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CAHIERS DE TOPOLOGIE ET Vol XLIX-4 (2008)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ON FILTERED WEIGHTED COLIMITS OF PRESHEAVES
To Jifi Addmek, on his sixtieth birthday.

by F. BORCEUX * and J. ROSICKY

Abstract

Quand un topos C de préfaisceaux est localement finiment présentable
au sens des catégories enrichies, nous prouvons que la notion de C-colimite
pondérée filtrante se réduit au caractere filtrant au sens usuel, lorsque I’on
évalue la situation en chaque objet C' € C.

Introduction

The present paper has been motivated by the interest of the second author in ho-
motopy theory and its relations with the theory of locally finitely presentable or
accessible categories. In this context algebraic problems enriched in simplicial sets
appear quite naturally and thus a careful analysis of filtered colimits enriched in
simplicial sets is needed.

In enriched category theory over a symmetric monoidal closed category V, the
correct notions of limit and colimit to consider are those of weighted limit and
weighted colimit:

limy F € 5, colimy F € &

where W and F are V-functors of the form
W:D——YV, F:D—¢&

with W covariant in the limit case and contravariant in the colimit case. In the case
V = Set, this reduces simply to the limit or the colimit of the composite

Elts(W) sp—E ¢

*Research supported by FNRS grant 1.5.221.07
tResearch supported by the Grant Agency of the Czech Republic under the grant 201/06/0664.
The author aknowledges hospitality of the University of Louvain.
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where Elts(W) indicates the category of elements of W. Choosing as weight W
the constant functor on the singleton recaptures then the usual notions lim F' and
colim F.

It has been proved in [7] for the theory of locally finitely presentable categories,
and in [4] for the theory of finitely accessible categories, that these theories can
be generalized to the enriched context, provided that the base category V is itself
locally finitely presentable, with moreover the property that finitely presentable ob-
jects are stable in V under finite tensor products. Such a V is called a locally finitely
presentable base.

Consider now a small category C and the corresponding topos C= [COP, Set]
of presheaves, viewed as a cartesian closed category. The topos Cis always locally
finitely presentable, but in general a finite product of finitely presentable presheaves
is not finitely presentable. We prove that this last property holds as soon as C admits
finite weak multilimits. This very mild requirement is of course satisfied when C is
finitely complete, or when C is finite. But the category A used to define simplicial
sets admits also that property. Thus the topos of simplicial sets is a locally finitely
presentable base.

We develop our study not just in the case of simplicial sets, but for an arbitrary
presheaf topos C which is a locally finitely presentable base. Conical limits and
conical colimits in C are well-known to be computed pointwise as in Set. But what
about the weighted limits and colimits? Let us thus consider C-functors F,Wona
small 5—category D. We can of course evaluate this situation at each object C' € C

F
D —F c eve(D) M Set
w eve(W)
9 Set

and ask the question: do we have
(limw F)(C) = limey w) eve (F)
(colimy F)(C) = colimey.(w) eve(F) ?

The answer is yes for colimits, but no for limits.
Now a filtered colimit in Set is one which is computed over a filtered category.
In terms of weighted colimits over Set, this means thus a colimit indexed by a weight
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W D——Set whose category Elts(WW) is filtered. This is precisely requiring that
W is flat, that is, its Kan extension along the Yoneda embedding preserves finite
limits.

A 5—weight W : D—C is finite when D has finitely many objects, while each
D(D, D') and each W (D) are finitely presentable presheaves. A finite C-limit is
one indexed by such a finite weight W. A flat 5—weight is one whose Kan extension
along the C-Yoneda embedding preserves finite C-limits. And finally a filtered C-
colimit is one indexed by a flat 5—weight.

Since weighted C-limits in C are not computed pointwise, the notion of flat C-
weight has no reason a priori to reduce to being pointwise flat over Set. As a con-
sequence, the notion of filtered weighted C-colimit has no reason a priori to reduce
pointwise to the ordinary notion of filtered colimit in Set. Nevertheless we show
that these unexpected properties hold in the case of a locally finitely presentable
base C.

To prove this, given C-functors

W:D——>C, F:D—C

we investigate first the form of (limy, F')(C'), which we know not to be in general
limey (w) eve (F). We express nevertheless (limy, F')(C) as the conical limit of
some adequate functor

Fe: DW(C)—>Set

on some adequate category Dy (C). When W is a finite é-weight, the category
Dw (C) is generally not finite, not even finitely presentable nor finitely generated,
not even when C is a locally finitely presentable base. But in this last case, we prove
the existence of a finite subdiagram Fy (C) C Dw (C) such that the limit of F¢
can be equivalently computed just on Fy (C).

It follows easily from that analysis that a 5—weight which is pointwise flat over
Set is in fact a flat 5—weight. The converse is rather immediate. Therefore filtered
C-colimits in C are precisely those which are pointwise filtered in Set.

We assume a reasonable familiarity with enriched category theory, as presented
in [8] and chapter 6 of [3].

We thank Panegis Karazeris for fruitful discussions concerning our Proposi-
tion 2 and our Example 5.

-245 -



BORCEUX & ROSICKY - ON FILTERED WEIGHTED COLIMITS OF PRESHEAVES

1 Finitely presentable bases of presheaves

We fix once for all a small category C and consider the corresponding topos C =
[CP, Set] of presheaves. We view Casa symmetric monoidal closed category via
its cartesian closed structure.

In [7] the theory of locally presentable categories, and in [4] the theory of acces-
sible categories, are generalized to the enriched context. In the finitely presentable
and finitely accessible cases, this is possible when

1. the base category V is locally finitely presentable;
2. the unit I € V is finitely presentable;
3. if A, B € V are finitely presentable, so is A ® B.

Such a symmetric monoidal closed category V is called a locally finitely presentable
base.

Lemma 1 Let C be a small category such that:
1. the terminal presheaf1 € Cis finitely presentable in C:
2. the product of two representable functors is finitely presentable in C.

Then C is a locally finitely presentable base.

Proof The finite products of representable functors constitute a strongly gener-
ating family, stable under binary products, and constituted of finitely presentable
objects. One concludes by Proposition 1.3 in [4]. O

Let us recall that the small category C admits finite weak multilimits when for
every finite diagram in C, one can find finitely many cones I'y, ..., ', on this dia-
gram such that every cone I' on the diagram factors in at least one way through at
least one of the selected cones I';. When the factorization is unique through a unique
I';, we recapture the notion of finite multilimit. On the other hand when n = 1, we
get the notion of finite weak limit.

The following result can be infered from the results in [6]; we give here a direct
proof, for the comfort of the reader.

Proposition 2 When the small category C admits finite weak multilimits, the topos
C is a locally finitely presentable base.
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Proof Consider first two objects C, D € C and a finite weak multiproduct of them

C D
(P _p—P ,p)

i=1,...n"

By definition of a finite weak multiproduct, the morphism
n
y: [[¢(=. R)—C(~,C) x (-, D)
t=1

of composition with p{’ and pP is surjective in each component. This proves already
that C(—, C) x C(—, D) is finitely generated.

Consider next, for each pair (7, j) of indices, the finite weak multiple limit of
the following diagram

Diagram (i, j)

which reduces to giving morphisms

i?j
AR

i,j
g w
P Lt sp,
with the adequate property. Compositions with /\Z’j and u;'c’j yield two morphisms

n
c(— L) —/—=3]Jc(- P
t=1

identified by . This yields further two morphisms A and
/\
[Te-. Ly —_>HC(— P)—2X sc(-,C) xC(—, D)
4.k

such that v o A\ = v o u. Therefore we get a factorization ¢ of (A, i) through the
kernel pair of «y. If we can prove that § is surjective, we shall have v = Coker (A, p1)
and thus C(—, C) x C(—, D) will be finitely presentable.
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Choose thus (u: X —> P;.v: X —— P;) in the kernel pair of . This means
pl-CouszCou, piDouzijov.

The pair (u, v) is a cone on Diagram (i, j) above, thus there exist an index k and a
factorization w making the following diagram commutative

This proves that (u, v) = dx (w).

It remains to prove that the terminal presheaf is finitely presentable. The finite
multilimit of the empty diagram consists in finitely many objects P;...., P, in
such a way that for every object C' € C, there exists at least an arrow to at least one
P;. This means that the morphism

e P)—
i=1

is surjective , thus 1 is already finitely generated. The kernel pair of this morphism
is simply

(Ha—,a-)) < | [Tc(-F)
i=1 Jj=1

and since C is cartesian closed, this is also
n
I c(=.P) xc(- P
ij=1
By the first part of the proof, this is a finitely presentable object, proving eventually
that 1 itself is finitely presentable. (]
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Example 3 When C is a category with finite limits, the topos 4 of presheaves is a
finitely presentable base.

Proof This is a very special instance of proposition 2. (]

Example 4 When C is a finite category, the topos c of presheaves is a finitely pre-
sentable base.

Proof Given a finite diagram in C, the set of all cones on it is trivially a finite weak
multilimit. 0O

Our following example is the one which originally motivated our study; a dif-
ferent (and unpublished) proof of it has been presented by P. Karazeris at the 83rd
PSSL in Glasgow (2006).

Example 5 The topos of simplicial sets is a finitely presentable base.

Proof Write Pos for the category of posets. The category A is the full subcategory
of Pos whose objects are the non-empty finite ordered chains

[nj={0<1l<...<n-1<n}

The topos of simplicial sets is that of presheaves on A.

Given a finite diagram D in A, let L be its limit in Pos. If this limit is empty,
the empty family of cones is a finite weak multilimit of D in A. Otherwise every
cone on D in A factors through L, thus through a non-empty finite subchain of L.
The limit cone in Pos restricted to all the non-empty finite subchains of L is then a
finite weak multilimit of D in A. O

Counterexample 6 When C is an infinite discrete category, the topos C is nota
locally finitely presentable base.

Proof Each representable functor C(—, C') takes the value 1 at C and the empty
set elsewhere. Every finite colimit of representable functors has thus only finitely
many non empty components. Therefore the terminal presheaf 1 is not finitely
presentable. 0O
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2 Pointwise weighted colimits

The results of this section hold for an arbitrary small category C, even if we shall
only need them in the case of a locally finitely presentable base C.

We investigate here the form of weighted limits and weighted colimits in cate-
gory theory enriched in C. Let us recall that given two enriched functors defined on
a small enriched category D

W:D——C, F:D——C,

the limit of F' weighted by W consists in an object L € ¢ together with C-natural
isomorphisms

Nat(W, é(p, F(—))) ~ G(P, L)

where Nat indicates the object of C-natural transformations and P runs through C.
Weighted colimits are defined dually, using a contravariant weight W:

Nat(W,C(F(-),P)) 2 (L, P).
For every object C' € C we have an evaluation functor
eve: C———>Set, P P(C).

This is a morphism of symmetric monoidal closed categories, which is strict as a
monoidal functor (it preserves binary products). This induces in particular a corre-
sponding 2-functor

eve: C-Cat——>Cat

mapping a small 5—category D on the ordinary category with the same objects and
whose sets of morphisms are given by

eve(D)(X,Y) = D(X,Y)(C).
Definition 7 Given a small C -category D and two C -functors
W:D——C F:D—C

we say that the weighted C-limit limw F is computed pointwise when for every
object C € C
(I|mw F)(C) = “mevC(u/) evC(F).

An analogous definition holds for weighted C-colimits.

- 250 -


file:////rr/w

BORCEUX & ROSICKY - ON FILTERED WEIGHTED COLIMITS OF PRESHEAVES

Let us observe at once that:

Proposition 8 The weighted C-colimits of C-valued C-enriched functors are com-
puted pointwise.

Proof We consider the situation of definition 7, with W contravariant. The
weighted colimit can be computed as a coend

Dy
colimy F = fDE

AN

W (D) x F(D W(D') x F(D')

N\

W(D") x F(D) x D(D,D’)
that is, as an ordinary conical colimit involving the “tensors” W (D) x F(D). But
all these ingredients are computed pointwise as in Set. a
The readers familiar with internal limits and colimits in the topos C will not be

amazed to meet an opposite conclusion in the case of limits.

Counterexample 9 The weighted C-limit of an C-valued C-enriched functor is gen-
erally not computed pointwise.

Proof First let us observe why the argument in Proposition 8 does not transpose
to the case of weighted limits. In the limit case one would have to consider the end

limy F = [pepC(W(D), F(D)).

This end can be expressed as an ordinary conical limit of “cotensors”. The conical
limit is of course computed pomtw1se as in Set, but the “cotensor” C (W(D) F(D))

is the exponentiation in the topos C, which is by no means computed pointwise as
in Set.
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To construct an explicit counterexample, simply take for D the “unit” C- -category,
that is the category with a single object D and D(D, D) the terminal presheaf. In
that case W and F' reduce to two objects of C and the limit reduces to the cotensor
[W, F], that is, the exponentiation F% in the topos C. On the other hand, for every
object C € C, evg(D) is the terminal category and eve (W), eve(F) reduce to giv-
ing the two sets W(C), F(C). The corresponding limit lime, () evc(F) is thus
simply the exponentiation F(C)" () in Set.

By the Yoneda lemma, for every object C' € c

FY(C) = Nat(C(-,C), F") = Nat(C(-,C) x W, F)

where Nat indicates here the sets of natural transformations. It is clear that in gen-
eral, this is not the same as

F(C)Y(O = Set(W(C), F(C)). O
This difficulty in the case of C-limits is somehow the motivation for the present

paper.

3 Flat weights

We keep assuming that the topos C of presheaves is a locally finitely presentable
base. We borrow the following definitions from [7] and [4].

Definition 10 By a finite weighted C-limit is meant a limit weighted by a C- -functor
W D——C such that:

1. D has finitely many objects;
2. forall D, D' € D, D(D, D') € C is finitely presentable;
3. forall D € D, W(D) € C is finitely presentable.

Definition 11 A flat ,(:,'\-weight is a contravariant functor W : D—>C whose C-Kan
extension along the C-Yoneda embedding

Lany W: [’D,(’I\]%E

preserves finite weighted C-limits. A filtered weighted C-colimit is one whose weight
is flat.
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It is well-known that in the case of sets (i.e. when C is the terminal category),
our definition 11 coincides with the usual notion of flat functor. This notion, in the
case of sets, is particularly handy since it is equivalent to the category of elements
of the weight being filtered in the usual sense.

Now since finite weighted C-limits are generally not computed pointwise, being
a flat E—weight and thus being a filtered weighted C-colimit has a priori no reason
to be a pointwise notion. The main result of this paper will show that when Cisa
locally finitely presentable base, C-flatness reduces to pointwise Set-flatness.

Let us at once observe that C-flatness implies pointwise flatness.

Proposition 12 Suppose that the topos 9 of presheaves is a finitely presentable
base. Then every flat C-weight is pointwise flat.

Proof Given a C-flat weight W: D—C, its Kan extension along the C-Yoneda
embedding preserves finite weighted C-limits. Therefore it preserves ordinary fi-
nite conical limits, simply because ordinary finite limits can be presented as finite
weighted C-limits.

Indeed, write F for the free C-category generated by a finite category F: same
objects, with F(X,Y) = II F(x,y)1. Given a C- -category A, the limit of an ordi-
nary functor F': F ——).A is the weighted limit of the C-factorization F': F—> A
weighted by the constant C-functor Aj on the terminal presheaf 1. But 1 is ﬁmtely
presentable since Cisa finitely presentable base. Thus A; is indeed a finite C-
weight.

Now conical finite limits are computed pointwise both in ['D°'ﬁ(?] and in C,
proving that in Set, evo(W)-weighted colimits commute with finite limits. This
proves that each eve (W) is flat. O

4 Pointwise form of weighted limits

Once more the results of this section are valid for an arbitrary small category C, even
if we shall need them only in the case where the topos C of presheaves is a finitely
presentable base.

‘We want this time to investigate the pointwise form of a weighted C-limit limy F,
that is, the value of the set (limy, F')(C') for an object C' € C. By counter-example 9
we know already that in general, this is not lime, () eve(F).

The case of internal limits in a topos of presheaves on a topological space some-
how guides the intuition to handle this question. The internal limit of an internal
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diagram at some level U is constituted of those families which are compatible along
the diagram, not only at the level U, but also at every lower level V' C U. And at
the level V, there can indeed appear in the diagram some morphisms which are not
restrictions of morphisms at the level U.

Construction 13 Given a covariant C-functor W : D——C on a small (?-category
D, we construct a covariant functor

Dw: C——>Cat
where Cat indicates the category of small categories.
Proof Let us fix an object Cy € C.

1. The objects of Dy (Cp) are the quadruples (C, f, D, z) where

o f: C—>CyinC,
o z € W(D)(C) with D € D.

2. A morphism is a pair

(€, £,D,5)- 25, ', D', a)
where

e p: C'—>CinC;

!

Co
/ \
C £ C
e 6: D—>D'ineve(D),ie.d € D(D,D')(C);
° fop=f,
o 2’ =W(5)(p)(z)

where for simplicity we have written W'(8)(¢) to indicate the composite

w (D€)X DN) , yyrpy(cry MO,y pry ().
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3. The composition is that induced by the compositions of C and D: given

(€ .4,0,025 ¢, .0 2 D)o g, 0
their composite is
(#',8") 0 (¢,8) = (p o ¢, o D(D, D')(¢)(6))
where indeed
D(D, D')(¢'): D(D, D')(C")——D(D, D')(C"),
&~ D(D,D')(¢')(9)
with now in ever (D)

D(D,D)(H)E), &

D >D".

It is routine to observe that we have so defined a category Dy (Cy).
Consider now a morphism : Co——>C} in C. We define a functor

Dw (7): Dw(Co) ———>Dw(C1)
in the following way:

1. DW(’Y)(CafaDam) = (C,’)’Of,D,CL')

C() i > C]
\ / z € W(D)(C)
C

€, £,0,2) - f. D', )

in Dy (Cy), we define

2. given

DW(’Y)(SOa 6) = (‘1076) (C,’YOf,D,IL‘)—)(C,,’)’Of’,D,,.’L'I)

- 255 -



BORCEUX & ROSICKY - ON FILTERED WEIGHTED COLIMITS OF PRESHEAVES

Checking the details is routine. ]

Construction 14 Given two covariant C- -functors
W:D—C, F:D—C
on a small 5-category D, we construct for each object Cy € C a covariant functor
Fey: Dy (Cy) ———>Set
such that for every morphism v: Co——>C in C, the following diagram commutes:

——)’D1 Ch)

RN

1. given (C, f, D,z) € Dy (Co)

Proof Tt suffices to define

FCO(Cvf,D7$) = F(D)(C)a

2. given (p,98): (C, f,D,z)—>(C’, f', D', 2’) in Dy-(Cp)
Feo(.6): F(D)(C)———F(D')(C")
is the composite

F(D)(0)-LPNL) , ppy(cry L)),

F(D')(C").
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Checking the functoriality is routine. Notice that trivially, given a morphism v: Co——C,
inC,

(FCI 0DL’V(’)’))(C,f,D,.’L‘) = FCI(C,’)’Of,D,(E)
— F(D)(C)
= FCO(C,f,D,:L‘).

This proves the result. 0O

The whole point about these constructions is then:
Proposition 15 Given two covariant C -functors
W:D———C, F:D——C
on a small C -category D, with the notation of Constructions 13 and 14, one has
(limy F)(C) = lim F¢
while given v: Co——>C, inC
(limy F)(v): lim Fo, —— lim F¢,
is the canonical factorization through the limits induced by the functor
Dw (7): Dw (Co) ——>Dw (Ch).

Proof Letus put L(C) = lim F¢. The commutative triangle F, o Dw () = Fe,
induces at once a factorization lim FC1 —> lim F¢, which we define to be L(7).

||m FC ......................... >||m FC()

p(C ’)Of;x /f!Dl')

This yields a presheaf L € C and we must prove that L = limy, F'.
The weighted limit limy;- F' is given by the end

“mv[/ f = fD [W(D), F(D)] .

This end is the ordinary conical limit of a diagram constituted of co-spans,
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[W(D), F(D)] [W(D"), F(D")]

[D(D, D'),[W(D), F(D"]

one for each pair of objects D, D’ € D, with the two morphisms of the co-span
induced respectively by the actions of F' and W on the arrows. This ordinary conical
limit is computed pointwise in C and we know that

[W(D), F(D)](Co) = Nat(C(—,Co) x W(D), F(D))

where Nat indicates the set of natural transformations. But such a natural transfor-
mation

ap: C(—,Co) x W(D) = F(D)

consists in giving, for each object C' € C, each arrow f € C(C,C)p) and each
element z € W(D)(C), a corresponding element in F(D). The conical limit of
the diagram of co-spans above consists then in giving a compatible family of such
natural transformations, that is, a family of elements in the various Feo(C, f, D, x),
for all objects of Dy (Cp). It remains to observe — and this is routine computation
— that the compatibility condition on the natural transformations a p, together with
the naturality of each ap, is equivalent to the compatibility of the corresponding
family of elements along the functor F¢,, on Dy, (Cy), that is, to giving an element
of L(Cp) = lim F,. d

5 Filtered weighted colimits

We restrict again our attention to the case of a finitely presentable base C. We want
first to prove that for a finite C-weight W, the diagrams Dy (C) of Construction 13
are “essentially finite”. For that, we first need a lemma.

Lemma 16 Given a finitely presentable presheaf P € C,

1. there exist finitely many objects C\, ... ,Cy, in C and corresponding elements
z; € P(C;) such that for each object C' € C and each element x € P(C),
there exists an index i and an arrow f: C——C; such that x = P(f)(x;);
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2. there exist finitely many objects Ay, . .., Am and corresponding pairs of ar-

rows
@)

. B A
C"(o,j) N AJ ’Cl(;a.j)

such that

o Pej)(zig, ;) = P(6;)(ig,));

e with the notation of condition 1, given an arbitrary span in C

Ci¢— @ C 4 ‘C,'I

if P(¢)(x;) = P()(zy), there exists a commutative “zig-zag” in C

Cin—-2 Cvin—l

Ci=C; o A A.T/T . =Cp
SN

with each span

Ci,_, Ajk Ci
having the form (o, , Bj,) or (Bje» ik )-

Proof This follows at once from the fact that P is a coequalizer of the form

ﬁC(—,A]-)_.%_;'_) ﬂC(—,C,-)—X%>P.

Jj=1 i=1

This coequalizer, as well as the two finite coproducts, are computed pointwise as in
Set. And these coproducts are disjoint. Giving x is equivalent to give

Xi: C(—,Ci)——HP

for each index i, that is, by the Yoneda lemma, some x; € P(C;). The first condition
expresses exactly the fact that xc is surjective.
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Next giving « is equivalent to giving for each index j

m n
(- 4)—2— [ e(- 4p—2— ] (-, C).

j=1 i=1
By disjointness of the second coproduct and the Yoneda lemma, this is equiva-
lent to giving some «; in some C(A;,C;). An analogous argument holds for 8.
Now P(p)(z:) = P(4)(zi) can be rephrazed as x;,c() = xw.0(¥), that is
as xc(p) = xc(v). The zig-zag condition of the statement follows then from
the well-known construction of the equivalence relation yielding the coequalizer
xc = Coker (ac, B¢) in Set. O

Proposition 17 When Cisa locally finitely presentable base and the functor W : D——
is a finite C- -weight, each category Dy, (C') as in Construction 13 is essentially finite,
that is, there exists a finite diagram Fy (Co) C Dy (C) such that the limit of an
arbitrary functor H : Dy, (Cy) —> Set can be equivalently computed on Fy; (Cy).

Proof Consider a functor H as in the statement; its limit is the set of compatible
families
ac,f,D,x) € H(Cv .fa Da .’E), (Ca f? D’ :L') € DW(CO)
We shall step by step construct Fy/(Cy) € Dw (Ch), the expected finite subdia-
gram.
We use freely the notation of Construction 13, for the fixed object Cy € C. We
consider the presheaf

P =C(-,Cp) x (H W(D)) X H D(D',D")

DeD D',D"eD

Since D has finitely many objects while each W (D) and each D(D, D') are finitely
presentable, the fact that C is a finitely presentable base implies that P is a finitely
presentable presheaf. As in Lemma 16 we have thus a coequalizer

m a n
HC(_,AJ)——"B——) HC(_a Cl)'%P
j=1 i=1

But since C is cartesian closed, we have also

Pp= [ c(- Co)xW(D)x DD, D"
D,D',D"e€D
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This coproduct is computed as in Set so that by disjointness, each composite

n
xi: C(— C)—2 ] e(-.c)—X—>P
i=1
factors through exactly one of the terms of the coproduct. Thus for each index i,
there are uniquely determined objects D;, Dj, D} such that x; = x o s; factors
through
C(—,Co) x W(D;) x D(D;, Dy).
The identity on C; is then mapped by x; on a triple
f:Ci———Co, zi € W(Di)(Ci), 6 € D(Dj, Df)(Cy).
Now given an arbitrary object (C, f, D, x) € Dw(Co), we have in particular
(f,=,idB) € C(C, Co) x W(D)(C) x D(D, D)(C)

where idg is the identity morphism on D in evc (D). Applying our Lemma 16 we
get the existence of an index ¢ and an arrow ¢: C——>C; such that

But by disjointness of the coproduct above, this forces both triples to be in the same
term of the coproduct. This means in particular D; = D} = D = D. We can thus
rephrase the equality above as the existence of a morphism

(‘pa 'dg) (Ci7 fia Dia xi)—"é(cv fa D7 CL‘)

in Dy (Cp). We first put in our diagram Fw(Co) all the finitely many objects
(Cia fi, —Di? xz)

Let us switch a moment back to lim H. With the notation above, by compatibil-
ity of the family a(c s, p ), We have

a(c.s.0,0 = H(p,1d5) (a(c, fuD.20)-
This proves already that
A compatible family
ac.f,0z) € H(C, f,D,z), (C,f,D,z) € Dw(Co)
is entirely determined by its components

a(Cy, fi,Di.xi) € H(Ci,fi,Di,.’L‘i), i=1,...,n
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This fact will of course be preserved when enlarging further the diagram Fy (Cyp).
Still with the notation of Lemma 16, let us now consider the diagram

C(—, A7) 2511, C(~, 4)) C(~,Co)

p3
HD’,D” D(DI, DII)

Again by disjointness of the coproducts the composites with p2 and p3 factor through
a unique term of the coproducts. This determines thus objects Ej, E}, E € D to-
gether with

git Aj———Co, y; € W(E;)(4;), €; € D(E}, E})(A;j).

But again by disjointness of the coproducts, o o s; factors through a unique term
C(—,Ci, ;). so that necessarily E; = Cy, .. An analogous argument holds for 3,
proving eventually that

D, = Ej= Dy,

And still an analogous argument shows that

DI — E‘; — D/ DII — E‘;l — DII

i(a.j) i3g)! iadg) i(8.4)"

This gives in particular the following situation in Dy (Cg)

(Citay» Fitasy Diasyr Tiarsy) (C(iﬂ.j) s fica 3y Dica s Tiga. )

(Otj,idEj) (Igj’idEj)

(45,95, Ej, yj)
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Let us add all those finitely many objects and arrows to our diagram Fy (Cp).
Let us now make a second detour to our limit lim H. With this extended version
of Fw (Cp), we are now already able to prove that:

Given a compatible family of elements
ac.f,pz) € H(C, f,D,z), (C,f,D,z)€ Fw(Co)
there exists a unique way to extend it into a family of elements
accf,pz) € H(C, f,D,x), (C,f,D,x)€ Dw(Co)
which is further compatible along all the morphisms of the form

0,id%): (C. f,D.x)———(C", f', D', &").

We have already seen that given (C, f, D,x) € Dy (Cp) we can find an index
i and an arrow ((p, idg) as above; necessarily, to satisfy our intermediate statement,
we must define

a(c.1.00) = H(9.1dB) (a(c; ,.D1.z0))-

Let us first make sure that this definition is independent of the choice of the index ¢
and the morphism .
Let us thus assume to have

L iqC aC
(Ci,fi,Di,zi)M(cyf,D,fL')(—d)—’ED—))(Ci’,fi’,Di’,-Ti/)-
This can be rephrased as having

P(SD)(fi,Di,J?i,(Si) = (f,D,l‘,idg) = P('l/))(fi’aDi’axiHéi')'

Condition 2 in Lemma 16 yields then a corresponding commutative zig-zag in C.
Keeping in mind the various equalities like Ej = Cj, ., and so on, it is easy to
observe that this zig-zag can be seen as the “first component” of a corresponding
commutative zig-zag in Dy (Cp). Simply replace

e each object Cy by (Ck, fx, Dk, Ok);
e cach object 4 by (4;, 91, E;, y1);
o the object C by (C, f, D, x);
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e each arrow 6 by (6, id).

Of course, the direction of each arrow has now been reversed. All the morphisms
corresponding to the upper part of the zig-zag in Lemma 16 are now in our extended
diagram Fy (C); therefore the compatibility of the various

A(Cp.fiDiz) € H(Ck, fier Dryag)

along this upper zig-zag, together with the commutativity of the bottom part of
the diagram, implies that all the Q(Cy.fr.Dy,zy) &€ mapped on the same element of
H(C, f, D, z). In particular,

H(,id%) (acc, f,.pi60)) = H(y,id%) (ac 1 S Dy 8.1))

as required.

The proof of our intermediate statement follows at once. Since the definition of
a(c',f',0' o) is independent of the various choices that one can make, simply choose
to define it the composite

(€111 Diyz) -2 0 £, D,y O o, .
this makes the conclusion trivial.

But this is not yet the end of the story: we must still make sure that the extended
family of elements in H is compatible along all the morphisms of Dy (Cp). To
achieve this,it is necessary to extend once again our finite diagram Fx (Cp).

Notice that an arbitrary morphism of Dy, (Cp) can always be factored as

Cf, 05) Cl fl Dl l
C’ f',D,W(D

Since we ensured already the compatibility along (6, id), it remains to take care of
the compatibility along (id, §).
Consider thus a morphism of Dy, (Cp) of the form

(idc,0): (C, f. D,z)——(C, f, D', 2').
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We have in particular
(f,,8) € C(C,Co) x W(D)(C) x D(D, D')(C) € P(C).
Thus we have an index ¢ and a morphism ¢: C'——C; such that

P(‘P)(fl» Zi, 61.) = (fa z, 6)
Once more by disjointness of the coproduct describing P, necessarily,
D;,=D, §¢ D(D, D,)(CZ)

We obtain in this way the following commutative square in Dy (Cp):

(Cir f1, Diy 1) =0 (6 £ D eve, (W(D)(60) ()

(901 id) ((P, |d)

(Cv f)vav)W(C, f7 Dlax,)

We conclude the construction of our finite diagram Fy (Cp) by adding all the

(Ci fir Diy ) 9995 (€4, i) DY eve, (W (D)) (6:) (1))

for all indices i.
It is now obvious to conclude our proof. With our final definition of Fy/(Co), a
family
a(c,f,D,x) € H(Cv f’ D,.’L‘), (C7 f’ Da :I,') € }-W(CO)

can thus be extended in a unique way in a family
ac,f,D,x) € H(Cv f’ D7 III), (Cv fa -Da -T) € DW(CO)

which is compatible along all the morphisms (¢, id), as we already known, but also
along all the morphism (id, §;), since these are now in the diagram Fw (Co). By
commutativity of the square above, the family is also compatible along the bottom
morphism (id, 6). O
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Theorem 18 When the topos c of presheaves on a small category C is a locally
finitely presentable base, the following conditions are equivalent, given a small C-
enriched category D:

1. the 5—]"1mctor W:D—>Cis 5—ﬂat;

2. for every object C € C, the functor evc(W): evc(D)——>Set is flat, that is,
its category of elements is filtered.

In other words, the filtered C-colimits colimyy F are those which are pointwise fil-
tered in Set.

Proof One implication is attested by Proposition 12. The other one follows at
once from Propositions 15 and 17. O
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