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GEOMETRIE DIFFERENTIELLE CATEGORIQUES

PROTOMODULAR QUASIVARIETIES
OF UNIVERSAL ALGEBRAS

Dedicated to Jiri Addmek on the occasion of his sixtieth birthday

by A. H. ROQUE

Abstract

Les variétés protomodulaires d’algebres universelles ont été caractérisées syn-
tactiquement en [2]. On montre que la méme caractérisation s’applique aux
quasi-variétés d’algébres universelles et on présente une condition suffisante
pour que les sous-catégories pleines d’une catégorie de structures fermées
pour sous-objets et produits soient protomodulaires.

1 Preliminaries

For an object B in a category C, the category Pt(B) of points in (C | B) is
the category whose objects are triples (4,a,8) witha : A — B, 3: B — A
morphisms in C, o o 8 = 1p, and whose morphisms f : (4, a,3) — (D,9,9) are
morphisms in C for which fo3=4dandvo f =a.

When C has pullbacks, any morphism p : E — B determines a pullback functor
p* : (C | B) — (C | E) which restricts to p* : Pt(B) — Pt(E).

Definition 1.1 A category C with pullbacks is called protomodular if for each p :
E — B, p* : Pt(B) — Pt(FE) reflects isomorphisms.

In [2], it is proved that for varieties of universal algebras protomodularity can
be reduced to reflection of isomorphisms which are images of monomorphisms in
Pt(B) under m*, with m : I — B a monomorphism and I an initial object. We
begin by showing (in section 2) that this characterization of protomodularity applies
to any category with pullbacks, stable (regular — epi, mono) - factorizations and
initial objects.

The category E of structures for a given first order (one sorted) language is
regular where regular epimorphisms are the strong surjective homomorphisms and
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monomorphisms are the injective homomorphisms. A full subcategory Q of E,
closed under subobjects and products is regular (with the same factorizations as in
[E), so in particular, regular epimorphisms p in Q are pullback stable and therefore
p* and its restriction to Pt(B), reflect isomorphisms. Moreover, being closed under
subobjects and products, such subcategories Q have free objects over sets. For these
reasons, the arguments in [2] for a semantical characterization of protomodularity
apply to these subcategories of structures as well, as proved in section 3.

It follows then (see section 4) that the same syntactical characterization of pro-
tomodularity as in [2] holds for quasivarieties Q when the language L is algebraic,
i.e., has no predicate symbols. In fact, in this case, one only needs to prove that
protomodularity of Q implies that
there exist closed terms k;, ..., ky, terms ¢y, ..., £, with at most two free variables
(z,y) and a term ¢t with n + 1 free variables such that, Q satisfies the identities

t(x,t1(x,y), ..., tal(x,y)) =~y and t;(x,z) =k, e))

since by [2], the converse necessarily holds: suppose that Q is a quasivariety for £
and let E denote the category of structures for this language. Assume that Q satisfies
identities as in (1). Let V be the closure of Q in E under homomorphic images. Then
V is a variety and, since homomorphisms preserve identities, V satisfies the same
identities. Hence, by [2], V is protomodular. But the inclusion functor from Q
into V preserves pullbacks and reflects isomorphisms, so again by [2], Q must be
protomodular.

2 Protomodularity and Factorizations

The following proposition can be found in [1]:

Proposition 2.1 Let C be a category with pullbacks. C is protomodular if and only
if for each morphism p : E — B and each monomorphism f in Pt(B), if p*(f) is
an isomorphism then f is an isomorphism.

Proof: If C is protomodular the condition follows. Conversely, assume that for
each morphism p and each monomorphism f if p*( f) is an isomorphism then f is
an isomorphism.

Letp: E — Bbe amorphisminCand f: A — A’ be in Pt(B). Let (f1, f2)
be a kernel pair of f in C ((C | B) and Pt(B)) and consider A : A’ — A’ x4 A'.
Then, f1, fo and A are in Pt(B).
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We first show that if p*(f) is an isomorphism, then p*(A) is an isomorphism.

Assume that p*(f) is an isomorphism. Since p* : (C | B) — (C | E) is
a right adjoint, it preserves pullback so that (p* fi,p* fo) is a kernel pair of p*(f)
in (C | E) and Pt(E). Since p*(f) is an isomorphism in Pt(E), p*(f1) is an
isomorphism. But p*(f1) o p*(A) = p*(1) and so p*(A) is an isomorphism.

Now assume that f is a monomorphism with p*(f) an isomorphism. Then
p*(A) is an isomorphism. But A is a monomorphism so by hypothesis A is an
isomorphism. Hence, fi = A~! = f, and since these are a kernel pair of f, f is a
monomorphism. Then, again by hypothesis, f is an isomorphism. |

Proposition 2.2 Let C be a category with pullbacks and stable (regular —epi, mono)
factorizations. C is protomodular if and only if for each monomorphismp : E — B
and each monomorphism f in Pt(B), if p*(f) is an isomorphism then f is an iso-
morphism.

Proof: If C is protomodular, the condition is satisfied. Conversely suppose that for
each monomorphism m and each monomorphism f if m*(f) is an isomorphism
then f is an isomorphism. For any pullback stable regular epimorphism p : £ —
B,p* : (C| B) — (C | E) reflects isomorphisms (see [3]), hence so does
p* : Pt(B) — Pt(FE). Therefore, since p = m o e with m a monomorphism and
e a pullback stable regular epimorphism, p* reflects isomorphisms if and only if so
does m*. ]

An immediate consequence is

Proposition 2.3 Let C be a category with pullbacks, stable (regular — epi, mono)
factorizations and initial object I. C is protomodular if and only if for each monomor-
phism m : I — B and each monomorphism f in Pt(B), if m*(f) is an isomor-
phism then f is an isomorphism.

3 Protomodularity in categories of structures closed under
subobjects and products

Let £ be any first order (one sorted) language and E be the category of structures for
L. Then E is a regular category. A full subcategory Q of E closed under subobjects
and products is regular with the same (regular-epi, mono)-factorizations as in E,
i.e., (strong surjective homomorphisms, injective homomorphisms). Closure under
subobjects and products guarantees that Q has free objects over sets. The free object
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on the empty set K (@), is an initial object in Q. These subcategories need not be
pointed.

Proposition 3.1 The following are equivalent for a full subcategory Q of E closed
under subobjects and products:

1. Q is protomodular.

2. For AinQlet B C A’ C A be a sequence of subobjects of A, a : A — B
a homomorphism such that a(b) = b for b € B, and o~'(By) the inverse

image under o of the subobject By of B generated by the constants in B. If
a~1(By) is a subobject of A’ then A’ = A.

3. Let A be in Q, B be a subobject of A, o : A — B a homomorphism such
that a(b) = b for b € B, and a~'(By) the inverse image under o of the
subobject of B generated by the constants in B. Then A is generated by B
and o~ (By).

Proof: Factorization in Q implies that if m : K(()) — B is a monomorphism in
Q, then K (@) is isomorphic to By. Since monomorphisms may be assumed to be
inclusion homomorphisms, by Proposition 2.3, Q is protomodular if and only if for
any A in Q, any sequence B C A’ C A of subobjects of A (which must be in Q),
any a : A — B such that a o 3 = 1, with (3 the inclusion of B in A, and m the
inclusion of By in B, if m*(f) is an isomorphism (with f in Pt(B), the inclusion
of A’ in A), then f is an isomorphism.

(Note that elements are related in o~ !(B) if they are related in A and their images
through o are related in B.)

1. 2. Consider the diagram (in Q) with objects and morphisms as above

By xB A A’
m*(f) NS
\ OIA\
By xp A A.
BO /m B g

The following assertions are equivalent:

(i) m*(f) is an isomorphism
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(ii) m*( f) is a bijective homomorphism of algebras and for each predicate symbol
R, Ra‘l(Bo) — R(e/A")7}(Bo)

(iii) a~!(By) C A’ as subalgebra and for each predicate symbol R, R*™'(Bo) C
RY

(iv) a~!(Byp) is a subobject of A’.

Therefore, if o~ ! (By) is a subobject of A’, then m*(f) is an isomorphism and by 1.,
A is isomorphic to A’ i.e., A = A’ and 2. is satisfied. If m*(f) is an isomorphism,
then a~1(By) is a subobject of A’ and by 2., A = A/, so 1. is satisfied.

2.4 3.Let A’be the subobject of A generated bya~!(Bp)and B. O

4 Syntactical characterization of proto - modularity in qua-
sivarieties of universal algebras

In the following theorem L is a first order (one sorted) algebraic language and Q is
a quasivariety for this language.

Theorem 4.1 Q is protomodular if and only if there exist closed terms ki, ..., kp,
terms ty,...,t, with at most two free variables (x,y) and a term t with n + 1 free
variables such that, Q satisfies the identities

t(z, t1(r. y), - tn(z,y) =y and ti(z.z) =~ k;.

Proof: Let K(z,y), K(r) and K(() be the free algebras in Q on two and one
generators and on the empty set. Leta : K(x,y) — K(z) and 3 : K(z) —
K(z,y) be the unique homomorphism extensions of x,y — x and x — z. Then
aof3=1.

By Proposition 3.1, K(x,y) is generated by K(x) U o !(K(0)). Then in
K(z,y), y = t(z,ti(z.y).....tn(x,y)) for some n with a(t;(z,y)) in By, i =
1,...,n.

Since t;(z, z,...,x) = aft;(z,y)) is in By, it must be some closed term k;,
i=1,...,n.

Hence

Q EVeVy y=t(z, ti(z,y),....ta(z,y))

QEVz /\ ti(z, ) =~ k;

i=1
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For the converse let B be a subobject of A and @ : A — B be a homomorphism
with a(b) = b for b € B. Let By be the subobject of B generated by the constants
in B.

We have that Q = y = t(z,t1(z,y), ....tn(z,y)) and Q = ti(z,x) = ki, i =
1,...,n. Then for a € A with A in Q, t{(a,a) = k*. Since a is a homomorphism,
tA(a(a), a(a)) = a(k!) = kP. But a is the identity in B so a(a(a)) = a(a) and

a(tf(a(a),a)) = tP(a(a(a)),a(a)) = t7 (a(a),a(a)) = kF.

Therefore, t:}(a(a),a) € a~1(Bp). Since in A,
a = t*(a(a).t{(ala), a), ...t (a(a), )

and a(a) is in B, a is in the subobject generated by B U o~ !(By).
Note that when the language has no constants, the identities reduce to t(z) = y
and the objects in QQ are the empty set and singletons. g

As a consequence, protomodular quasivarieties of algebras are Maltsev, with
Maltsev term

t(l‘,tl(y, Z), ceny tn(yv Z))

We now consider again £ any first order (one sorted) language and E the category
of structures for £. Subcategories of E, axiomatizable by formulas of the form
Vzi..Va, (61 A ... A0 — u; = ug) with each 6; atomic, are closed under sub-
objects and products. We end with a sufficient condition for such categories to be
protomodular.

Proposition 4.2 Let Q be full subcategory of E, closed under subobjects and prod-
ucts. Q is protomodular if there are closed terms ki, ..., k,, binary terms t, ..., t,
and an + 1 - ary term t such that Q satisfies the identities

tz, (2, ), i bn(T,y)) Yy and  ti(r.z) ~ e

and for each (k — ary) predicate symbol R, there exist closed terms w;, i = 1, ..., k,
Sfor which Q = Ryy...y, — A= yi = w;.

Proof: It follows from the fact that interpretations of closed terms in objects and
subobjects are the same. a
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5 Examples

Quasivarieties of universal algebras are axiomatizable by quasi-identities i.e., sen-
tences of the form
Vzy1..Ve, (L Ao Ab — 5)

with all 8; and § identities. For these the syntactical characterization holds. It is the
case of:

1. Any quasivariety of algebras in a language with a constant ¢ and two binary
operations o and * satisfying z o (z * y) = y and z x = c is protomodular,
with t;(z,y) =z *yand t(z,y) =z oy.

2. Any quasivariety of algebras in a language with a constant ¢ and a binary
associative operation o satisfying x o x = ¢ and c o z = z is protomodular,
where ti(z,y) = t(z,y) =z oy.

3. The variety of Heyting semilattices is protomodular (see [4]) with ¢;(z,y) =
(y = ), t2(z,y) = (y = =) = z) = y) and t(z,9,2) = 2 A (y = x).
Thus so are the varieties of Heyting algebras and Boolean algebras and also
any quasivariety of Heyting semilattices (Heyting or Boolean algebras).

4. Any quasivariety of algebras in a language with a constant ¢, one binary asso-
ciative operation o and a unary operation * satisfying z o (z*) = ¢ = (z*) oz
and c o r = z is protomodular with t;(z,y) = z* oy and t(z, y) = (z 0 y)).
In particular any quasivariety of groups. For example the categories of:

Torsion free groups

Groups with at most one idempotent

Rings of characteristic zero

Rings with at most one nilpotent element:

(2=0Ay?=0)>z=y.

Rings where 0 is not a sum of nontrivial squares:

$%++$%=0—+(1‘1=0/\/\£L‘n=0)
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Any of the above with an extra n-ary relation satisfying
Ryy...yn — N ¥;i = ¢, c aconstant.
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