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CAHIERS DE TOPOLOGIE ET V'olume XXXN111-4 (1996)
GEOMETRIE DIFFERENTIELLE C \TEGORIQUES

ON LIE ALGEBROID ACTIONS AND MORPHISMS
by Tahar MOKRI

Résumé: Si AG est l'algebroide de Lie d’un groupoide de
Lie G, nous démontrons que toute action infinitésimale de
AG sur une variété M, par des champs complets de vecteurs
fondamentaux, se reléve en une unique action du groupoide
de Lie G sur M, si les a— fibres de G sont connexes et
simplement connexes. Nous appliquons ensuite ce résultat
pour intégrer des morphismes d’algébroides de Lie, lorsque
la base commune de ces algebroides est compacte.

Introduction

It is known [12] that if a finite-dimensional Lie algebra G acts on a
manifold M with complete infinitesimal generators, then this action
arises from a unique action of the connected and simply connected Lie
group G whose Lie algebra is G, on the manifold M.

In the Lie algebroid case, the local integration of infinitesimal actions
was studied by Pourreza in [5], and the local integration of Lie algebroid
morphisms by Almeida and Kumpera in [2], following the earlier work
of Pradines in [14].

In the local trivial case, the integration of Lie algebroid morphisms
was dealt with in [8], and more recently Mackenzie and Xu have ob-
tained in [9] a general version of the theorem 3.1. For a symplectic
groupoid G on base B with a-connected fibers and with a complete
symplectic realization (M, f) of the Poisson manifold B, Dazord in [4]
and Xu in [19] have showed that the Lie algebroid action w — P(f.w)
integrates to a (global) action of the groupoid G on the manifold M,
here the Lie algebroid AG of G is identified with the cotangent bundle
T*B, and P denotes the bundle isomorphism P: T*M — T M induced
by the symplectic structure on M. We prove here a global integration
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result of Lie algebroid actions when the actions are by complete
infinitesimal generators. As application, we prove that any Lie algebroid
morphism

F : AG — AG', over the same base B, integrates to a unique base
preserving Lie groupoid morphism f : G — G', provided that the com-
mon base B is compact and the a-fibres of G are connected and simply
connected, where « is the source map of G. This method of dealing
with Lie algebroid morphisms applies only when the Lie algebroids are
over a common compact base.

For a Lie groupoid G on base B, we denote by ag, 8g: G — B the
source and the target maps of G, respectively. For g € G, we denote by
g~ ! or by igg the inverse of g, and for b € B we denote by 1§ the value
of the identity map 1¢: B — G at b. We omit then the subscripts
when there is no confusion in doing so.

If M and N are two manifolds, with a surjective submersion 7 : M —
N, we call M a 7-(simply) connected manifold if for all b € B the fibres
n~1(b) are (simply) connected subspaces of M. Lastly, C(M) refers
always to the module of smooth real valued maps on a manifold M, and
all manifolds are assumed C*, real, Hausdorff and second countable.

1 Lie groupoids and Lie algebroids

We begin by recalling the notions of Lie groupoid actions and morph-

isms. Let G be a Lie groupoid on base B, and let p: M — B be a

smooth map, where M is a manifold. A (left) action of G on M is a

smooth map ®: GxM — M, where GxM = {(g,m) € GXxM | a(g) =
m)}, such that

(i) p(CD%,(m)) = B(g), where ®,(m) = ®(g,m).
(ii) @gn(m) = @4Pn(m),
(iii) @1, (m) =m,

for all g,h € G and m € M which are suitably compatible. A right
action of G on M is defined similarly.

We recall now the definition of a base preserving Lie groupoid morphism,
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see [6] for the general case. Let G and G’ be two Lie groupoids with
a common base B. A smooth map f: G — G’ is a Lie groupoid
morphism if

(iv) ag o f = ag,
(v) Baro f = fa,
(vi) f(gh) = f(9)f(h),
for all composable pair (g, h) € G x G, that is ag(g9) = Ba(h).

A Lie algebroid on base B is a vector bundle g: A — B together
with a map a: A — TB of vector bundles over B, called the anchor
of A, and an R-bilinear, antisymmetric bracket of sections [, ]: T'A X
'A — T'A, which obey the Jacobi identity, and satisfies the relations

(vii) a[X , Y] =[a(X) , a(Y)],
(vii) [X, fY]=f[X, Y]+ (a(X)[)Y,

for all X,Y € TA, f € C(B). Here a(X)(f) is the Lie derivative of f
with respect to the vector field a(X).

Let A be a Lie algebroid on B and let f: M — B be a smooth map.
Then an action of A on M is an R-linear map X — X!, TA — x(M)
such that

(ix) [X, Y]l =[XT, Y], for X,Y € T4,
(x) (uX)'= (uo f)X'tfor X € TA, ue C(B),
(xi) TF(XT(m)) = a(X)(f(m)), for X eTA,me M,
where x(M) denotes the module of smooth vector fields on M.

The construction of the Lie algebroid of a Lie groupoid follows closely
the construction of a Lie algebra of a Lie group; see [8] for a a full
account. Let G be a Lie groupoid on base B, and let T°G = Ker(Ta)
be the vertical bundle along the fibres of a. Let AG — B be the



MOKRI - ON LIE ALGEBROID ACTIONS AND MORPHISMS

vector bundle pullback of the vector bundle T7*G accross the identity
map 1 : B — G. Notice that a section X € 'AG is characterized by
X(b) € T1,Gp, ¥V b € B, where G, = o'(b). Now take X € 'AG and
—
denote by }) the right invariant vector field on G, defined by X (g) =
—
TR,X(B(g)); the correspondence X — X from I'AG to the module of
right invariant vector fields is a bijection; we equip 'AG with the Lie

algebra structure obtained by transferring the Lie algebra structure of

the module of right invariant vector fields on G to I'AG, via the bijection
e

XX, Namely, if X, Y € TAG, we define [X, Y] = [?, Y Jol, and
a: AG — TB, by a(X,) = TBX,. The vector bundle AG constructed
above is called the Lie algebroid of G; we will denote it by ¢5: AG —
B, and its anchor map by ag: AG — T B. If there is no confusion we

will omit the subscripts. The pullback of ? by the inversion map 7 of G,
is denoted by Y and is a left invariant vector field on G. Lastly, if (z;)
is the one parameter group of local diffecomorphisms which generates a
right invariant vector field ? on G, then z;(v) = z,(1gw))v, Vv € G,
and we write z;(v) = ExptX(B(v))v, where EzptX (b) = x:(1,) [8].

A left action ® of a Lie groupoid G with base Bonp: M — B

induces an action X —— X]I: of the Lie algebroid AG of G' on the map
p: M — B, by the formula:

X} (m) =T (g9 — ®,(m)) X(p(m)),V m € M. (1)

The vector field X7 is called the fundamental vector field associated to X
or the infinitesimal generator of the action corresponding to the section
X eTAG.

Lastly, let A and A’ be two Lie algebroids on a common base B, with
anchor maps a and a’, respectively, and let F: A — A’ be a vector
bundle map. Then, F'is a Lie algebroid morphism if the relations

(xii) F[X, Y]=[F(X), F(Y)],
(xiii) @' o F =a
hold, for all X,Y e I'A.
A base preserving Lie groupoid morphism f: G — G’ differentiates
to a Lie algebroid morphism T'f: AG — AG’. The tangent linear map

T f, when restricted to AG, is sometimes called the Lie functor of f and
is denoted by A(f).
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2 Integration of Lie Algebroid Actions

We assume here that there are given a Lie groupoid G on base B, a
manifold M and a surjective submersion p : M — B. For b € B,
we denote by G} and by G° the a-fibre a~*(b), and the 3-fibre 37'(b),
respectively. The following theorem is the main result of this section.

Theorem 2.1 Let X — X' be an action of the Lie algebroid AG on
the manifold M, by complete infinitesimal generators. Assume that the
module of right invariant vector fields on G is composed of complete
vector fields (hence, the module of left invariant vector fields is also
composed of complete vector fields). Then, if the Lie groupoid G is a-
connected and a-simply connected there exists a unique left action ® of
Gonp: M — B, with

X} = X', VX eTAG. (2)

Since p is a surjective submersion, the subspace
GxM ={(g9,m) € Gx M, | a(g) = p(m)} is a submanifold of G x M.
Let A be the subbundle of T(G x M) = TG x TM generated by the

set of pairs of vector fields of the form (3?, XT) , with X € TAG.

The subbundle A is an involutive differentiable distribution of rank
dimG — dimB on G x M, therefore A is integrable by the Frobenius
theorem. Let F be the corresponding foliation on G*M, and let S ) be
the leaf through (g, m) € G*x M. We denote the leaf through (15(,”), m)
simply by Sq,m).

Lemma 2.2 For all (¢',m') € Sym), the relation B(g') = B(g) holds.

Proof: For (¢',m') € S(g, m), there exist p vector fields (S(:,XI), cey ()Z, X;),

tangent to the foliation F such that if 2% and & are the flows of z and
of X!, respectively, then [17] (see also [16] or [11]).

(¢',m') = (z, 0 -0t (9), &, 0+ 0 & (m)) . (3)
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It follows that 3(g') = B(g), since the maps zi are right translations,
fori=1,2,...,p. O ’

For h € G, let I;, be the left translation defined in G*™), by I,(g) = hg;
if we extend the map I, to G*™ x M, by setting I,(g, m) = (hg, m), then
I is defined in the whole leaf Sy m) by 2.2, provided that a{h) = B(g).
In this case we have:

Lemma 2.3 For all (g,m) € G * M with 5(g9) = a(h), the following
relation

IhS(g,m) = S(hg,m) (4)
holds.

Proof: The conclusion is clear, since the first factor of the distribution
A is invariant under left translations. O

Lemma 2.4 For all b € B, there exists an open connected neighbour-
hood V® of 1, in the B fibre G®, and for all m € p~1(b) there exists
an open connected neighbourhood Vy, of (1,m) in Sa,m), such that if P
denotes the projection G X M — G of G x M onto the first factor G
then

(i) Py Viy — V? is a diffeomorphism, where P,, is the restriction of
P to the leaf S(m); furthermore, Vp, is the connected component
of (1,m) in P'(V?);

(ii) the union V = UycgV?® is an open neighbourhood of the base B in
G.

Proof: Fix by € B, and let X!, X2,...  X? be p left invariant vec-
tor fields on G, such that for g in a connected neighbourhood U, of
1y, in G, the vector tangents X*(g),i = 1,...,p generate the tangent
space T,GA9). Furthermore, it is always possible to assume that Uy, is
a-saturated, that is Uy, = o™} (a(Uy,) [1]. Let Y = (X*)! be the cor-
responding fundamental vector field on M, for i = 1,2...p. We denote
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by zi and by 3, for i = 1,2,...,p, the (global) flows of X* and Y, re-
spectively. Consider the maps fp,: RP — G and f: RP x Up, — G
defined, respectively, by

fbo(tl,tg,...,tp)=$‘t110:v?20~--0:1:fp(1b0), (5)
and by
f(t1,tay ..o, tp, D) =:1;glozvf2o~~o:rfp(1b), (6)

where Ubo = Oé(U(,O)‘

The map fp, is étale at the origin 0 of R?, (the 3-fibre G% is equipped
with the induced topology); so there is an open connected neighbour-
hood W,, of the origin in R?, and an open connected neighbourhood
VY% of 1,, in G%, such that f,,: W, — V% is a diffeomorphism. It
follows that, for m € M with p(m) = by, the map

Fo(ti,te, ... tp) = (x%l 0:1:?2 0--:0 xfp(lp(m)),y; oyf2 0.-+0 yfp(m))

(7)

is a diffeomorphism, from W, onto an open connected neighbourhood
Vin = Fin(Wy,) of (1,m) in 81, (equipped with its own leaf topology).
Now if Py, v,, denotes the restriction of the projection P, to V;,, then
Py v, = froo F, L Vin — V' is a diffeomorphism. V,, contains (1, m)
and is open in P_}(V?), and since P,,: V;, — V? is a diffeomorphism
Vim is closed in P,;1(V?). It follows that V;, is the connected component
of (1,m) in P;1(V?).

We prove now the second assertion of the lemma. The left invari-
ant vector fields X!, X2, ... XP? are nowhere tangent to the base 1p; it
follows then easily that the map f defined by the relation (6) is étale
at (0,by) € RP x Up,. Hence, we can select an open neighbourhood
Wy, of the origin in R?, and an open neighbourhood Uy of by in Uty
such that f: Wy x U — A(by) = f(Wp, x Uy,) is a diffeomorphism.
By shrinking, if necessary, Wy, we can assume that W, C W,,; hence,
A(bg) is an open neighbourhood of 1, in G, contained in V. Since this
construction is valid for all by € B, the subset V is open in G. Q.

Lemma 2.5 Under the notations of 2.4, the projection Pp,: S m) — GP(m)
is a covering map, and since the fibres of G are o simply connected, P,
is a diffeomorphism.
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Proof: We start by proving that the map P, is étale. If (g,z) € S1,m),
then Sy +) = S,m), and hence

—
IT(g,x)S(l,m) = T(g,z)'s(g,a:) = {(X (g) ) Xi(x)) ) I X € FAG} :
It is clear now that the projection on the first factor
T90) P : Tig)Saum) — T,G"™

is surjective. By a dimension counting argument T(, )Py, is a bijective
map.

The map P,, is surjective: since the distribution D generated by the
family of left invariant vector fields on G is completely integrable, with
the (3-fibres as the leaves of the corresponding foliation, for g € GP(™)
there exist p left invariant vector fields X!, X?,..., X? on G, such that
g =1} 0z}, 0---0x} (lpem)), where z} is the flow of X*, fori = 1,2...p.
IfY* = X*, then (g,y}, 09?0 0y} (Lpm)) € Sm, where y} is the flow
of Yi,i=1,2,...,p.

It is enough now to prove that any g € GP(™ has an open neigh-
bourhood Uy in GP™ | such that if C denotes a connected component
of P} (Uy) in S1,m), then P,,: C — U, is a diffeomorphism. In 2.4 we
have constructed, for all m € M, an open connected neighbourhood V;,
of (1,m) in S(1,m), and an open neighbourhood V?(™) of 1p(m) in Grim)
such that P,: V,, — VP is a diffeomorphism, and V = UcgV? is
open in G. By using the smoothness of the map (h, g) — h~!g, defined
for B(h) = B(g), we establish easily the existence of an open connected
neighbourhood U of 1, in G, such that U~'U C V, for all b € B.

For g € GP™)_ let U, be the connected open neighbourhood gU of g
in GP(™) where U is the open neighbourhood of 1,(yy, with U™'U C V.
Let C be a connected component of P,'(U,), and fix (h,z) € C. In
particular h = gl for some [ € U; therefore f(h) = B(g) = p(m). It
follows from (h,z) € G * M, that a(h) = p(z). Now we have (h,z) €
Stum) = She) = IS ), by 2.3, and the map l,: S, — S(i,m) is
a diffeomorphism. We have h='gU = [7'U C U~'U N GP®) = yr@).
in particular, h~'gU is a connected neighbourhood of (1,)) in V7@,
and l: P7Y(h"'gU) — P,(gU) is a diffeomorphism. It follows that
C = I4(K), where K is the component of (1,z) in P;}(h~'gU). Since,
from 2.4(i), P,: K — h™!gU is a diffeomorphism, and since P, lc =
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lno Pyol,!, the result follows. O.

Proof of the theorem 2.1: Let (g,m) € G * M, then ig € GP(™).
Let ®,4(m) be the unique element in M such that (ig, ®4(m)) € Sum)-
We start by proving that & is a smooth map from G * M to M. The
distribution D on G generated by the family of left invariant vector
fields on G is completely integrable with the 3 fibres as leaves. Let
p = dimG — dimB be its rank.

For gy € G, there exists an open neighbourhood U of go in G, and p
left invariant vector fields X!, X?,..., X?in G, such that X', X2, ... X7
generate the distribution D in U, and the brackets [X* , X7],4,5 €
{1,2,...,p}, vanish identically in U [11]. Let Y* = (X"), and let y! be
the (global) flow of Y?, for i = 1,2,...,p. The open set U can always be
taken in such a way that U = 71(8(U)) [1]. Let z} be the flow of X*,
fori=1,2,...,p. Since UNG® = G® for all b € B(U), and since G is
B-connected, the distribution D induces a distribution Dy on U, whose
leaves of the corresponding foliation are the f-fibres G°, with b € B(U).
It follows that, for by = 3(go),

_ 1 2 P
go = X, © Loyt o xsp(lbo)7

for some real numbers s, s3,...,s,. Let now F': RP x V — G, be the
map defined by

F(tl,tg, cae ,tp,b) = SL'tll O.’Et22 te Ol'fp(].b),

where V' is an open neighbourhood of b in B, contained in §(U). A dir-
ect computation of the tangent linear map T'F of F, using the relations
[X*, XY]=0for:,7=1,2,...p, shows that

T(sl,SQ,,..,sp,bo)F(cla Coy ... acp7 Xbo) = clxl(g()) + CQXQ(gO) +-+ Cpo(go) + T(l)Xbov
(8)

where ¢y, ¢y, ...,c, are p real numbers. Hence, if
) p )
T(sl,SQ,...,sp)F(cl, C2y...,Cp, Xb) = 07

then X,;, = 0, by applying T3 to the left and the right hand side of
(8), and then ¢; = ¢; = ...¢, = 0. Now, by a dimensional counting
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argument, the map F is étale at the point (sy, sz, . . . Sp, bg), and its image
contains go. So, there exists an open neighbourhood I of (sq, s, ...5p)
in in R?, and and an open neighbourhood V' of by in B, contained
in V, such that that F is a diffeomorphism from I x V' to an open
neighbourhood U’ of g, contained in U.

For (go,mo) € G x M, let

W={(gmeGxM|gelU'},

then W is an open neighbourhood of (g,, mo) in Gx M. For (g,m) € W,
we have

By(m) = yy, 0 y;, 0+ 0 yh (m),
with (t1,%2,...,t,) = p1(F~!(g)), where p; is the projection of R? x B
onto the first factor R?. Since the smoothness is a local property,
®: Gx M — M is a smooth map.

We prove now that & satisfies the relations (i), (ii) and (iii) in the
definition of a Lie groupoid action, see §1.
(i) From (ig, ®4(m)) € G * M, we obtain

p(®4(m)) = B(g), VY (g,m) € G * M.

(ii) Let (h,g) be a composable pair in G x G and take m € M such
that a(g) = p(m), then ®44(m) is the unique element in M with

(Z(hg), q)hg(m)) € S(l,m)'

If y = ®4(m), then (ig,y) € Sam) 80 Sam) = S(igy) = ligS(1,9), by (4).
Since (igih, @ng(m)) € Si,m) = ligS(1,y), We deduce that (ih, ®p,(m)) €
S(1,y), then we have necessarily

Phrg(m) = p(y) = n(®y(m)).

(iii) It follows from (1pm), M) € S(1,m), that D1,y (M) =m, Ym €
M.

We have now proved that the map & is a left action of G on M. The
curve (iE:cth(p(m)), D@ Eaptx (p(m)) (m)) lies in S(1 ), for all X € T'AG,
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and all m € M. By differentiating this curve with respect to ¢ at ¢t = 0,
we get

d

P D@ Eaptx (p(my) (M) = Xt(m),V X e TAG, Vm € M,

t=0

and that proves that X} = X1, V X € TAG.

The uniqueness: assume the existence of a left action ¥ of G on M
such that:

d

i U poptx (pimy)(m) = X'(m), VX € TAV, Vm € M.

t=0

For any (h,m) € G x M, let

dinmy = {(hig, Tg(m)), g € Gypmy} -

Since G is a-connected, d(hm is a connected submanifold of G'* M
of dimension dimG — dimB. For any X € T'AG, the integral curve
(RiEzptX (p(m)), ¥Eaptx(pmy)(m)) lies in dipmy. It follows, by a dif-
ferentiation process that

Ahmy € Tihm)d(h,m),

and then, by a dimensional argument, Anm) = T(hm)d(n,m); that is,
d(h,m) is an integral manifold for the distribution A. Therefore, (hig, ¥,(m)) €
S(h,m)- By the lemma 2.3, we have (ig, Vy(m)) € Si,m). Since ®4(m)

is the unique element of M such that (ig, ®,(m)) € Sum), we have
o=V O

Remark 2.6 The module of left (or right) invariant vector fields on G
is composed of complete vector fields if B is compact [7](see also [1]).

Remark 2.7 The conclusion on the uniqueness subsistes if we assume
that ¥ is only defined in an open neighbourhood W of M in G x M, the
manifold M is then identified with the submanifold {(1y(m), m)| m € M}
of G* M. The properties (i), (ii) and (iii) defining a Lie groupoid action
being satisfied locally by ¥, that is ¥ is a local action of G on M.
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-
Remark 2.8 Replacing the left invariant vector field X by the right
invariant Y in the expression of the distribution A, yields the existence
of a unique right action of G on p : M — B such that the induced Lie
algebroid action is the given Lie algebroid action.

3 Integration of morphisms

We assume here that there are given two Lie groupoids G and G’
on a common compact base B, such that G is a-simply connected and
a-connected. We denote by by G x G’ the submanifold
{(9,9") € Gx G| ag(g) = Bc(g')} of GxG'. The following theorem is
the main result of this section. It was pointed out to me by K. Mackenzie
that he has obtained with P. Xu a general version in [9].

Theorem 3.1 If F: AG — AG', be a base preserving Lie algebroid
morphism, there exists then a unique Lie groupoid morphism f: G —
G', over the base B, such that Af = F.

—

For X € TAG, let X' be the right invariant vector field F(X) on G'.
We check easily that the map — X is an action of AG on 8 : G' — B,
by complete infinitesimal generators, since B is compact. Now since G
is a-connected and a-simply connected, there exists a unique left action
® of G on B: G — B, such that X:{, = X1, by the theorem 2.1.

Proposition 3.2 For all (9,¢") € G x G’ the relation
P,(9") = (I)g(laG(,g))g 9)
holds.

Lemma 3.3 1. The relation a®,(g') = a(g') holds, for all (9,¢') € G xG

2. if g =0g1.92...9p, and if B, (¢") = le(lﬁ/)g’,‘v’ g € G*9) and
foralli=1,2,...p, with a; = a(g;), then

(a) D,(15,) = B4, (15).94,(15). ... @4, (1)), and
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(b) @4(g") = ®,(15,)g', for all g’ such that Bg' = ag.
Proof: 1) For any X € 'AG, we have
TaX'(g') =0="T (93— a®,(g)) X(8(4)),¥ ¢’ € G".

Since the fibre Gg(y) is connected, the map g — ®,4(g’) is constant on
Gp(gy- It follows that

& ((I)g(gl)) = (q)lb (gl)) = a(gl)v

GI

_ 16  _
where b = 1[,(9,) = 1a(g).

2) We prove simultaneously the assertions (a) and (b) by induction
on the number of elements g; involved in the decomposition of g. Assume
that

(i) (I)yz---gp( S(g)) = <I>g2(1a02) s q)gp(lac,:)7 and

(ii) @g,..4,(9") = (Dgzmgp(lg(,g'))glv

then we get the relation (a) by applying ®,, to the left and the right
hand side of (¢); we get the relation (b) by applying ®,, to (i7), and by
using the relation (a). O

Proof of the propositon 3.2: Let (g,¢') € G * G’; since the «
fibres of G are connected, there exist, [1], p sections X!, X?,...  XP of
the Lie algebroid AG such that

1 2 G
9= xtl ° Itz 0...0 x?p(lﬂ(g’)))

—_—
where ¢ denotes the (global) flow of the right invariant vector field X*.
As the maps z; are left translations, one can write

g =1,,(15,)-2,(15,). ... 2}, (13,

where each a; is in B and depends on the numbers t;,¢;,...t,. The

vector fields X ”, 1 = 1,2,...,p are right invariant, by construction;
hence [6]
Pu3016,,) (M) = ‘I’z;(1g(h))(1g£h))ha (10)
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for: = 1,2...,p and for all h € G' . The conclusion now follows by
applying the lemma 3.3, with g; = z} (15). O

Proof of the theorem 3.1: Let f : G — G’ be the map defined by
f(9) = @,(1)),V g € G, (11)
then
o &/(f(9) =o' (2,15,)) = alg), ¥ g € G, by 3.3;
o 3(f(9)) = B(g), Y g € G, since ® is a left action.

e f(9192) = f(91)f(g2), by a straightforward calculation, using the
proposition 3.2.

It follows from the above relations that, the map f is a Lie groupoid
morphism. On the other hand, for any X € T AG, we have

TIX(0) = S| f(Bap tX() = X'(1) = F(X)(5), be B;( |
t=0 12

that is, Af = F.
Assume the existence of another Lie groupoid morphism h : G — G’,
such that Ah = Af = F. Let ¥ be the map

Y,(g') = h(g)g', (13)

defined for all (g, ¢') € G xG'. One can check then easily that the map
VU, defined by the relation (10), is a left action of G on 8 : G' — B,
such that

Xl =x1, v XerAG.

By the theorem 2.1, ¥ = &, hence f = h. O
Corollary 3.4 Let f: G — G’ a Lie groupoid morphism. If
(1) Af: G — G' is an injection then f is an immersion.

(2) If Af is a Lie algebroid isomorphism, and if the o'- fibres of G’
are connected and simply connected, then f: G — G’ is a Lie
groupoid isomorphism.
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Proof: (1) Let X, be a vector tangent to G such that T'f(X,) = 0.
It follows that TaX, = 0, and

TR;,Tf(X,) = Tf(TR;'X,) = Af(TR;'X,) =0,

which implies X, = 0.

(2) Since the inverse (Af)~!: AG'’ — AG of the Lie algebroid
isomorphism Af is a Lie algebroid isomorphism, there exists a unique
Lie groupoid morphism f': G’ — G such that Af' = (Af)~!. From
the relation A(f o f') = A(f) o Af' = ida¢, and from 3.1 we deduce
that f o f' = idg, and similarly f' o f =ids; O.
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