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AN APPLICATION OF NAWTCGY ITERATION FROCEDURE
TC p-ADIC DIFFERLITIAL EQUATICKRS

, *
by Yasutake SIBUYA ( )

[University of Minnesota]

This report is based on the author's lectures at Strasbourg, Padova, Grenoble,
Groningen and Paris. The motivations of this research were explained in the papers
to appear ([3],[5]) and the lecture-notes [4] (joint with S. SPERBER). Therefore,
in this peper, we will report only on the technical part.

le Preliminaries.

Let XK be a field of characteristic zero complete with respect to an absolute

value | | which is non-trivial and ultrametric. The field of rational number, 4,
is a subfield of K, and we require that the restriction of | | to Q is ¢
p-adic cbsolute value for some prime number p « We normelize | | so that

pl = 1/p .

For @ = Z;;O a < e K[x]] s we set

m
Flo(e) = sup g o) =
If lf}o(ro) <+ » for some pesitive constant r,, then ® is convergent for

|x| < rg « The following lemma is fundamental throughout this report.

LEA 1. - Assume that @, =2 _ a
SR e m=0

properties :
Fodahid dalhbmbidad

m . . +
j’mX (&3 K[[X]:’ » J = l » 2 s °°e 5 Wl'th Uhe

(1) 11H3a+m 5 m = g exists for every m ;
(i1) |e..(r) <«M(r) for Ogr<r j=1, 2, eee y where r. is a posi-
j O N Bt < o°* ’ 3 y 0 e

tive number, and M(r) is a non~-negative number which depends only on r « Then,

3 m
£ =2 a_x 1s convergent for
m=0 m et = Aenh sl

. (Cfe B. DWORK [17.)

3 i [ =

‘{| <Tpo» and hmj_,_*_cc ')J @|O(r) 0 for
0] <r< Ty
2. hn exsmple (a rough sketch).

Let us consider a non-linear differential equation
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(2e1) x dy/dx + ou = £(x) + u° glx, u ,
vhere o e K, fe XK[x]], geX([x, ul], and f and g are conver.ent. We
went to find a convergent power series ¢ e K[[x]] which satisfies the equution

(2.1). To do this, we try to construct © in the following form

(2.2) BE 0=l f5s fy€ K[ [x]] &

Step le = First of oll, e is determined by the linear differsntizl equction

(2.3) x d@o/dx + afy = f.

Step 2 = Change u by u= 0.+ v Then (2.1) becomes

C
(Relt) x dv/dx + ov = G“O(x)2 g(x , Po(x)) + PO(X) G(x) v+ v gl(x s V)

where

6(x) = 28(x , 0g(0) + F5(x) g,(x, °p(x) (g, = sg/5w) ,

2 2
v gL(X , V) = @G(x) {e(x , @O(x) +v) - glx, 6°O(x)) - gu(x , @O(X)) v}
2
+ 2 @O(x) vig(x , GDO(X) +v) - g(x, @’O(X))} + v oglx, @O(X) + V) .
e determine @, by the linear part of (2.1')
: S R : © o
(2.4) X dd‘h/dx +af) = fy g(x, 6’0) + f4 G(x) £, o
The other @j will be determined successively in a similar manner.

This is our Newton iteration progdedure.

. s L - , 2 o
L closer look at equetion (2.3). = If f= Z::O c X (cm € K) , then ¢, is

given by
c

\ _ m .m
(2.5) ODO"'Z;:Om+ a*

Lssuming that lflo(r) €M for O<r<r, where r; end M are some posi-
tive numbers, we want to derive

9 1
(2.6) [Polo{r) <M for Ogr<rl,
for ré e positive number, as large as possible, such that O < ré £ry . To do
this, we introduce two assumptions
(2.7) c,=0 for m<my,
(2.8) |m + ozI—l“ <c® (m>m) ,

where m  1is a positive integer, C is a positive number grester than one, znd %
O :

is a positive number smaller than one, i. e« C>1, O<s§ <1,

The assumption (2.8) may be called "non=Liouville property" of the exponent o .

The condition (2.7) may be written

m
(z.7") £f=0 (mdx O) .
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Note that, if equation (2.1) admits a formal power series solution, then, we can
chenge (2.1) so that condition (2.7) may be satisfied for any prescribed My e ilso
note that any algebraic number o satisfies condition (2.8) for cny § 1if we
cheose G and m suitably.

Under assumption (2.8), set

m—6
(2.9) b= (1/0) °

Then 0 < pq < 1, and

6§ im0 - 8 1w
(C(mﬁ%))m 5

m ) ml--
Po = (Pg) = < (1/0) <|m+ of if mn>m

Hence, under assumptions (2.7) and (2.3), we have

-1
polo(rpo) = SupBEmO |m + of 'cml (rpo)mg Supmémo ‘cml = lflo(r) s
and '
(2.6%) |600|O(r) <M for Ogr<rypg-

Equction (2.4) without fq G(t) e, +=To simplify the explanation, we rcmove

o

q a(x) ¢, from the right-hand member of equation (2.4) 3 i. e. we consider the

equation

‘ (2.1@) X &,\l/d-x'*' 0‘01 = &)g g(X ’ DO) .

Vle know elready that

i
2.11 0
( ) Pq =0 (mod x )
end thot €, satisfies (2.6'). First of all, (2.11) irplies that
21
5 ¥
(2e12) °0 g(e @O) =0 (mod x O) .
Hence, if we assume that g satisfies the condition
. 2 ,
(2.13) log 8(e 5 e lo(r) M for Ogr<rypg,
we have
S 2m

£ — . 0
\3631:0 (mod x ) ,

(2.14) -
‘z t@llo(r) <M for 0<r<ryeqyeg s
(my) ™ ¢
vhere p, = (1/0) = pg -

Suppose that, proceeding inductively as above, we have defined for «ll j > O,

5d

. PAST
it e, =0 (mod x o
i ( _ \

t\lojlor)gk for C T < TPy Py s ser s Py e
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~8 ~-Jjé
2 2
where P = Py =g 3 set
. -§y=1
| —_ 5d — T — (1_2 )
V= 20 0 P = Tlp=o P4 = 70 >0

Then j=§;jjo(r) <M for 0<r<ryp, , and y; converges x~adically to

P=2 _F

=0 ¥4

Therefore, by virtue of lemma 1, we conclude that @ is convergent for | xf < o, -

The argument of this section is not strictly speaking correct, since we removed
6"0 a(x) @l fron the right-hand member of equation (2.4). A correct treatment of
equotion (2.1) is given in SIBUYA-SPERBER ([2],[4]).

3. Typical results.

In this section, we shall give a rigorous treatment of a problem which is more
gencral than the problem of section 2. We assume that K contains an element =
such that

: L)
(3- l) I‘n’| = (-I-)) .

We consider the following situation.

(1) We are given Uy oy eee 5y O € K such that

o =0

(3.2) lo , |m+ai_aj|'1'gc .

k . . : e s
for m>»>2 ad i, j=1, eese y n, where k is a non-negative integer, eand

-1
ji <l, |m+ le <0
C and & are positive numbers such theat C>1, 0<g§ <1«

(11) We are olso given a, , «es , a € K[[x]] such that

fo

(3.3) a, =0 (mod x) , IJO gL a.(t) dt|(r) < |m| ,
J J 0
for 0O<r«< r, and j= 1, ese , n, where rg is a po?itive number, and where,
a=5 _ a 0> il X -1 ]
for a=12_; & X , we have denoted Z;n:l(an/m) x" by Jyt a(t) dt

We definw two sequences of numbers, {o,} end {7} by

1/c, T, = (1/(‘,)’2(1"2“5)"l

qQ
1l

(3.4) -
b 2 RN e
k"h = Opt ™12 "ThT 91 % .

~ote that

(3.5) 0 <ty <oy <t <1

In this section, we shcll prove the following two theorems.



THEC:(EE: 1e - Lssume that a differentisl operator H = z?:A
setisfies the following conditions

o

2k
0 (mod x°) ,

il

""bj e K[[x]] end bj
(3.%)

|bj|o(r) < |n] for 0O<r< rg -
Then, there exists T; , «+e , T € K[[x]] such that

i$

Ty = ¢ (mod 2 )

UJC)t ﬁj(t) dt|o(r) < |n| for 0<r<ryop
end thet

(3.3) (®+ «

l+al) e (B+C¥n+ an)—H

= (3 + a + e - ﬂl) eee (3 + a + 8 - ﬂl) .

THEOREM Ze = §§§ume t@g&

k

(3.9) feXK[x]], £=0 (mod z° ) s |flglr) <1 for Ogr<ry,
end thab

; Mo Pn1

G= > g (x) Vo ees Vo € K[[x, Vo s eee s vh—l]] 5

Ho=*Hna1 n=
LLO+ 000+p,n_1?2
>0
"3
avec g (x) e X[[x]],
(3.109 HG= M-l
lg |~(r) < |n| for C<r<r,.
. u,oo-op,n-l O O .

Then, there exists a unique

@ e K[[x]] such that

k
(3.11) p =0 (mdx*) )

:nd that

\ n-1
(3.12; (3 + oy + al) oo (D + @, + ah)(@) = f + G(x s Py Py eee ©)

Furthermore, this power series @ also satisfies the conditincn
’ L - 5¢ )

-k§
2
|@lo(r) <1l for Ogr<ryT .

femark le -~ The power series @

is & solution of a non-linecar differentiel eque-

tion with purely Fuchsian linear pcrt. This is o prototype of the most difficult
situctisns in the study of p-adic non-linear problemse. The most liportent part of

theorem 2 is the estimate (3.13), i. &. the r-interval in which [@Ic(r) <1
holds.
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Remark 2. - Thenrcm | is a Hensel-type lemma. The problem of factorization of a
linear differential operator is naturally reduced to a non-linear problem such as
that of thecrem 2. For example, if the order of the operator is twn, the corresprn-
ding non-linesr problem is a Ricecati equatinne In general, if the order of the ope-
rgtor is n, the order of the corresponding non-linear problem is n - 1 . Tuking
advantege of this situation, we can prove thenrem | and 2 simulteaneously by :n in-
aucti~n on n . Since the case n = 1 was treated in SIBUYA-SPERBER [2], we shall

rrove these thecrens for n > 2 . (Cf. also SIBUYA-SFERBER [41y)

4. Proof »~f thenrem 1 for n .
SIS A e

in this sectinn, assuming thenrem 2 for n - 1, theorem 1 for n= 1, and theo-

rem 1 for n - 1 , we shall prove theorem 1 for n « Set

; ‘L: (8+ al + al) L Y (a"'{‘/n—l + ah_l) )
(4.1) :
%,};Z=a+o¢n+ a -
We want to find T e K[[x]] end L= Z?:é X 39 (v; € K[[x]]) such that
(4.2) Ly -H=(L-L)(1 -1 .

The relation (4.2) is equivalent to the assertinn that
(4,2") Lg(u) - H(w) =0
for 211 u belonging to a sufficiently large extension of K[[x]] such that
(4 -m()=0.
Therefrre, (4.2) is equivalent to the assertinn that
(4.3) L(unp) = H(u) for all such u satisfying 4(u) = un .
Cbserve that
(d + oy + aj)(uv) = u(3 + (oz:i - cz"r;) +e (83 - an) + M (v) ,
if 4(w) = un . Hence
(4.4) L{un) = u(d + (czl - cxﬁ) + (.—:1 - an) + M) |
eee (D + (O’n-l - OA-n) + (an-l - :::n) + M) .
if :(u) = un . We con write
(4.4') (5 + (o) = o) + (2 = a,) + M) eee (3 + (Qn—l - ) + (an—l -5) + ) ()
=@+ (o) =)+ (g =a)) eee 3+ (o =o) + (a_, =a))(n)

"F(X,T\‘ ’...’a“,},‘
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where
~ ~ ey Mo .
F= Z F (X) \2 C s Vn 26 K[LA_‘][V y see g V m] )
Moy woo L 0 n-2 - 0 Ne=gt,
uo+~.+un_222 0" "n=2
, >0
UJr
F K[[x]] end h}.:’ (r) g1 for O<r<r. .
MO“'un_z € [ ]J l pO"un—ZIO o}

On the other hand, if +(u) = un , we have

2
u=u{(-«_=-a + 17

au:u(—an-an+n), d n "

Hence, H(u) has the following form
n-2

(4.5) H(u) = uF(x , T, eee 5 3 T,
WNEre
n . -
F = > F (x) v ... vn,,2 e K[[x]W vy y oee s V. o1,
_ T T 0 n-2< 0 n=-2
p‘,o’f‘uo“l'u _220 O n—Z
b0
J
2k
F e K([x1], F . =0 (mod x*) ,
Bo*rtn.2 Ko™ kn-2
ond
|F | (r) < |n| for O<r<r, .
p,ocop,n_z O O

Thus, we derive from (4.3) the equation for 1) :

a

(3 + (ozl -c;«n) + (al - an)) eee (D + (an—l —cyn) + (an—l - an))(“d) =TI+ 7.

, ond (e , oo s8R Y J
Set M =ww, wmd £(x) = Fy, (x) , H= X?:C b.(x) 3° , where

b
o o~ ] e
Zn:é b.(x) v, = > P (x) VCO coo vnfzz s
J~ J J U‘O+“.+‘J)n—2=l L‘LO “'1'1—2
=
HJA
and
~ = Mo Hnez
G’(X’ Vg eeo 4 V ): Z ;F (X)+F | (X)}V es e V_,.\u
0] n-2 ‘_1,0+Q¢+pn_2?’2 ‘U‘O“.un 2 p.,ouo !wn_z 0 N—-<
uj-zo

Then the equation for w is given by
(4.5) (3 + (al —an) + (al - a.n)) eee (D + (an-l -:.vn) + (an-l - an))(w)
= (1/m) £+ 8w) + (/m) Glx, 7w , TOW 5, «ee , R W)

Utilizing theorem 1 for n -1, we find T, 5 «e0 , N _; € K[[x]] such that
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-1~ p"ké
i ﬂj(t) dtlo(r) P In‘ for G <r< r, -~ ,

j Tn—L

~ 2 &
:j = 3 ) ’ !UO

snd that

(3 ey =a) + (a) =a)) oo B (o ~a) + (2,5 - &)) - H

= (3+ (o ) + (2, = a) =T) «ee 3+ @ | ~a)+ (o, =) -7

n ) "‘n-l) :

ihen, opplying to (4.6) theerem 2 for n - 1L, we find a unique solution w(x)
such that
fw=0 (mrd x~ ) ,

ko
‘-%lwlo(r) <1 for Osr<ro(c T )

Nel nel

Thus, we constructed 7 so that (4.3) is satisfied and
k

‘)“ =0 (mnd X2 )

k[ﬂ“lo(r) <|n] for Ogr< rO(Gn—-l

)
Th-1

~

To cempute L, we derive L(g - T) = H - Ln . Putting

! n-1 7 j :
H- Ly= Zj:O bJ(X) 37 ’ bj e K[=x]],

we get
Cn k
|b, =0 (ond x° ) s
L
i% .- 278
L1 < ; ~ 3
,\I gjlo(r) < |n| for Ogr< I‘O(on_l Tn_l) H
furthermnre,
o\ =z v o _yhn=2 _
(4o~.)) Yn—z = bn-l ’ -{LL —_— bu,-l—_l_ Lj:pﬂ-l fj’p‘-l-l Yj ’ p, - O 9 o0 o n - 3 9
27k
wthere fj,u-e K[ [x]], and |fj’u|0(r) <1l for Ogr< ro(crn__1 Tn—-l) .

Finelly, spplying to L = L theorem Il for n- 1, and to % - T theoren 1 for

n=1, and utilizing the inequelity Oy <Oy s W complete the prn-f.

5« Proof of theorem 2 for n .
In this sectinn, assuming theorem 1 for n , end theorem 2 for n =1, we sholl
prove theorem 2 for n . Setting
S e — j 0 = "
(5.1) \{,—Z O%_ij-’l*" s o

we determine i€ X[x]] by
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“]_ + Ell) oo e (a + Q’n + an)(\vj)

-1
f+1(X’\‘;Jl,a\I‘]1,ooo’a ,]""1)

n.-
Zl——O V (X ’ k)!] 1 9 eoe o a \l.tj_l < v’j 3

where Gv = aG/avi o This means thet the @j are dcterrined by linesr differein~
i
tial equations

ou

(5!3) Lj(@j) = fj (j = O ) 1 ) on') 9
whore

SLb = (> + o+ al) eee (D + a, + ah) s

(5.4) ; n-1 n~1 i
! = — ol fs el °
Iy = Ly - 2 Gvi(x s Usap e e 4y ) @ (G21) 5
(5.5) '!
. n-1 n-1
(‘fj = G(X ’ ﬂ‘!;j_l 9 e o 3 \z;j-l) -~ G(X ) "Lrj_z 9 sec 3 klj'j_z)

n-1

e, Gz

-1
- 2% (x ’ ¢ 21 8 ¢j-2) o 1

i=0 v

Wh’ol"e ¢'7 = O if J?' < O .
~
We want to construct the @j so that
k+j

{ @j =0 (mod %~ )

(5.6) ° aom ()6 ~(ker4) 6

o J -l , n 2
Idj|0(r) <1l for O<r<ryo rL—O (o] o) .

To do this, set
(5.7) L,=1L, . -H, (3>1),

whers by (5.4)

(503 J Zn.-O{G (X [y {;J 1 9 see a ‘!']"1)

.."‘
-

n-1
—-G (X‘, \1132, ooo,a \L’j_z).}?)

Using an induction on j , we can achieve a factorization of Lj into linear

fzctors, by virtue of theorem 1 for n , for

2—-(k+£.) §

|x| < rg Uj:é (o™ L Oy) .

Then, by using theorem 2 for n =1 ( n-times) , we can achieve (5.6) .
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and

10-~10
us, we get

2—k5

|¢j|0(r) <1l for Ogr<ryt , §J=0,1, ..,

tj converges Xx~adically to @ = Zf_o ©. « Hence, oy lemme 1 of sectirn 1,
o "<
-k§

jelo(r) <1 for Cgr< ro o .

Tinelly, letting j tend to infinity on the both sides of (5.2), wc crrplete the

poants

lesults for more general cases, gpplications, and trectments of systems of diffe-
rentisl equations were given in SIBUYA-SPERBER ([3],[4]).
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