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POLES OF p-ADIC COMPLEX POWERS AND NEWTON POLYHEDRA

by Jan DENEF ()

Abstract.

Let p denote a fixed priwe nunber, gp the ring of p-adic integers, and
R Xm) and f(x) e Qp[x] . Let &
be a Schwartz-Bruhat function on QS (i. e. a locally constant function with con-

the field of p-adic nunbers. Let x = (x

pact support. The p-adic couplex power of f is defined by

2.(sy &) = [ [£(x)]® e(x) laz| ,

for s €C, Re(s) >0, where |f(x)| denotes the p-adic absolute value of (),

and Idx] the Haar neasure on Qg 30 norualized that Zg has neasure 1 .

THEOREM (IGUSA [17).

(1) Zf(s , 8) is a rational function of p o

N v 2mi k
(ii) The poles of zf(s , & are of the forn s =-1 or s"—ﬁ""_———logpﬁ- ’

k € Z and the (N y V) are anong the nunerical data of an

where N , v € E>O’

enbedded resolution of singularities of the hypersurface f =0 (see [1], p. 86).

(iii) The multiplicity of the poles is &n .

In the known exauples, only very few of the nuuerical data (m , V) of the reso-
lution give rise to actual poles. In the Archinedean case (i. e. QP replaced by
R in the definition of Zf(s , 8) ) this is explained by topological considera-
tions involving nonodrony (see MALGRANGE [3], D 428)., It is an apen problen
whether an analogue of this holds for Qp .

In this suunary, we will state some results about the poles of Zf(s , 8 in the
case that f is non-degenerated with respect to its Newton polyhedron. First, we

need sone notation and definitions.

For all what follows suppose that f(O) =0 and ég%%l =0 for i=1, .0 , 0O,

i. e. the origin is a singular point of the hypersurface f =0 . Write

n
f(x) = z;enm a x ,

and let S ={neN" ; a, # 0} . Newton's polyhedron I(f) of f 1is the convex
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hull of
| n
JnES (o + 34) ’
where R =1{xeR; x>0} If o is a face of T(f) we put f_ = 2 8, xn
e oy = . 1 y it O  n€oc “m °

One says that f is non-degenerated with respect to its Newton polyhedron if, for

every compact face o of F(f) , we have for all x € Q; that

of (x) of (x)
g = = —— =0 => (x. =0 for sone i )
EE i '

This notion.is interesting, because in the set of all polynomials with a given

Newton polyhedron T , the degenerate ones form a proper algebraic subset.

Let o be a facet (i. e. an n - 1 dinensional face) of 1(f) . Let the suppor-

ting hyperplane of ¢ have equation

a X+ a, X, + «e0 ta X = N,

with a; N€ N and gcd(al yowee s B N) =1 . Then, we will use the follow-

ing notation

N(o) =N, wv(o) = 8+ a5+ eee B .

2

If f 1is non-degenerated with respect to its Newton polyhedron, VARCENKO [4] (in
the Archiuedean case, but the p-adic case is entirely sinilar) has given a proce-
dure to conpute a set of candidates for the poles of Zf(a , @) by using toroidal
resolution of singularities. The candidates come fron the nunerical data of the re-
solution. It turns out that uost of these candidates actually are not poles. This
was proved by LICHTIN and MEUSER [ 2], in the case that wu = 2 s by showing that
there is cancellation between the contributions of the exceptional divisors. It
seens difficult to generalize their nmethod of proof to the case w > 2 . However,
we could treat the case that u is arbitrary, by not constructing a full resolu-
tion of singularities, but using a weaker construction which introduces only a

snall nunber of nunerical data. lore precisely, we »nroved Theoren 1 and 2 below :

THEOREMN 1. - Suppose that f is non-degenerated with respect to its Newton poly-

hedron, and that the support of ¢ is contained in a sufficiently suall neighbour-

hood of 0 . If s is a pole of Zf(s , @ , then s =-1 or

i

_ v(c) 2k
® =~ %(o) ¥ Tog p W(0)

for sone facet o of I(f) and ke Z .

The case n =2 of this theoren is due to LICHTIN and MEUSER [ 2]. The pairs
(N(J) ’ v(c)) are auong the nunerical data of a toroidal resolution of singulari-

ties of £ =0 , but are only a few of then.

Inalogy with the Archinedean case [ 5] (where the poles are related to the eigen—
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values of nonodrony) let us to suspect :

THEOREM 2. - Suppose that f is non-degenerated with respect to its Newton poly-

hedron, and that the support of ¢ is contained in a sufficiently small neighbour-
hood of O .

Let o be a facet of 1(f) which is a Hyramid with base contained in a coordi-

nate hyperplane and top at distance 1 fron that hyperplane. Suppose that there

is no other facet with the same value for %%g% , and that ﬁrg%-# 1.

. . __v(9)
Then there is no vnole s of Zf(s , ) with Re(s) = - o) °

We also abtained explicit fornulas for Zf(s , & in the case that the a; are
p-adic units, and that the reduction of f wmod p is non-degenerated w. r. t. I(f)
These foruulas, and the proofs of Theorers 1 and 2 will be contained in a paper

which is currently in preparation.
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