTioN 8: Let © be the tree corresponding toan.f. N. N is levelled iffin tall

replaceable variables which occur in labels of nodes of level i are i-bound
for i>0.

Example 12: The n. f. of example 1 is non-levelled, since the variable y, which
is 2-bound, occurs in the label of a node of level 1. On the contrary, the n. f. :

M=Az.zAAy.d(y(rt.e(y))(y(ru.gu))eF,

is levelled. This may be easily verified on the tree representation of M (see fig. 3).

Az.z %

Ay.d(yx)(yx)

).t.e(yf)

Fig. 3. — Tree which represents the n. f. of example 12.

Au.gu
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Example 13: From definition 9, it follows that:

— if a n.f.N belongs to & ,, then N is levelled;

— if Yy, ..., Y, are r levelled n.fs., which do not contain the variables
Xi, ..., X, then N=Ax, ... x.x,Y;...Y, is a levelled nf. (s=1,r=1,
1<i<s).

REMARK 4: From definition 8 it clearly follows that,if N is alevelled n. {., inits
representing tree all the proper subtrees represent levelled n. f. s. too.

r

In what follows we will consider n. f. s. such that we must reduce at most one
abstraction for each prefixed sequence. Hence we will give the following
definition:

DerFINITION 9: A n. f: N is monadic iff all components of N, whose head is
replaceable, have at most one main argument with at most one variable bound in
its prefixed sequence.

Example 14: The n. f. M of example 12 is monadic.

ReMARK 5: From the given definition it follows that, if N is a monadic n. f., in
its representing tree all the subtrees represent monadic n. f. s. too.

Now we try to represent the first reductions necessary to reach the n. f. of the
complete application NM, when M is levelled and monadic, by extending the
tree representation to A-terms not in n. f. In such a way we describe a reduction
strategy which is a slight modification of the leftmost-innermost one.

If N=Ax.N, then NM> lﬁ[x/M]. We can represent N[x/M] simply by
replacing, in the treet that represents N, the occurrences of x by M. So we will
obtain a tree that, in general, does not represent a n. f., but it is an useful tool for
studying next reductions. Since N is levelled, x can occur only in the terminal
nodes and in the root of 7. If, in 1, the labels of terminal nodes were T, ..., T,
then there exists a context C[ , ..., ]suchthat N=C[T,, ..., T, In the tree
of N [x/M]first we reduce to n. f. these labels. This corresponds to fill the missing
components of C[ , ..., ][x/M] with the n.fs. of (Ax.T;) M for 1 <i<q. Then
we obtain a tree such that all labels of its nodes, except the root, are in n. f. In the
label of the root there is a certain number, say p, of functional occurrences of M;
each of these ones will be applied to an * which representsan. f. Let Z,, ..., Z,
be these n. f. s., which we will call primary n. f. s. of the application NM. Then
the problem of reaching the n. f. of NM is reduced to the reaching the n. f. of:

MZ,, ..., MZ,.

We can so compute the complexity of NM as a function of the complexities of
Mz, (1sisp).
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In the following lemma we will prove that Z,, ..., Z, are levelled and
monadic n. f. s., which belong to .4, and whose level is less than the level of N.

LemMA 12: For a complete application NM, where N is a levelled and
monadic n. f., the primary n. f. s. are levelled, monadic n. f. s. belonging to N,
and their levels are less than the level of N.

The proof of this lemma is given in the appendix.

Now we will introduce some parameters for a levelled n. f. which will be useful
for computing the complexity of NM, when N and M are n. f. s. satisfying
suitable conditions.

DerinviTION 10: Let N be a levelled n. f., and let T be the tree which represents
it, of level /. Let us define, in t:

— p™ number of occurrences of i-bound variables at level i (1 Zi<Z1);
— n™ maximum number of groups of nested occurrences of replaceable
variables in the labels of a node at level 0;

— % maximum number of occurrences of i-bound variables within a group
in labels of nodes at level 0 (0<i<1).

~ p"™ and @™ will denote respectively the vectors { p{d", ..., p™ > and { ¢%",
oM, .., ™.

RemMARk 6: About the parameters of definition 10, we notice that:

— all p™ for 1<i<! are positive;

— if n=0, then ¢ =0 for 0<Zi<!; if n#0, there exists at least one index
j(0<j<1) such that ¢ >0;

— if N is a monadic n. f., then the number of terminal nodes in the tree which
represents it is less than or equal to p{".

Example 15:1In the n. f. M of example 12, the parameters just defined have the
following values:

uP=1,  ¢3"=0,
=2,  oMP=1,

=1, o

=1,

The following lemma computes a maximum for the values of the parameters,
given in definition 11, in the primary n. f. s. of the complete application NM,
where N is a levelled and monadic n. f.

Lemma 13:If Z is a primary n. f. of the complete application NM , where N € &,
and it is a levelled and monadic n. f., the following disequalities hold:
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pPzp  (gigi-,
7D < p™) [p(M)]w(N’. )

eP=2e™  (0=igl-1),

where p™ is the number of occurrences in M of variables bound in its prefixed
sequence.

The proof of this lemma is given in the appendix.
Now we are able to compute the complexity of NM, where N, M e 4", and
they are levelled and monadic n. f. s.

Example 16: If we choose N=Ax.a (x(Au.b(uc))(x(Av.d(v(ex))))e #, and
M a3 in example 12, we obtain an application satisfying the given requests. The
treé representation of N is given in figure 4.

Ax.a (xx}{xx)

Au.bfuc) Av.d[v(e x))

Fig. 4. — Tree which represents the n. f. of example 16.

We define now a function y of the given parameters, which we will prove to
maximize the complexity of the application NM. Let p denote a vector,
p/denote the vector obtained from p by erasing the last component, and v.p
denote the vector obtained by multiplying each component of p by the
constant v.

DeriNiTioN 11: Let I, , 15, ny, n, be integers, p, g be respectively the vectors

{p1, .-, p,rand {qq, ..., q, Y; 5, t be respectively the vectors (s, . ..., Sy, >
and {tg, ..., t; ).
We define:

X {ll; lz,"nl,' nz,' E,' 5,' .;,' ;}=¥f‘ll=0 then 1+}’l1.q0 else
Ltnpi.g, +p, {1l li—1 ny ny s, +sy.n,.8,]%; s; t:pl;ql}

We notice that the function y of definition 11 is a monotonic function in respect
to all arguments, since it is built up by operations of sum, product and [ ](as
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defined at page 268) applied to non-negative integers. Moreover we notice that, if
1,=0, s, and s, are undefined, but in this case the value of y is independent of
that of its fourth argument.

THEOREM 4: Let N, M € &', be levelled and monadic, and let the levels of the

corresponding‘"irees be respectively | and j. Then if one-follows the described
" reduction strategy:

%[NM]éx {/, ji n(N); n(M),. ﬁ(N); ('[;(N),. ﬁ(_M),. ('[;(M) }

Proof: First we prove that the given expression is an upperbound for the

complexity of NM. We will make this proof by induction on the sum of the levels
of N and M.

First step: If /=0, we can apply theorem 3, taking into account that:
— 0=Zk, v, 8<1 since N and M are monadic n. f. s;
— n=n" by definition;

0
— Y 6,+1=0% by definition;
r=0

- i1—2[1 [p:]>=1.
the complexity of NM is then upperbounded by:
1+n™ . of".
Inductive step: Let us suppose that the theorém is true for I+j=<u. We must
prove it for/+j=u+1.

If /=0, we are in the case studied in the first step. Otherwise, let N =Ax.N;
obviously NM =, N [x/M]. To obtain the n. f. of NM, we can execute, in the tree
which represents ~1\7[x /M], the necessary reductions in the following order:

1) the functional occurrences of M in the terminal nodes;

2) the applications MZ, for every primary n. f. Z of NM.

Let us compute how many reductions are effected in each one of the previous
steps:
1) one reduction for every functional occurrence of M in the terminal nodes of

the tree which represents N {x/M]. The terminal nodes are at most p&"’, and each
one contains at most n™ . " functional occurrences of M. Then the number of
effected reductions is less than or equal to:

N N N).
u® g o
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2) there are at most pY") applications of the shape MZ. Each of these
applications satisfies, by lemma 12, the conditions of the present theorem. The
level of Z is less than or equal to/ — 1, then the sum of levels of M and Z is less
than or equal to u, and by inductive hypothesis the complexity of their
application is maximized by:

(g[MZ]Sx {}’ I—1; n(M); n(z); ﬁ(M)’- {I;(M)’. ﬁ(Z),. ('{)(Z) }

The maximum values of the parameters of Z as given in lemma 13, taking into

account that p™ <p 40 2™ oM are:

pP=p (sisi-),
n®< »,I;sz'[ugy) +pd 0 QU] o)

eP 2ol (0=igI-1).
Since y is a monotonic function, we obtain:
GIMZISy {j; 1—1; n™); n® [0 4 00 0 o007 0.

0D ™). H) /- Sm) /}.

Taking into account points 1 and 2 we have:
¢[NM]<1 +p ™ oy oy {j; 1—=1; A ™)

X [0 4 0 p™) o 00] G, pOn: GO0, B /. SN }.

To prove that this expression is really a maximum for the complexity it is
sufficient to choose:

Vil q}=

=(xi(c...(xelxi—y(c .. (xpmqle...(xplc...(x0C) ... ) o)) -2 ),

q1 di-1 90
U{LO e ql=ixo.aV{liq}...V{l q}
P S V-

- n
(e denotes the empty vector)

U{lLinpq)=
=hx;a(x, U{Li—Lnp®;q})...x;U{Li-1np®/ q})

P

(p® denotes the vector { p,, ..., p;>) and

vol. 13, n° 3, 1979



280 M. DEZANI-CIANCAGLINI, S. RONCHI DELLA ROCCA, L. SAITTA

N=U{L L nyp;q},
M=U{j; jiny s t}.

Then, following the described reduction strategy:

- = -

(g[NM]=X{l;j;n1;n2; p,.q,. s;t} D
Example 17: If the values of the parameters are the following:

1=1, n,=1, p=<(1>, q=(2,1),

j=0, np,=1, s=g, t=(2)

we have:
V{1; (2,1 }=(x,(c(Xo(c(xo ),
U{1;0; 158 <2, 1> }=Axo.a(x; (c(xo(c(xo ),
N=U{L11;{1) <2, 1>}=rx;.a(x; AXq.a(x; (c(Xo(c(XoC))))
and:
v{o0; §2> }=(yo(d(yod),
M~EU,{0; 0; 1; ¢ <2>}E7\YO-3(Yo(d(YOd)))~
Then:
NM =,a(MU{1;0; 1; & <2, 1) }[x,/M])
where:
U{1;0; 1;€ (2, 1> }[x;/MI=AXo.a(M(c(Xo (c(Xo ) 21,
AXg.a(e(c(xq(c(xo))(d(c(xo(c(xo€))A)))=M*,
MM * >, e(M* (d (M* d)),
M*d=, a(e(c(d(c(de))(d(cd(c(de))d=M,
M* (dM) 2 a (e (c (dM (c(dMc))(d (c (dM (c(dM o)) d)))) = M.

The n.f. of NM is (aM’).

It is easy to verify that x { 1;0;1;1;<{1);¢2,1 »1€;(2) } = 5 which is the total
number of effected reductions.

We use now previous results in order to study the complete application NM

where N is a levelled and monadic n. f., and M is a simple n. f. The simplen. {. s.
are defined as follows:

DeriNiTION 13: A n. f. M is said simple when in M every w-replaceable variable
is head of a component whose main arguments are all A-free n. f.s., and
moreover, if two occurrences of @-replaceable variables are nested in M, then the
innermost occurrence is in argument position.
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Clearly any simple n. f. belongs to %.

Example 18: M =)\ z.z(a(zz))(bz) is a simple n. f.

It is interesting to study complete applications whose arguments are simple
n. f. s., since there are some numerical systems in which the numbers are
represented by simple n. f. s.

Let us remind the definition of numerical system, according to [10] (p. 212).
A numerical system is a class of A-terms . = { [(0)], [(1)]. ... } to be represented
by a quadruple of A-terms [(0)], [(0)], [(m)], [(8)] called respectively zero,
successor, predecessor, discriminator of the zero. More precisely, if the following
relations hold for every integer n=0:

(@) [(n+1)}=[(c)][(m)];

®) [(W=[m)][(n+1)];

(©) [B)NO)=0=hrxy.y,

@) [} (n+D]=K=Axy.x or I=\lx.x,
the set ./, whose elements may be built up from (a) by iteration

(W] =[(@)](. . . (@IO]) ...),
n
is isomorphic with the set of integers.
Example 19: We may give two examples of numerical systems such that all
[(n)] are simple n. f. s. @ =0).
If we choose:
[(0)]=C=Axyz.xzy, [(c)]=B=Axyz.x(y2),
[(MI=Ax.xI, [(B)}=rx.xI(xII) KKK,

then:
[()]=Axy ... X, UVW.X; ... X, UWV.

If we choose:
[(@]=0, [(o)]=Auvx.uvxv,

[(m)]=Auvx.uv(ry.x), [(8)]=Ax.x10,
then:
[(M)=Axy.yx_...x.
n
Now we will compute how many reductions we need to reach the n.f. of NM,

when N=Ax.N and M satisfy previous conditions. We will reduce in the same
order as before, i. €., after the reduction of the prefixed sequence of N and of the

occurrences of M in the terminal nodes of the tree which represents N [x/M], we
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must reduce a certain number of applications of the shape MZ, where M is a
simple n.f. and Z is a primary nf of NM. By lemmas 12 and 13, Zis a
n.f.e &/, levelled, monadic and its parameters can be maximized in function of
the parameters of N and M. To study the complexity of MZ, we split the
parameter p™’ (defined in lemma 13) into three addenda, so defined:

DEFINITION 14: Let us define, in a simple nf. M=iy. M:

— 1 number of functional occurrences of y in M such that their first main
argument is y;

— 1% number of functional occurrences of yin M whose first main argument

is different from y;

— Mm% pumber of argument occurrences of y in M.
Obviously p™ =1 + 180 414 and ¥ <n%P.

Example 20: In M as defined in Example 18 we have:

Mg, Moy g M=p, =2

IfM=\y.M,MZ>, M[y/Z]. In M{y/Z] there will be exactly n¢* redexes of
the shape ZZ and n(M ) redexes of the shape ZR where R is a A-free A-term. The
complexity of ZZ can be maximized by the function x. The redexes of the
shape ZR are reduced to n.f. in one step, if R is in n.f. We define now the
function T, that we will prove to maximize the complexity of NM.

DEeFINITION 15: Let [, n, m,, m,, m, be integers, p, q be respectively the vectors
{pi, --.,p1yand {qgo, g1, ..., q; - Then:

r{r n;>p‘; g my; my; ms}=if [=0 then 14n.q,
else 1+p,.n.q+p.[L+my.x{I-1 -1 n.[m +my+ms]%;
n.[my+m,+ms)®; p/; q/; p/l; 6/}+mz].

THEOREM 5: Let Ne & ,, &, be a levelled and monadic n.f., and let M be a
simple n.f. Then if one follows the described reduction strategy:

%”[NM];F{I; n(N); ﬁ(N); ("-_')(N); n(M) n(é\'l)’ n )}‘

Proof: First we prove that the given expression is an upperbound for the
complexity of NM. In the case / =0, we obtain a value which upperbounds the
complexity (by th. 3). In the case />0 (by the argument given in the proof of
theorem 4) after at most 1+p4{’.n™ @\" reductions, we have to reduce at
most p™ applications of the shape MZ, where Z is a primary n.f. of NM. In
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each MZ, after the reduction of the prefixed sequence of M, we obtain 1"

(M)

redexes of the shape ZZ and %"’ redexes of the shape ZR where R is a A-free
A-term.

By theorem 4, each redex ZZ reaches its n.f. after at most
X{1=1; 1= 1 . 0+ 2+ 7 . [0+ g0 4+ 0] o
ﬁ(M)/; (B(N)/; ﬁ(N)/; (T)(NJ/}
reductions, where the parameters of Z are computed according to lemma 13.
Therefore, if we use the innermost teduction algorithm, each A-free A-term R, in

the application ZR, is now in n.f. Then for each application ZR we must effect
only one reduction.

It may be verified that, through the choice:

M=\z.z(d...z(d(zz)...(z2) z...2)...)
ni, n, ny—ni,
and

N=U{L I n; P (i}
as defined in the proof of theorem 4, we have:
GINM]=T{L; n p; ¢ my; my; ms}. [

Example 21: If we choose N as in example 17, and M=Az.z(d(zz)z) then:
NM 2, a(MAxo.a(M(c(xo(c(xo D)),
Axo.aM(c(xo(c(Xo0)) 2 N

where

N =2Xo. (e (Xo (¢ (Xo ) (d (¢ (Xo (¢ (X0 ) (¢ (o (¢ (X0 NN (c(Xo (€ (Xo D))
MN =, N(d(NN)N),
NN 2, a(c(N(c(Ne))(d(cN N (N (c(NJ)) (N (c(No))) = N.

In N there are 4 applications N c; each one reduces in 1 step to its n.f. N’. Then
we must reduce 4 applications ﬁ(c N); each one reduces in 1 step to its n.f. N "',
Let N* be the nf. of NN, i.e. N*=a(cN"(d(cN")(cN")(CcN").
ﬁ(dN*ﬁ) reduces in 1 step to its nf N
Clearly the n.f. of NM is (aﬁ'), and the number of effected reductions is 13.
It is easy to verify that: T" {1; 1; {1); {2, 1);1; 1;2}=13.
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APPENDIX

The proofs of lemmas 8, 9, 12 and 13 may be easily obtained from the proof of
the following:

PrOPERTY 1: Let N=Ax.N €./, and let 1 be the tree which represents N.
Let x occur only in labels of terminals nodes of . We claim that, for an
arbitrary n.f. M, the n.f. N’ of NM is such that:

1) if Ne#, then N'e #;

2) if y is any o-replaceable variable in N, then the maximum number of
occurrences of y within a group in N’ is equal to or less than that one in N;

3) if N is monadic, then N’ is monadic too;

4) if N is levelled, then N’ is levelled too.

Proof: Instead of proving conditions 1, 2, 3 and 4, we will prove
conditions 2, 3 and the following condition 5, which obviously implies
conditions 1 and 4:

5) the tree 1" of N’ is obtained from the tree t simply by replacing (without
a-reductions) each label T of a terminal node with the n.f. of T[x/M].

We make this proof by induction on the number ¢ of occurrences of x in N.

First step: t=0 means N ‘=N and the conditions obviously hold.

Inductive step: Let these conditions be true for t<v and let us prove them
for t=v+1. Let P be the nf. obtained from N by replacing one of the

outermost occurrences of x by a variable (say a) which does not occur in N.
Then by construction: NM =(Aa.(Ax.P) M) M.

Let us observe, about N, that:

(i) each occurrence of x in N is nested with occurrences of variables which are
all non-@-replaceable in N, since Ne A;

(i) the main arguments of components whose head is x are A-free n.fs.,
since x occurs only in labels of terminal nodes in 1.

About the n.f. Q of (Ax.P)M, we observe that:

(i) Q contains exactly one occurrence of a, since a replaces one of the
outermost occurrences of x;

(iv) a occurs in the label of a terminal node in the tree representation of Q,
since x occurs only in labels of terminal nodes of t and condition 5 must be
satisfied by inductive hypothesis;
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(v) observations (i) and (ii) are true again for the occurrence of ain Q,1.e. ais
nested only with variables which are non-o-replaceable in Aa.Q and it has A-free
main arguments, since a replaces one of the outermost occurrence of x.

From observations (iii) (iv) and (v) it follows that the label of exactly one
terminal node in the tree which represents Q has a component of the shape:
VZ where V' is A-free, has a head which is non-w-replaceable in Aa.Q,
Z=ANyy...yp.aZ,...Z,and Z,, ..., Z, are A-free nf.s. whose heads are
non-w-replaceable in Q; i.e. there exists a context C[ | such that

QEE[a Z,...Z,). To obtain N’ from (Aa.Q)M we have one component to
reduce, i.e.:

MZ,...Z, (6)

provided that g=1 and M is not A-free. The n.f. M’ of (6) is reached simply by
reducing min [q, #(M)] variables bound in the prefixed sequence of M. Then N’
may be obtained simply by filling with M’ the missing component of C{ ],
i.e. N’ EE[M l. By inductive hypothesis QEE[CIZ 1 ... 2Z,)] satisfies condi-
tions 2,3 and 5. Then it is sufficient to prove that the replacement ofa Z, ... Z,
by M’ does not affect these conditions. To this aim we observe that:

(vi) the variables of M’ are all non-w-replaceable in N'. In fact, the (possible)
rightmost #(M)— g variables bound in the prefixed sequence of M’ are non-w-
replaceable in N’ since the head of ¥ is non-w-replaceable in Aa.Q.

(vii) M’ may have components of the shape: Z, M, ... M, (1=1=<qg) where
some M ;(1<i=<r) may have as components some Z ;(1<j=gq). The variables
which occur in M,, ..., M, are then nested only with the head of Z,, which is
non-w-replaceable in N”'.

From observation (iv) and from the sketch of reduction of Q to n.f., it follows
that condition 5 is satisfied. Observation (vii) implies condition 2, and
observations (vi) and (vii) together imply condition 3. [

Proof of lemma 8: Let L; (0<j<k) be defined as in the next, i.e.
NE)\.xl PN xk.Lo and Lj+1 be the n f. 0f(7»x1+1L])M]+1(0§j§k—l). We
prove the lemma by induction on the index j.

First step: when j=0 the principal redex is NM, ... M, and the lemma
obviously holds.

Inductive step: Suppose that the lemma holds forj=r, i.e.
AXpp1...%.LeN,, Foand #(AX,4;...Xx.L,)y=k—r. Then we have
Ax,i5...%,. L, €N, (byremark2),e %, (bycondition 1 of property 1) and
# (AXy42-..X4.L,y)=k—r—1since Ax,4q...%,.L, 1€  implies that
its head is free. [J
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Proof of lemma 9: We prove this lemma by induction on the index j.

First step: When j=0 the principal redex is NM ... M, and the lemma
obviously holds.

Inductive step: Suppose that the lemma holds for j=r, i.e. in L, there are at
most o, functional occurrences of x, inside a group for r+ 1 </ < k. Condition 2
of property 1 assures us that L, , , satisfies this lemma, since x, forr+2 <1< kare
w-replaceable variables in Ax, ... x,.L,. [

Proof of lemma 12: Let N =Ax.N. If we erase the root of the tree
representing N, we obtain a forest of a given number of trees, say p. Let
El, RN 2,, be the n.f.s. represented by these trees. Clearly Zy, ..., Z_p are
monadic, levelled and their levels are less than the level of N. The primary n.f.s. of
the application NM arethen.fs. Z;of (A x .Z )M (1<i<p). Then let us consider
the application (A x.Z ;) M for an arbitrary value of i. First of all, we notice that
kx.fi belongs to A", (see remark 1). Then also Z; belongs to A", (see
remark 2). Moreover N levelled implies that x occurs in Z, only at level 0. Then
Ax.Z ; satisfies all hypotheses done in the proof of property 1 and so Z ; has the
same level as Zi (condition 1) and it is monadic (condition 3) and levelled
(condition 4). [

Proof of lemma 13: First we prove the disequalities where <holds.

Let N=X\x.N. As observed in the prdof of lemma 12, each redex (Ax.Z) M,
whose n.f. Z is a primary n.f. of NM, satisfies the hypotheses of property 1. By
condition 5 the labels of non-terminal nodes of Z and Z coincide, and
so p¥? =p® <p® for 1 <i<l. Again by condition 5, Z is obtained from Z by
replacing each label T of a terminal node by the n.f. of (Ax.T)M. Since
Ax.Ze N, then, by remark 1, Ax.Te N,. The application (A x. T) M satisfies
all hypotheses of lemma 6 and therefore this lemma maximizes the increaing of
variable number. In fact, since in A x. Z there are most n™. ¢ occurrences of i-
bound variables (0<i<!—1) at level 0, in Z there will be a most
n™ oM, [p(M)]“’W occurrences of these variables at level 0. Moreover by
condition 2 of property 1 the occurrence number of w-replaceable variables
inside a group cannot increase, and so we obtain n® <n™ [p™]*" and
o <ot

To prove the disequalities where =holds, it is sufficient to choose
N=U{l;I; n; p™); @™} as defined in the proof of theorem 4. [J
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