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CAHIERS DE TOPOLOGIE ET Volume XLV-4 (2004)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ON QUANTALES THAT CLASSIFY C*-ALGEBRAS
by David KRUML and Pedro RESENDE

RESUME. Le foncteur Max de Mulvey fait correspondre & chaque
C*-algebre 2 le quantale unitaire et involutif Max 2| des sous-espaces
linéaires fermés de 2. L’objectif de ce travail est de prouver que ce
foncteur permet de classifier toutes les C*-algébres unitaires mod-
ulo un *-isomorphisme. En particulier, nous montrons que pour
tout isomorphisme u : Max 2 — Max B il existe un *-isomorphisme
u: A — B tel que Maxu(a) = u(a) pour tous les élements
a € L(Max®). Mais nous montrons aussi qu’'en general il existe
des isomorphismes u : Max® — Max®B pour lesquels il n’existe
aucun v tel que ©u = Maxv.

1 Introduction

This paper is a followup to [4], where various quantale [5] based no-
tions of spectrum of a C*-algebra were addressed from the point of
view of their functorial properties. In particular, the functor Max from
unital C*-algebras to unital involutive quantales, which was originally
defined by Mulvey [6] and was subsequently studied in [4, 9, 10] (see
also the surveys [7, 12]) was seen to have no adjoints, therefore not
providing the equivalence of categories that would be desired in order
to consider Max a rightful “spectrum functor”. However, as was also
remarked in [4], albeit without an explicit proof (one was presented in
a talk [14]), essentially from results of [2, 9] it follows that Max classi-
fies unital C*-algebras up to *-isomorphism, in the sense that any two
unital C*-algebras % and B for which we have Max 2 = Max B are
necessarily *-isomorphic. Furthermore, from [16] it follows that Max is
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faithful [4], thus leaving open the possibility that an equivalence of cat-
egories might be obtained between the category of unital C*-algebras
and some subcategory of the category of unital involutive quantales.

The aim of this paper is to provide some clarification regarding the
above statements, and in it we prove the following result that, in par-
ticular, implies the classification theorem just mentioned:

Theorem. Let 2 and B be unital C*-algebras, and let
u: Max2A — Max ‘B

be an isomorphism of unital involutive quantales. Then there is a *-
isomorphism
u:A—B

such that u(a) = Maxu(a) for every left-sided element a € Max .

In other words, Max is full on isomorphisms “up to left-sided ele-
ments”. However, we also show by means of an example that Max is
not full on isomorphisms once the restriction to left-sided elements is
dropped. The relevance of this observation follows from the following
straightforward fact:

Proposition. Let C and D be categories, and let F': C' — D be a func-
tor. If F' is full on isomorphisms then its image Im(F) is a subcategory
of D. If furthermore F is faithful then F : C — Im(F) is an equivalence
of categories.

Hence, although Max has interesting properties, as discussed in [4], it
still does not provide us with an equivalence of categories in any obvious
way. In particular, our counterexample will show, for a particular C*-
algebra 2, that Max 2 has automorphisms which do not lie in the image
of Max, and thus, even though Max classifies unital C*-algebras up to
x-isomorphism, it does not classify their automorphism groups.

For background on quantales and their modules we refer the reader
to [15], whose notation and terminology we shall follow.
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2 Points of quantales

Recall [15] that an involutive left module M over a unital involutive
quantale @ is a left Q-module M equipped with a symmetric sup-lattice
2-form

p:MxM-—2

(equivalently, an orthogonality relation L = ker ¢ C M x M) satisfying,
foralla € Q and z,y € M,
plaz,y) = p(z,a"y) .

In addition, the annihilator of an element z € M is the (left-sided)

element
ann(z) = \/{a €Q|az =0},

and M is principal if it has a generator, by which we mean an element
z € M such that Qz = M.

Example 2.1 Let 2 be a unital C*-algebra, and let 7 : 2 — B(H) be
a representation of 2 on the Hilbert space H. The sup-lattice P(H) of
norm-closed linear subspaces of H, with the usual orthogonality relation,
is an involutive module over Max %2, with the action defined, for all

a € Max2 and P € P(H), by

aP = {n(A))(z1) + -+ 7(A)(z,) | A; € a, z; € P},

where (—) denotes topological closure. This is the module induced by 7.
Equivalently, we may view this module as a representation as in [8, 9,
10, 4], i.e., the unital and involutive quantale homomorphism

7 : Max 2 — Q(P(H))

given by 7(a)(P) = aP, where Q(P(H)) is the quantale of endomor-
phisms of P(H) with multiplication f&g = go f.

Example 2.2 Let @) be a unital involutive quantale, and let m € @ be
a left-sided element. Then the sup-lattice

m={zeQ|m<z}
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is an involutive left @-module with the action and orthogonality relation
being given by, for all a € Q and z,y € Tm,

az = (a&z)Vm,
zly < y&r<mvm'.

Definition 2.3 By a point of a unital involutive quantale @ will be
meant (the isomorphism class of ) any principal involutive left Q-module
M for which there is a generator x € M such that ann(z) is a mazimal
left-sided element of Q.

This notion of point differs from those of other papers [3, 4, 9, 11]
but it agrees with them insofar as irreducibility is concerned, since our
points are necessarily irreducible representations [15, Th. 5.11].

From [9] it follows that the unital involutive quantale Max® as-
sociated to a unital C*-algebra A completely classifies the irreducible
representations of 2 up to unitary equivalence of representations. We
shall now summarize these results. The first [9, Th. 9.1] tells us that
any point of Max % is induced by an irreducible representation of .
We state the aspects of this theorem which are important for us here,
in the form presented in [15]:

Theorem 2.4 Let A be a unital C*-algebra, and let M be a point of
Max 2. Then,

1. M is induced by an irreducible representation of A;

2. M 1is isomorphic as an involutive left Max A-module to Tann(z)
for any generator x of M.

From another result [9, Cor. 9.4] it follows that also the relation of
unitary equivalence of irreducible representations of a unital C*-algebra
2 is determined by Max 2. We present here a different form of that
result, along with a much shorter proof:

Theorem 2.5 Let 2 be a unital C*-algebra, and let m; : A — B(H,)
and o : A — B(Hz) be two irreducible representations of A on Hilbert
spaces Hy, and Hy. Then m, and 7o are unitarily equivalent if and only
if the left Max2-modules P(H,) and P(Hz) which they induce are iso-
morphic.
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Proof. Let f : P(H1) — P(Hz) be an isomorphism of left Max -
modules, and let z € H;. Writing Z for the linear span of z, and
Ann(z) C 2 for the annihilator of z in A, we clearly have ann(z) =
Ann(z). Also, ann(z) = ann(f(Z)) because

af(Z) =0 < f(aZ)=0 < az =0

for all a € Max 2. Finally, f(Z) = § for some y € Hz, and Ann(y) =
ann(y), and thus Ann(z) = Ann(y). Hence, the two vectors z and y
determine the same maximal left ideal of A, which means that the two
representations 7; and 7y are determined by the same pure state of ,
being thus equivalent. The converse, i.e., that equivalent representations
determine isomorphic modules, is trivial. i

We can indeed strengthen this result:

Theorem 2.6 Let 2 be a unital C*-algebra, and let M be a point of
Max A, where M equals P(H) for some Hilbert space H (and the or-
thogonality relation is the usual one). Then the left action of Max 2 on
M is induced by an irreducible representation of A on H.

Proof. From 2.4 it follows that there is an irreducible representation of
2 on a Hilbert space K whose associated involutive left Max 2-module
P(K) is isomorphic to P(H). It follows that H and K are isometrically
isomorphic because they have the same Hilbert dimension, which co-
incides with the cardinality of any maximal pairwise orthogonal set of
atoms of P(H), which of course is the same as the cardinality of such a
set taken from P(K). Hence, the irreducible representation on K gives
rise via the isomorphism to an irreducible representation of A on H,
which furthermore induces the original left Max 2{-module structure of

PH). 1

3 Main results

Lemma 3.1 Let A and B be unital C*-algebras, and let u : Max 2 —
Max B be an isomorphism of unital involutive quantales. Let also p :
A — B(H) be an irreducible representation of A on a Hilbert space H.
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Then there is an irreducible representation o : B — B(H) of B on H
such that p = & ou (where p and & are the representations induced by p
and o, respectively).

Proof. 1t suffices to remark that u obviously carries points to points
because it is an isomorphism. In particular, gou™! is a point of Max B,
and thus by the previous lemma there is an irreducible representation
o : B — B(H) such that & = pou~!; equivalently, such that g = 5 o u.

Lemma 3.2 Let A and B be unital C*-algebras, and let v : Max 2 —
Max B be an isomorphism of unital involutive quantales. Let also p; :
A — B(H;) and ps : A — B(Hz) be irreducible representations of A, and
let o1 : B — B(H1) and 0y : B — B(Ha2) be irreducible representations
of B such that g;ou = p; fori = 1,2. Then p; and py are unitarily
equivalent representations of A if and only if o1 and oy are unitarily
equivalent representations of B.

Proof. First, p; and p, are equivalent if and only if p; and po are
equivalent representations of Max 2. Similarly, o, and o, are equivalent
if and only if 6; and &5 are equivalent representations of Max 8. Finally,
u is an isomorphism and thus it preserves equivalence of representations,
i.e., 01 and g9 are equivalent if and only if p; and p, are, since the latter
equal &, o u and &, o u, respectively. 1

Theorem 3.3 Let A and B be unital C*-algebras, and let
u: Max® — Max B

be an isomorphism of unital involutive quantales. Then there is a unital
x-isomorphism U : A — B such that u coincides with Max U when
restricted to left-sided elements.

Proof. Let (pi)icr be a maximal family of pairwise inequivalent irre-
ducible representations of 2 on Hilbert spaces H;, with ¢ € I. By the
previous lemmas, there is a maximal family (0;);c; of pairwise inequiv-
alent irreducible representations of 8 on the same family of Hilbert
spaces, such that for each ¢ € I one has

[31:5'1;011. (1)
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Hence, both 21 and 28 are isomorphic to weakly dense C*-subalgebras
of the product of Von Neumann algebras [[,., B(H;) (which concretely
consists of all the norm bounded I-indexed families of operators). More
precisely, there is an embedding of unital C*-algebras p : % — [],.; B(H;)
that to each A € 2 assigns the family (p;(A))ier € [];c; B(H:), and an-
other embedding o : B — [[,.; B(H;) that to each A € 2 assigns the
family (0;(A))ic;. Now let P be a projection on H;. Let us say that P
is an open projection (with respect to p;) if ker P equals the annihilator
in P(H;) of some a € Max 2, in the following sense:

ker P = ann, (a) = \/{:1: € P(H,) | pi(a)(z) =0} .

Similarly, let us call a projection (P;)ier of [];c; B(H;) open with respect
to p if for each i € I the projection P; is open with respect to p;. It
turns out that a projection of [[,.; B(H;) is open with respect to p if
and only if it is open with respect to o, because for each i € I we have

ann,,(a) = ann,, (u(a)) .

On the other hand, a projection is open with respect to p if and only
if it is an open g¢-set, in the sense of [2], determined by the weakly
dense inclusion of p(2) into J],., B(H:) (that is, the support e(K) of
some subset K C p(A)). Since the von Neumann algebra [, B(H;)
together with the open g-sets determined in this way by the weakly dense
inclusion of any unital C*-algebra in [],.; B(H,) completely determine
the C*-algebra as a C*-subalgebra of [],.; B(H;) [2, Th. 5.13], it follows
that 2 and B are *-isomorphic. In particular, we have p() = o(*B)
and thus there is a *-isomorphism

u:A—B
defined by

u= (olp(ﬁl))—l °p.

Hence, we have p = o o, and thus also p; = g; 0% for each i € I. From
here it follows that
pi = d; o Maxu (2)
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for each 7 € I, and thus we have two isomorphisms of unital involutive
quantales,
u, Max®u : Max2A — Max*B ,

satisfying similar conditions with respect to the points of Max2 and
Max B, namely equations (1) and (2). This immediately implies that
u and Max U coincide on the left-sided elements of Max %A, because this
quantale is known to be “spatial on the left” [10] (equivalently, on the
right), meaning precisely that its left-sided elements are separated by
the points.

Hence, Max is full on isomorphisms “up to left-sided elements”.
However;

Theorem 3.4 Max is not full on isomorphisms.

Proof. Consider the commutative C*-algebra C2. This has only two
automorphisms, namely the identity and the map (z,w) — (w, 2), cor-
responding to the two permutations of the discrete two point spectrum
of C2. Any automorphism of Max C? is determined by its image on the
atoms, which are the one dimensional subspaces of C2. Consider then
the following assignment to the atoms ((z,w)) of Max C?:

((zw)) = ((w,2))if z,w#0,
((,0)) = ((z0),

It is straightforward to check that this defines an automorphism of
Max C?, which of course does not follow from any of the automorphisms
ofC2. 1

In view of these results, one may be tempted to think that Max
has too much information in it and that attention should be focused on
left-sided elements alone, since isomorphisms behave well with respect
to these. A word of caution is in order, however, since previous studies
of spectra based only on left-sided elements (equivalently, right-sided el-
ements) have not been able to provide sufficiently powerful classification
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theorems: from [1] it follows that the subquantale L(Max 2A) determines
A provided that we restrict to the class of post-liminary C*-algebras;
and in [16] it is shown that the quantale L(Max2l) equipped with the
additional structure of a “quantum frame” is determined by the Jordan
algebra structure of the self-adjoint elements of 2.

Another natural way in which one may try to decrease the “size” of
Max % is to take a quotient, instead of a subobject as just discussed.
Observing that the good behavior of isomorphisms with respect to left-
sided elements is a direct consequence of the spatiality of Max 2 “on the
left”, we may be led to replacing Max 2 by its “spatial reflection” in the
hope that this will yield a better behaved functor. However, from [4]
it follows that a functor does not arise in this way at all, because the
spatialization of quantales with respect to their points is ill behaved, in
particular not being a reflection.

References

[1] F. Borceux, J. Rosicky, G. Van den Bossche. Quantales and C*-
algebras, J. London Math. Soc. 40 (1989) 398-404.

[2] R. Giles, H. Kummer, A non-commutative generalisation of topol-
ogy, Indiana Univ. Math. J. 21 (1971) 91-102.

[3] D. Kruml, Spatial quantales, Appl. Categ. Structures 10 (2002)
49-62.

[4] D. Kruml, J.W. Pelletier, P. Resende, J. Rosicky, On quantales and
spectra of C*-algebras, Appl. Categ. Structures 11 (2003) 543-560;
arXiv:math.OA/0211345.

[5] C.J. Mulvey, &, Rend. Circ. Mat. Palermo (2) Suppl. (1986) 99—
104.

[6] C.J. Mulvey, Quantales, Invited Lecture, Summer Conference on
Locales and Topological Groups, Curagao, 1989.

-295-



KRUML & RESENDE - QUANTALES THAT CLASSIFY C*-ALGEBRAS

(7] C.J. Mulvey. Quantales, in: M. Hazewinkel (Ed.), The Encyclopae-
dia of Mathematics, third supplement. Kluwer Academic Publish-
ers, 2002, pp. 312-314.

[8] C.J. Mulvey, J.W. Pelletier, A quantisation of the calculus of rela-
tions, Canad. Math. Soc. Conf. Proc. 13 (1992) 345-360.

[9] C.J. Mulvey, J.W. Pelletier, On the quantisation of points, J. Pure
Appl. Algebra 159 (2001) 231-295.

[10] C.J. Mulvey, J.W. Pelletier, On the quantisation of spaces, J. Pure
Appl. Algebra 175 (2002) 289-325.

[11] C.J. Mulvey, P. Resende, A noncommutative theory of Penrose
tilings; arXiv:math.CT/0306361.

[12] J. Paseka, J. Rosicky, Quantales, in: B. Coecke, D. Moore, A.
Wilce, (Eds.), Current Research in Operational Quantum Logic:
Algebras, Categories and Languages, Fund. Theories Phys., vol.
111, Kluwer Academic Publishers, 2000, pp. 245-262.

[13] J.W. Pelletier, J. Rosicky, Simple involutive quantales, J. Algebra
195 (1997) 367-386.

[14] P. Resende, From algebras to quantales and back, Talk
at the Workshop on Categorical Structures for Descent
and Galois Theory, Hopf Algebras and Semiabelian Cat-
egories, Fields Institute, @ Toronto, September  23-28,
2002, http://www fields.utoronto.ca/programs/scientific/02-
03/galois_and_hopf/.

. Resende, Sup-lattice 2-forms and quantales, J. gebra
15| P. R de, Sup-lattice 2-fi d al J. Algebra 276
(2004) 143-167; arXiv:math.RA /0211320.

[16] J. Rosicky, Multiplicative lattices and C*-algebras, Cahiers de Top.
et Géom. Diff. Cat. XXX-2 (1989) 95-110.

Departamento de Matemdtica, Instituto Superior Técnico,
Av. Rowisco Pais, 1049-001 Lisboa, Portugal
(D. Kruml on a post-doc leave from Masaryk University, Brno.)

- 296 -



