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CAHIERS DE TOPOLOGIE ET Volume XLVIII-1 (2007)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

SMASH PRODUCT OF E(1)-LOCAL SPECTRA
AT AN ODD PRIME

by Nora GANTER

ABSTRACT. Soit (M, /A) une catégorie de modéles monoidale sta-
ble. Nous analysons l'interaction entre la structure monoidale et
les morphismes structurels du systéme de catégories triangulées de
diagrammes Ho(MF) telles que définies dans [Fra96]. Comme ap-
plication, nous prouvons qu’une équivalence de catégories definie
dans [loc.cit.] envoie le Smash produit de spectres E(1) locaux sur
un produit tensoriel dérivé de complexes de cochaines.

Let (M, A) be a stable monoidal model category. We analyze
the interaction of the monoidal structure with the structure maps
of the system of triangulated diagram categories Ho(MC) defined
in [Fra96]. As an application, we prove that an equivalence of cate-
gories defined in [ibid.] maps the smash product of E(1)-local spec-
tra to a derived tensor product of cochain complexes.

1. BACKGROUND AND INTRODUCTION

1.1. Chromatic localizations and Franke’s algebraic models. Let
S denote the stable homotopy category, and let E be a generalized ho-
mology theory. Then the E,-localization of S is a triangulated category
Sk together with an exact functor

Ye: S — Sk,

which is universal with the property that it sends E.-isomorphisms to
isomorphisms. It is constructed as Verdier quotient by the thick sub-
category Cg of E-acyclic objects of S, or, alternatively, using Bousfield
localization in any of the model categories for S.

This research was partially supported by a Walter A. Rosenblith fellowship, by
a dissertation stipend from the German Academic Exchange Service (DAAD), and
NSF grant DMS-0604539. The paper was completed while the author was visiting
MSRI.
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The term chromatic localizations refers to homology localization at
the Johnson-Wilson homology theories

E(n)*("'),
which are defined by Landweber exactness of their coefficient groups
E(TL]* = Z(p)[vl) 'V, V n]]

over the Brown-Peterson spectrum BP.
The spectrum E(1) is also known as the Adams summand of the p-
local K-theory spectrum: the latter decomposes as

p-2
Kipy = \/ ZZE(1)
i=0
so that the localizations at E(1) and at K, agree.
Let S(p) denote the category of finite p-local spectra, and

fin ._ fi
CE?n) o« CE(n) ﬂ S(.;).

Then the thick subcategory theorem [HS98|, says that the Verdier quo-
tients

Sty /Clny
are all possible homology localizations of the category of finite p-local
spectra (in the above sense). Note that this is not true for the whole
stable homotopy category. Further, the question whether the canonical
functor from S{) /CER., to Sg(n) is full and faithful is equivalent to the
telescope conjecture for E(n) [Kra05, 11.1(3),13.4(5)].

From a categorical, structure theoretic point of view, the thick sub-
category theorem implies that it will not be possible to find a model for
the p-local stable homotopy category which is as simple as Serre’s model
for the rational stable homotopy category. There is indeed a theorem
by Schwede, asserting that S(,) has no “exotic” model [SchO1b]. The
localized categories Sg(n) promise to be simpler, and indeed there are
purely algebraic descriptions of these categories due to Bousfield and
Franke:

Bousfield [Bou85] gave a purely algebraic description of the objects of
the E(1)-local stable homotopy category at an odd prime, but did not
address homotopy classes of maps. He introduced an important tool,
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namely a construction for the Adams spectral sequence by injective
resolutions,

E;'t = Eths:(l).Em(E(”*X, E(1 )*Y[t]) = [X,Y]E(l)-local,t—s-

Franke [Fra96] used Bousfield’s work, in particular the computation
of the injective dimension of the category of E(1),E(1)-comodules (it
equals two) and this spectral sequence construction to show that Sg(y) is
equivalent to the derived category of a certain type of cochain complexes
of E(1),E(1)-comodules. He generalized the result to “higher chromatic
primes”, i.e. E(n)-local spectra and E(n),E(n)-comodules (for n>+n <
2p -2).

1.2. Systems of Triangulated Diagram Categories. Franke’s func-
tors are only defined on the level of homotopy categories, and he actu-
ally proves that the corresponding models are not Quillen equivalent
[Fra96, Rem.3.1.1]. This is the sense in which Schwede refers to them
as “exotic” models. The equivalences do, however, preserve the triangu-
lated structure as well as homotopy Kan extensions along maps of finite
posets up to a certain length. In particular they preserve homotopy
(co)limits over such diagrams. For the construction of Franke’s functors
it is essential to have functorial cones and homotopy Kan extensions.
How can one never work on the level of model categories but still have
a good handle on homotopy Kan extensions? The answer is to work
with homotopy categories of strictly commuting diagrams of spectra;
for each finite poset one category. This leads to the notion of a system
of triangulated diagram categories (cf. Section 3.1).

1.3. Introduction. In this paper, we will describe how a monoidal
structure interacts with the structure maps of a system of triangulated
diagram categories. As an application, we will describe the interaction
of Franke’s functor with the smash product in the case n = 1. Denote
Franke’s functor by Rec. We will prove:

Theorem 1.1. There is a functor isomorphism

Rec(—) Ag,, Rec(—) = Rec(— ®f), —)-

Seq1)

Note that the category of E(1),E(1)-comodules does not have enough
projectives, so that the existence of the derived tensor product on the
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right-hand side is a non-trivial statement. In spite of our theorem, Rec
is not a monoidal functor:

Remark 1.2 (Schwede). Let p = 3, and denote the mod 3 Moore spec-
trum by M(3). It has a unique multiplication, which is not associative.
However,

Rec ' (M(3)) ~--- = 0= E(1), =5 E(1), 20— -+

possesses an associative multiplication. Thus we cannot hope to find
an associative functor isomorphism between — Al — and the (derived)
tensor product.

In order to make our work easily accessible for topologists, we stick
to the terminology of stable homotopy theory. We use, however, only
very general concepts, that could as well be formulated in the language
developed in [Fra96].

1.4. Plan. In Section 3 we recall the parts of [Fra96] needed for our
computations. We discuss systems of triangulated diagram categories,
present the construction of the equivalence functor in a dual (but equiv-
alent) version and state an easy generalization of the spectral sequence
[Fra96, 1.4.35]. We do not assume familiarity with [Fra96], but some
of our proofs will quote more of the results of that article. Section 4 is
about the interaction of a monoidal structure on M with the system of
triangulated diagram categories Ho(MC). It also contains some results
about the computation of the edge morphisms of a homotopy Kan ex-
tension, which will be important tools for our computations in Section
7. In Section 5 we explain which model for Sg(;) we choose to work
with. In Section 6 we show that the derived tensor product in Theo-
rem 1.1 is well defined and reduce the proof of Theorem 1.1 to the case
of flat complexes. Section 7 then contains the proof for flat complexes.
Readers not interested in the appplication to E(1)-local spectra can skip
Sections 3.2 - 3.3, 6 and 7.

1.5. Acknowledgements. This paper is based on the author’s Diplom
thesis at the University of Bonn. I would like to thank Jens Franke for
suggesting this thesis topic and for being an excellent advisor in every
respect. Many thanks also go to the referee, to Stefan Schwede and
to Birgit Richter for reading earlier drafts of this paper and making
plenty of helpful suggestions and to Haynes Miller, Mark Hovey, Charles
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Rezk, and Tilman Bauer for helpful comments and discussions. Last but
not least I would like to take this opportunity to thank Carl-Friedrich
Bodigheimer for helpful comments on this paper, but also for being a
wonderful teacher. His enthusiasm and his support for young students
meant a lot to me during my time in Bonn.

2. NOTATIONS AND CONVENTIONS

By p we will always mean an odd prime. Posets are depicted as
follows: vertices represent elements, and x < y if and only if the vertex
corresponding to x is linked to the vertex corresponding to y by an
ascending path. The length of a poset C is defined to be the supremum
of all k such that there exists a sequence xo < x; < --- < xx in C. All
posets considered are finite and therefore of finite length. The cocycles
of a cochain complex C*® are denoted Z* and its coboundaries B®. For our
purposes it does not matter whether we work with symmetric spectra
[HSS00] or S-modules [EKMM97]. For a strict ring spectrum R, we
denote the category of strict R-module spectra by My and its derived
category by Ho(Mg). If E is a spectrum, we denote the underlying
category of M, endowed with the model structure used for Bousfield
localization at E,(—), by

Ms[E_I].
Its derived category, i.e. the localization of the stable homotopy cate-
gory at E,(—) is denoted by

Se := Ho(Ms[E™).
The identity functors

Ms %———:—‘ M[ETT]

form a Quillen pair, and we write (—) for the composition of its derived
functors!

s s s,
It is induced by fibrant replacement in Mg[E~"] viewed as an endofunc-
tor of Ms. We will sometimes also write (—)g for the (strict) fibrant

replacement in Ms[E~']. In particular, Sg stands for the (strict) E-local

Franke works with the localized categories, but topologists like to think of this
functor as localization functor and refer to its image as “E-local spectra”.



GANTER - SMASH PRODUCT OF E(1)-LOCAL SPECTRA AT AN ODD PRIME

sphere, not as in [EKMM97] for the free E-module spectrum (if E is a
ring spectrum).

Definition 2.1. A quasi periodic cochain complex of period N is a
cochain complex C{ of E(1).E(1)-comodules C} together with an iso-
morphism of cochain complexes of comodules

+~ = CIIN,

where the right hand side stands for the complex C; shifted to the left
N times.

We denote the category of E(1),E(1)-comodules which are concen-
trated in degrees congruent to 0 modulo 2p — 2 by?

ComOd%”)’E“) .
We denote the category of period 2p — 2 quasi periodic cochain com-
plexes in Comod%(,)‘ﬁm by
C?2(Comodg 1) ¢(1)),
and its derived category by?

D¥72(Comodg),gn))-

3. FRANKE’S ALGEBRAIC MODELS

This section is a collection of the parts of [Fra96] needed for our
constructions. We only consider the following special case of the main
theorem of [Fra96|:

Theorem 3.1 (Bousfield, Franke). The category of E(1)-local spectra
is in a unique way equivalent to the derived category of period 1 quasi-
periodic cochain complezes of E(1),E(1)-comodules.

Here “unique” means “unique up to canonical natural isomorphism,
given that the equivalence is also valid for diagram categories for di-
agrams of length < 2, preserves certain additional structure between
these, and transforms E(1),(—) into something naturally isomorphic to
H*(—)”.

2In [Bou85) this category is called B(p), in [Fra96] it is B.
3Compare to Franke’s notations €2P~2:2p~2(B) and D2P~22r-21(B),
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3.1. Systems of Triangulated Diagram Categories. Rather than
recalling Franke’s definition of a system of triangulated diagram cate-
gories, we explain the most important example. A model category M
is called stable, if the suspension functor is invertible in the homotopy
category Ho(M). This condition implies that Ho(M) is a triangulated
category, where the triangles are the cofibre sequences [Hov99, 7.1]. We
will be interested in the category of E(1)-local spectra . This is a tri-
angulated category, and all of its standard models* are stable. Franke’s
paper never does any constructions on the level of model categories.
However, the homotopy category alone is not rigid enough. For ex-
ample the cone is not a functor in a triangulated category. Therefore,
Franke also allows himself to work with homotopy categories of cate-
gories of diagrams in M: Let C be a finite® poset. The category M of
C shaped diagrams in M has a model structure with vertex-wise weak
equivalences and fibrations. The cofibrations are characterized as fol-
lows®: A morphism from A to B in M€ is a Reedy cofibration if and
only if for all ¢ € C the morphism

(1) Ac Ik h_m. Bc’ — Bc»

lim A.r c'<c

—=c’/<c

induced by the universal properties, is a cofibration in M. Of course we
could just as well define cofibrations and weak equivalences vertex-wise
and thus force the fibrations to be the maps satisfying the dual condition
to (1). Note that both model structures have the same weak equiva-
lences, and therefore the same homotopy category. Franke considers (for
fixed M) the entire system of homotopy categories of diagram model
categories. This allows him to use functorial homotopy Kan extensions,
in particular homotopy (co)limits, cones etc.: Let f: C — D be a map
of posets. The above model structure is made in such a way that pulling
back diagrams along f preserves fibrations and trivial fibrations. There-
fore the adjoint functors

LKang¢
ME == MP

i

“See Section 5.

50ne could do with much weaker conditions on C, see [Hov99, 5.2.], [DHKS04]
and the original source [Ree74].

Ssee e.g. [Fra96). Here these cofibrations are called “diagram cofibrations”
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form a Quillen pair’, and LKan¢ has a left derived functor. Similarly,
using the other model structure, one defines right homotopy Kan ex-
tensions, right adjoint to f*. The example of the cone functor [Fra96,
1.4.5] illustrates how homotopy Kan extensions are computed and why
they are useful.

Notation 3.2. Write § for the poset {0 < 1}, and
Vcixi
for the sub-poset with elements {(1,0), (0,0), (0, 1)}.

Definition 3.3 (Franke). Let f € Ho(M?). The cone of f is defined as
homotopy colimit over the “cokernel diagram” of f:

* Y
N A
More precisely, let .
Vi M — MY
denote the functor that takes as input an element f of M? and returns
the object of M"Y that has f at the edgg ((0,0) < (0,1)) and the (strict)

zero object at the vertex (1,0). Then \,/° preserves weak equivalences
and thus induces a functor

" : Ho(M?) — Ho(M ™).
We define the cone of f by
cone(f) := Holim ().
v

Remark 3.4. Note that
*
= HoRKan.
V= HoRgn

Remark 3.5 (Comparison with the classical cone definition). Let f: X —
be a cofibration between cofibrant objects. Let CX be a cone object of
X, i.e. part of a factorization

X>—— CX —» %
of the map from X to the terminal object.

"For an introduction to Kan extensions, the reader is referred to [ML98, Ch. 10].

-10-
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Consider the strict pushout diagram

(2) CX

SN

x>___>y>___)Yl¥|.CX.

Wlthout the bottom right corner, this is a Reedy cofibrant replacement
of \/° (f) in M®. Therefore the bottom right corner is cone(f).

The functor cone takes values in Ho(M). Sometimes that is not good
enough. If, for instance, we want to define cofibre sequences, we have
to take the cone of the “cone inclusion map”, i.e. of the bottom right
arrow in (2). We need a functor

Cone: Ho(M?) — Ho(M?)

that returns the bottom right arrow of (2). This is given by [Fra96,
1.4.5]

A C(3x8)

(3) Cone(—) := (HoLKano Y (— )) .
0,1)<(1,1)

3.2. Construction of Franke’s Functor. Using the functor E(1).(—),
Franke defines a “reconstruction” functor, Rec, from the derived cate-
gory of quasi periodic cochain complexes of E(1),E(1)-comodules into
the category of E(1)-local spectra. It turns out that Rec is an equiv-
alence of categories. In order to motivate the way Rec is defined, we
look at the simplest analogous situation: instead of the system of dia-
gram categories corresponding to E(1)-local spectra, we take the system
corresponding to quasi periodic E(1),E(1)-comodules and pretend that
we want to reconstruct the identity functor by using only information
that can be obtained via H*(—) (this now plays the role of E(1).(—)).
Note that the data of a period 1 quasi periodic cochain complex of
E(1).E(1)-comodules are the same as the data of a period 2p — 2 quasi
periodic cochain complex of E(1),E(1)-comodules that are concentrated
in degrees congruent to zero modulo 2p — 2, i.e.

(4) C'(Comodgy.e(1)) = C*~%(Comody ;). ¢(1))-

-11-
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More precisely, any period one quasi periodic cochain complex C? is
uniquely determined by its zeroest differential

d%:cl—cl=c,.

Then the corresponding 2p — 2 periodic cochain complex D? is given by

0 else.

Now any quasi periodic cochain complex C* of period N can be de-
composed into N pieces of the form

(5)

e =230>C"=2B"H 30> >0 > CN BN 0 ...

nth spot

which can be glued back together along the inclusions of the B™ into
C™. More precisely, C*® is the colimit of the diagram of complexes

(6) 70 ZI ZZ ZN—I

§

B° Bl 'BZ BN—I,
where we abbreviate (5) by Z™, and
v 09B*" 502 -- 20BN 505 ...

by B™; the vertical edges are B™ < C™, and the diagonal edges are
B™*! = B™ (recall our convention that arrows in posets always go
upwards). Note that the colimit of the diagram (6) is equal to its
homotopy colimit by (1). How can we read off C* from the cohomology
of such a diagram? Note first that

30 Ct50-—>...

turns up as cone of the diagonal maps. The cone inclusion to the com-
plex ZB™*' is d™. (Note that B™' is concentrated in degrees congruent

-12-
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ton+1, and that Z™ and C™ are concentrated in degrees congruent to
n.) Applying H* to the diagram

i ) — NV ) —> - cn
| |
oo — ) — BV — 0 —> - TR,

does not destroy any information, and the same is true for the composite

coe— 0 —— B! >0 > een Bnt!
vertical
edge
>0 > Cntl > Bpn+2 >0 $een Zntl
cone
. inclusion
cer—3 00— CnH! >0 S cnt!

In other words, it is possible to reconstruct C* from (6) by applying H*.
We return to E(1)-local spectra.

Notation 3.6. We denote the underlying poset of (6) by Cn. It has
vertices (, and Bn, where n € Z, and relations Bn < Cn and Bny1 <
Cn. In our case, N =2p — 2.

Notation 3.7. Following Franke, we write £ for the full subcategory
of objects A of Ho(MgENm) satisfying:

o 77} := E(1)s—n(A¢,) and B} := E(1)._n(Ap,) are concentrated
in degrees =0 mod 2p — 2, and
o E(1).—n(Ap, = A, ): BY — Z is injective.

Construction 3.8. Let A be an object of £L. We define
CHA) :=E(1)ucn (cone(Ag,,, = Ag)).
If we apply E(1),_n(—) to the exact triangle
Ag,., = A, —cone(Ap ., = Ag) = LA, = A,

we obtain a (short) exact sequence

0 0
B S Zr 5 Cr o BM S 20,

«13-



GANTER - SMASH PRODUCT OF E(1)-LOCAL SPECTRA AT AN ODD PRIME

It follows that C7 is also concentrated in degrees = 0 mod 2p—2.In
order to define the differential, we apply E(1),_n(—) to

cone (Ag,,, = Ag,) = IAg,,, = LA, ,, — Lcone (Agosz = Acosy)
and obtain
(7) CHA) —» BM »—— ZMT 5 CH1(A)

ar.
Franke proves that this defines an equivalence of categories
[: — CZp_Z(ComOd%“)*E(]))
A — C(A).
Notation 3.9. We call this equivalence Q.

Let Q™' be a quasi-inverse of Q. Franke further shows that
(8) Rec := Holim 0Q™": C**~%(Comod} ;) ¢(1)) — Se)

factors through the derived category and induces an equivalence of cat-
egories

D'(E(1).E(1)-comod) ~ sz"z(Comod%m.Em) — Seq),
the first equivalence being (4). We denote this equivalence also by Rec.

Remark 3.10. Franke’s construction uses cokernels and coimages, rathe
than kernels and images. The reason for this is that we need to use
Adams spectral sequences via injective resolutions — there are not enough
projectives. The theorem is also valid for diagram categories up to a
certain length of the diagrams. In order to improve the restrictions on
this length, it is advantageous to work with cokernels and coimages.
However, Franke also proves a uniqueness statement about Rec, which
implies that the dual construction presented here results in the same
functor on Sg(y).

3.3. A spectral sequence. We now recall the construction of the spec-
tral sequence [Fra96, 1.4.35]. We rephrase Franke’s proof to get a gen-
eralization for homotopy Kan extensions: Let M be a stable model
category, let f: D — C be a map of finite posets, and let Y € Ho(MDP).
Further, let

F.:Ho(M)—= A

-14 -
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be a homological functor into a Grothendieck category of graded objects,
such that

Fen(X) = F(ZX).
Then there is a spectral sequence

9 ES* = LKan_(F(Y) = F,,«(HoLKanY).
f t

The example relevant for us is
Fi(=) == E(1)_¢(=): Ho(Ms,,,) — Comodg),eq)-

The Construction of (9) is analogous to that of [Fra96, 1.4.35]: Let
D be a poset. For d € D, let i43: {d} — D denote the inclusion of the
vertex d in D. For Y € Ho(MP), define

PY := (D HoLKanY,.

1
d&p ¢

Then we have:

(10) PYa= P VYa

{deDjdga’}
We define a morphism g: PY — Y by letting

9lHoLKan; a Vet Hofif(an Ya— Y

be the counit of the adjunction. Taking the homotopy fibre RY of g and
iterating the whole process with RY playing the role of Y, one obtains a
resolution

(11)

> RY —— RZY — ... RetD)y ——0

AT

PRY PR‘st(D

-15-
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Applying the homological functor F,(HoLKan¢(—)), one obtains an ex-
act couple

D*# ( 11) D**
E**

D3t = Ft(HoLfKan(ﬁ"Y))
ESt = Ft(HoLfKan(f’ﬁ‘sY)).

with

This gives rise to a (cohomological) spectral sequence in the usual way.
We want to discuss its Convergence: Let lgt D denote the length of
D, and let > Igt D. The (v — 1)%* derived exact couple (D}*, E¥*) is

Tor
st __: r—1. Pys+r—1,t—1+1 st
D3t =im(a™": Dg — D§*Y)

Dg's‘“t ifs >0,
=< im(a™®) if —IlgtD <s<0,
0 else.

It is of the form

D}*+ == D9* 5 im(a) - im(a?) —» ... im(adetP)) L 0
0 | E;2 preD)

Therefore, the spectral sequence collapses after (1gt(D) + 1) steps, and
converges to

Ft(HOLKanf Y) —» Do—ol,t+1 — D;-oz.t+2 RS D;lgt D,t+igt D » 0

_ ot — E-TtH
ker = E*  ker = E_

-16-
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In order to identify the E; term with
LKan —sF(Y),

we need to show that
(12) Fu(Y) « F(PR®Y)
is an LKan¢-acyclic resolution. It is obviously exact. Since

F(PY) =P LIi{danFt(Yé),

deD

the following lemma implies that the objects F¢(PR*Y) are LKanacyc-
lic.

Lemma 3.11. Let A be a Grothendieck category. Let D be a finite poset
and assume that X € AP is such that for any d € D the map

li_ln, xc — Xd’

c<d
given by the universal property of the colimit applied to the edges of X,
18 a monomorphism. Then for any map of finite posets f: D — C, the
object X is LKan¢-acyclic. In particular, X is also lim -acyclic.

PROOF: We endow the category C(.A) of cochain complexes in .4 with
the injective model structure®. For the category of D-diagrams of chain
complexes,

C(AP) = C(A)P,
we choose the model structure whose fibrations and weak equivalences
are defined vertex-wise, and whose cofibrations are characterized by (1).
Then the satellite functors of the total derived functor

AP _ D(AP) K3 p( 4C)

satisfy the universal property of the (left-) derived left Kan extensions.
Now the condition on X in the lemma says exactly that X, viewed as

8By that we mean that cofibrations are degree-wise monomorphisms, weak equiv-
alences are the quasi isomorphisms, and fibrations are degree-wise epimorphisms
with degree-wise injective cokernel. For the existence of such a model structure
on the category of unbounded cochain complexes in a Grothendieck-category, see
[Fra01] or [Hov01]. There one can also find a discussion of the connection between
this story and derived functors in the sense of homological algebra.

-47-
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an object of C(AP) (i.e. as a cochain complex which is concentrated in
degree zero), is Reedy cofibrant. Thus in D(AP), we have

HoLfKa.n X= LKfan X.
The object LKan¢ X, however, is also concentrated in degree zero. There-
fore all higher derived functors vanish. a

We have shown that the objects in the resolution (12) are LKan¢-acyclic.
Further, by (10), we have

Fy(HoLKanPY'). = F( @ Yi) = @ FulYe) = (LKanFu(PY) .
f(d)<c f(d)<ce
Therefore we have shown that the cohomology of the complex
Fi(HoLKan PR®Y)
computes the derived functors of the left Kan extensions.
In calculations, we sometimes write down the E;-term directly. If the

reader is not familiar with computing derived Kan extensions, (s)he can
check its correctness by writing down the E;-term.

4. SMASH PRODUCTS FOR DIAGRAM CATEGORIES

This section discusses the interaction of a monoidal structure with a
system of triangulated diagram categories. Our first goal is to define a
smash product between the (homotopy) diagram categories. We start
by defining a strict smash product of diagrams.

Definition 4.1. Let (M, A) be a (model) category with monoidal struc-
ture. Let C and D be finite posets, let

f: X = Y € Mor(M°C) and g: U — V € Mor(MP).
We define X AU € Ob(M*P) by
(XA U(ab)ged) = Xage A Ubga
and f A g € Hompexo (XA U, YAV) by
(fAQ)(ca) == fc Aga.

The following definitions are special cases of the definitions in [Hov99,
42).
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Definition 4.2. In the situation of the previous definition the pushout
smash product of f and g is defined to be the canonical map

fOg: XAV Ll YAU— YAVe Mor(MxP),

Remark 4.3. If we view f and g as objects of M *¢ and MP*¢ we
have

(13) fOg= LKan fAg,

idexp XP¢
where pa, is the map
PasIxy =
(1LY » 1

(1,0),(0,0),(0,1) — O.

Definition 4.4. We say that
~ A= MC x MP — MEXP

satisfies the pushout product axiom, if for any two cofibrations f in M€
and g in MP, the map fOg is a cofibration, which is trivial if f or g is.

Definition 4.5. A (symmetric) monoidal model category (M, A) is a
model category M together with a closed (symmetric) monoidal struc-
ture — A —, such that

e there are functorial factorizations of morphisms into a trivial
cofibration followed by a fibration, and into a cofibration fol-
lowed by a trivial fibration respectively,

e —N—Mx M — M satisfies the pushout product axiom,
and

e the cofibrant replacement of the unit

QS <5
satisfies the following condition: for any cofibrant object X,

QS AXY s A X

is a weak equivalence (and

XAQSEM x A s

is, too).
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Hovey showed in [Hov99, 4.3.1.] that for such a (symmetric) monoidal
model category, the monoidal structure on M has a left derived func-
tor, which is itself a (symmetric) monoidal structure on the homotopy
category. For our application, only one of the following two examples
will be relevant (compare Section 5).

Example 4.6. The model category My of strict modules over a strict,
strictly commutative ring spectrum R is a symmetric monoidal model
category [SS00].

Example 4.7. (I learned this from Stefan Schwede.) Let (Ms,As) be
a model for the stable homotopy category, and let E be an object of
Ms. Then

(MIET], As)

is also a monoidal model category.

PROOF: Without loss of generality we may choose E to be cofibrant.
Since Bousfield localization does not change the cofibrations, we only
have to check the pushout product axiom for

f:X>Yandg:U—>V
in the case that g is an E-isomorphism, i.e. if
gAidg :UAE - VAE

is a week equivalence. The pushbut product axiom for (Ms, Ag) implies
that

gAidg = gO(x»—E)

is a cofibration, because E is cofibrant. If we apply the pushout product
axiom for

(Ms, As)

once more, this time to f and g Aidg, it follows that
fO(g Aide) = (fOg) Aidg: (X/\VXJ/_\luY/\U) AE—YAVAE

is also a weak equivalence. ]
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Proposition 4.8. Let (M, /A\) be a monoidal model category. Then
—A—= M x MP — M™D
has a total left derived functor
— Al —: Ho(M€) x Ho(MP) — Ho(M*P),

ProoF: By [Hov99, 4.3.1], it is enough to show that the pushout
product axiom is satisfied. Let U — V be a Reedy cofibration in M®
and X — Y a Reedy cofibration in MP. Ie., we assume

(14) VeeC:Ue Ll lim Ve Ve

lim Ua a<c

and
VdGDZXd. L @YbHYd

lim,. . X, b<d

—b<d

to be cofibrations in M. Since — A A and A A — are left adjoints and
therefore preserve colimits, and because of the pushout product axiom
in M, it follows from (14) that the morphism with source the pushout
of

UAYq 1 lim VaAYq and VAXg o UL lim VcAYy
lim  _ UaAYq a<c lim, _, VeAX, b<d

—_— —+b<d

over

(uc u _liin_Va>/\(Xd..Ll. @_Yb)

lim U, a<c lim, . X, b<d

——sa<c —-b<d

and target V. A Yy is a cofibration for every pair (c,d). By the remark
below this pushout is just the pushout of

UAYs LL VAXg and  lim VoAY,
UcAXq

(a,b)<(c,d)
over
1i___II1> ua/\Yb . -LL h_r_n. va/\xb )
(a,p)<(c,d) lm o cienn) Yoo (ab)<(c,d)

and the map is the one you would expect there. We have shown that
UAY LL VAYS VAY
UAX
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is a Reedy cofibration. If one of the two maps U — V and X — Y
is a vertex-wise weak equivalence, it follows from the pushout prod-
uct axiom in M that UAY u'L/'\Lx VAY = VAY is also a vertex-wise

weak equivalence. Therefore the pushout product axiom is satisfied. [

Remark 4.9. The calculation uses the isomorphism

lim ?2,A?%=lim?2,A? L lim 7. A%,
(a,b)<(c,d) a<c lim __2A% b<d

b<d

which follows in a straightforward way from the various universal prop-
erties. Alternatively, by (18) the right hand side is

lim LKan(?q A %)
v
with
f:{(a,b) | (a,b) < (c,d)} =
(c,b) = (1,0)
(a,d) - (0,1)
(a,b)la<candb<d - (0,0)

(compare notation 1).

Remark 4.10. In the proof of the preceding proposition we are working
with the model structure that has Reedy cofibrations as cofibrations.
We do so for later reference. Of course, if we work with vertex-wise
cofibrations and weak equivalences instead, the pushout product axiom
is straight forward. The universal property of — At — implies that up
to canonical isomorphism both constructions give the same result.

In the following, (M, A) is a monoidal, stable model category. We
discuss compatibility of — Al — with the various other structures of
the system Ho(M?C). In order to do so, we need a lemma about the
composition of derived functors.

Lemma 4.11. Let C and D be model categories, £ an arbitrary category,
and let

F:FC—D and G:D — €&
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be functors, such that F sends trivial cofibrations between cofibrant ob-
jects to weak equivalences between cofibrant objects, and G sends trivial
coftbrations between cofibrant objects to isomorphisms. Then the derived
functors LG, LF and L(G o F) ezist, and in the commutative diagram of
natural transformations

(15) LGolF L >L(GoF)

~

GoF,

induced by the universal properties of the various derived functors, t is a
functor isomorphism. Moreover, \ is associative up to canonical natural
equivalence.

ProOF: The existence of the derived functors is for example dis-
. cussed in [Hov99]. By construction, the diagonal morphisms in (15) are
isomorphisms on cofibrant objects. Therefore Lx is an isomorphism for
cofibrant X. For arbitrary X we use the diagram

LFo LG(X) —X > L(G o F)(X)

E E

LF o LG(QX) —=3 L(G o F)(QX),

where for the moment Q(—) denotes the cofibrant replacement functor.
The argument also shows the associativity of t. a

Example 4.12. Left Quillen functors preserve trivial cofibrations, cofi-
brations and initial objects. Therefore they also preserve cofibrant ob-
jects (and trivial cofibrations between them).

Corollary 4.13. There is a functor isomorphism

Holim (A A" B) = (Holim A) A" (Holim B).
CxD C D

PROOF: As in [Hov99, 4.3.1], it follows from the pushout product

axiom (proof of Proposition 4.8) that — A — sends Reedy cofibrant

objects of M€ x MP to diagram cofibrant objects of M*P and pre-

serves (vertex-wise) trivial Reedy cofibrations between Reedy cofibrant

-23-



GANTER - SMASH PRODUCT OF E(1)-LOCAL SPECTRA AT AN ODD PRIME

objects. As aleft Quillen functor, lim also satisfies the conditions of the
lemma. Further, for A € M, we know that A A — is a left adjoint and
therefore commutes with colimits, which implies the analogous strict
formula. a

More generally, we have

Corollary 4.14. There is a functor isomorphism
HoLKan(A A" B) = (HoLKan A) A" (HoLKan B).
xg 9

PRrOOF: The proof is analogous to the proof of Corollary 4.13. The
strict formula follows, because left Kan extensions commute with left
adjoints. O

Corollary 4.15. There is a functor isomorphism
f*ANALg*B = (f x g)*(A ALB).

PRrOOF: This time we work with the model structure whose cofibra-
tions and weak equivalences are defined vertex-wise. Then — A — and
pulling back both preserve cofibrant objects and trivial cofibrations be-
tween them. The analogous strict statement follows directly from the
definition. a

Corollary 4.16. The pushout smash product has a left derived functor
—O'—: Ho(M?) x Ho(M?) — Ho(M?).
PROOF: According to (13), we have

fOg = LKan(f A g).
=%
But
A= MPx ME— MP3
and LKan,, both preserve Reedy cofibrant objects and vertex-wise

trivial Reedy cofibrations between them. Therefore the left derived
pushout smash product exists and is given by

(16) —0O'— = HoLKan(— At ).
£
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O

There is one further corollary, that has nothing to do with the monoidal
structure, but will turn out to be useful.

Notation 4.17. Let f: C — D be a map of posets. For d € D, we let
C — d denote the subposet

{ceClf(c) < d}
of C, and we let
ja: (C—=d) —C
denote its inclusion into C. For an edge d < d' € D, let
pdi(Cod) — 3
c = 0 iff(c) €4,
c — 1 else

The vertices of a left homotopy Kan extension are given by [Fra96,
Prop.1.4.2):

(17) (HoLKan(X))a = Holim j;X.
C—d

In an algebraic situation, where it makes sense to speak about satellite
functors, this becomes

(18) (LKfan SX) dé (h_m..) (Xlc—a) -

C-=d/ ¢

The following corollary says that the edges of a homotopy Kan extension
are also what we would expect.

Corollary 4.18 (Edges of homotopy Kan extensions). There is a func-
tor isomorphism

(dgd') HoLfKanX = HoLdI,{a,nj‘g,X.
Pd
This implies that the edges of
()
are given by the various universal properties on the right hand side of

(18).
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PROOF: Look at the analogous strict diagram. Its vertices are given
by (18) with s = 0, and at the edge d < d’ there is the map that is

obtained by applying the universal property of lim X to the colimit
ceC—d
inclusions

X = ILII_I. Xer.
c’'eC-d’
This diagram satisfies the universal property of the strict left Kan ex-
tension of X along f in MC. Therefore the analogous strict statement
is true. Since j§, and left Kan extensions preserve diagram cofibrations,
the claim follows by Lemma 4.11. O

We also need a variation of Corollary 4.18.

Notation 4.19. In the situation of Notation 4.17, let

B:=(C—od)x] (c-;ldi)xm (C—-d).

Let

18:B— (C— d)
be the projection onto the first factor on (C — d) x { and the identity
on the rest. Let lg be the left adjoint to Tg, i.e. lg sends (C — d) to
(C — d) x {0}. Let further

ps:B— §
send (C— d’) to 1 and (C — d) x {0} to 0, and let
jB:=ja o TB.
Corollary 4.20. With Notation 4.19, we have a functor isomorphism
(d<gd)*o HoLfKan = Ho%ﬁ(anjg.
PRrROOF: We have

p3 =psols.
Therefore

HoLKanjj, = HoLKan HoLKanjg, = HoLKan 15jy:.
pd’ 2 l 3

O

Next we discuss the compatibility of the smash product with the trian-
gulated structure.
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Proposition 4.21. There is a functor isomorphism
cone(—) Al cone(—) = cone(—O"—).
PROOF: We have

cone(f) Al cone(g) = Holi oV(f) AL Holim o’\/’(g)
v '

Holim (/° (f) A" X (g)),
A X

e

where the first isomorphism is Definition 3.3 and the second isomor-
phism is Corollary 4.13. The diagram

(A (Rg)
has the form (for f: X 25 Yand g: U = V)
YAV
AV

YAU
XAU

In particular, Corollary 4.15 implies

(N () AV K2 (9)) oo oxioocon = f AL g € Ho(M?¥E),
We consider the map

XV =
((0,1),(0,1)) = (0,1)
((0,1),(0,0)), ((0,0),(0,0)),((0,0),(0,1)) = (0,0)
(1,0) xSUN % (1,0) = (1,0).

By Corollary 4.18 and with Pa, as in (13), we have
HoLKan (X f A" X/ 9) looicon = HoLKan (fA"g)
T <>

= foly,
where the second isomorphism is (16). Further, by (17), we have
HoIé(an (NFAYS29) o) = %
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Together, we obtain ,
HoLKan (3 f AU X2 g) = A (folg)

If we apply Holim, , to this equation, the claim follows. O

For future reference, we recall another functor isomorphism [Fra96,
Thm.2]: We have

(19) Coneo HoLTIx{an(—) = HoLIg(a.n o Conec(—),
p pr

where
pr:Cx § — §
denotes the projection to the second factor. It follows that

(20) cone o HoLIg{a,n( —) = Holim o conec(—).
PT. C

The remainder of this section is about the interaction of Cone with the
monoidal structure. It needs some preparation and is not needed in
the proof of Theorem 1.1. The reader only interested in this theorem
can skip ahead to Section 5. Before we can discuss the compatibility of
the smash product with the ”cone inclusion” functor €one from (3), we
need an alternative description of €one. For completeness, we also give
a similar description of the ”cone map”

Cone(Cone(f)): cone(f) — X € Ho(M?).

For our next definition, we make an exception from our conventions
about posets, and let the arrows point to the right and down.

Definition 4.22. We define the functors
m’ m:MS __)MZXS’

that map
X—sy e M
to
*—Y X——vy
[ fwa]  [enon
XY X—%
respectively.
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In these pictures, horizontal arrows correspond to the second factor
of § x § whereas vertical arrows correspond to the first factor. Both of
these functors preserve weak equivalences and therefore induce functors
on the homotopy categories. We use the same names for these induced
functors.

Lemma 4.23. There are functor isomomhisms
Cone(—) = coneg o m
and

Cone o Cone(—) = coneg o ﬁ

Here we used the following notation: Let C be a poset. We write
conec: Ho(M“*?) = Ho((M€)}) — Ho(ME)

for the cone functor with M playing the role of M. In our situation,
= {, the first factor of Ix{.
PROOF We write \,/°c for the functor \f with M€ playing the
role of M. We claim that

HoLK X5y
o HoLKan, 020 LI(X 5 )

/\

lconeg( m ()
Cone(f

—Y ——> cone

N

Indeed, this follows from Definition 3.3, (3), and the fact that for a
diagram X € Ho(MC*%) the vertex (conec(X)), is isomorphic to the
cone of the corresponding restriction X|cx3 (see [Fra96, 1.4.2]).

For the cone map, we look at

HoLK X —v).
o HoLKan 030 LX(X—5Y)

is of the form

L.
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By the same argument as above and by (17) this is of the shape

/\

—— Y — cone(f

Cone(f)
“ l lconex AT

X — % ~——> IX
\*./

The right vertical edge is given by (17) with M? playing the role of M.

It is
coneg 0 &3 ()

We have to show that the right square is homotopy bi-cartesian. But
the top square is homotopy bi-cartesian, and so is the square that we
obtain by putting the top square and the right square next to each
other. Therefore, [Fra96, Prop.1.4.6] implies that the right square is
also homotopy bi-cartesian. a

Now let N stand for the model category M? with vertex-wise cofibra-
tions and weak equivalences. Then

mer—)Ns

preserves Reedy cofibrations. Here we identified the first exponent in
N? = (M?)? with the vertical arrows. Therefore Lemma 4.11 implies

Corollary 4.24. There is a functor isomorphism
58 oot = (5L (-nohEL ).

Here O; denotes the pushout with A playing the role of M. Propo-
sition 4.21 now implies

Corollary 4.25. There is a functor isomorphism
Cone(—0O"~) = Cone(—) A} Cone(—).
Here /\; denotes the (internal) smash product in N.
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Proor: We have

Cone(fO'g) = cone; (5§ (fOlg))
> coneg ((m(f))uk(m(g)))
= coneg(m(f))/\};'conex(m(g)]
= Cone(f) A} Cone(g),
where the third isomorphism is Proposition 4.21. o

5. WHICH MODEL?

There are four canonical choices of a model for Sg), all of which
are equally well suited for our purposes. Firstly, we can work either in
the world of symmetric spectra [HSS00] or in the world of S-modules
[EKMMO97]. Let Ms be one of these two models for the stable homotopy
category. One possible model for Sg(y) is Ms[E(1)~'] (compare Example
4.7). To obtain the other model, we recall that Hopkins and Ravenel
have shown that the localization at E(n) is smashing, i.e. that for all X
in S, one has

Xe(n) = X As Se(n)
[Rav92]. If the localization at a spectrum E is smashing, the fibrant
replacement Sg of the sphere spectrum in Ms[E~"] can be chosen to be
a strict, strictly commutative ring spectrum, and
— As Sg: MS[ETT] — M,
is a Quillen equivalence. In other words,
Ho(Ms, )

is the localization of M5 at E,, and

— AL Se
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is the localization functor®. For Franke’s methods it is irrelevant which
model for Sg(y) one likes to choose. The only property of the model cat-
egory that is relevant for him is that it induces a system of triangulated
diagram categories, i.e. that the model category is stable!®. Moreover,
Schwede [Sch01a] has constructed a functor!!

O: Mg — sz,

that maps (strict) ring spectra to (strict) ring spectra, and induces for
any strict (strictly commutative) ring spectrum R a monoidal equiva-
lence
Ho(Mg) — Ho(®(R)-mod).

We also know that for any strict, strictly commutative ring spectrum

R, the functor
—As R: (Ms, As) — (Mg, Ag)

is strictly monoidal. It follows that up to equivalence all four models

mentioned above give rise to the same system of triangulated diagram
categories, and the same smash product on it.

6. THE DERIVED TENSOR PRODUCT

In this section we define the derived tensor product ®f;,, on the
derived category of quasi-periodic cochain complexes in Comod%m'm)

and show that ®f ;). is a monoidal structure. Since Comodg).g(1) does
not have enough projectives, we need to work with flat replacement

9For symmetric spectra, this statement is [SS03, 3.2.(iii)]. For S-modules this
is a result of Wolbert [Wol98], which can also be found in [EKMM97]. In order
to get this precise statement from [EKMM97], one actually has to combine a few
propositions: it follows from VIIL.2.1., VII1.3.2., and from the fact that by II1.4.2.
and VII.4.9. the derived categories of AS-modules and of S-modules are equivalent
as monoidal categories. Here AS — S denotes the g-cofibrant replacement of the
sphere spectrum.

10A model category is called stable, if the suspension functor is invertible in the
homotopy category. In our example this follows from the fact that the suspension in
Ho(M_R) is given by smashing over R with S' Ak R. Therefore smashing over R with
S~1 AL R is an inverse of the suspension. Also Quillen equivalent models give rise
to the same suspension functor. The fact that the homotopy category of a stable
model category is triangulated, is proved in [Hov99, 7.1].

"just for the moment, Ms denotes the S-modules from [EKMM97] and Sp*
denotes the symmetric spectra from [HSS00].
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rather than projective replacement. Our definition of a flat complex is
object-wise, forcing us to replace both sides of ®g(1), with flat objects.
The following lemma is essentially due to Christensen and Hovey.

Lemma 6.1. Let E be a Landweber ezact cohomology theory, and let C
be a quasi-periodic cochain complex of (E., ELE)-comodules. Then there
erist a flat quasi-periodic cochain complez P of (E., ELE)-comodules and
a quasi-periodic quasi-isomorphism i from P to C. Moreover, the pair
(P,i) depends on C in a functorial way.

PROOF: We claim that cofibrant replacement in Christensen and
Hovey’s projective model structure!? on Ch(E,,E,E) can be done in
such a way that these conditions are satisfied. We have to show three
things: (a) Cofibrant objects in the projective model structure are flat
over E,, (b) weak equivalences in the projective model structure are
quasi-isomorphisms, and (c) if C is quasi-periodic, one can choose a
quasi-periodic cofibrant replacement of C (functorially in such C).

(a) Let P be cofibrant in the projective model structure. By [CH02,
4.4], P is a retract of a (transfinite) colimit of a diagram of
complexes

0=Py—=Pi—-- 2Py =Py -+,

where each Py — Puy41 is a degree-wise split monomorphism
whose cokernel is a complex of so called “relative projectives”
with no differential, and if & is a limit ordinal, P, is the colimit
over all Pg with B < a. It is also pointed out in [Hov04, p.15]
that every “relative projective” comodule is projective as an E,-
module. We can therefore prove by transfinite induction that
the limit over all the P is flat: The complex Py is flat. In every
degree, P41 is the direct sum of P, with a projective E,-module,
thus if P, is degree-wise flat, so is Poyy. If & is a limit ordinal,
P, is a direct limit of flat objects and hence flat. For the same
reason the colimit over the entire diagram is flat. Moreover,
in an abelian category, retracts are direct summands, and thus
retracts of flat modules are flat. This proves that P is degree-wise
flat.

12Cf, [Hov04, 2] and [CHO2, 4.4].
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(b) Since E, is Landweber exact, it follows from [Hov04, Sec.1.4] that
(E., E,E) satisfies the conditions of [Hov04, 2.1.5]. Therefore,
weak equivalences are quasi-isomorphisms.

(c) Now let C be quasi-periodic. In the proof of [CH02, 4.2] an
explicit cofibrant replacement is constructed. Observe that for
a quasi-periodic complex C the complexes P; and Q; may be
chosen (functorially) in such a way that the “partial cofibrant
replacement” of C is again quasi-periodic. None of the other
steps in [CHO2, 4.2] (colimits, pullbacks, path objects, cofibres)
destroy quasi-periodicity. This proves the claim.

O

Remark 6.2. Flatness in our case means flatness over E(1),. Therefore
flat objects are exactly the p-torsion free objects, and flat replacement
in

C'(Comodg1y,e(n))
translates into flat replacement in

CZP—Z(ComOd%(] ) E(1) ) .

Note also that for the same reason subobjects of flat objects are again
flat.

The following is a corollary of [GM96, II1.2.10].

Proposition 6.3. Let C be a category, S a left-localizing system of mor-
phisms in C and B C C a full subcategory. Suppose that for all X € ObC
there erist Y € ObB and s: Y — X in S. Then

Sg:=SNMorB
is left-localizing in B, and the canonical map
B[Sg'l - C[S™]
is an equivalence of categories.
Notation 6.4. Let
Chiat C C®7%(Comody ;). (1))
be the full subcategory of flat objects, and let

¥ ftat: Crat — D?P~%(Comody ;. )
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be the composition of its inclusion with the localization functor. Let
Kfiat denote the homotopic category (in the sense of homological alge-
bra) of Cqat, and let S denote the class of quasi-isomorphisms in Kqqt.

Corollary 6.5. The functor ynat induces an equivalence of localized
categories
KaelS™' — 'sz—z(comOd%(l).En))-

In other words, flat replacement can be done in such a way that it
is functorial on morphisms in the derived category, not just the strict
category: let ¢ be an equivalence of categories inverse to the equivalence
in Corollary 6.5, then ¢ is such a flat replacement functor on the derived
category.

Corollary 6.6. The tensor product in C?~2(Comody;,.g(1,) has a left
derived functor ®,':3(,)_, defining a symmetric monoidal structure on the
derived category.

PRroor: The functor
(— ®e). —): Kfrat X Kot — KaaeS™]

takes pairs of acyclic complexes to acyclic complexes. Therefore, by the
same argument as in [GM96, 111.2.23, it factors over the localization

(Kniat X Kaat) (S % S)7'] = Kaat[S™'] x Kaas[S™.

As in the proof of [GM96, II1.6.8], we precompose (— ®g(1), —) with
¢ x ¢, to obtain a functor (_®II:3(1). —) satisfying the universal property
of the left derived functor of (— ®g(1), —). As in the proof of [Hov99,
4.3.2]) the structure diagrams making ®g1), a monoidal structure can
be translated into the respective diagrams for ®F,. . O

7. PROOF OF THE MAIN THEOREM

In this section we prove the following theorem:
Theorem 7.1. There is a functor isomorphism

(— A%gu) _) ° Rec 0 Yflat = Rec O ¥Yflat © (— ®E(1). —)'
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Combined with the results of Section 6 this implies Theorem 1.1. Let
C and C be in Criat- Recall that Rec was defined as

Rec(C) = Holim Q'(C),
Cn

(cf. Notation 3.7 and Equation (8)). We wish to find an isomorphism
Rec™'(Rec(C) A, Rec(C)) = C ®gq), C.

The computation of the left-hand side consists of two steps: First, we
need to find an object of £ whose homotopy colimit is

Rec(C) /\'gm) Rec(C).
Then, we need to apply Q to this object.

Notation 7.2. In what follows, we abbreviate — /\'g;E 0

7.1. An object of £, whose homotopy colimit is Rec(C)ARec(C).
Notation 7.3. We write A for Q~'(C) and A for Q~'(C).
We have

Rec(C) ARec(C) = (Holim A) A (Holim A) = Holim (A A A),
Cn Cn CnXCn

—by —-A-

where the first isomorphism is (8) and the second is Corollary 4.13. Let
Dn be the poset

DN = {Bna Yn, Cn l ne Z/Zp——Z}
with relations generated by

Brr1 <¥Yny Bn< Y Ynt1 < & and yq < .

Dn: G G G Cap-3
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Consider the map of posets

pr:CyxCn — Dn
(Bs,Bt) — PBsst
—

(Bs, Cv), (Gsy Be) Ys+t
(Cs)Ct) — Cosre

Notation 7.4. With A and A as in Notation 7.3, let
E := HoLKan(A A A).

This is an object of Ho(MSDE““”).

Proposition 7.5. The objects
E(1).(Ea,) with « € {B,v,C}

are concentrated in degrees congruent to 1 modulo 2p — 2. The mor-
phisms

(21) E(1)u(Ev.) = E(M(Ee),
induced by the corresponding edges in E, are monomorphisms.
Proor: By Corollary 4.18,
(22) Elyo<tn = HoLKanjz, (AAA)
Pyn
(Notation 4.17). Still using Notation 4.17,

(CnXxCN) 2 Ca=
(CS)Ct)

(ﬁs+1 ) Ct)

AN

(Bs+1v Bt)

(CS) ﬁt+'|)
/

(BS) Bt+1)

(BS+1Bt+])
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The black vertices are the ones mapped to zero by pﬁ,;. In other words,
the source of (22) is the homotopy colimit over the black subdiagram,
whereas the target is the homotopy colimit over the entire diagram. In
order to compute the E(1).-homology of (22), we apply the spectral
sequence (9) to the right hand side of (22). In order to compute the
E,-term, which involves left derived Kan extensions along 'p;’;: , we will
need three lemmas.

Notation 7.6. Let

V‘Q\vnc (CN xCn— Cn)

denote the sub-poset with elements

{(Csy o), (Csy Bi)s (Bsy Ce)y (Bs, Be), (Bs41, Be) | s+t =n}.
Let :
5@2«‘(}\“ — (Cn X Cn = Ga),

denote its inclusion, and

1"&’2 (CNXCN—')Cn)—")b"Q\vn
denote the left adjoint to j A, Let further

P_a, 1=P$’,“ °iv¢%i v‘<>°\m — {.

Lemma 7.7. There are functor isomorphisms
(LKan)s = (LKan
& Pl

Pyn

)soj:¢~-

ProOOF: Consider the Grothendieck spectral sequence for the com-
position of derived functors, where the composition is

P =P, O Lo
Since j a8 right adjoint to 1 4, ,

LKan =j* . ,

Lo one
and higher derived left Kan extensions along 1 vanish. Therefore,
the spectral sequence collapses, and the claim follows. O
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Notation 7.8. Consider the poset

Aon = {%et, (L) Co), (Besr, Be) | s+t =T}

with relations

(Bss1,Bt)y (Bsy Bea1) < o
“s,t < (CS)Ct)'

Let g and p 3 be the maps of posets

g: v‘é‘\m \/Ldn

-

(G, Ct) — (G, Ce)
(CsyBt), (Bsy Ct), (Bsy Be) ot ,
(Bs+1,B+) = (Bst1,Be)

and

p‘}’: \/Kvn — X
(CS) Ct) = '
(Bs+'|) Bt)) Kst 0.

Lemma 7.9. Let X € Ho(M~>) be such that

XU{(25 ,B0).(Bs 2 )(Bs B}

is lim  ,-acyclic. Then there is an isomorphism (natural in such X)

(LKan)¢X = (LKan)s o LKan X.
P_AL P 9
PRrROOF: We have
P, =P, 09
By (18), X is LKang-acyclic. The Grothendieck spectral sequence im-
plies the claim. O
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Consider a diagram Y with underlying poset ,,«L,:

(23) Z, Z; Z3
Th Th, Ths

g9 Xi 92 Xz 93 Xs f3

AR R TR

Y'l YZ Y3 Y4

Lemma 7.10. Let Y be as in (23). Then there are functor isomor-

phisms
( DY, == @z, \

LKan()) = coeqy ” e Tq;m ,
Pk

\@Yi%;@xi /
(ani@:'"fieBZi \

(Lyan)l(y ) = eqq ” e ]\eha. ,
* DY Oiﬁ; @ Xi
\ DN ©% )

where (co)eq denotes the (co)equalizers of the pairs of horizontal arrows
(together with the induced map between them). The higher derived left
Kan extensions along p &, vanish.

PROOF: The first statement is (18), the third statement follows from
(18) and the fact that for a diagram of length one the second and all
higher derived colimits vanish. The second statement follows from the
other two together with the universal property of derived functors and
the snake lemma applied to an LKan-acyclic resolution. O

We are now ready to complete the proof of Proposition 7.5. As subob-
Jects of flat objects, E(1),(Aq, ) and E(1 )«(Ay;) are flat, and the Knneth
spectral sequence!3 reduces to

E(1.(Aa, AAy) ZE(1).(As,) ®eqr). E(1).(Ag).

13The Knneth spectral sequence for non connective spectra can for example be
found in [EKMM?97).
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Firstly, we have _
E(1)-n(iz,(AAA)) =

AL YA

(24)

Since B* and B are flat, the maps B* ® Bt - BS® 7t and B ® Bt —
Z* ® B* are monomorphisms. Thus j A, applied to (24) satisfies the
condition of Lemma 7.9. We are reduced to the situation of Lemma 7.10,
with ) the left Kan-extension along g of j‘:&a applied to the diagram

(24). Computing Y with (18) and then applying Lemma 7.10, we obtain

LKamE(n_n(,C (AAA) =(P o8B LL B0Z'< @ z°0ZYH,

i
s+t=n B:®B s+t=n

where the map is the canonical inclusion. The higher derived left Kan
extensions of (24) along p‘“ vanish.

Secondly, we consider
E(1)onr(i3, (AAA)) =

-41-
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By the same argument as above, we get:
LKanE(1)_n1(jz, (AAA)) = 0:0-0,
YR

LKan E(1)-n(j, (AAA)) = id ® Boob -
Pyn s+t=n+1

The higher derived left Kan extensions vanish.
Thirdly,

E(N-nk((AAA)| 4.) =0,
if k is not congruent to 0 or 1 modulo 2p—2. This completes the calcula-
tion of the E-term. It is concentrated in degrees (0,m) and (—1, m+1),
with m =n mod 2p — 2. Therefore the spectral sequence collapses at
the E;-term and becomes a short exact sequence (of morphisms)
(25) .
o—— D ez — E(1)_n(Ee ) = 3% B*®B'

s+t=n s+t=n-+1

E(1)-n (Holirp (pS7 )
0+ © 208" L B'®Z' g1 £,)> © Beb,,

s+t=n Bs®Bt sHt=n+1

In particular, E(1),(E,, ) and E(1),(E.,) are concentrated in the correct
degrees, and

E(1)_n(Holim (pt ))
is a monomorphism. This completes the proof of Proposition 7.5. 0O

Note that
E(1).(Ep,) =E().( D Ap, AAg) = P B* o B

s+t=n s+t=n
is concentrated in the same degrees. We need one more step to obtain
an object of £ with the correct homotopy colimit.

Remark 7.11. The assumptions of the following proposition are su-
perfluous. We only state them to simplify the proof.

Proposition 7.12. LetE € Ho(MEE':”) be such that for alln € Z/Zp—Z
and all o € {B,v,(} the object E(1).(En,) is concentrated in degrees
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congruent to —n modulo 2p — 2. Let i: Cn — Dy send B to yn and
{n to (n. Then there is an isomorphism, natural in E,

Holim E = Holim {i*E.
Dn Cn

Corollary 7.13. Let E be as in Notation 7.4. Then i*E is an object of
L with

Holim i*E = Rec(C) A Rec(C).
CnN

Moreover this isomorphism is natural in C and C.

PROOF (OF PROPOSITION 7.12): We show that the counit of the
adjunction

ee: HoLKani*E — E

induces an isomorphism of homotopy colimits. Since E(1).(—) is faithful
on Sg(1), it is enough to show that

E(1).(Holim &)
Dn

is an isomorphism. We compute this using spectral sequence (9), or
rather [Fra96, 1.4.35]. Recall that

(26) E « PE « RE « QF

is an exact triangle whose E(1),-homology is the first step of a lim-
acyclic resolution of E(1),(E). More precisely, it is the resolution

E(1)-n(PE) =

where A1 =Z®G®Band A, =G & B.
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E(1)_n(RE) =

where
As=ker(i5+i&+1,)=BaG
and
A4 =ker(i§ +15) = B.
Note that

E(1)_.RE
is already lim -acyclic, so that the construction stops here. Note also
that the restrictions to 1(Cn) form a lim -acyclic resolution!* of
E(1).(i*E).

The functor (Ho)LKan, simply adds a bottom row filled with zeros!®
and therefore preserves the property of a diagram to have lim -acyclic
E(1).-homology. Thus, for computing the homotopy colimit of

HoLKan i'E,
1
we may replace (26) by
HoLKan i*E « HoLKan i*PE « HoLKan i*RE.
1 1 1

Then ¢, €3¢ and ez induce a map of exact couples. Since the image of
iis cofinal in Dy, this map becomes an isomorphism in the Ex-term. O

14The lim ,’s of diagrams of the shape Cn are computed as equalizers in a way
similar to Lemma 7.10.

15Tn Franke’s setup, the statement about HoLKan; follows from the statement
about LKan; using the spectral sequence (9). With model categories, it follows
because LKan; preserves weak equivalences.
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7.2. Computing Q(i*E). We have _f"ound an object of £, whose homo-
topy colimit equals Rec(C) A Rec(C), namely

{*E = i* HoI;E{an(A/\f\).

In order to compute
Rec™'(Rec(C) ARec(C)),

we apply Q to i*E as explained in Construction 3.8. There are two
steps: In 7.2.1 we determine the objects, in 7.2.2 the differentials of the
complex Q(i*E).

7.2.1. The objects.

Notation 7.14. Write

(B = 2°) = Alp,, <t
C* := cone(B**! - 29),

and similarly Bt*', Zt and Ct.
Proposition 7.15. The cone of a “diagonal” edge (Pn+1 < Cn) of i*E
is isomorphic to
@ cac,
s+t=n
and this isomorphism is natural in A and A.

PROOF: In order to apply the cone, we need to compute (i*E)|g, ., <ta

as object of Ho(Mstm). By Corollary 4.20

(27) ('E)lpns1<en = HoLKan j3((A A A)),

where B, pg and jg are as in Notation 4.19:
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5

Let
igtBH(CNXCN—-)Cn)X i
be the canonical inclusion, and let
prg: (CnXxCn—oGa)x § —
be the projection onto the second factor. Then
(28) HoLKan j3(A AA) = HoLKan HoI{E{anj’g(A/\A).

We need to compute the cone of the right hand side of (28). This right
hand side is the homotopy Kan extension along pr; of a diagram which
is by (17) of the form displayed in Figure 1. Here — Ll — denotes the

derived pushout, the vertices in B are black, and those e:iges that belong
to the factor §, are abbreviated by vertical arrows.

Remark 7.16. If we would forgét some information and think of Figure
1 as a morphism in

Ho (MCN XCN—N:n) ,

Se(m
we would obtain the morphisms E|g_,,<¢. 8 homotopy colimit over
CN X CN - Cn
of the map in Figure 1.
By (20) together with (27) and (28),
cone((i*E)lp,,,<z.) = Holim conecy xcy—e. (HoLKanjz(A A A)).
CnXCN—n '8

By [Fra96, 1.4.2], we know that for a diagram X € Ho(M*?) the vertex
(conec(X)).
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ZsA\Zt

Bs+l A B"t

Bt A B"t+1
T T T

BtV A Zt 1 zs A Bt
Bs+|/\Bt+|

Bs+1 A Bt

Bs+1 A Bt+l .

Figure 1

of the diagram conec(X) is isomorphic to the cone of the corresponding
restriction X|c.x3. Therefore,

conec, xcy—¢, HoLKanjs(A A A)
is

has the form

.47 -
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cone (BS“ ANZt Ll ZSABY o ZsA ét)
Bs+1 ABt+1

(29)
Consider the subposet of Cy x Cn =

Wn = {(Cs; Ct)) (Bs+1» Bt) I s+t= n})'

and let jx, denote its inclusion. Since ja has a left adjoint, there is
a functor isomorphism

Holim = Holim jXx ».
VY

CnXCn—2n

But Holim, , ,ia» applied to (29) becomes

@ cone ((HoLKanj{,(A/\;\)) ) .
s+t=n ® (&s,8)x3

We have already suggested in the pictures, that
(HoLKan j5(A /\i\))
' (Zs,Ce)x3

is of the form

Bt A 2t L ZEABY — Z5A 2t
Bs+1ABt+

We need to make this more precise. By Corollary 4.18, we have

(HoLKanj;(A A A)) = HoLKanj% (A AA),
'8 (Cs,Ce)x3 e’
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where
B’ = B — ((, )
pe = Pals
jgr = jals.

This expression can be simplified as follows. Consider the map of posets
iasdxl - B
(0,0) = (Bss1,Bes1) x {0}
(1,0) = (Bs+1,C) x {0}
(0,1) = (G, Besr) x {0}
(1,1) = (G5, G
It has a left adjoint La, satisfying

Prr 0 1.,¢,0 1¢°=‘p31_

BI

&
W

Therefore, with
ja=isols and pa=Ppoia
as in (13),
Ho%ll(anjg, = Ho%Kan j:}(A AA).
8 <
By Corollary 4.15,

);},(AAA) = (A||3s+l<(.s) A (A|Bt+|<(-t)‘

.49 -
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Therefore, by (16),
HO%&H ]fé,,(A A A) = (AIBsM <G )D(Alﬁwl b )
Finally, Proposition 4.21 implies the claim:

cone (HoLKan JA(AA A)) = cone (Alg,,, <z, ) /\ cone (AIBH, gct) .
PN
O

7.2.2. The differentials. We have determined the objects of Q(i*E), and
are ready to compute the differentials. It turns out that 1t is enough to
consider a simple special case:

Remark 7.17 (Franke). Let C* be a cochain complex, and let s € Z.
Consider the map of cochain complexes

(30) >0 > C* >0

lllll

ce— Cs— l_.)cs___)cs+l__)cs+2___)

hd
.

We will write fcs for this map and fg, for the analogous map for ¢
and t. We apply Propositions 7.5, 7.12 and 7.15 to the maps fcs and
fe+ and obtain

..—_)C$®ét_?__)cs®ét®cs®ét__)...

I l(dsw.l@&‘)

@ Csl ® étl _.,__) @ Csl ® étl __)

s/+t/=m s'+t/=n+1
The left vertical arrow is the inclusion of the (s,t)*" summand, and the
horizontal arrows are the differentials we are looking for. Therefore, in
order to find the differential in the general case, i.e. the lower horizontal

arrow, it is sufficient to consider the much simpler case that C and C are
both as in the top row of (30). Note that Q' maps a cochain complex
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of this form into an object of £ that looks like

(31) * C *
NN
AN
* C *,
:pot
where

C* =E(1).(ZC).

Proposition 7.18. Let A and A € ObL be two objects of the form
(31) for s, C and t, C. Then the map (7) that induces the (s + t)™
differential in Q(i*E) is

diag: T2CAC — ICACBICAC.
PROOF: Let n =s+t. By Corollary 4.18, i*E looks like
(32) * ICAC CNC *

ANIANIAN

* ICAC CNAC *

N

Tl"h‘

\...

spot

The first morphism of (7) is
Cone(Cone(i*Eg, ,, <zn))-

In our case this is the identity of Z2C AC.
The second morphism of (7) is the suspension of

(i*E) Br+1 <G+

and is therefore also equal to the identity of Z2C AC.
The third morphism of (7) is the suspension of the cone inclusion
belonging to
(i*E)ﬂn+2<Cn+l .
Corollary 4.18 implies that (i*E)p,., ,<z.,, iS the “equatorial embedding”
of ZC AC into its suspension, i.e. it is the left homotopy Kan extension
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along
Vx§ -1
of
(33) CAC CAC * *
N\ / —\ /
CAC CAC.
The claim now follows from the following lemma about the cone inclu-
sion of the equatorial embedding. ]

Lemma 7.19. The cone inclusion of the equatorial embedding of X into
IX, defined as in (33), is equal to

diag: IX — IX @ IX.

PROOF: Taking cones commutes with homotopy colimits. Therefore
the morphism that we want to identify is equal to the homotopy colimit
over \” of the lower right hand arrow of the diagram

(34) * *
X X * XX X
\/ =N\ /=N

This arrow is a baby-phantom: restricted to any vertex of \/ it be-
comes zero, yet its homotopy colimit is not equal to zero. For simplicial
sets, and therefore for finite spectra, the claim of the lemma is well
known. It can for example be seen by looking at explicit cofibrant re-
placements in the last diagram. But this special case implies the general
case: In [Fra96, Cor.1.6.1.], Franke defines a family of bi-functors

—A—Kex S8 — Kexp

that commutes with homotopy colimits and cones, and is associative. It
has the properties that — A S° is the identity, — A S is the suspension,
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and that — A * is zero. Here Kp is an arbitrary system of triangulated
diagram categories, in our case

ICD = HO(MISDE”)),

and SH&™ denotes the homotopy category of C-shaped diagrams of finite
spectra. In order to obtain the two diagrams (33) and (34) for arbitrary
X, we take the corresponding diagrams for S° and smash it with X.
Since the claim of the lemma is true for S°, and by the properties of
Franke’s smash product, it follows that it is also true for X. a

Together with Remark 7.17 this completes the proof of Theorem 1.1.
rZcNC=1CAZC.
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