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Abstract

We look at the advantages of adopting the sketch theoretical point of view when con-
sidering mathematical structures, i.e. when one considers mathematical theories as
categories of models of a sketch and models as certain functors. We hereby get a for-
malization of the notion of a type of mathematical structure/theory, as well as a direct
interplay between the sketch describing a theory (syntax) and the properties described
(semantic). This leads to a fruitful application of the generalized associated sheaf theo-
rem for certain strict types suggesting a general diagrammatic method for proving and
discriminating, treating proofs as syntactic factorizations in the category of sketches,
and discrimination as semantic investigations by comparison of model categories.
Using this application we then work out two examples of how to typify classical math-
ematical structures according to where and how they are defined.
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4 Preface and Acknowledgements

1 Preface and Acknowledgements

The style of the present work is mostly influenced by the french school of category theory
initiated by the french mathematician Charles Ehresmann (1905-1979) and then further de-
velopped by his students. My work is more directly related to this later work based on his
ideas. Iin particular want to thank Laurent Coppey (now retired french mathematician, Paris
VII) for introducing me to sketches and category theory in general and for making the initial
suggestions for my work in his article about sketches and types (Coppey, L. [1992]). Also for
introducing me to René Guitart (Paris VII), to whom I owe my warmest acknowledgement
for writing me a guideline presenting basic ideas about types, basic definitions and notation,
and then for having been my unofficial (but indispensable) supervisor throughout the work.
Finally I would like to thank Carsten Butz (IT-University of Copenhagen) for agreeing to
supervise this Masters thesis and thereby have made it possible for me to write in a subject
rather foreign to the mathematics department at the University of Copenhagen.



2 Introduction

The general motivation for such work, as here presented, has already been elegantly phrased
by a great name in the history of mathematics, David Hilbert (1862-1943):

The question is urged upon us whether mathematics is doomed to the fate of
those other sciences that have split up into several branches, whose representa-
tives scarcely understand one another and whose connections become ever more
loose. I do not believe this nor wish it. Mathematical science is in my opinion
an indivisible whole, an organism whose vitality is conditioned upon the connec-
tion of its parts. For with all the variety of mathematical knowledge we are still
scaresly conscious of the similarity of the logical devises, the relationship of the
ideas in mathematical theory and the numerous analogies in its different depart-
ments. We also notice that, the farther a mathematical theory is developed, the
more harmoniously and uniformly does its construction proceed, and unsuspected
relations are disclosed between hitherto separate branches of the science.]...]Every
real advance [in mathematical science] goes hand in hand with the invention of
sharper tools and simpler methods which at the same time assist in understanding
earlier theories and cast aside older more complicated developments.

(Quoted from ”Mathematiche probleme”(1901), English translation BAMS 8,p. 478-79, by
M.W. Newson).

Category theory, including sketch theory, provides a natural language (a logic (Guitart, R.
[1981])) able to analyse contemporary mathematical work at an abstract level; taken out of
specific contexts. Thus, at least some part of mathematical activity struggles against the
above feared (and horrible) fate.

This thesis looks at how sketches, in describing mathematical theories/structures, can give
direct diagrammatic ways of formulating usual mathematical problems on an abstract cate-
gorical level, and how this method makes it possible to consider different aspects of structures
within a general frame (a category), using one and same (non set-theoretical) diagrammatic
language (category theory).

Now why is this interesting? I here present seven mottos, that could tempt someone to adopt
the sketch theoretical point of view:

1 Sketches furnish a nice and direct way of formalizing the notion of a type of mathematical
theory/structure.

2 Sketching is proving and proving is sketching; proofs become objects in a category,
simply defined by their relations to other objects. (Coppey, L. [1992])

3 Everything usually described by first order logic, can be described, more directly in
terms of limits and co-limits, i.e. every first order theory is sketchable. (Guitart, R.,
Lair, C [1982])

4 We can apply the generalized associated sheaf theorem and profit from universal prop-
erties to talk about freely generated theories of a sketch and suggest general methods
for proving and discriminating.
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5 The application of the generalized associated sheaf theorem then also leads to joining
the MacLane motto that "everything is Kan extensions”.

6 By sketches, we get a double usage of universal properties: to study syntactic questions
when specifying theories, but at the same time, to determine necessary semantics. Hence
syntax and semantics becomes of the same, purely diagrammatic, nature.

7 Describing structures by sketches makes possible a formalization of how to discriminate
between different ways of defining the same concept, avoiding false confusions of set
theoretical definitions. (Coppey, L. [1992])

These mottos will all more or less directly find support in this thesis.

Now the more precise goal is to present a formalization of the notion theoretical type and then
lay forth a basic understanding of what role these types play in the on the one hand syntac-
tic and on the other semantic aspects of considering mathematical theories, emphasizing the
double aspect of types in proving and discriminating.

The presentation is followed by two examples, the first one a rather simple example concern-
ing two ways of sketching a field and the second example concerns two sketches of monoids.
They are both examples of two different sketches with the same set theoretical models and
we are then interested in finding out in what type of categories the two given sketches have
the same models (equivalent model categories). This question turns out to have many faces,
touching all of the above mottos. But our main objective is again two see how syntax and
semantic become two sides of the same diagrammatic procedure.

Working out these two examples according to ideas indicated by René Guitart (partly based
on the article Coppey, L. [1992]) has been my method of conduction. So the reader is invited
to think of this thesis as an introduction to a general formalization of what mathematicians
mean when they use the concept a type of structure, by working out two examples suggested
in different articles (Coppey, L. [1992], Guitart, R. [1988]).

The main content consists of: an introduction of a category of sketches (section 5.) that
will serve as the main frame, wherein the notion theoretical type is to be defined. Then we
look at the syntax and semantic of sketches by discussing proving and discriminating in the
the category of sketches limited to cases where we can apply the generalized associated sheaf
theorem, which then leads to a general problem (section 6.). At last we present the two
examples (section 7.) following this general problem.

3 Preliminaries

The reader is supposed to be familiar with category theory.
But since the style of this paper is very much influenced by the french school, I nevertheless,
choose to briefly introduce some absolute basic concepts.

3.1 Categories, Functors, natural transformations.

e Oriented Graph: We say that S = (Obs, Ars, ¢, d, i) is an oriented graph if and only if:

- Obgs is a set (set of objects).
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- Ars is a set (set of arrows) and we write S(A, B) or Hom(A, B) for the subset of arrows
from A to B.

- ¢: Ars — Obs is the map sending an arrow to its target (co-domain).

- d: Ars —— Obs is the map sending an arrow to its source (domain).

and id: Obg —— Arg is a map that sends an object C' € S to its corresponding
identity arrow 1¢, such that:

d
/M“\

. Ars : c-id=d-id = 1opg.
S~~~

C

Obs

o Multiplicative graph: S = (S,Cogs, k) is said to be a multiplicative graph, if and only if
- S is an oriented graph,

- Cog is the set of composable pairs of arrows ( i.e. a subset of all pairs of consecutive
arrows {(g, f) € Ars x Ars | d(g) = c(f)}),
- k:Cos —— Ars is a partial composition (multiplication) of arrows k(g, f) =go f,
given subjected to the following axioms:
Unitarity: Vg € Ars:  (id-c(9),9),(g,id-d(g)) € Cos
et k(id - c(g),9) = k(g,id - d(g)) = g
Position: V(g, f) € Cos: d(go f)=4d(f),c(go f)=1c(g)

i.e. an oriented graph with a table of equations concerning a partial composition.

e Category: A category C is a multiplicative graph where Co¢ is the set of all consecutive
arrows and where the composition k is associative.

The notion ”category” makes sense even if Ob et Ar are not sets. But then one of course
has to be conscious of all use of ordinary set theory. In this thesis there will be certain size
limitations, which will be discussed when appropriate.

e Functor: If D and C are multiplicative graphs, a (covariant) functor F:C——=D is a
pair of applications F' = (Fy, Fy): Fy: Obg — Obp et Fy : Arc — Arp such that:
V(g,f) € Coc: (F(g9),F(f)) € Cop, F(gof)=F(g)oF(f); VC € Ob:F(lc)=1pc
noting (abusively) F' in stead of Fj or Fj.

e Natural transformation: Take functors F,G :C ——= D, then a natural transformation
7:F—— (G is defined by a family of maps ( 7¢ : F(C) — G(C) )ceop, such that for

all arrows f:C ——= D the following diagram commute:

F(C) %~ G(0)
F(f)l iem
F(D) — G(D)
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If for all C € C 7¢ is an isomorphism, we say that F' and G are naturally ¢somorphic and we
write F' = G. We say that two categories C and D are equivalent, and write C ~ D, if there
exist functors F:C——D and G:D——>C suchthat FoG=1p, GoF =1,

e The join of the graph K with the graph Z, is denoted Zx and contains:
-two subgraphs (supposed disjoint) isomorphic to Z and K (and hence identified with these).
-In addition, for all pairs (I, K) € Obz x Obx there is an arrow Agj: K —— ] such that

j- A1 = Agp for all K € Obg and for all j: I ——= ' € Arg and such that Ag/7 -k = Ay
for all I € Obg and for all x: K ——= K' € Arg.

% K
So if for example Z = I7 I’ and K = K~ K’ then we get Zx as the multiplicative

graph:

I

where all composites commute.
For a graph-homomorphism f : X —— K we associate the "natural” graph-homomorphism

f:Zx —— Iy (without changing its name) defined by:

f@@) = i for i€ Arg
f(k) = f(k) for k€ Arg ( where the second fis f: K —— ')
f()\K]> = /\f(K)I for Ie€O0bz, K € Obg.

We will also use the notation Z~ for the joint graph Z; (1 is the graph of one object and
only the identity arrow) and the notation Z* for the joint graph 17,

SN N

i.e. just joining a vertex to a graph Z, such that Z becomes the basis of a cone or co-cone.

3.2 Projective and inductive limits, or limits and co-limits.

Let Z be an oriented graph, C a category and ¢ :Z ——C a functor (between oriented
graphs).
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e Projective cones or just "cones”: a projective cone (in C) with basis ¢ is a couple (4, q)
consisting of an object A from C and a family ( ¢ : A—— ¢(I) )1eon, of arrows in C, satis-
fying
Vi:I—J € Arg: gp(i)oqI:qJ
7

A

i.e. all triangles in the cone commute. If 7 = { | J }, we can illustrate this as follows:

T ) | A C

Let A, denote the set of projective cones (in C with basis ¢).

e Inductive cones or ”co-cones”: it is the dual notion, i.e. (B,t) is a pair consisting of an
object B and a family (¢;: @(I) — B )reon, such that Vi: ] ——J € Arz, we have
tj o (i) = ¢1 and analogous we note V, the set of co-cones with basis .

e Limits: A cone (P,p) with basis ¢ is said to be a limiting cone (or limit of ¢), written
limep, if it fulfils the following universal property:

V(A,q) e Ay I h:A——P :(A,q) = (P,p)oh; PE T A

/s
\/ \
a X

/ \pJ 147
/
, «pm\& -
e(J)

pry
/
Ny
e 7

where (P, p) o h is to be understood as the cone (A, p o h) obtained by composing all arrows
in p with h.

Likewise (dually) (S, s) is said to be a limiting co-cone with basis ¢, written limey, if it fulfils
the following universal property: V(B,t) € Vo3l k: S ——= B : (B,1) = ko (S,s).

o If limp, [resp. h_I)ngo] exist, for all ¢ :Z ——=C, we say that C has Z-limits [resp. Z-
co-limits].

e If C has Z-limits [resp. Z-co-limits| and if for all ¢ : Z —— C there has been chosen a limit
L () [resp. 1 ()] of ¢, we say that (C, [ ) [resp. (C, 1)] is a category with chosen Z-limits
[resp. Z-co-limits].
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4 Sketches

We here introduce the basic notions concerning sketches.

e a projective sketch is a pair (S,P) with S a multiplicative graph, called the underlying
graph of the sketch, and 3 is a set of cones in S, called the set of distinguished cones.

e A mizxed sketch is then a triple (S, 3, J) with a supplementary set J of distinguished co-cones.

e Sketch Morphism: a sketch morphism s:0——> g’ is a graph morphism such that any
distinguished cone (co-cone) in o is mapped to a distinguished cone (co-cone) in ¢’. i.e. if a
distinguished cone ¢ in o has basis B : 7 ——= ¢ then s(c¢) will be a distinguished cone with
basis s o B.

4.1 Models and sketchability

We here introduce the sketch theoretical notion of a model and how a sketch then can be
viewed as describing/sketching a theory.

e A model of a sketch 0 = (S,9,7) (J perhaps empty), is a functor R:S——=_C from
the underlying graph to a category C that transforms all distinguished cones and co-cones in
o into limits and co-limits in C.
e A category C is called sketchable in a category D if there exist a sketch o, such that we
have an equivalence of categories

Mod(o, D) ~ C.

where Mod(c, D) is the category with objects all models ¢ —— D and arrows all natural
transformations beween models, we then view C as the theory sketched by ¢ in D.

eFor a sketch morphism ¢ : ¢ — o' we will call forgetful functor the corresponding func-
tor between model categories:

Uy : Mod(o’, Set) — Mod(o, Set)
R Rot

Generalised Associated Sheaf Theorem
For applications later we briefly state a general result concerning the existence of a left adjoint
to a forgetful functor:

Generalised associated sheaf theorem: Given a sketch morphism t : o — o' be-
tween two projective sketches, then if o' is small the forgetful functor Uy has a left
adjoint.

There is also a version of this result called Kennison’s Theorem (stated in Barr and Wells’s
"Toposes, Triples and Theories”, Springer 1985). The version here stated is from the french
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school of Charles Ehresmann and his students and the proof goes by a transfinite induction
using Kan extensions.

The way of really understanding what a sketch is, is by sketching and sketching is what
this thesis is all about. We start with some quite elementary examples which are also indis-
pensable later on.

4.2 Sketching

Sketch of multiplicative graphs: when we consider the definition of a multiplicative
graph, we see that there are the following four sets in play: objects, arrows, consecutive
arrows and composable arrows, which indicate that a graphic version of "what a graph is” is
to be modelled in Set and should contain four Objects: S; to be realized as the set of objects,
Sa to be realized as the set of arrows between these as well as the identity arrows. This is
the oriented graph part which can be sketched as follows:

d
/","\
§ 1 g, d-id=c-id=1g,.

C

Then we add an object S3 to be realized as the set of all consecutive arrows, the subset of all
pairs of arrows (f,g) where the domain of f matches the co-domain of g. We get

d D1
S —— S3
\._./
c b2

where p1, p2 will be the restrictions of the projections from the arrow product. If S5 plays the
wanted role, it should when modelled, by a model with underlying multiplicative graph S,
posses the universal property that for all arrows f,g: A——= Arg with d-g = c- f there exist

a unique arrow h: A — Ars Xopg Ars such that p1h = g, p2h = f, where Ars xopg Ars
is to be understood as the fibered product over Obg, the pullback of d,c modelled. This
means that we need to distinguish the following cone:

S3

s1 just naming the composites.
And at last we need an object S5 to be realized as the subset of the object of consecutive
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arrows for which there is defined a composition. We get

d D1
TS T
S ————= 5 S3
\/ \\__’,/

¢ pll ( Tk/ p’z b2
J
S
p1j = pl, p2j = ph just further restricting. Now to make sure that S5 is realized as a subset
of consecutive arrows, we distinguish the following cone

N
meaning that j is realized as a monomorphism (injection in Set). Now the composition is

subject to some axioms (unitarity, position), giving us the need for maps ji,j2 : S2 —= S3
intuitively sending an arrow to (1.s), f) resp. (f, lg(s)), i.e. we have equations:

p2-nn = lg,, pr-ja2=1lg,
p1-j1 = dd-c, pa-jo=id-d
and then ji,j5 : So —= S5+ j-ji = ji, J-ja=1J2
unitarity: k -ji = l1lg, =k -jé
position: d-k = d-py-j, c-k=c-p|-j

All in all we get the underlying multiplicative graph of the sketch of multiplicative graphs:

Equations: pL-j = p) cri=d-i=1g,
p2-j = py d-py=c-ph=s)
i o= h peji=id-d=sq
jody = 2 p2-ja=id-c=s
p2-j1 = lg, k-jy=1s =k jy



4.2 Sketching 13

And distinguished projective cones:

S3 y

Sy S

s/

both indexed by the graph - — -« - .
So if call this sketch g we have Mod(g, Set) = Graph.

Sketch of categories: We can continue the above sketch of graphs to obtain the sketch
of categories by making all consecutive arrows composable (S3 = S%) and adding a fourth
object to be modelled as consecutive triples of arrows and then equations to describe the
associativity of the composition. We get:

Underlying graph

Distinguished projective cones

where the second and new cone is the cone assuring that, in any set theoretical model, Sy will
be mapped to the the set of consecutive triples of arrows (up to isomorphism). The arrows
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of the sort s; are just naming the composites.

Equations: c-i1 = d-i1=1g d-pr=c-py =81
p2-j1 = lg, P2-Jj2=1-C= S5
p1-j1 = 1-d=5q p1-J2 = lg,
pr-w1 = q1 P1-W2=q2 P2 W1 =Qq2 p2-wW2=(g3
pr-k1 = k-wi =5 p1-ke =q
p2-k1 = @3 p2 - ko =k -wy = s3
c-k = c-ppr=s4 k-ji=k-j2=1g,
d'k = =d~p2=$5 k'klzk-k2:86
d-qu = c-q=s7 d-qu=c-q3 =33

We will come back to the intuitive meaning of the arrows, in the underlying multiplicative
graph, later when we in the examples make use of this sketch. Though a careful reading of
the equations should suffice.

When sketching, we will often need to point out that certain arrows in the underlying multi-
plicative graph should be realized as monomorphisms (as we saw in the sketch of graphs)
or epimorphisms. To avoid too much unnecessary repetition we introduce the notation

C "~ D to mean that m is distinguished as potential monomorphism, i.e. the follow-
ing cone is distinguished:

meaning that any model/realisation will render this diagram a pullback, and hence as is well
known and easy to see, the map m sketchs a monomorphism.

Likewise we introduce the notation 4 ——= B to distinguish the fact that ¢ is to be realized
as an epimorphism, meaning that we distinguish the following co-cone:

B

RN

B e B
N

then any model will render the diagram a push-out diagram and hence again, as is well known
and easy to see, the arrow € sketchs an epimorphism.
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Furthermore, when we illustrate a sketch by a diagram we usually present a generating sample
with an explanation. For example we normally don’t include arrows signifying composites
(arrows such as the s;’s in the above).

5 A category of sketches

In this section we show that the category of sketches is sketchable with a projective sketch,
when we limit the size of the sketches by some large cardinal A\. The category of sketches
thus arrived at, as the model category of set theoretical models of a projective sketch, will
then serve as the frame for our actions.

We shall present the projective sketch of sketches and then look at how we then think of a
mixed sketch as a set theoretical model of a projective sketch (within the size limitation).

As mentioned, the category of mixed sketches is sketchable projectively, at least, when we
limit the size of the sketches by some cardinal A\, meaning that the sets of distinguished cones
and of distinguished co-cones are smaller than A, plus all index-graphs Z should be A-small,
i.e. Arz smaller that \. We will call the category of mixed A-small sketches with sketch
morphisms Esq, (Esq as in the french word for sketch ”esquisse”),I could have chosen the
notation ”Sketchy”, but it seemed natural to me to leave some french trace concerning the
main ingredient.

Let ex = (Sc,,PB,) denote the projective sketch of mixed A-small sketches for some arbi-
trary cardinal \.

€y is constructed to be modelled in Set, so the size limitation is a way of avoiding paradoxical
notions such as ”"the set of all sets”, i.e. we wish the result: for all cardinals A there exists a
sketch €y such that there is an isomorphism:

Mod(ey, Set) = Esq,

Remark that we wish isomorphism and not just equivalence, we return to this in the next
section. First the sketch of Esq, will be constructed.

5.1 Sketching sketches

I will go through the construction of €y according to the way it is presented by C. Lair and
L. Coppey in their ”lecon 3. Esquisses” (Coppey, L., Lair, C. [1984]). In fact it is almost a
direct translation of their presentation. But it is indispensable to the context of this paper
to have this construction at hand, and in matching notation.

So take A a cardinal and J,J" two sets of multiplicative graphs such that:

3L [ <A
and forall Ze€3J, Z'ed: |Z|, |7/ < A

then we set out to sketch the category of all small {J, J’'}-mixed sketches, meaning J-projective
and J'-injective.

To simplify notation and better understand the idea of the construction we first look at the
sketch of small {Z}-projective sketches, for some multiplicative graph Z € J. Let us denote
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this (generating) sketch ez = (Sz, Pz).

Now the underlying multiplicative graph Sz will at least contain a copy of the sketch of
multiplicative graphs, destined to determine the underlying graph of any {Z }-projective sketch
(any model of e7 in Set). So the only thing needing specification is the choice of {Z}-projective
distinguished cones, and to this we need:

- a special object; "object of projective Z-cones, thus denoted S, where S is meant to
model the underlying multiplicative graph of an arbitrary {Z}-projective sketch.

- a special arrow Cf e SZI~ where the domain C7 will be modelled as the subob-
ject of projective Z-cones, to be distinguished; m is the potential monomorhism that
distinguishes cones.

Now ST~ is destined to describe the set of functors from Z~ to S in some realisation R of e
so § (= RSz) is the underlying multiplicative graph of Rez. m is destined to be the injection
choosing the distinguished cones among the objects of ST~ , or more precisely choosing bases
of cones to be distinguished. Thus we need distinguish the fact that m is to be realised
as a monomorphism (injection in Set) and this is indicated in the manner described in the
introduction, by writing m™.

Now we take a closer look at how the object ST~ is to be connected to the sketch of graphs,
to complete e7.

We will do this with an arbitrary graph Z. The point is to sketch the object of functors from
7 to S (functors/homomorphisms of multiplicative graphs). The set S? is determined by the
existence of three arrows:

Obz

Obg; I}—>S[

AT’I

Ars; iH——>S;

Coz —— Cog; (i i)——1i;
satisfying:

Vie Arz: c(si) = Scu
d(si)
V(’I:I7 7/) € CO_Z' : t(’i’,i)

|
2

-

=

Il
—~
*A

X
)

&

S~—

If k£ denotes the partial composition of S, we have:
Kty = sir 0 8; = Syro;  and of course 51, = 1g;.
In this way S” can be viewed as a certain subset of the following product:

P =0bJ" x Arg’™ x (Cog)C°



5.1 Sketching sketches 17

So we can take the restrictions of the canonical projections from P evaluated at some object,
some arrow and some composable pair, meaning that we get a triple of projections for all
triples (1,4, (¢/,i")) commuting with some arrows in

d p1
e S T T
id
Obg Arg : Cogs
W W
c D2

So in Set the cone will look like this:

then ¢; is the restriction of the map p—"% Obgbf o Obs (where mp is the canonical

projection of the product P and evy is the evaluation in I of a map).
More precisely the cone will be indexed by the multiplicative graph §§(Z):

Obgg(7) = disjoint union of Obz, Arz and Coz

c p1

/;\

Cor

Argg(7) := pairs (z,z) =z € Obgg(z) and 2 an arrow in Obz\i_d/Arzv
d p2

such that z(z) is defined; then z is the domain and z(z) the co-domain.

§8(Z) * §§(Z) := pairs ((2/,2'), (2,2)) such that 2’ o z is defined and z(z) = '
then (2/,2') o (2,2) = (2' 0 2, 2).

This can be illustrated by the following diagram of ”generating samples”:

i~ (1)
(01,(7)
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Now the above graph-homomorphism conditions can be described in terms of compositions
of arrows:

Vi € Arg : €oqi = {c(i)

dogqi = qap)
V(i',i) € Cog : PLOGarsy = Gp(iri) = 4
P24y = Qpaiti) = i

koqusy = qioi
VI € Obg : idoqr = Qg =q,-

In fact S? is, when modelled in Set, the vertex of the limit with image of basis

c p1

Obs id Arg k Cos
W W
d p2

since if one take any fr, fi, f(i s such that the diagram

commutes (with respect to the basis §§(Z)), then there is a unique h: X —— SZ such that
(SI7q) oh = (Xa f)a

defined by:

h(z) = (I — fi(x),i— fi(x), (i',9) — fui) (@)
So we need distinguish a cone indexed by §§(Z) to get our sketch ez, which will then be
achieved by taking the sketch of graphs and add the following:

- the objects C and SI_; the arrows _m SZ~ and

I € Obs-
ST~ where ¢ i€ Argz-
7 ‘/q‘ Yi) (i) € IT-x I~
§
Si So Ss3
- equations:
Vi€ Arq— - €O i = qc(i)
d o gi = qas)
V(Z/,Z) el x1 : P1oqirg) = Qi

P2oq(ir:) = ¢
ko qu i) = qiroi
VI € Obr- : idoqr = qu,
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- distinguished cone:

c p1
P P e
81 —id> SQ <k— 83
~— S
d p2

Hence we have established that ez is a {- — - « -, §§(Z~)}-projective sketch.

From the generality of the construction of projective cone-diagrams S?~ (or just cone di-
agrams), we see that introducing an object representing inductive cone-diagrams STV (or just
co-cone diagrams) amounts to the same. Hence the general sketch €y, is a matter of notation:
to the sketch of multiplicative graphs we add

-Objects ST ,C; VI eJand ST ,Cp VI €y

—

-Arrows { Cz £>$T }zey and { Cp 41/>SI+ trey

-Cones as above indexed by §§(Z7), §§(J ") foreach Z €3, J e€J'.

A (generating) diagram of the underlying graph of the sketch € is thus:
Underlying graph:

51
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A category of sketches

Distinguished projective cone:

S3

/N

Sy s 527

oL

LS

and for all Z € 3, J € ¥’ the projective cones with vertexes ST~ and S7 " as described above.

Equations:

pioj
p2oj
joji
j o
P20 J1
P10 J2

Py coi=doi=1g,

py dop|=copy=y+]
J1 p1oji=ti0d= 54
J2 P2 0 jo =10 = 5.

152 koji=152=kojé

1s,

plus equations from the above additions concerning ”choice” of distinguished cones, i.e. for

allZe€J3,Je7:

Vie Arg- UAr 7+ - €O g = Gc(s)

V(i/,i) € Coz- U COJ+ :

d o g = qq()

P1oqurq = qi
P204qerq) = 4i

ko q(i’ i) = Qi’oi
VIGObI—UObJ+ : idOQIZQ11

Now we obviously obtain an isomorphism of categories

R : Esqy —= Mod(ey, Set)

hence €, is sketchable in Set projectively, as claimed.

Having done the construction of €, we can rather easily justify that e, itself can be viewed as a
member of Esqy: we have seen that €y isa {- — - < }U{88(Z ) }ze3U{88(J ")} 7ey-projective
sketch, so the question is whether we can consider{- — - «— -} U{8§(Z ) }ze3 U {88(T ") }zrey

to be included in J. We have:

|Obgs(z)|

<
|Arggr)| <

|0Obr x Arz x Coz| < A®
[{z,z)|z € Obgy(z), 2 € {id, c,d, p1,p2,k}}| <A x 6

88(Z) « §§(2) < [Arggq) X Arggp)| < A

so as long as we suppose A to be infinite, there shouldn’t be a problem, as well as there is no

problem in supposing this.
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5.2 Sketches as models of a projective sketch

We now look at how the above isomorphism R, will allow us to consider an object in Esq,
(a mixed A-small sketch) as an arrow i in Esq,.

We saw that €) is a member of Esq,, so if we abusively consider the category Set as a member
of Esq,; as the mixed sketch with underlying multiplicative graph Set and distinguished cones
and co-cones all A-small limits and co-limits in Set, then the above isomorphism of categories,
saying that we can jump between sketches as objects in Esq, and corresponding models of
the sketch of mixed A-sketches into Set, can be viewed (locally) as taking place inside Esq,.
This is abusive since we don’t pretend to consider Set as a model of €y in Set, which would
obviously lead us into trouble. We rather consider Set as a very big sketch into which we
would like to model sketches (the real members of Esqy). We join Set to the category Esqy
remembering that Esq, with Set as extra object is not not sketchable by .

We can perhaps think of Set as an added semi-final object in Esq,, since we always have a set
theoretical model, i.e. always an arrow to Set (but it is rarely unique). Or just think of Set
as the big and rich reference category, since we are often guided by set theoretical properties
when sketching. But most importantly we just want to consider set theoretical models as
arrows in Esq,.

In fact we can consider any A-small category as a member of Esq,, by taking the category as
underlying multiplicative graph and certain limits and co-limits as distinguished cones and
co-cones, within the given size-frame.

By this view, the notation such as Set? will be understood as "hom-sets” in Esq,, i.e all
sketch morphisms from o to Set; all set theoretical models of o, that we until now have writ-
ten Mod(o, Set). The point is that sketch morphisms into a category (viewed as a sketch)
form the special sketch morphism we call models. Thus whenever we have a A-small category
C and a sketch o € Esq, we can write the category of models as a hom-set Homggq, (0, C) or
as category of functors C?.

6 Theoretical types

In this section we introduce the central notion theoretical type and then we go through the
two main purposes of this notion, first on the syntactic side concerning the nature of proofs
in sketches, and then the semantic side concerning the realization of proofs; when do we have
proofs?

But first we will make precise what we mean by a theoretical type. As mentioned in the
introduction the idea of theoretical types is essentially just a formal way of distinguishing
mathematical theories according to their structural properties. Since we here can view math-
ematical theories as sketches (categories viewed as sketches), we let the notion of type concern
all sketches in Esqy,. Or one could consider this as an abstraction of the notion of a theory
to a sketch, since we can consider sketch morphisms as realizations so in a way, any sketch is
realizing some sketch (at least itself).

The formalization presented here will thus take place in Esq,, and we will think of types
of theories, as a typification of sketches by extensions of their corresponding model of € (via
R)) along a sketch morphism specifying the ”typical properties” in question.
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We consider a morphism of A-small projective sketches
tiex——T

we can think of ¢ as a condition perhaps satisfied by a theory specified by some mixed sketch o.
Then the category of set theoretical models of 7 in Set” is called Type;, the category of t-types.

e Theoretical type: We say that a sketch o in Esq, is of type t (or satisfies t) if the corresponding
model Ry(c): ey — Set factorizes through ¢ by a sketch morphism Ry (o) : 7 — Set ,
i.e. the following diagram commute:

t
EN——>T

Rm\& /zx (o)

Set

o Strict theoretical type: Then we say that o is of strict type t if the above factorization is
unique.

My work only considers these strict types, since they are much simpler to handle by way of
the application of the generalized associated sheaf theorem, as we will see and they are in
fact not so terribly restrictive.

e We call model of type t, or t-model, a model R:o——> 1 of a sketch o into a cate-
gory p of type t.

Now, any type t gives rise to the forgetful functor

U : Set™ —— Set®;  Type, Esq,
R———=Rot; R(1)——=Rot(es)

Since t is a morphism between projective A-small sketches we get, by the generalized associated
sheaf theorem, that U; has a left adjoint

L;: Set®* —— Set”

and the unit of this adjunction

Nt © Lseten Uio Ly

1e(0) : Ra(o) —= Li(Ra(0)) ot
determines for each sketch o € Esq, a realization Li(Ry(0))ot: ey —Set . We denote

the corresponding sketch Ti(o) (i.e. Rx(Ti(0)) = Li(Rx(0)) ot), Ti(o) is clearly of type ¢
since we have

€\ T

t
R (Ttw))\* ﬁtm (@)

Set
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The isomorphism Ry : Esqy, = Set® permits us to write the unit as (o) : 0 —— T3 (o)

which we will refer to as the constructor of the theoretical t-type of o. Since (LR (o), n:(0)) is
often called the U-free structure generated by o, we call T;(o) the freely generated theoretical
t-type of o (a sort of t-completion of o). Clearly o is of type ¢t if and only if m(o) is an
isomorphism.

Furthermore, if ¢ is strict, it extends (set theoretical) models of €y uniquely and we have that
U; is an embedding, hence strict types Type; for t strict, are full sketchable subcategories of
Esqy. And, for all sketches p, of a strict type ¢, we have the natural isomorphism

(%) Hom(T}(0), ) = Hom(o, 1)

by the universal property of the adjunction. Meaning in particular that two sketches have iso-
morphic freely generated t-types for a strict type ¢ if and only if they have isomorphic model
categories for models of type t. This means that asking if two sketches have the equivalent
model categories for models of a certain strict type t, is the same as asking wether the two
sketches have equivalent freely generated sketches (theories) of this type.

There are two aspects of this application (supporting our mottos), one on the syntactic level:
we get a description of theorems and proofs in Esq,, and on the other on the semantical level:
we get a way to discriminate in Esq, telling us when a given theorem is valid; when does it
have a proof.

6.1 Types and syntax: proofs

We here look at the first aspect of the above application of generalized associated sheaf theorem
concerning the purpose of strict types on the syntactic level. The application leads us to a
purely diagrammatic conception of proofs, as well as envisaging that sketching is proving and
proving is sketching.

The isomorphism () allows us to consider a proof of a theorem in a theory specified by a
sketch o, as a progression towards a type. Meaning that if we wish to proof a theorem for
all t-models of o for a strict type t, it becomes a question of enlarging o (sketching towards
Ti(0)) in a way such that the enlarged sketch ¢’ has the same t-models as o and such that
it is evident (!) that the theorem is valid in all t-models of o’. We then say that ¢’ contains
the general proof of a theorem relative to o and the progression from o to ¢’ is proving this
theorem for all ¢-models of o. More precisely:

Let © be a theorem relative to a sketch o, that we wish to prove for all t~-models for some
strict type ¢, then this proof = can be achieved in an environment (a sketch Ti(0)r, , like o
in the above) in between o and T;(o) by N finite steps

0 — Ty(0)n, — - — Ty(0)my — Til0).

Meaning that obtaining a proof in N steps, becomes a question of obtaining a factorization

o m(9) T (o)

~

Tt(U)WN

such that T;(0)r, evidently(!) satisfies ©. Because the above application of generalized as-
sociated sheaf theorem gives that all realizations of ¢ factor uniquely through a realization of
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Ti(o), thus also through a realization of T;(0)x, . Hence all realisations of o satisfy ©.

Take a theorem © relative to ¢ such that © can be formulated via a sketch morphism
v:o——=¢§, for a model R:g——=H of strict type ¢, in the following manner: R fac-
torizes through v, i.e. there exist a realization RV :f —— ¢ such that R = R"v. Then,
establishing a proof amounts to constructing a sort of captivation of v by 7;(o); a factorization:

o (o) Ti(o)

X9\ /

Tt(o')mv

e is the evidence arrow, the finite progression from 6 to T;(o)r, making sure that the sketch
Ti(0)xy evidently(!) satisfies the theorem © (indicated by the sketch morphism v), for models
of type t.

At last we simply put @ = Ty(0),, and consider a proof, of a theorem via v:o——=9¢
relative to a sketch o, as a factorization

S e Ti(o)
(’e\ﬁ/

where the arrow eov should be finite; the progressing from o to 7 via 6 should be achieved by
a finite series of sketch mutations towards a sketch with the same free t-type. So proving is
sketching: Progressing (sketching) towards a sketch (w) from a sketch (o), via a sketch mor-
phism (v), in a restricted manner (factorizing n.(o)). This idea of general proof by syntactic
progression should be more clear in view of the examples in section 7. below.

g

We could now be tempted to call any sketch morphism o0 ——= Kk a conjecture relative to the
sketch o, since, by the above, any sketch morphism can be viewed as a potential theorem. It is
just a matter of investigating what semantics are necessary in order to achieve a theorem, e.g
if o and x have the same t-model categories for some strict type t, then any property evidently
satisfied in all t-models of k gives rise to a theorem relative to ¢ for t-models. Whether this
is interesting of course depends on the sketch k. We return to this in the example section.
First we look some more at this other purpose of types, concerning the semantic level and
the interplay between semantics and syntax in Esqj.

6.2 Types and semantics: discrimination

This section is about the other important purpose of theoretical types, that when we sketch
to describe a certain theory we at the same time envisage the properties needed in order to
realize our sketch (as when we sketch set theoretically in the previous sections). This leads
to certain types, hence a category Type; for a strict type t is often arrived at as the category
of possible semantics for a certain sketch. Or, perhaps more interestingly, arrived at as the
type of semantic in which a theorem via a sketch morphism is valid, which amount to a type
in which two sketches (¢ and 7 in the previous section) have the same model categories.

So we are interested in at least two situations:
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» Given two different sketches of the same structure, find out what type of models ”ignore”
this difference, i.e. give rise to equivalent model categories.

» Given a sketch o and a theorem © via a sketch morphism v : o ——= ¢, find out what
type of models "ignore” the difference between o and the sketch 7 containing a general
proof of ©.

This leads to the introduction of two concepts.

Confusion and discrimination of sketches: Given two sketches o, 0, if there exists a
third sketch n and a sketch-morphism v : o —— ¢, such that

0’ ——=n"

R——>Rowv

is an equivalence of categories, then we will say that, via v, n confuses o and 6. If not we
will say that, via v, n discriminate between o and 6.

Remark: The discrimination will rather depend on the sketch 7, than the morphism v,
meaning that the difference between two sketches rather depends on the structural rich-
ness/poverty of the type of category we wish to model in. Said differently the discrimination
takes place on a semantical level, but then again it depends on v how easy it is to determine
whether 7 confuse or discriminate.

We are thus interested in the following general problem.

General problem: Given sketches o and 6 in Esq,, find a strict type ¢:ey ——=7 such
that all sketches of the type ¢ confuses o and 8. Then find at least one sketch v discriminating
o and €, meaning in particular that v is not of type ¢; v and Ty(v) (its freely generated t-type)
are non-isomorphic. Then one can amuse oneself in finding out what 7;(v) resembles, either
by calculating the Kan extension or by more ad hoc methods, to see how gravely it differs.

A third situation permitted by the application of the generalized associated sheaf theorem
and that might be interesting is: given two sketches to be compared (perhaps via sketch
morphism indicating a theorem wishing for a proof) and a ”favorite” Semantics, then if our
favorite semantics can be represented by a strict type ¢, we can check if models of this type
confuse the two sketches, by comparing their freely generated t-types. If the two sketches
have isomorphic t-types (or just equivalent when the types are categories), they are confused
by the type t (we will have proofs of the theorem perhaps indicated, in all models of type t).
This procedure involves calculating Kan extensions, which can be rather heavy (at least no-
tationally) if the sketches are complicated. But in theory it is possible and perhaps fruitful
and then again by the application of generalized associated sheaf theorem we perhaps don’t
need to calculate the entire free t-type, if we using categorical gymnastics can find a sketch
with same model categories as both of the sketches we wish to compare, for our favorite type
(the example of monoids in the section of examples below, contains such a procedure).

We hence get a general method for checking certain conjectures; assuring the existence of
proofs in certain types of categories without going in to the concrete details of the concrete
proofs.
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7 Examples

We will give two examples of the general problem. First a rather simple one concerning
the sketch of fields, where we will compare the standard sketch of a field, following the set-
theoretical definition, with the sketch of fields slightly modified, in order to get topological
fields, when modelled in the category Top of topological spaces and continuous maps.

Then we look at an example where we compare two sketches of monoids each following a
different standard set theoretical definition of what is meant by a monoid. This example will
show that the apparent difference in language for two ways of defining the same structure, is
not always trivially formalized, meaning that we don’t see right away what the actual struc-
tural differences amount to, when we put on stronger glasses than just the set theoretical
ones.

In short, we present two examples where two different sketches of the same classical math-
ematical structure have the same set theoretical models, but not the same model categories
for any type of model. We then, following the general problem stated in the previous section,
determine a type confusing the two sketches in question and at last give an example of a
category discriminating them.

Before we present the examples we take a look at a basic type, that will be very helpful in the
search of strict types confusing two given sketches, this counts in particular for the examples
chosen in this thesis.

7.1 The classical type ¢ ;

In the search for sketches playing n’s role in the general problem above, a type of interest is
the classical type of categories with all finite limits and co-limits, since if 1 is a category then
n? and 7? are (model-) categories (as required in general problem).

Sketches of interest (sketches of classical mathematical structures) normally have, at least, a
number of finite distinguished cones and (perhaps) co-cones. So claiming that 7 is a category
with all finite limits and co-limits, is a sort of minimal claim to avoid pathologies.

We will sketch this classical type, meaning that we will construct a sketch 7, such that the
category of set-theoretical models of 7, is isomorphic to the category of categories with all
finite limits and co-limits. Then we adjust the sketch in order for it to signify a strict type,
i.e. in order for it to give rise to a strict type-morphism. This will turn out quite useful in
the examples below, furnishing a sort of basic strict type.

Construction of the sketch 7,,: We set out to sketch the category of categories with
all finite limits and co-limits, so obviously we depart from the sketch of categories, as con-
structed earlier (p.12).

Now we wish to enlarge this sketch such that any model (category) will have all finite limits
and co-limits. As in the construction of €y, we add elements representing the cones we want
to distinguish, only this time we want these cones to be limiting cones, so further structure
is added to specify the universal property for the, chosen, limiting cones. For a model of the
sketch to have all Z-limits for a chosen graph 7, we need, as in construction of €y, to add the
object ST~ to the sketch of categories and then specify the limiting cones for all cones of base
7~ in the underlying multiplicative graph S. We consider the following five multiplicative
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graphs with graph-inclusions:

0 1 ICo s 7/C4

- - : _
0 o u ap b
~
\ ~
NS
\ 7 -~
A\ 6 - Y g Y
\ N A
AN . N s
s
N N -
>~
N P
~ — ~
~ _ - t - - - - -
s

and then construct the joint graphs, as introduced in the preliminaries (p. 7), of the graphs
0,1, Ko, K3, Ky with the graph Z and get Zy, ..., Zx, with graph inclusions inherited.

Now we add the objects SZ0, ..., S8%%4 to the sketch of categories, in the same way as in €y,
together with the induced arrows, i.e. we enlarge the sketch of categories with the diagram:

t*
/%
L C A 14
L st s STy STy
\ \\ NE \\\\w// . s/ e “ s/
\ N ~ / \ \B* / \ \ s/ ! ~ —
\ ~ ~ NP, \ \ e / P e /
\ <~ NN N s
\ AN ~ N2 AN X /- s /
\ ~ X AN V2 N | V2 /
\ IR /N z N/ |7 /
\ 90 VNN G~ AN J /
\ ¥ \ > = N 7\ - /
\ RN N % N /
\ / N ~ N o /
\ \ / PZN \ I / NN \ / /
\\x/// \\j//// SN Ny
Ny A\ N V£
S1 So S3

where the broken arrows represent (the rest of) the restricted (and evaluated) projection.
Now, L is the arrow ”formally choosing” a limiting cone for each diagram of type Z, C' is the
”choice of comparison” arrow and V is the arrow designed to secure the uniqueness in the
universal property of the limiting cones. This works by assuming the following equations to

hold:

(1) HL =1z (4) @;CL=idgL
(2) OK*C = 1811 (5) T*V = 1813
(3) L'y =p*C (6) Cp*=t*V.

Further explication of the equations:
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!

Ad(1): ! is just the injection of graphs Zo“—=7; (inherited from the unique arrow 0 —= 1
in the category of graphs), so !TL = 147, (!} composition with ! from the right) means
that for any graph indexed by Z, L chooses a projective cone with this very graph as
image of the basis.

Ad(2): o*C = 1gz; makes sure that C' takes a cone to a comparison diagram where it itself
plays the role as left hand cone.

Ad(3): L7 = 5*C means that for all cones Z we have that if we forget the vertex (go by arrow
I7) and then take the ”choice of” limiting cone (by arrow L), then this is the same as
taking the comparison graph (graph of type Zx,) and then forget the left hand cone
(cone with vertex at the source of the "hook” u), by #*. That is for any cone with
basis indexed by Z, taking the limiting cone with same basis is the same as taking the
right-hand cone in the comparison graph where it plays the role as left-hand cone, so C
compares any cone with the limiting cone of the same basis.

Ad(4): ¢?CL = idq(l)L makes sure that a chosen limiting cone can only be compared to itself,
thus a limiting diagram is (by C') sent to the comparison diagram with hook the identity.

Ad(5): 7"v = 1 2, means that any graph of type Zi, (i.e. a comparison diagram with two
hooks; two arrows from one vertex to another in cones with same basis) is the left part
of a diagram of type Zx,, by the arrow V.

Ad(6): Cp"™ = t*V means that whenever there are two hooks between vertexes of cones with
same basis, then V' extends this diagram with a hook to the limiting cone of same basis.
So if the right-hand cone in the diagram with two hooks is a limiting cone, then w is the
identity, by (4), and hence the two hooks are identical (equal to u/, see figures above).

Concerning choice of co-limits, we do the same thing but the arrows reversed in the system
of five graphs, i.e. with

op op op
0 Ry Ky Ky Ky

_>e o« °
e =TTy A o
N — [ . .
| { i B ,\ E
R | T N
0 o u| al T @ b
L AN o Vo
NN \ B / : \/ :
\ 8 = - \ X : \ /o
\ > e A [ o

\ N N 7

AN N -

N ~ //
N
N P ~
~ - ~
-~ _ R t - - _ - -
g

and construct the joint graphs 0z, 17, K5¥ 7, K5' 7, K’ - and then have the same equations ex-
cept that in the explications left and right should evidently be interchanged.
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Remark: Sketching categories with all finite limits can be reduced to sketching categories
with finite products (including terminal object) and equalizers, meaning that we only need
the above addition to the sketch of categories for the graphs {0, 2, e 3 e } where 0 is
the empty graph and 2 = {e e} the graph with two objects and only trivial arrows.

So we actually get a finite sketch, with (generating) underlying multiplicative graph of 7.,:

t*
Bl*

L c v
D —&h St Shea — 8™
O b* N \ s/ * _ - “ s/
VT L / NN 74N A - s

forZ {0, 2, e 3 e } and the six equations as explained above with both L, C,V and
LT,C", VT plus the equations from the sketch of categories, distinguished cones as in sketch
of categories plus all cones with vertexes S%0, ..., S%4 and 87, . .. ,S’C4PI for the three graph

types.

Now for 7./, to be a sketch of a theoretical type, there need to be a sketch morphism
€ —mM Tclf .

which is evidently not possible to construct directly, since 7.;, does not have distinguished
cones corresponding to all of the distinguished cones in €y, we only have the objects of the
A

type ST, 87" for T € {0, 2, e e }. But we can expand the sketch 74, to get a

sketch 7., (with same set-theoretical models). We add all missing objects ST7,87" for
Tey\{0, 2, e "o}, JeJ\{0, 2, e e} Wealso add objects of Z-
limits and Z-co-limits for Z € {0, 2, e S e } in the following way:
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-We introduce the object of isomorphisms, i.e. we add an object Iso(S), and arrows m;s,, n,
h to the underlying sketch of graphs, as follows:

d P2
S1 d Sa P S5 28N
\w/ \__//
C Tm:() pP1 Thé
Iso(S) — ST

where p* is composition from the right by

SN

and with m;s, distinguished as mono. By the definition of being an isomorphism, we need
equations pohon = m;s,, prhn = m;s, and khn = idemyso, khon = iddm;s,. So we distinguish
the cone:

Iso(S)’

S3<— 87 p1h p2ho ST~
W2 / \ S, / \WQ
% s, / X s, 4

then, when modelled in Set, Iso(S) will be isomorphic to the image of the mono modelling
M;so, which will be the subset of arrows for which there exist an arrow both right and left
inverse.

We can now introduce the object of Z-limits ” Z-limits(S)”, as the (potential) subobject of S~
such that the comparison map is an isomorphism, i.e adding object and arrows to distinguish
the following cone:

Z-limits(S)

ly \

Iso(S
\ m;_

iso .-

Where C7 is the comparison map, taklng a I—cone to the diagram comparing it with the
chosen Z-limit of the same basis and g, is the projection of the hook between vertexes in the
comparison diagram.
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So we get the sketch 7, from 7., by adding some cones (or a whole bunch, though still
a set) to be distinguished.

In this way we get an inclusion Tel;“—— Tci; introducing an equivalence of model categories

Set™s ~ Set’™s, and a sketch morphism from €, to 7y ;
bely @ €N —— Tely
to serve as our type of categories with finite limits, defined as follows:

- the ”sketch-of-multiplicative-graph” part of € is mapped to the ”sketch-of-categories”
part of 7, in the evident way, indicated thus:

tclf

BN Sz 03
K ; Sé g 61 k | P2| jo
\. yﬁ\ \ /
i i

3
N 74 N
d id‘ ¢ d<d >c

making all consecutive arrows composable (when modelled).

-forTe{0, 2, e e} wesend
mr- _ . MZ limits _
Cr- — I to  Z-limits(S) ST
mIH"' + .. m;CO—]iHlitS +
and Cr+ —— g7 to  Zco-limits(S) ST

-forTeJ\{0, 2, o e} wesend

— —
mr_ Mo limits

Cr- —2>gT°  to 0— limits(S) S0~ gl S SZ-

and for e 3\ {0, 2, e e} wesend
- m(icoflimits

m *
Cr+ I SZt  to 0 — co-limits(S) S0t ~ gl I STt

where !* is composition from the right with the unique arrow Z—, 7t ——=1 to the

graph 1 in the category of A-small graphs and ‘5'07,5'0+ will both be isomorphic to St
when modelled, since 0~,0" are the two ways of joining the empty graph with the graph
of one element, so diagrams in S of this sort is just all objects (the model of S7).
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When modelled in Set the set of distinguished 0-cones is the set of 0-limits, i.e. the set of
terminal elements or, said differently the set of all singletons. The set of 0-co-cones is the
set of initial elements {@}. So the map mz in €y for Z € J\ {0, 2, e e} destined
to choose cones [co-cones] to be distinguished in a model of €y, is sent to the map in 7 P
modelled as the inclusion of terminal [initial] elements into the object of functors ST~ [ST'],
meaning that in a model of 7, the only limits [co-limits] distinguished by such functors is
the constant functors on terminal [initial] elements.

Now that we have a sketch morphism, we just need to assure that it is a strict type, i.e.
has the property that a supposed sketch of type t., will, viewed as a model of €y, factor
uniquely through ¢.,. To show this we will take a more general look at what just happened,
by naming concepts treated and state some properties. Furthermore, treating this question
more generally will be of much help afterwards in our two examples.

e Expansion by cones: for a sketch o, I will call, an expansion by distinguished cones (or
just cone-expansion) the sketch & obtained by, only, adding objects to o as vertexes of cones
to be distinguished (with all images of the bases in o), and then only extra arrows and
equations as part of the cones added.

Proposition 1: If o is a mized sketch the sketch inclusion 05 induces an
equivalence of model categories

Set? %) Set? .

We remind the reader of the following basic theorem (MacLane, S. [1997]):

Theorem The following properties of a functor S: A——=C are logically equiv-
alent:

(i) S is an equivalence of categories,

(ii) S is part of an adjoint equivalence,

(iii) S is full and faithful, and each object C' € Ob¢ is isomorphic to SA for some
object A € Oby4.

Proof of proposition 1: ¢* is evidently full and faithful. And each model R € Set® can be
extended (uniquely up to iso) to a model R of & such that ¢<*R = R, by taking the added
cones to the chosen limits of the respective bases. Meaning if S’ € Obz \ Ob, is the vertex
of a distinguished cone with basis B :Z —= o, then R takes S’ to the vertex of the chosen
limit in Set with basis Ro B. Since Set has ”chosen” limits for any (A-small) index graph, we

have indeed ¢*(R) = R.

o Set-model-epi: We will call set-model-epi a sketch morphism s: 0 —— ' in Esq, with the
property that for all models (sketch morphisms) ¢, : ¢/ —— Set satisfying pos =1 os
we have ¢ = .

Notice that a strict theoretical type then is a set-model-epi with source €.
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Corollary 1:For a sketch o the sketch inclusion o >5 isa set-model-ep1

Corollary 2: if the sketch morphism t:e——= 0 is a set-model-epi, then so is
the expansion t:e——a (by cone-expansion of the target).

We are now ready to proof that we have constructed a classical strict type

Proposition 3: tc, : €x ——Tel; is a set-model-epi, i.e. te, defines a strict
theoretical type.

Proof: Take any pair of models ¥, ¢ : Tel; — Set such that ¢o tet, = o bel s then we need
to proof that ¢ = 1, i.e. that there exists a natural isomorphism between ¢ and ).
I will show this by showing that every model ¢ : Tcl; —— Set is isomorphic to, what T will

call, its corresponding reference model K¢ * Tely — Set , which, in word, will be ”the model
enabling us to understand the model ¢”, i.e. the set-theoretical model we ”thought of” when
we constructed the sketch 7.;,. Meaning that k, equals ¢ on the ”oriented-graph-part” of
Tely (the set of objects and the set of arrows between objects), i.e.

. " id > “id
Ky S ————= 8, s ST ————— S
\___”/ S— T
C Cc

we won't write k,f for modelled arrows (f an arrow in the sketch-of-categories-part of 7 f)
since these are in the model k,, exactly what they were named to become in a model, when
we made the sketch.

Then £, takes the distinguished cones in the ”sketch-of-categories-part” to the expected fiber
products, i.e. the actual set of consecutive pairs of arrows and consecutive triples of arrows,
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which we illustrate:

Ky

pSa * Sy

TS, ©Sy

=

S

Ko

©S2 * pSa x Sy

0S5y S 9052 ,

N A \/

- pS1

Then in the model x, all the arrows are exactly what they were thought to be:

w1
wa
k1
ko

f17f27f3) P (flaf?)
f17f27f3) P (f?af?))
f1, f2, f3) —— (k(f1, f2), f3)

) (

(
(
(
(f1, f2, f3 f1,k(f2, f3))

f——

p1,p2 the restrictions of the Cartesian projections etc. Only we set the composition ry(k)
to be determined by the composition ¢(k) composed with the isomorphism of limit vertexes

pS3 = pSa * pSa.

Now the objects of the sort ST will be sent to exactly the set of functors from Z to S (all
diagrams indexed by 7) as introduced in the sketching of sketches earlier, one could say that
Ky is the model justifying the notation, which is why we will write x,, S? = S, The choice of
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limit /choice of co-limit diagram in the sketch 7 s will then be sent to the diagram induced
by ¢ via the isomorphisms ¢S? % ST meaning that all natural squares in the following

diagram commute:

ot*
/%
L C 2 eV
T —— T e,
eS8t T oesh pSTr2 eS™s T oS
[ ob* [ [ [ o [
| | eB" | | |
l‘:ho E:hl po Z:hg Z:h3 Z:h4
[ [ [ [ [
% Le v Co % % Ve %
P P P
S =&h St Stea .~ ST
b* W 7—*
ﬁ*
o B8’ t*

where h; : oS8T —— 8%, pr—— (I = f1(x),i— fi(x),(7,i") = f@ ) as mentioned in

the introduction of the objects of the sort SZ.

We now claim that the obvious isomorphism of objects between the models ¢ and x is
natural. This is almost obvious by definition of x,. But let us go through it just once: we
name the claimed natural isomorphism h : ¢ —— Ky , and start by looking at the ”sketch-
of-categories-part” of 7. The only natural squares that do not totally obviously commute
by force of being projections in a limiting cone, are

h
©Sy —S4>g052 *x 0S9 % Sy | for f € {wi,wo, k1, ka}
of f

Sy ———————= 082 + PS5
S3

but commutativity follows immediately by the equations in the sketch of categories, since if
we take x € pSy and suppose hg, () = (fi1, f2, f3), then

eprpwi(r) = @q(r) = qhs,(z) = fi
ep2pwi(r) = @ga(r) = qehs,(z) = f2
and hg, is the unique map from ¢S3 to pSa * pSy s.t. pihs, = ¢p1 and pahs, = pp2, giving

us that

prhs;pwi(z) = fi
pehs,owi(x) = fo
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S0 thQle(:E) = (fh f2) = wl(f17f27f3) = 1U1h54($), Same goes for wa.
And since, by definition of ,, we have khg, = ok, we get

ep1pki(z) = pkowi(z) = khsypwi(z) = k(f1, f2)
epaoki(r) = @q3(x) = gshs,(z) = f3
which gives prhs,pk(x) = k(fi, f2), p2hs,ek(z) = f3

so hsyok1(z) = (k(f1, f2), f3) = kihs,, same for ks.

So ¢ and K, gives isomorphic underlying categories.

Now this natural isomorphism clearly (or by corollary 2.) extends to all the distinguished
cones with vertex of the sort ST, and furthermore, by definition of Ky, naturality extends to
the ”choice-of-limit-diagrams” (p. 26). The only part of 7 ; ot mentioned yet concerns the
object of isomorphisms Iso(S) and the objects Z-limits(S) and Z-co-limits(S), but these are
all introduced as vertexes of distinguished cones, hence again by corollary 2. we still get an
isomorphism. Thus h: ¢ ——= Ry is indeed a natural isomorphism.

Now to finish the proof of the proposition we need to justify that ¢ and i (agreeing on
ter;(€x)) must have isomorphic reference models ., = ky. But since ¢ and 1) are equal on the
oriented-graph-part of 7, their reference models will evidently be exactly the same except for
the choice of limit maps L, and Ly, but they are clearly isomorphic since by uniqueness (up
to isomorphism) of limits, they have isomorphic images (we are in Set) (same for choice of co-
limits). So we can without pain conclude that x, = Ky, which gives the natural isomorphism
of ¢ and 9 through their reference models.

Remark: The essence of this proof is just pointing out how we have been sketching while
thinking of certain (canonical) set-theoretical models

7.2 Two sketches of fields

In this section we go through a simple example of the general problem (p. 24) where we
compare two sketches of fields that have the same models in Set but not in the category Top
of topological spaces with continuous maps.

The construction of the first sketch of fields &; is following the standard set theoretical defi-
nition of a field and will be sketched gradually in the order of its underlying structures.
First the sketch of monoids, following the set theoretical definition

Def. 1: A monoid (M, k,e) is a set M with a binary operation ”k” everywhere
defined, associative, and with a distinguished unit element e with respect to the
operation.
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Underlying multiplicative graph:

Equations concerning binary operation k:

p1-m1 = q1, P2:-T1=Q2
p1-T2 = q2, PpP2-T2=4¢3
k-r1 = li, k-reg=1Iy just naming the composite
pr-kr = h, p2-ki=gqs3
Pk = q, p2rka=lo
k-ki = k-ko associativity of k

Equations concerning the unit element, or O-ary operation e:

e = e-p
pr-vi = lg, prrvp=eé
pL-v2 = € p2-v2=lg
k-vi = k-vg=1g, unitarity of e with respect to k.

Distinguished projective cones:

So 52 53
: "N\ el
y o .;:'Sl Si:: . N L S S B B

0

We can then think of SY as 1, S! as the ”set of elements” (M), S? as the "set of pairs
of elements” (M x M) and S® as "the set of triples of elements” (M x M x M). The
arrows pi1, pe, qi,q2,qs are thought of as the canonical projections, r1, 79 partial projections
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((z1,x2,23) — (x1,T2), (T2, 23)), k the "addition of elements”, ki, ko can be thought of as:

ki : (.%'1, x9, xg) P (xl + 1'2,.%'3)

ko : (.%'1, T2, xg) P (-%'1; T2 + .%‘3)

e is the unit element (0) with respect to k (addition) and this is assured by v;, v2 thought of
as
V1T — (g:, 0)

U2533}—>(0,$)

Now we add what is missing to obtain the sketch of abelian groups, i.e. arrows and equations
representing the fact fact that all elements should have a left and right inverse, with respect
to the composition ”addition”, and furthermore that the composition is additive. To this we
add arrows: s ("taking an element to its inverse”), v}, v} ("taking an element x resp. to the
pairs (—z,z) and (x, —z)”), and o (a permutation). Giving us the underlying multiplicative
graph:

3

Equations as in sketch of monoids plus:
-new equations concerning binary operation k:

p1-0 = pa, p2-0=p1 0o apermutation
k-oc = k kis additive.

-new equations concerning the inverses of elements:

/ /
P1-vy = P2y

/ /
p1-vy = lgi=p2-v;

/ /
k-vi; = k-vy=e.

Distinguished projective cones as above.
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We continue to get the sketch of a unitary ring, i.e. we add what is needed to describe
a unitary multiplication, which is

N
N \\
\ \ |

|01 09| 013
!

—— -

SO
and further new equations:
-concerning partial projections:
pi T3 = q1, P2-T13=43
013 = Mm-T13

-concerning multiplication m and its distributivity (from left and right) on the ”addition”
(composition k):

pb1-m31 = 01, P1-M33=013
p2-m31 = m-ka, p2-m33 =02
k-m31 = m'kQ, k'm33:m~k1

-concerning 0-ary operation u:

u-p = U
pr-wy = U, p2-rwi=I1g
pr-we = lgi, pr-wa=1u

m-wy = m-wg=1g
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Where we can think of these arrows as:

(T xr+— (1,x)
wy x+— (z,1)
13 T1, T2, 3) — (71, 23)

01 X1,T2,T3) —— T1T2

g9 T1,X2,T3) —— T2X3

mis (2122, 123)

(331$37 $2£B3)

(
( )
( )

013 (z1, T2, 73) — T173
(x1,22,73) —
( ) —

ms33 x1,22,T3

Finally we can talk about sketches of fields:
First take the sketch of unitary rings, that we just constructed above. We need all symbols
and their signification, essentially:

k. S2——> g1 formal law of addition

m: §2 —— g1 formal law of multiplication

e: 90 —— g1 formal law selecting the ”0” of the field
- §1 ——= g1 formal law ”constant on 0” of the field
- §0 —— g1 formal law selecting the ”1” of the field

>

S

- §1 ——= g1 formal law ”constant on 1”.

>

We then add the following piece of graph, wherein the new symbols are S*, i, v, v,v, V1, 72:

SO
with further new equations:
Y= iy, di-d =
pi-n o= 4, poye=7o

prv o= v, prva=i
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and a single new distinguished co-cone:

Sl
I

S* thought of as all "non-zero elements” and the arrows thougt of as:

1

¥ Tr—x

o oz (2,27

Yo xr— (27 1)
1o —

This sketch is indeed set-theoretical, because if we realize this sketch in the category of
topological spaces we will not get the usual topological fields, i.e a field with a topology such
that all the field operation maps are continuous. The problem is that a non-discrete topolog-
ical space K is in general not the sum of its subspaces {0} and K* (elements non-null), An
example is the space R with the standard topology, then R is not the the direct sum of its
subspaces {0}, R*, since 0 is not an isolated point in the standard topology.

To get a sketch & giving us the topological fields when realized in topological spaces we need
to modify the above sketch a bit (Guitart, R. [1988]), by distinguishing S! not as the sum
SY 4 S*, but as the target of an epi-mono with source this sum giving us instead:

52

and instead, the distinguished co-cone:
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Then &, gives us topological fields, when we model in Top (exercise!)

We thus have two sketches of fields & and & with an obvious sketch morphism & —— &;

(just collapsing S' and S’) which clearly gives rise two an equivalence of model categories
whenever we are in the classical type 7, with the extra property that all epi-monos are isos.

7.2.1 A type confusing the two sketches of fields

In order to get a strict type confusing & and &2, we now sketch the extra property that all
arrows that are both epi and mono, are isomorphisms. We will call this property *f;eq4s and
the extended sketch we then denote 7 -« icias -

f

We can introduce objects Pull(S) of pullback diagrams in S and Push(S) of pushout diagrams
in S in the same way as the objects Z-limits(S), Z-co-limits(S) were introduced previously,
i.e as certain distinguished subobjects:

a ®.b
¥ N\
A B
m;;” \ ¥
Pull(S) s
<, ® d
C D
m:sh N 7
Push(S) . S ¢

This enable us to introduce objects "Epis(S)” and ”Monos(S)” as the subobjects of Push(S)
and Pull(S) where the "pushed out” or the ”pulled back” part of the diagrams are the
identity maps, recalling the definition of epis and monos by certain diagrams being pushouts
resp. pullbacks: € epi and m mono if and only if we have pushout and pullback:

VANV AN
N4 NA
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We can then sketch the object of monos and epis by adding objects and arrows to distinguish
two cones:

Monos(S) Epis(S)
€mono €epi
CPull(s) . Push(S)
7 9aMpull idq,qmpuu \Qbmpull qcMpush ( idqcmpush 4dMpush
a% * b
A B
N ¥

where ¢4, @b, g4 are projections in the distinguished cone with & ° as vertex, likewise

for gc, g4, gc. Meaning that when modelled in Set we get that Monos(S) is the unique subset
of Pull(S) (pullbacks in the underlying graph) equalizing the ”pulled-back” part (model of
maps a, b) with the identity on A. This gives A = B and the map A —— @ a monomorphism
by the universal property of the pullback.

Then of course the object ”Epi-monos(S)” will be sketched by distinguishing the cone:

Epi-monos(S)

TN

Epls (S) Monos
m /m

hence Epi-monos(S) will, when modelled in Set, be the subobject of Ar(S) of maps both epi
and mono.

At last to get the property we set out to sketch, namely that all epi-monos are isos, we
distinguish cone

Iso(S

A

'VIso (S) Epi-monos(S

Miso epimonos

”Epi-monos(S)” will then in Set be realised as isomorphic to the object "Iso(S)”, because
we distinguished the pullback of m;s, along Mepimonos to be an epi and it will evidently be a
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mono, so since we are modelling in set it is an iso, which sketchs our property.
Remark: One should here be careful not to confuse the fact that epi-monos are isos in Set,
with the fact that we are sketching this property for models in Set.

The theoretical type b ficlds and its corresponding free generator
;

T [ fields is constructed by a finite sequence of cone-expansions of 7 s+ SO the sketch mor-
f
phism

tcl;field DEN N i—cl’;fields

will indeed by propositions 3 and corollary 2. (in section 4.1.1) be a strict type morphism (a
”set-model-epi” from e))

So we have constructed a strict type confusing the two sketches of fields &1, 2. We already
saw that Top discriminate between £; and &» so, following the general problem, the only thing
left for us to do is to make some conjecture about the free td;fields—type generated by Top.

The free t riclas-type of Top: Lets see what happen if we force all epi-monos in Top to
f

be isos. For any topological space X (object of Top) the identity on X (as a set) gives, for
any topology 7 on X rise to a continuous epi-mono

(X, P(X)p—(X,T).

where P(X) is the discrete topology on X. Hence if we force epi-monos in Top to be
isomorphisms, we get that all topologies are the discrete topology. We thus conjecture
th,;ﬁezds (Top) = Set.

Since ¢ rieas 18 strict we can profit from the application of generalized associated sheaf theo-
f

rem, in the ways discussed in section 6. We conclude:

-The sketch morphism & ——¢&; indicate the theorem that fields in the sense of & are
co-products of their O-subspace and non-0-subspace. valid in all categories with finite limits
and co-limits where all epi-monos are isos. This is trivial since £ is itself the general proof,
it evidently fulfill this property.

-If our favorite semantics is of type t *fietds then there is no need for the more general sketch
f

&5, when interpreting field-structures, we can stick to the simpler &;.

The other way around, we should not believe that the simplest (set theoretical) way of sketch-
ing a structure always meet our purpose, since we saw that the first sketch of fields & does
not give us topological fields when modelled in Top. We should free our minds of set-theory
and describe concepts by sketching them according to where they are needed.

7.3 Two sketches of monoids

We now look at another example a little more complicated than the previous, concerning two
sketches of monoids following two different set theoretical definitions of monoids. We will
establish a strict theoretical type confusing these two sketches, as well as look at one example
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of a category that discriminate between them.
Two ways to define a monoid in the classical set-theoretical setting:

Def. 1: A monoid (M, k,e) is a set M with a binary operation ”k” everywhere defined, associa-
tive, and with a distinguished unit element e with respect to the operation.

Def. 2: A monoid (M, k) is a set M with a binary operation ”k” everywhere defined, associative,
and for which there exist a unit element.

Sketch of monoids following definition 1: This is exactly the sketch of monoids as con-
structed as first step towards the sketch of fields &; in the previous section (p. 36), we will
call it p;.

Sketch of monoids following definition 2:
Sketch of semi-groups:

i

\
s&/

4
2

7

ol
N

S Q1 q2| g3
<‘k\ 2
1/

which is just the first sketch of monoids g1, deprived of everything concerning the 0-ary
operation e, the given unit element.

In stead of the 0-ary operation we add the object ® representing the formula (conjunction)
x-e=e-x =z as the vertex of a distinguished cone:
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where 4. 62— g2 is to be thought of as a permutation (i.e. p1 -0 = p2, p2-0 = p1).
This gives us the sketch Sp:

Thus we have added the equations: h =p;-i =k-o0-i = k-i (h just naming the composite).
When modelled in Set this will exactly mean that ® is the subset of pairs of elements that
satisfy the unity-condition, i.e. the subset {(z,e) € M x M|z-e=¢€ -z = z}.

But since we need the formula Je—(3x—(z-e = e-x = z)), we introduce =® by distinguishing
the discrete co-cone

52
P -

following the set theoretical meaning of the complement of ® in S? (i.e. in terms of formulas
all pairs not fulfilling ®).

Remark: One should here keep in mind that the uniqueness of =® given ®, is in no way
guaranteed in an arbitrary model, since it is a special property of Set. This means that we
are already envisaging certain types of models having the property that one co-projection in
a binary co-product completely determines the other co-projection as subobject of the co-
product (sum).

To express the central part of the definition 2. (i.e. the existence of a unit element as a
property of the binary operation; not itself introduced as a 0-ary operation as in u; ) we need
to distinguish certain factorizations of certain arrows: for a formula © (figuring in a sketch as
a vertex of a distinguished cone, like ®) we can express JyO as the "image” of the projection
forgetting the variable y. So to get dx—® we add a factorization of the map p; - j:

/\

dz—®

and distinguish p as a potential epi and j' as a potential mono.
As before (with @) we distinguish the ”complement” of 3x—® as ”complementary subobject”
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in S!, by distinguishing the co-cone

LSt

iﬂxﬁ@

To be able to talk about the truth of our formula we add the object S° (= 1) a vertex of the

empty cone (terminal object in the model)

and projection p: St ——= g0.

/

-y

object” of 1, by adding the factorization:

—Jz—d -

/’\
\/

o

So
/
/

Je—Jdx—d

and again p’ should be realized as epi and ¢ as mono.
Our formula Je—3x—® is to be true in any model, so we need distinguish ¢ as invertible, i.e.

add an arrow /

: 1 —Je—-Jx—® and equation ¢ - =17 and //
All in all, we get the underlying multiplicative graph of po:

L= 13e-32-0-

Thus we can as before get the formula Je—(Jz—®), as ”"sub-
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Cones and equations are the ones gradually introduced in the above.

Following the general problem we wish to find an equivalence ¢ : Sett? ~ Set*!, derived
from a sketch-morphism v : pig —— pi1 ; i.e. such that ¢ = Set” but obviously it is not pos-
sible to get a sketch morphism f2 —— (1 in the strict sense, by lack of distinguished cones
and co-cones in pq. So we add to u; what is needed to get a sketch-morphism, in a way such
that the new larger sketch j; has the same models in Set as both p; and ps.

We thus get two sketch morphisms to /7 in the following way

p2 ——= iy

Tincl

M1

and we are then interested in determining a general type in which, both of these two sketch-
morphisms induce an equivalence of model categories and hence an equivalence:

Mode (1) ~ Mode (12)

for all categories C of this type.

Construction of j1: we just add and distinguish the cones and co-cones missing to get a mor-

phism v :p2 —— g1 . We thus add to u; objects X, Xo, X3, X4 and distinguish co-cones
and cone:

52 sl X3 X1
1/ ¥2 Z% \i‘l / \ Zi
X X, X; X4"j X; X; 52
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hence g7 has underlying multiplicative graph:

/ \

T2 (T1 kl k‘g

X4 i
} (11lQ2 q3

Xo " / \
VP vzé P | 3
X; W\ \

3
X4

with equations and cones as p; plus woiq =!, pj oiy = i3 o p), the three distinguished

co-cones and the distinguished cone, above.
11 has same models as 1 in Set, since any model R : pu; —> Set can be expanded to a

model R : iy — Set . Because RX7 is determined as the vertex of a limit, then X5 can (up
to iso) only be mapped to the complement of RX; in RS; x RS; and RX3 will be determined
by epi-mono factorization and at last RX, will be determined in the same way as RX5. So
we in fact get an isomorphism of set model categories.

Now this makes use of some properties particular for the category Set: the existence of
complements and unique epi-mono factorization. But we are interested in identifying which
general properties a category need to satisfy for p; and fi; to have the same models therein.
We want to arrive at a general strict type of categories that has the properties needed.

We can systematize this procedure by checking the properties of (i77) in the standard theorem
stated earlier concerning equivalences of categories (theorem 7.1).

We thus investigate the properties of a category C needed for Mod (s, C) nely Mod(p1,C)
to have the properties of (iii):

-incl is an inclusion so incl* is evidently full.

-incl* is faithful, i.e. for any R, R’ models of ji, the map

Homyjoq () (R, R) — Homyjoq(u,) (incl* R, incl*R')

is injective: take 7,7 : R——> R’ two natural transformations such that 7 # 7/, then there
is at least one object S in Oby; such that 7g # 7¢. If S is in 1 we evidently have incl*T #
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incl*7'. If not we must have S = X}, for some k € {1,...,4} and by naturality

RXk RSj R/ikTXk = Tgi Rik
\
) \
TX, i ;Téck Tsi ! }T_,gj and
Vo
\/ \/ | |
R' X}, i R'SJ Rlipm, = Téijk

Now if all R"i;’s are monomorphism, we have 7y, # Tj(k implies R'iy7x, # R fim’kk and hence
Tgi Riy # 7§, Riy, which gives us 7g; # 7§, and hence incl*t # incl*r’, i.e. incl* is faithful.
We have that R'i; and R'i3 are monomorphisms for C any category, and if C has the property
that a co-projection in a sum is a monomorphism then R'is and R’i4 will be monomorphisms
too.

To show the last property of (iii) take a model of iy R : py — C , we then wish to find an
expansion of R to a model R of fi; such that incl*R = R.

First we suppose the category C to be at least of type ¢, i.e. it has finite limits and co-limits,
then RX; is determined up to isomorphism (it is the vertex of a equalizer cone), so we need
C to have properties assuring the existence of objects RXo, RX3, RX, defining a model R of
fr.-

As already pointed out, the properties that all monomorphisms are co-projections in a binary
sum and that all such co-projection determines the other up to isomorphism are desired. We
will call the latter the sum-property. Now:

-We can expand R to model Xs: if monomorphisms are co-projections in some sum (in C)
RX, will be determined by RX; up op isomorphism by the sum-property.

-We can expand R to model X3: because of the way we (in p2) sketched the notion of existence
following the second definition of monoids any category serving as target for models will have
some epi-mono-factorization property. So if we demand that C has epi-mono-factorization for
all arrows (not necessarily unique) then the existence of RX3 will follow.

-We can expand R to model Xy: again if all monomorphisms are co-projections in some sum,
RX, will be determined by the sum-property.

We conclude that incl® is an equivalence of model categories if C is of the type t., with
the extra properties: the sum-property, all arrows have epi-mono-factorization, all monomor-
phisms are co-projections in a binary sum and all co-projections are monomorphisms.
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We now look at v : g —— fi1

- j
p'l\L 1L x(e) IP1 |

B S —
p/splitj \Lp/
de—(Jz—P)

We are interested in when v* : Mode(fr1) — Mode(p2) is an equivalence, so again we check
the properties of (7i7):

We start with the last property of (iii) (assuming that C has the properties arrived at for incl*
to be an equivalence): Take R : pus ——C a model of pug. We then again wish the existence
of an extended model R of ji; such that v* R = R. If C has properties that permit, from R(u2)
the existence of arrows modelling the arrows e, é,v1,vy (in fi7), we will have the extension
searched for. If C' has the property that all epimorphisms are split and we note £%P“* the
split morphism of an epimorphism ¢ in C, then R can be defined as equal to R on everything
hit by v (meaning that we get v*R = R) and then we define R(e) = R(i")R(p')*P** R(/))
and R(v1) = lpg x R(€), R(vy) = R(é) x 1gg1. Then R is obviously a functor ex-
tending R to i1, but it is not obvious that it defines a model. We need to proof that

R(p1)R(v1) = R(k)R(v1) = R(ok)R(v1).

I had overlooked this in the first version of this paper, so I have not yet proven that we
only need the properties arrived at so far in order to prove that R is a model of 61. But it is
obviously true for set theoretical models, since sums are disjoint unions in Set, the question is
wether the sum property assures the connection between the two ways of sketching unitarity,
I am not sure, but if we add the property that all arrows from the terminal object to a sum
will facter through one and only one of its co-projections, then we get the connection searched
for. We shall leave this at that since we have no particular use of this example other than to
illustrate how the “the mashinery” works.

v* is faithful: same procedure as before (with incl*) and it follows from the fact that v
is surjective on objects.
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v* is full: take any pair of models R, R’ € Obyjoq(r, ¢y then

w,C

Homyjoq(,7, ) (R, R) Homyjod(y,,0) (V' R, v* R')

is surjective: if we take a natural transformation
T:UV*R—=v*R/

then we need to find a natural transformation #: R——= R’ such that v*7 = 7. v is
surjective on objects, so it is enough to show that the naturality of 7 extends to the arrows
v1, V9, €, 6. As long as we are talking about models in a category C with all epis split there is
no harm in adding the pair of potential split maps p"P 1L x é of p/, p; to the sketch sy
(as above indicated by dotted arrows).

Then we can set U(l}g x €) = v; and the naturality of 7 will follow easily by the equations

A~

vg = ovi, €=pav1, ep=E¢.

7.3.1 A type confusing the two sketches of monoids

By the above systematic request for equivalent model categories, we can conclude! that a
sufficient? type of category, in which the two sketches p1 and ps have the same models, is
a category with finite limits and co-limits and furthermore satisfying: the sum-property, all
epimorphisms are split, all arrows have some epi-mono factorization, all monomorphisms are
co-projections in some sum and all co-projections in a sum are monic.

In fact the last property follows from the others:

Lemma: A sufficient type for which puy and ps have equivalent model categries, is
the type: categories with finite limits and co-limits, with the sum-property, where
all epis split, where all arrows have epi-mono factorization and where all monos
are co-projection in some sum.

Proof:
In a category of the type in the Lemma, all co-projections in a binary sum are monomorphisms:
take a sum

JA+B,

PN
A B

and take an epi-mono factorization of, lets say, a

then the diagram

Lup to the missing verification.
2remember that we nowhere proved necessity of all of these properties
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is a sum. Because, take any diagram

then, since (A + B, (a,b)) is a sum, there exists a unique arrow h: A+ B——> C such that
ha = ce and hb = ¢/. Now since a = me we have that ha = hme = ce which, by € epimorphic,
gives hm = c¢. So (A + B,(m,b)) is a sum, and hence by sum-property A = I, thus a is a
monomorphism (same goes for b).

We will call the properties arrived at, the *,,0n0ids-properties. i.e. the properties: sum-
property, all epimorphisms split, all arrows have some epi-mono factorization and all monos
are co-projections. The corresponding sketch of the type confusing the two sketches of
monoids, will hence be noted fcl;momds, and this sketch will be constructed in the follow-

ing, by adding the *,,0n0ids-properties to the sketch 7 ; one by one:

The sum-property: given a binary co-product (co-limit indexed by the discrete graph 2),
if one co-projection is known then the other is known up to isomorphism. So in the sketch
Tel, we need make the restriction, required by this sum-property, on the object destined to
be the set of binary co-products:

For 7 = 2 = {e e} we have our choice of co-limits, by the arrow Ly destined to choose a
2-co-limit of all pairs of objects in the underlying graph of the model. We will call sums all
co-limits indexed by 2, so "the object of sums” will be the object 2-co-limits(S) as introduced
in the construction of 7,. This is practical since the sum-property concerns all sums and
not just the chosen ones, though the chosen ones are representative up to isomorphism.

We have (in the model) the object of sums Sum(S), as the subobject of S/ such that
the hook by the comparison map (the arrow u between the vertexes of the two co-cones
compared) is an isomorphism, i.e the following cone is distinguished:

Sum(S)

Where Cy is the comparison map, taking a 2-co-cone to the diagram comparing it with
the chosen sum of the same basis and ¢, is the projection of the hook between vertexes in
the comparison diagram. So g will (up to isomorphism) be the map taking a sum to the



54 Examples

isomorphism from the chosen sum of the same basis:

)y

[ /\ — A4+ B—Y

A B

where we (abusively) let A + B note our choice of co-limit by (the model of) Ly for the pair
A, B.

We introduce the graph K5 = - - —— - and then the joint graph 1jx,:
AN

.
Y

AR
and inclusions:

AN

ANE VAN

Y
/AN
the object S Y =8 and a new comparison map Cj:
&
Sum(S) Slks
57 ;/"/

n3

such that n{C% = mgym, to make sure that any sum is embedded into a comparison graph; it
is actually being compared. We then continue to consider what we are comparing a sum to,
by the map CY.

If we note ¢* the composition from the right by graph morphism

AN
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we can introduce (up to isomorphism) the ”object of co-projections”, as " Copr(S)” by adding
the following factorization of the map ¢*mgqym that forgets the right leg in a sum:

Ly
Sum(S) Feorr Copr(S)
‘ SN M

Sa

where L), is added destined two be a right inverse to the epi ecopr, i.6. we add equation
EcoprLy = Loopr(s)- Since we sketch theoretical types set-theoretically, i.e. to be modelled
in Set, there is nothing ”"wild” in adding L} to the sketch, because in Set all epimorphisms
(surjections) have a right inverse (given of course that we believe in the axiom of choice).
Then in a model R, RL/ will be a new choice map, from the object of co-projections to the
object of sums, taking a co-projection to a sum where it is the left leg, we will call this sum
the ”complement sum”.

Now we add equation n5C% = Msym L5€ copr

Cy
Sum(S) 57— 8§\ Slks
L,2 < >5copr 12

Copr(S)

meaning that C% compares (by "new hook” y) any sum to its corresponding sum obtained by
forgetting one co-projection and then choosing a sum by L) and that all sums, in this way,
will be compared to their corresponding ”complement sum” by a (model of) the "new hook”
map y.
Now the sum-property comes down to adding a map 7 : Sum(S) —— Iso(S) and distinguish
the cone

Sum(S)

Iso Sum(S

C” o
Miso .

- S 1’C5

Then in a model the pullback of m;g, along qué is an 1somorphism7 meaning that for any
sum, we have that the "new hook” in the "new comparison graph” (comparing the sum to
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the ”complement sum” of one of its co-projections) is an isomorphism, and hence 7 is the
arrow modelled as

A B =i A B—=C(i

We have now sketched the sum-property: for a co-projection ¢ in a sum, any sum with ¢ as
one co-projection (”left leg”), will compare two L} (g) by an isomorphism, so ¢ does determine
the other co-projection up to isomorphism.

All arrows have an epi-mono factorization: we add an object, that we call "Fact(S)”, to be
modelled as a subobject of composable pairs of arrows consisting of an epimorphism followed
by a monomorphism. This object can be added to the sketch as vertex of the following
distinguished cone:

Fact(S)

Monos Epls

MA / \ /m

i.e myqe is modelled as, at the same time, the pullback of the subobject of monomorphisms
along the first projection of pairs of composable arrows, and the pullback of the subobject of
epimorphisms along the second projection of composable arrows, so clearly m 4 is a poten-
tial monomorphism.

Then distinguish kmﬁ; .+ as a potential epimorphism. Since epis have right inverse in Set we
get that there are choices of epi-mono factorizations for all arrows (in any given model in
Set), by the possible right inverses (sections) of the model of km fqc.

All epimorphisms are split: first we add the object ”of all split diagrams”, ”Split(S)”, to

al

be modelled as the subobject of the object S7, of diagrams of the sort e : A such that

a
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aa’ = 1,4. By distinguishing the cone

Split(S)

) Msplit

Notice how this is just the left part of the diagram we saw earlier (p.30) distinguishing the
object "Iso(S)”.
Now if we denote ;* . §& —— S5 the composition from the right with the graph inclusion

2
~——7

Then we distinguish the object ”Split-with-epi(S)”, to be modelled as subobject of split
diagrams where the co-section is an epimorphism, by pulling back mg,; along *mgp;. We
thus distinguish the cone:

Split-with-epi(S)

and furthermore that the pullback pey; of 1*mygp; along mey; is a potential epimorphism,
which, for a model R, in set gives the existence of a right inverse

R(pepi) : Epis(S) —— split-with-epi(S) ,
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choosing, for each epi, a split diagram where it itself is the left inverse.

Monos are coprojections: The lemma gives a potential mono Copr(S) ——> Monos(S) so we
just need to distinguish this map to sketch an epi as well and our sketch is final.

The sketch T _monoias Was here constructed in a manner taking very much advantage of the

fact that it is to be modelled in set. As well as viewing the fact that we wish for a strict type,
i.e. we wish to take advantage of the proposition 3 and corollary 2 and hence want, as much
as possible, to restrict our expansion of ¢ ; toa finite series of expansions by cones.

The theoretical type t *monoids and its corresponding free generator T; l* of
f c

monoids

tcl;monoids 'types'

proposition 4:

tcl;monoids : 6)\ [ ’T-Cl";monoids
s a set-model-epi, i.e a strict theoretical type.

Proof: The only part of 7_*moneias N0t achieved by a finite sequence of expansions by cones of
f
Tel; are the maps Ly : Copr(S) —— Sums(S) ”choice of complement sum” and Cj : Sums(S) — S'xs
”comparison (by y )of a sum to the complement sum of its left leg”.
Take ¢ —>>1) the natural isomorphism between models of T *monoias induced by corollary
f

2. (i.e not yet natural on L), C%) and take g an element of ¢(Copr(S)), then

pLy(q) =

NS
wLIQ(Scoqu) scoprq/ ’ \Cwscoprq

and since SCopr(S)¥PEcopr = wgcop’/‘SSum(S) we get that SSum(S) <Q7q/) = (SCorp(S)Q7$Copr(S)q/)
and then SSum(S)(pLé(q} = SSum(S)(Qa Ecpq) = (SCopr(S)v SCOpr(S)QDQ) and wLIQSCopr(S)(Q) =
(8Copr(s)2s Bwsoopr( 5)). Now by the sum-property we get Ly Scopr(s) = Scopr(s)bpd, meaning
we only get naturality of the isomorphism s up to isomorphism. This is however not a serious
problem, because the model of L is just one of several isomorphic sections of the epimorphism
forgetting the "right-leg” co-projection in a given sum. Any model (¢) will naturally posses all
possibilities for modelling Ly and one of these (or rather all of them together) will furnish the

pure naturality of s: ¢ = 1 . Said differently, the model (UK fcl;monoids —= Set posses

(in Set) a map isomorphic to ¢ L/, and naturally isomorphic to ¢L} by the isomorphism s.
|

We have thus found a strict type td;momds confusing our two sketches of monoids p1 (follow-
ing "Def. 17) and usy (following ”Def. 27).



7.3 Two sketches of monoids 59

Now keeping to the general problem, and in good mathematical tradition, we point out
at least one category discriminating between 1 and o, i.e. a category C such that C#* is not
equivalent to CH2.

Discrimination of the two sketches of monoids:(Coppey, L. [1992]) If K is a com-
mutative field, we call K-Vect the category of K K-vector spaces with arrows all K-linear
maps.

Then if (M, k, e) signifies a monoid in the sense of p; internally of the category K-Vect (i.e.
(M, k,e) is the image of a model Rps : ug ——= K — Vect we get:

-M is a K-vector space.

-The unit element ¢ : }fO — M is a K-linear map, so since M? is the zero-
space e must be the zero-map. Meaning that the unit element for the (K -linear)
composition k is the vector 0. Now since (z,y) = (x,0)+ (0,y) we get by unitarity
(in the sense of p1):

k(z,y) = k((z,0)+(0,9))
= k(z,0) +k(0,y)
= k(z,e)+k(e,y)
= T+vy.

~—

So for a K-Vector space m there is exactly one possibility for a monoid-structure on M (in-
ternally of K-Vect), the one obtained by the addition of vectors in M.

Now suppose that (M, k) is a monoid in the sense of po (internally of K-Vect), then:

-M is a K-vector space.

-k:M x M —— M is a K-linear map.
-We already have k(0,0) = 0.

-Because of associativity of k, we get:

k(k(z,0),0) = k(z, k(0,0)) = k(z,0)

-Consequently the map \: M ——= M, A(z) = k(z,0) is an idempotent K-
linear map; the same goes for the map ¢: M ——= M, &(y) = k(0,y), and we

see that:
k(k(z,y),2) = MA(@) + o)) + o(2)
= N (2) + Ad(y) + ¢(2)
= AMz) +2Ad(y) + ¢(2)
and
k(z,k(y,2)) = A=)+ o(Ay) + ¢(2))
= A@)+ oAy) + 6°(2)
= Az) + oA(y) + ¢(2)
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Hence by associativity of k we can deduce A¢ = @A, thus the law of composition must be of
the form & = Apy + ¢p2 where pi, ps are the two projections pf2 —— M and A, ¢ are two
commuting idempotent K-linear maps.

The other way around, if M is a K-vector space and A, ¢: M —— M two commuting
idempotent K-linear maps, then (M, k) is, at least, a semi-group (internally of K-Vect). But
there is nothing in the previous calculations that prevents unitarity (in the sense of p2):

-The ”only possible monoid structure” in the sense of 1, is one among ”the pos-
sible” structures in the sense of uo, by putting A, ¢ = 1,,.

-Better yet, there exist non-isomorphic monoid structures in the sense of ug (in-
ternally of K-Vect) having the same underlying semi-group.

To show the last statement, take for example A = 157 and ¢ = 0. Then k = p; and the trivial
semi-group (M, p;) can be equipped with two different monoid structures in the sense of pa:

- & is the diagonal of M2,

- =® is one ”"complement” of this diagonal.

Jx—® is the then either isomorphic to M or to {0}, according to the choice of ”comple-
ment” above (either it is different from po(M?) or it is equal to pa(M?)).

- de—(3x—P) is always true since every K-linear subspace of {0} is {0}.

If we only require M # {0}, we here have two non-isomorphic monoid structures on the same
vector space in K-Vect. Hence K-Vect discriminate between p; and peo, and hence is not of
type tcl;monoid‘g.

However, we observe that monoids in K-Vect, in the sense of ps, perhaps have a unit element
as models of p9. But at the same time (and in the same sense) they don’t have unit element,
because all models of 5 into K-Vect extend (uniquely) to a model (into K-Vect) of the sketch
obtained by adding the object —(Je—(Jz—®P)) to the sketch pus.

There is no more contradiction in this than in the fact that 0 = 1 in K-Vect. So we are just
confirming the fact that our choice of interpretation of the negation, when constructing e,
was indeed set-theoretical (or Boolean); we were not thinking about monoids in the sense of
Def. 2 internally of additive categories when we sketched po.

The core of the above demonstration of K-Vect not being of type ¢ j*monoias is that K-Vect
s

does not satisfy the sum-property, for example the diagonal of M? has complements that
define different subobjects of M? whenever the vector space M is non-zero.

K — Vect) ("forcing” the sum-property) will give the

monoids (

We thus conjecture that T -
“r

trivial category of just one object and one arrow (the zero-vector space with zero-map)

Since ¢ j*monoias i strict we can profit from the application of generalized associated sheaf

theorem, in the ways discussed in section 6. We conclude:

-The two sketch morphisms incl : yy —— 11, v : u2 —— 1 indicate the theorem, relative
to the two sketches py and po for tcz;mmids -models, that the two sketches describe the same
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mathematical theory. The proof is obtained by the factorization 7, o thl*monoids (1)
s

S
M1

where 17’ is a sketch evidently modelling both sketches and could be the followning sketch:

N
T\ \\
. /7 %

Underlying multiplicative graph of /7’ :

only adding the arrow p : g1 —— X; and equations v; = 41h which in any model is as-
sured by the universal property of the equalizer distinguished by X, since we in u; have
the equations kv; = kov; = pjv; = lgi. This makes evident that a model of jr7’ is at
the same time a model of p; and s describing one and same structure, by the equations
Vg = 0ovy, € =pouy, €p=E¢.

One could then discuss whether it is necessary to add the arrow h, or even whether it is
enough to add h to obtain the evidence. Personally I think there should be something in
the proof-factorization directly showing the connection between the two descriptions, even
though anyone with a trained eye will notice the existence of the map A in any model.

-The natural conjecture that p; and po are confused when modelled in any boolean topos,
has been checked and confirmed! (Boolean toposes are clearly of type L oyrmonoids ).
;

-In the process of showing that K-Vect discriminate between p; and ps, we came across
another theorem: that any law k of a semi group internally of K-Vect, is of the form
k = Ap1 + ¢po where X\, ¢ are commuting idempotent linear maps. This gives rise to an
object proving a theorem relative to the sketch of semi groups, valid in the additive type
(exercise).
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8 Conclusion

We have clearly been supporting the seven mottos stated in the introduction and we have
arrived at a basic understanding of theoretical strict types as subcategories in the category
of sketches furnishing a general machinery for proving and discriminating.

A machinery that applies whenever we (within the given size frame) are able to sketch our
problem, i.e. whenever we can get a strict type containing the theory in which we want to
show a certain property related to a certain concept, and whether we can sketch this concept
and formulate the property as a sketch morphism. Then we can examine whether the property
gives rise to a theorem in our theory by examining (as we did in the example of monoids) for
what types of models the sketch morphism gives rise to an equivalence of model categories,
or by directly progressing towards the free types (in our Type) generated by the sketches of
our sketch morphism. Then if the sketch morphism gives rise to an isomorphism/equivalence
of generated free types we have a general proof that our concept has the considered property
in any category of the considered strict type, thus also in the theory we started out with.
The examples supply us with ideas for a manual to this machinery of checking conjectures
since they give samples of how to proceed in praxis, when we want two confuse/discriminate
sketches or prove theorems in the frame Esq.

We also see from the examples that many usual (A-small) categories will be of some strict
type so the above machinery can be supposed to apply to many mathematical problems and
perhaps fruitfully.

Concerning further work, there are two main questions now urged upon us:

Firstly, how do we optimize the search for the confusing type, meaning on the one hand that
it is wishful to minimize the properties needed in a category in order for two sketches to
have the same models therein and on the other hand assuring this by a systematization of
the progression/mounting towards a sketch that evidently shows the confusion in models of
a necessary and sufficient type. Secondly, the question of application, of finding interesting
examples showing that this machinery does indeed bare fruit in mathematical practice.
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