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CAHIERS DE TOPOLOGIE VOL. XXX-4 (1989)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

NON-ABELIAN COHOMOLOGY OF ASSOCIATIVE
ALGEBRAS. THE 9-TERM EXACT SEQUENCE
by Antonio M. CEGARRA and Antonio R. GARZON

RESUME. Cet article étudie une notion d'ensemble de co-
homologie non-abélienne H3(X,®) de dimension 3 d'une
algeébre associative X a coefficients dans un module croisé
d'algébres ®. On obtient une suite exacte naturelle a 9
termes associée a une suite exacte courte de modules
croisés, qui étend la suite exacte a 6 termes de Dedec-
ker-Lue, et se raméne & la suite usuelle abélienne si les
coefficients sont abéliens. Les méthodes utilisées étant
purement catégoriques, des résultats analogues vaudraient
pour les groupes, les algébres de Lie, etc.

INTRODUCTION.

Given associative algebras X and B over a commutative
and unitary ring R, the set Hom(X,B) of homomorphisms of al-
gebras from X to B is pointed with distinguished element the
zero morphism 0: X-=B and the functor

Hom(X,-) : Associative algebras — Pointed sets
is left exact; i.e., for any exact sequence of associative algebras
s B —£5 B 0

the associated sequence of pointed sets

(1) 0 B’

(2) 0 — Hom(X,B) —*> Hom(X,B) % Hom(X,B") — 0

is exact. When B',B and B" are zero-algebras, i.e., the multipli-
cative structure is trivial, the usual cohomology groups of X
with coefficients in the trivial X-bimodules B’, B, B" allow one to
obtain a well known long exact sequence whose first 3 terms
reduce to (2), so that these cohomology groups give an appro-
priate solution to the problem of measuring the deviation from
exactness of the functor Hom(X,-) on short exact sequences of
trivial algebras.

The main object of the non-abelian 2-cohomology for as-
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sociative algebras is to measure the deviation from exactness of
Hom(X,-) on general exact sequences of algebras such as (1). In
1966, by using “crossed modules” of algebras to define non-abe-
lian 2-dimensional cohomology for algebras. Dedecker-Lue in [16]
gave a solution to this problem: associated to the sequence (1)
there always exists a short exact sequence of crossed modules

0': B ——— Ip

Q) i’:B'-————-——)IB

where Ig is the algebra of inner bimultiplications of B and this
short exact sequence induces a 6-term exact sequence of sets
with distinguished elements

0 — Hom(X,B') — Hom(X,B) — Hom(X,B")
— HZ(X,0') — HA(X,0) —HAX,0")

where, for an arbitrary crossed module ® = (5:B-A,u: A-Mgpg),
H2(X,0) was defined in terms of non-abelian 2-cocycles and it
was interpreted in terms of isomorphism classes of extensions
of X by the crossed module @, i.e., commutative diagrams

0 B E X 0
3
B— A

where the top row is a short exact sequence of algebras such
that actions of E on B by translations coincide with those indu-
ced by =.

After Dedecker-Lue's 6-term exact sequence in non-abelian
cohomology associated to a short exact sequence of crossed
modules the main problem is that of giving a measure of the
deviation from right exactness of H2(X,-) adding new terms
(functorial in X and the short exact sequence of crossed modu-
les) by using an adequate notion of H3(X,-). To give a solution
for this problem is the main object of this paper.

Our solution uses the monadic non-abelian cohomology
sets with coefficients in "hypergroupoids” studied in [8,9] and it
was suggested by the results given by J.Duskin in [18], about
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monadic non-abelian cohomology with coefficients in groupoids.
Duskin observes that, in the more usual algebraic categories,
"crossed modules” [26] are equivalent to internal groupoids and
arbitrary extensions of an object by a crossed module corres-
pond to torsors under the associated groupoid, which are classi-
fied by the set of homotopy classes of simplicial morphisms
from the cotriple standard resolution to the nerve of the grou-
poid. The key to define H3(X,®) is the observation that just as
a crossed module ® has associated a groupoid (1-hypergroupoid)
G(®) in V, in such a way that

H%(X,0) ~HE(X,G(D))

(see Corollary 9), it also has canonically associated a 2-hyper-
groupoid G%(®), via an equivalence of categories between the ca-
tegory of crossed modules and a certain full subcategory of the
category of 2-hypergroupoids in V, and we take

H3(X,0) = H%(X, (D).

These sets H3(X,0) have some distinguished elements (neutral
and null classes) which allow us to describe the exactness of a
sequence

H2(X,0) — H2(X,0") — H% (X,0) — H3(X,®) — H3(X,0")
associated to a short exact sequence of crossed modules

O = (5 BoA,uw) — 0= (5:BoA g PoPLPY, gl (5 B oA w)
satisfying in addition that Ker(pg) =Im(§). This condition is
equivalent to the property of the morphism of groupoids
G(p): G(D)-> G(®") being a "quotient map” in the sense of Hig-
gins [25], and we need that to establish the connecting map
H2(X,0)->H%(X,®") since every 1-cocyle under G(®") must have a
lifting to a 1-cochain under G(®). Moreover in such conditions
the morphism of 2-hypergroupoids G2%(p):G2(0)-G2(®") is a
surjective Kan fibration whose "2-hypergroupoid kernel”
gﬁ,(X,d)'), is used to define the "relative” 3-rd cohomology set

H3,(X,0) = HZ(X,G%(0)).

Note that any short exact sequence of algebras such as
(1) has always associated a short exact sequence of crossed mo-
dules with Ker(py)=Im(3') taking 8: B-»A=Ig the canonical mor-
phism into the algebra of inner bimultiplications and A"
=15/8(B’). Therefore for any algebra X there exists a 9-term
exact sequence extending the sequence

0 — Hom(X,B) — Hom(X,B) — Hom(X,B")
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Moreover, in this case, the resulting 9-term sequence is exact of
pointed sets in the 3 last terms (i.e., the corresponding sets H3
have only one distinguished element).

The structure of this paper is as follows. In Section 1,
81.1 is devoted to give a quick review of Dedecker-Lue's non-
abelian cohomology theory. In 1.2 we recall Duskin's low dimen-
sional non-abelian monadic cohomology with coefficients in
groupoids, showing explicitly its relationship with Dedecker-
Lue's theory, and 1.3 is dedicated to establishing a general
6-term exact sequence in non-abelian monadic cohomology car-
rying as examples those classically shown in the more usual
algebraic contexts (Groups, Associative algebras,...). The simpli-
cial way in which this sequence is obtained will allow us to
prove the existence of the 9-term exact sequence in non-abe-
lian cohomology of algebras. In Section 2, 82.1 is devoted to set
up the basic machinery of the 2-dimensional non-abelian monadic
cohomology with coefficients in 2-hypergroupoids; in 2.2, using
that general theory we define the 3-rd non-abelian cohomology
set of an algebra X with coefficients in a crossed module @,
H3(X,®), and in 2.3 we show the announced 9-term exact se-
quence in non-abelian cohomology of algebras, which is a gene-
ralization of the usual abelian one when the sequence of crossed
modules is that associated to a short exact sequence of zero-
algebras.

Although we have choosen the category of associative al-
gebras as the context in which we develop this paper, we want
to point out that the methods, constructions and concepts used
here are essentially categorical and so they are applicable to
many different algebraic contexts as Groups, Lie algebras, etc.

NOTATIONS AND PRELIMINARIES.

Throughout the paper V will denote the category of asso-
ciative algebras over a commutative and unitary ring R.

For an algebra B, Mg will denote the "multiplication al-
gebra” of B. For each element be¢B a bimultiplication u(b) is
defined by

[-l(b)b1 = bbl, bﬂl(b): bib, b1€B;

u(b) is the “inner bimultiplication” defined by b and the map
w: B->Mg is a homomorphism of algebras. The image u.(B)=Ig
of this homomorphism is a two-sided ideal in Mg and the quo-
tient Pg=Mp/Ig is called the "algebra of outer bimultiplica-
tions” of B. Two bimultiplications ¢4,06,< Mg are permutable on
the subset S of B if
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(oybloy = 64(boy), (6ab)oy = o,(boy)

for every beS. A subset M of Mg is permutable on S if every
pair of bimultiplications from M is permutable on S. For more
details about these notions see [27,28].

Given X,B¢V an action of X on B is a homomorphism
@: X->Mpg such that Im(¢) is permutable on B; as usual ¥b and
b~ denote @(x)b and be(x) respectively. An action of X on B
determines an extension of X by B,

0 B Bx X X 0

where Bx X is the semidirect product of B with X, i.e., BXX is
the direct sum as modules and the product of two elements is
given by the rule

(bl’ Xl)(bz, ,‘(2) = (b1b2 + bxz"' x1 bz, 4\’1X2) .

In this paper we will use standard simplicial terminology.
The category of simplicial objects in a category C is denoted
Simpl(C); (E.,E’.) will denote the set of simplicial morphisms
of E. into E'. and [E., E'.]J the quotient set of (E.,E'.) under
the equivalence relation generated by homotopy.

Given a simplicial object E. and n>1, the n-th simplicial
kernel of E. is an object denoted A"™(E.) together with mor-
phisms d;: A(E.)=E,_4;, O < i <n, universal with respect to sa-
tisfying d;d;= d;_yd; for all i{j; and for O< i < n we denote
A"(E.) the object universal with respect to having morphisms
dj:A’,’-(E.) -E O< j < n, j#% isatisfying

djdk= dk—idj for j< k, k*l',

which is called the object of open i-horns at dimension n. For
these objects one has a commutative diagram of canonical mor-

phisms
?-/ ki

AP(E.) e AZ(E.)

n-1v

Fn= (do,...,dn), K? = (dﬂ""’di—l il di+1""’dn)
H? = (dﬂ""’di—17_’di+l"“’dn)'

An n-truncated simplicial object F... consists only of
Fg,...,F, and the usual face and degeneracy morphisms between
them. The process of n-truncating is a functor (usually denoted
by Tr™) which has a right adjoint Cosk™ and built by iterating
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simplicial kernels to truncated simplicial objects. The universal
adjunction property gives a natural bijection

(E., Cosk™F..,)) ~ (Tr™E.),F.¢.).

We will denote by G=(G,p,s) the cotriple associated to
the monadic forgetful functor V-Sets. For XV, the cotriple
determines an augmented simplicial algebra

VR .
G.(X) =.. GAXY)y—/— G(X) —X—5 X

called the standard cotriple resolution of X. Let us note that
this resolution is aspherical, i.e., the canonical morphisms F,
from G™1(X) to A™MG.(X)) and G2(X)-> G(X)xx G(X) are surjec-
tive epimorphisms. For more details about simplicial objects see
[23,291.

1. SIMPLICIAL VERSION OF DEDECKER-LUE'S NON-ABELIAN
COHOMOLOGY FOR ASSOCIATIVE ALGEBRAS.

In 1967 J.Beck gave an interpretation theorem for the
Barr-Beck monadic cohomology groups HY in terms of isomor-
phism classes of torsors (i.e., principal homogeneous spaces)
under internal abelian groups which, in the case of algebras, are
identificable with singular extensions in the usual sense (i.e.,
extensions

0 B E X 0 with B2=0).

This fact has been generalized by J.Duskin in [18] where a low
dimensional monadic cohomology with coefficients in internal
groupoids is developed; here, the cotriple resolution gives rise
to a cocomplex of groupoids where 1-cohomology turns out to
be homotopy classes of simplicial cocycles, and a classification
theorem, analogous to Beck's Theorem, is proved by the notion
of torsors under groupoids. Now, the categories of crossed
modules in algebras and groupoids in algebras are equivalent,
and therefore extensions of an algebra by a crossed module
correspend to torsors under the associated groupoid. Therefore,
Duskin's non-abelian cohomology applied to the category of
algebras gives an alternative simplicial description of Dedecker-
Lue’s H? defined in [16].

Since this general cohomology with coefficients in §rou-
poids is the first stage for establishing our non-abelian H>, we
will give in this section some background on it, showing expli-
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citly its relationship with Dedecker-Lue's non-abelian cohomolo-
gy for associative algebras. Moreover, to obtain the 9-term exact
sequence we will describe the Dedecker-Lue's 6-term exact
sequence by using simplicial cocycles.

1.1, Quick review of Dedecker-Lue's non-abelian cohomology.
Let us remember that a crossed module in V is a system
® = (5: B=A,u: A>Mp)

where A,B<V, Mg is the multiplication algebra of B and § and p
are homomorphisms satisfying

i) Im(y is permutable in B (i.e,, 3b3)=(2b)2", a,a'c A, beB),

ii) 8(8b) = ad(b), 8(b? = &§(bla, acA, beB,

iii) The composite

B—> A —% Mg

maps each element of B onto the inner bimultiplication which it
defines (i.e., bb' = 3P p = p3(bY),
where 2p = p(a)(b) and b2 = (b)ula).

A morphism of crossed modules in V is a commutative
diagram 5
B——— A

1 I

B——— A

3
where f and g are morphisms in V such that
f(2b) = €@ F(b), F(b3) = f(b)8® for all a <A and be¢B.

We will denote by XM(V) the category of crossed modu-
les in V.

In the following ®=(8: B~A,u: A>Mg) will denote a cros-
sed module in V. For Xe¢V, F(X) will denote the free R-module
on the generators (X | x¢X) and N(X) the kernel of the canoni-
cal epimorphism F(X)-X.

A 1-cocycle from X to @ is a pair (f,¢) where f: X-B is
a homomorphism of R-modules, ¢: X—A is a homomorphism of
R-algebras and the condition of ¢~-crossed homomorphism

Flxyxa) = Flxg) Flxg)+ Flx)®X2) 4@ D (1)

is verified for any xy, xy¢X.

ZYX,D) denotes the set of 1-cocyles from X to @ and ta-
king ¢: X—A to be a fixed homomorphism, Z’cP(X,<D) denotes the
subset of Z¥X,®) of those elements of the form (f,¢). Z, (X,®)
is then endowed with a base point (0,¢).
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A 2-cocycle from X to @ is a system (I'1,T'5,¢) where
I : XxX - B, I'5:N(X)» B and ¢: X~ A
are maps satisfying:
® (XL (X5, X3) = T1(X1 X2, X3) + T1(Xq, X2 x3) - T x4, x2) P33 = 0,
2T x;) = To(ErXx;) - YT, (2r; X)),
I Tix xg) = T E N x) - (Er )99,
. T'5 is a homomorphism of R-modules,
. 8T5(Zrx;) = Zrie(x;),
. 8T(xy,x0) = elxyx5) - eix)e(x,)
for r;eR, x,xq,Xx5,x3,X;¢X and Zr;x; e N(X).
We denote Z2(X,®) the set of 2-cocycles from X to ®.
Two 2-cocycles (I',T'5,¢) and (I'(,'5,¢") are equivalent if
there exists a map p: X-B such that
) @' (x) = §p(x)+e@(x),
i) Ty(x1,X0)= plxyxo) - plxg) plxg) - plx)® X2 =@ XDp(x,) + Ty(xyq, x2),
iii) ['y(Zr;X;) = Zrp(x) +T5(2r;X;)
for x,xq Xz, x;¢ X, Zrix;e N(X).

oUW N~

This establishes an equivalence relation in Z%(X,®) and the
quotient set H?(X,®) is by definition the second cohomology set
of X with coefficients in ®. Note that (0,0,¢)cZ%(X,®) iff o:
X-A is a homomorphism. These special 2-cocycles form a privi-
leged subset of Z2, the elements of which are called neutral.
Thus, H%(X,®) is a set with prefered subset OZ%(X,®) of neutral
classes  (i.e., containing a neutral cocycle); the neutral class
containing the neutral cocycle (0,0,9) will be called the ¢-neu-
tral class.

The set H%(X,®) has an interpretation in terms of equiva-
lence classes of ®-extensions of X, i.e., commutative diagrams

0 B—L5E -2 x 0

E = ” j‘m
S
B— A
where
0 B E X 0

is a short exact sequence of algebras such that the actions of E
on B by translation coincide with those induced by =, i.e.,

eb="®p pbe= b pB, ecE.

A O-extension E of X has associated a 2-cocycle from X
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to @, (I';,T5,¢) as follows: To each xe¢X, choose a representati-
ve u(x) in E, that is, an element u(x) with a(u(x))=x; in parti-
cular let us choose u(0) =0. We define

@ (x) = m(ul(x)), Ty(xy, xo) = u(xyx5) - ulxp ulxy), To(Zr;x;) =2r;ulx)

for x,xq,xp,x;¢X, r;eR, Zr;x; «N(X), and it is straightforward
to see that (I';,T'5,¢) is really a 2-cocycle. Note that this cocycle
is normalized in the sense that

©(0) =0, I'5(0) =0 and Ty(x,0)=0=T4(0,x), xeX.

The 2-cocycle (I'y,T'5,¢) depends on a choice of representatives,
but if u'(x) is a second set of representatives, u'(x) and u(x) lie
in the same coset, so there is a map p: X—B given by p(x)=
u'(x)-u(x) and the new 2-cocyle is

e'(x) = Sp(x)+p(x),

[ixq, x) = p(x4x3) = p(ag) p(x5) —p(xi)@(xz) -*

'pxz) + Ty (X, X5),
F'Z(Zrix_'i) = Zrip(xi)+T2(Zrifi) .
So both cocycles represent the same class in H%(X, ).

Therefore we have a canonical map Q: Ext(X,0)->H?*(X,0)
where Ext(X,®) denotes the set of isomorphism classes of ®-
extensions of X.

Now, in order to show that () is a bijection, note that any
2-cocycle (I'},T2,¢") is equivalent to a normalized one (I'y,T3,¢)
through the map p: X-B given by p(x)=-I5(0), xe¢X. Then, gi-
ven a normalized (T'y,I'5,¢)¢Z%X,D) consider in Ext(X,®) the
class of the ®-extension

0 B L5 F 25X 0
5
B —— A

where E=BxX with the operations
(by, x1) +(bg, x5) = (by+ by+T'a(X 1+ Xo- N1+ Xo), X1+ X5),
rib,x) = (rb+I'x(rx-rx),rx),
(by, X (b, x3) = (byby+ b X2+ PXDp - T (x{, x5), x1X5),
B(b) = (b,0), alb,x) = x and v(b,x) = 8§(b) +¢(x),

and it is straightforward to see that 5[(f1,F2,<p)]=[E] is well
defined and it is an inverse of (). Therefore we have a natural
bijection H2(X.®) ~ Ext(X,®) through which the elements of
O2%(X,D) correspond to isomorphism classes of split ®-exten-
sions, that is, extensions with E the semidirect product of B by
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X where the action of X on B is given via a homomorphism ¢:
X-A.

Suppose now that ®'=(3': B=A",u), ® =(8: B2>A,u) and O"=
(8": B">A",u") are crossed modules in V and recall that a se-
quence of morphisms of crossed modules

(in,1) =(py,pg)
in o pP=(py,pg

@ o
is called a short exact sequence [16] if the sequence
0 B’ B B” 0

is an exact sequence of algebras and pg: A>A" an epimorphism
of algebras. Then, if ®'->®-0" is a short exact sequence of
crossed modules, X¢V ¢:X—A is a homomorphism and 9= pge:
X—-A" one has

THEOREM 1 (Dedecker-Lue). There exists a sequence
* — ZL(X,0) — Z,(X,0) — ZH(X,0")

H%(X,0) — HA(X,0) — HZ(X,0")
which is exact in the following sense: The sequence
* — Z1(X,0) — Z,(X,0) — Z§(X,0")

is an exact sequence of pointed sets. An element of Z{(X,®") is
in the image of the preceding map iff its image under the follo-
wing map is neutral. An element of H*X,®) (resp. H*X,0))
lies in the image of the preceding map iff its image under the
following map is the g-neutral class (resp. neutral).

1.2. Low dimensional monadic non-abelian cohomology.

In this paragraph we will recall Duskin's non-abelian mo-
nadic O0- and 1-cohomology theory with coefficients in internal
groupoids in an algebraic category, and we will show explicitly
its relationship with Dedecker-Lue's theory for associative alge-
bras.

Throughout this paragraph C will denote an algebraic ca-
tegory, i.e., monadic over Sets, G =(G,n,s) the cotriple associa-
ted to the forgetful functor C-Sets and for each S¢C, G.(S)
the cotriple standard resolution of S and ng:S— G(S) will denote
the natural inclusion map given by the unit of the adjunction.
We will suppose that G.(S) is aspherical and let us note that
this condition is always verified in all the more usual algebraic
categories (see [23]).
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Let us remember that an internal groupoid G in C is a
simplicial truncated diagram in C:

So
< dg O\
Gi_—d:j Gy
1
together with a morphism in C, m: Gy dy*dgG1~ Gy (the multi-
plication of G) satisfying
i) m(m(x,y),z) = m(x,m(y,z)),
ii) m(x,sgdyx) = x = m(sgdgx,x),
iii) for all xe¢Gy there exists a unique x '« G; such that
m(x,x™ 1) = sgdgx, m(x~1x) = sgdyx.
Usually we will denote xy = m(x,y).

A morphism of groupoids £ :G-G' is a commutative dia-

gram:
Gy gy XdgG1—™ G1Q Go
Fox Fy £ fy

] P

. .__m T >
Gl 4;%dg Gi— G} /=G

and the corresponding category of groupoids in C is denoted by
GPD(C).

Now, in the case G is a groupoid in V, the category of
algebras, since dgsgy = id, every element in Gy can be expressed
uniquely as a sum b+sg(x) with be B=Ker(dy) and x¢Gg; so Gy
is the semidirect product algebra of B and Gj, and the multi-
plication morphism of the groupoid is necessarily given by

m(b+sg(x), b'+sg(di(b)+x)) = b+b'+sg(x)
(because
m(b+sg(x), b'+sgdy(b)+x)) =m(b+sg(x), sgldy(b)+x))+ m(0,b")

=m(b+sg(x), sgldy(b+sg(x) )+ m(sgdyb',b’) = b+sy(x)+ b’ ).

Then m is a homomorphism iff

m((b,b.+Sud1b)(b0,bb+Snd1bu))

= m(b,b'+sgd{b) m(bg, bg+sgdby)
or equivalently iff
Whps p NP0 = pbebb
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which implies that m is a homomorphism iff
bb = NPy = pb9P" for all b, b'¢B.

Then, si B=Ker(dy), translations in Gy via sy define a ho-
momorphism p: Gg»>Mg. and ®(G)=(3: B->Gg,u) where 5= d/B,
is a crossed module in V.

Moreover, a morphism of groupoids f:G—-G' induces a
morphism of crossed modules

O(F) = (F1/Ker(dy), Fg): D(G)=D(G)

and so we have a functor ®(-): GPD(V)=>XM(V) which is an
equivalence; a quasi-inverse for ®(-) is defined by associating to
any crossed module ®=(3: B> A,u) the groupoid

m «
G(D) = (BxlA)dlxdo(BxlA) —— (BXA) —/]—= A

where
dg(b,a)= a, dy( b,a) = §(b)+a, sgla)=(0,a)

and m((b,a),(b’,8(b)+a)) = (b+b’,a),

and to a crossed module morphism (f,g):®—>®" the groupoid
morphism (g,.£): G(®)>G(®') where g(b,a) =(f(b),gla)).

Thus we have

PROPOSITION 2 [26,7]. The category XM(V) of crossed modules
in V is equivalent to the category GDP(V) of groupoids in V.

The 1-cocyles from an algebra X to a crossed module @
have a natural translation in terms of the groupoid G(®).

DEFINITION 3. Given a groupoid G in C and a morphism
¢:S2Gg in C, [',(S,G) is the set of all morphisms f:S-G; in C
such that dgf =¢.

Now, considering a crossed module ® and the associated
groupoid G(®), on has
PROPOSITION 4. There exists a natural bijection

ZiP(X,(I)) ~ T (X,G(D))

given by (f,e)b h with h(x)=(f(x),e(x)), xeX.

Let us note that FCP(X,Q((D)) is pointed by sge and the base
point (0,¢) of Ziq,(X,d)) maps, by the above bijection, into sgo.

Now, if S¢C and G is a groupoid in C, following Duskin
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[18]1 we define the 1-cohomology set S with coefficients in G as
the set of homotopy classes of simplicial morphisms from G.(S)
to the simplicial object Ner(G), the nerve of the groupoid in the
sense of Grothendieck, which is defined as follows:

(Ner(G)); = G;, i =0,1, and in general
(Ner(G)),, = {(xy....,x,) ¢ GY such that dgx;,(= dyx;, 0 < j < n-1};

The face operators d;: Ner(G),-Ner(G),_, are

do(xq,....x) = (Xq,..., X q),
di(xq, o, Xn) TX 0, X joty X i N it Xpmje2s- s Xy 1< 0 < n-1
d(xq....,x,) = (xo,.00, X)),

and the degeneracies s;:Ner(G),_;>Ner(G),, are

sg(Xq,oe, Xpoq) = (X, Xp_q, SgdiX -9,
Si(xl““”\.n—l): (’\’1"“”\}2"1'—*1’ Sod1 '\'n—i+1vxn—i"""\'n)’ 1< j < n-2
Spoq (X, Xp_ 9 = (SgdgXy, Xgpeoo, Xpo 9

A t-cocycle of S with coefficients in G is by definition a
simplicial morphism from G.(S) to Ner(G). We denote Z'(S,G)
the set of such cocyles, i.e., Z(S,G) = (G.(S),Ner(G)).

The homotopy relation defines an equivalence relation in
Z%(S,G) and the corresponding quotient set

H5(S.G) =[G.(S),Ner(G)]

is the set of cotrlple cohomology of S with coefficients in G
[18]. There is in H%(S,G) a subset OL(S,G) of dlstmgulshed
elements ("neutral elements ), those classes of 1- -cocycles
(sgedg’eg)pn=o ("neutral 1-cocycles™) with ¢:S->G,; a homomor-
phism; the class containing the neutral cocycle (sgepdgeg) will
be called the ¢-neutral class.

These HY; are functorial in both variables (contravariant in
the first one).

Let us note that a simplicial morphism f.<(E., Ner(G)) is
completely determined by its I-truncation (fy, fg), since for any
nz2 and veE,

F,0) = (Fid @ Uv), F1d@2d,(v),..., Fidgds... dfv), Fidy...d,(V)

and conversely, an 1-truncated simplicial morphism as below ex-
tends to a simplicial morphism iff the "cocycle condition”

(CC1) fidg(v) fidy(v) = fidi(v) for all veE,

is verified.
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Es, ——— S Eg

fy fo
/‘\

G —/———=Gy

A 1-truncated simplicial morphism
(Fq,fg): TrYG.(X)) - Tr'(Ner(G))

not necessarily satisfying the cocycle condition (CC1) will be
called a 1-cochain and C‘G(X,CN}) will denote the set of such
1-cochains.

Also, any homotopy h.: f.» g. for f.,g.<(E.,Ner(G)) is
completely determined by its truncation h%:Ey>G; and a ho-
momorphism h9 defines a homotopy from f. to g. iff the con-
ditions

i) dnhg = fo; i) d1hn=gu H

(HC1)
iii) fi(z)h%d(z) = hQdglz)g(z), z<E;

are satisfied.

The set H4(S,G) has an interpretation in terms of equi-
valence classes of G-torsors over S (principal homogeneous spa-
ces over S under G). Let us recall that a G-torsor over S is a
truncated simplicial morphism

PR
Exgf ——3E—£ >

t‘l T~ 1“’

Gy /=Gy
such that p is a surjective epimorphism, the square

ExgE—90 F

: Jes

dg
Gy — > Gy

is a pullback, and for any (zg,z4,z5) ¢ ExgExgE the cocycle con-
dition

ti(Zu,Zi) ti(li,lz) = t1(20722)
is satisfied.
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A morphism of G-torsors over S is a commutative diagram

S
Exgf —3E—2—5

fxf AN \
. > P
st ——5
ty £)
P

i.e., a homomorphism f:E-E' such that
p'f= P, t'uf= tn and t'(fxf)= tl'
It is easy to see that every G-torsor morphism is an iso-

morphism, and we will denote the set of isomorphism classes of
G-torsors over S by Tors[S,GI.

PROPOSITION 5 (Duskin [181). There exists a natural bijection
HY(S,G) =Tors'(S,G1. =

As we said in the introduction it was observed by Duskin
that torsors under groupoids correspond categorically to non-
singular extensions in the usual algebraic categories. We can
now make this fact explicit in the category V of associative
algebras.

Let us suppose ®=(B-A,yu) is a crossed mocule in V and
G(Q®) is the associated groupoid as in Proposition 2. If

Exyf —— = E—2%— X

T

B4A —33A

is a torsor over X under G(®), then
Ker(a) ~ Ker(dg: ExE->E) ~ Ker (dg:BA—A) = B

and so we have a commutative diagram

B—E —— F—% X

5

B——mmmA
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where B(b) is the unique element of E such that

t1(0,8(b)) = (b.0)e B4 A
(toB(b) = todi(0.8(b)) = d1t1(0,B(b)) = di(b.,0) = &(b)).

Moreover, the actions of E on B by translation coincide with
those induced by tg. In fact:

t1(0,eB(b)) = t,l(e,e)(0,8(b))] = (0, ty(e))(b,0) = (f0(®p,0)
which implies B(t0‘®b) = eB(b) and

t4(0,B(b)e) = t,[(0,B(b)),(e,e)]1 = (b,0)(0,tyle)) = (bt0o{e Q)
whence B(b t0(®)) = g(b)e. Conversely, if

B—2B E—Y X

5

B——A

is a ®O-extension of X, it determines canonically, up to isomor-
phism. a torsor over X under G(®) which is given by

T

Exyf — S E—%—— X

tll /__\ lto
BxA —=

where ti(e,f(b)+e) = (b, tg(e)) which is a morphism since

til(e,B(b)+e)(e,B(b)+e)] = t(ee',B(bb)+B(b)e'+eB(b)+ee)
=t{(ee',B(bb)+ee’) + t,(0,B(b)e’) + t4(0, ef( b))
= (bb', tglee)) +t,(0,8(bt0®Y))+¢,(0,B(%0'® b))
= (bb'+bto'e) + to(®p ¢ (e)tgce))
= (b, tg(e)) (b, tgle)) = ty(e,B(b)+e)ty(e,B(b)+e).

Finally the condition ExyE ~ (BXA)x,E is clear, the iso-
morphism being (e,f(b)+e) b ((b, tgle)),e). .

Since the ®-extensions are classified by Dedecker-Lue's H?
and the G(®)-torsors are classified by Duskin's H' it is clear
that there must be a natural isomorphism between them and we
will give now the explicit relationship. For this, we will use the
description of H! in terms of the simplicial "covering” of S,

Cosk9(G(S)— 8) =
= = T
oo G(S)«gG(S)xg GIS) =——=3 G(S) =g G(S) =——= G(S) —S— §
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The asphericity of G.(S) implies:
i) The canonical simplicial morphism gq.:G.(S)—>Cosk%(G(S)-S)
given by
q,tlz) = (dfz,dg" ' d',z,...,dgds...d,;z,d1d5...d,,z), z ¢ G?*1(S),
is a surjective epimorphism in any dimension.

ii) Any simplicial morphism f.<(G.(S),Ner(G)) factors uniquely
through the simplicial morphism gq. .

G.(S) a

fl “Cosk®(G(S) — )
-

Ner(G)

iii) Any homotopy between simplicial morphisms in
(G.(S),Ner(G)) induces another between the corresponding facto-
rizations through q.. Consequently. g. induces natural bijections

Z'5(S.G) ~ (Cosk?(G(S)=S).Ner(G)).
HL(S,G) ~ [Cosk?(G(S)=S),Ner(G) 1.

Let us recall that for any algebra X, G(X) is the tensor
algebra over the free R-module F(X) on the generators (3] ¢ X),
" 600 = FX®(F0SREX)® ... 8 (FX0)8g.. OgFX)) ...

Then, an element v<G(X) has a unique expression such as
V= IrNgtErpN@N; v 42y N®N® .8\
and therefore. veKer(ey: G(X)=>X) iff
IriXp+ZrpX;X; v+ Zrg XX xp = 0
and one can write
V= ErpX; +EZrpNoNG vt Zrg NGNS N8N - NN +
ot Zry N®N® BN -GN TN,
Using this, it is plain to see that, if T(X) is the R-submodule of
Ker(cy) generated by all elements of the form
Vo = X{Xo- X{® X5,

V3 = X1XoX3 ~ ;'1® {2@ ;(3.

one has

PROPOSITION 6. T(X) is free. as a R-module. on the generators
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Vo,V3,.ecy V..., and Ker(ey) is, as an R-module, the direct sum
of T(X) and N(X) = Ker(F(X)-X). n

PROPOSITION 7. Given an algebra X and a crossed module ®=
= (3: B= A, ) there exists a natural bijection

9: Z2X,0) ~ ZL(X,G(D))

which maps one to one neutral 2-cocycles into neutral 1-cocy-
cles.

PROOF. Let us give (I'{,I'5,9) ¢ Z2X,®). The map ¢ induces a ho-
momorphism gg: G(X)>A such that gg(Xx)=¢(x), xe¢X. Since
every element in G(X)xyxG(X) has a unique expression such as
(z,v+z), veKer(ex: G(X)->X), if we map

v2 = iy, xp),
V3 — F1(x,x2,x3)+1"1(X1,X2)<p(,\'3)’
v Ty(x1 X2 X3, Xg) +T1(x1 X5, x3)® X8 4T (xy, xp) P3P XD,

(x3)...0(x,)
Vi F— Ti(Xgeo. X X+ + Tylxyg, xp) €737 #0n0,

we have a well defined map (really a homomorphism of R-mo-
dules) g1: G(X)xxG(X)>BxA given by gylz,v+z)=(g(v),gg(2)),
where g;:Ker(eyx)-B is given by I'; and the unique homomor-
phisms of R-modules induced by the above mappings, using that
Ker(ex) = T(X)®N(X). In other words, &, is the unique map ma-
king commutative the diagram

Sg

Ker(ey) —— G(X) xxG(X) —— G(X)

| b " e

B—— BYA —— A

This map g4 is a homomorphism iff the conditions
i) gi(vz) = g(v)80D i) g(zv) = 80D g (v)

are verified for all z ¢G(X) and veKer(sx); but if Y={z ¢ G(X) |
i) and ii) are verified for all v ¢Ker(ex)}, Y is a subalgebra of
G(X) and it is straightforward to see that {xX|xe¢X}CY. So
Y=G(X) and g is a homomorphism.

Moreover, by construction dggy= ggdy and gysg=Sgg&yp;
then the pair (gq.g¢) is a truncated simplicial morphism
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N

—_—

G(X) xxG(X) 3 G(X)

M

BNA._——______)—'>A

iff digy=ggdi- Now, since dygylz,v+z)=88(v)+gglz),
digy=gody iff §8(v)=gg(v) and, by using the conditions defi-
ning a Dedecker-Lue's 2-cocycle, it is straightforward to see
that this relation is true for any veKer(sx). So, (g1,g¢) is a
truncated simplicial morphism which satisfies the cocycle condi-
tion since for any (zg,z{,z5) ¢ G(X) x5 G(X) xy G(X),

gl(zU'zl)gi(zl722) = (gl(zi—zu),gg(z0))(§1(zz~z1),g0(21))
= (gl(lzflu),gu(ln)) = gl(Zo,Zz).
Conversely, a truncated simplicial morphism (gy,gq4) has
uniquely associated a Dedecker-Lue's 2-cocycle (I';,'5,¢) where
I'i: XxX — B is given by (Tj(xy,x5),0) = g(0, X[ X5~ X{® X5),
I'y:N(X) — B is given by (I'x(Zr;x),0) = g4(0,2r;X) and
@: X>A is given by @(x)=gqa(Xx).
So we have just a bijection 9:Z2(X,0) ~Zz(X,G(®)) which
clearly maps neutral 2-cocycles into neutral 1-cocycles. =

The following proposition shows that two Dedecker-Lue's
cocycles are equivalent iff their images by 9 are homotopic.

PROPOSITION 8. Given two 2-cocycles (T'y,T'5.9), (I',T'5,¢") in
Z2(X,D) there is a canonical bijection between the set of maps
p: X= B which define Dedecker-Lue's equivalences from (I'y,I'5,¢)
to (I',T'5,¢) and the set of homotopies from 9(Ty,[,) to
I, To,07) .

PROOF. Let 9(I'y,I'5,9)=(gy,gg) and I, TH e)=(gy g'%0).

Since G(X) is the free algebra on X, to give a homomorphism
h8: G(X)>Bx A such that dgh{= gg, dih§= gy is equivalent to
give a map p:X—-B such that ¢'(x)=8p(x)+e(x) and hJ(X)=
(p(x),e(x)), xe¢X. Now, the homotopy condition

g1(z,20h8(z’) = h{(2)g'(2,2"), (2,2") ¢ G(X) x3G(X)
is equivalent to the conditions
1. Ty(xy, X2) = plx1x2) - p(x1) p(x3) - plx) ®X2_ XD 550 4 Ty x4, X0)
2. To(Zr X)) =Zrip(xp) +Ta(Zr;x), Xxq.x2,x;¢X, Zr;x;eN(X),
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for Dedecker-Lue's equivalent cocycles. In fact. since any ele-
ment (z.z29¢G(X)»yxG(X) can be expressed as (0,v)+(z,z),
veKer(ey). and for elements as (z.z) the homotopy condition is
easily verified. we reduce the homotopy condition to
£1(0.v)h§(v)= g1(0.v). which is equivalent to 1 if veT(X) and to
2 if ve N(X). . PY

COROLLARY 9. For any algebra X and crossed module ®, 9 in-
duces a canonical bijection H2(X. (I)) HG(X.G(®)) mapping bi-
jectively O%(X.0) onto O'G(X.G(D)).

1.3. The 6-term exact sequence in non-abelian monadic cohomo-
logy.

In the more usual algebraic categories the 6-term exact
sequences in non-abelian cohomology [12,16,26,2....]1 are associa-
ted to "short exact sequences” of crossed modules; this concept
corresponds categorically to that of surjective precofibration (in
the sense of Grothendieck [21]) of groupoids. We note this fact
in the case of algebras.

PROPOSITION 10. The equivalence of categories XM(V) ~ GPD(V)
carries short exact sequences of crossed modules into sequences
of groupoids

=)
=

such that
1. G is the subgroupoid kernel of q (i.e..

Gi= {xeGylgy(x) = sgpgdg(X)D.

2. pg is surjective.
3. q, is a precofibration, i.e.. the canonical morphism (qy, dg)
from Gy to G g40%pGo is surjective. .

Now we will establish a general 6-term exact sequence
associated to a sequence of groupoids in an algebraic category C
satisfying the above conditions 1. 2 and 3. That sequence res-
tricted to the more algebraic contexts (algebras, groups,...) is
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equivalent to those classically established in them. Moreover,
the simplicial way in which it is obtained will be used to prove
the existence of the 9-term exact sequence for algebras.

PROPOSITION 11. Let (qy.pg): G—>G" be a precofibration of grou-
poids surjective on objects and let G’ be the subgroupoid kernel.
For any morphism ¢:S—>Gg there exists a sequence

¢ — L (8,6) < [, (5.¢) 2% (8,67
X

HL(S.6) 25 HG(S, @) 1 H'G(5,6")
where 9= pgye, which is exact in the following sense:
The sequence
. i qx .
* — [, (S,G) —= I, (§,G) — I(5,G")

is an exact sequence of pointed sets. An element of I'q(S,G") is
in the image of the preceding map iff its image under the follo-
wing map is neutral: an element of H4(S,G) (resp. HL(S,G) )
lies in the image of the preceding map iff its image under the
following map is the @-neutral class (resp. neutral).

PROOF. The exactness in the 2 first terms is clear.

We define the connecting map y%Tg(S,G")->H'g(S,G). Given
feTg(S,G"). there exists a morphism u©:G(S)>G; such that
(g, dg)u=(f,@leg and we have a pair of morphisms (f,fy) whe-
re fq:G(S)>Gy is given by fg= dyjur and fy: G(S)xgG(S)>Gy is
given by f(zg,z¢) =pl(z o) u(zy) for any (zg,z4) e« G(S)xgG(S).

Note that f(zg.z{) ¢ G} since

q1f1(zg.29) = qu(z )" 'qqu(zy)
= (feg(zg)) N feg(zy)) = sgpoeeslzyg)
and (fy,fg) is a truncated simplicial morphism which satisfies the
cocycle condition since
dnf1(20,21) = dn[.i(lg)_1= d1[.1(lu) = fu(ln) = fndu(lu,li),
difi(lu.zl) = dl[J.(Zl) = fn(zl) = fﬂdl(ZO'Zl)’
f1 Sn(l) = f1(Z,Z) = Sudﬂi(l) = SOFU(Z)’
Filzg,z)Filzy.z5) = plzg) P ulzDu(z) Yz,
= wlzg) Yulzy) = Filzg, zo).

Then (fy,fg) defines a 1-cocycle whose class in HG(S,G)
does not depend of the election of ¢ since if y' is another mor-
phism with (qq,dglp’'=(f,pleg and (f{,fg) is the corresponding
cocycle as above, the morphism h{:G(S)>G, given by
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h8(z)=u(z) " 1y'(z) defines a homotopy from (fy,fg) to (f{,fy).
Thus, we define ELT4(S,G")->HG(S,G) by EUF) =[(fy,fgl.

The exactness in Tg(S,G"): Let gel(S,G) and f = q1g:S-Gy.
The morphism ©:G(S)>G; given by p=geg verifies (g, dglp =
(f,p)eg, so EXF) =L(f,fg)] where fg= dju= d;geg and
Filzg,zy = plzg) tu(zy) = sgdiges(zyg)

and therefore £Xf) is the ¢'-neutral class where ¢'=d,g.

Reciprocally, let f ¢T'g(S,G") such that EXF) is the ¢'-neutral
class. If p:G(S)~G; is a morphism such that (q,,dglu=(f,¢)eg
then E%f) is represented by the 1-cocycle defined by the pair
(Fg.fy) where fy = djp and fy(zg,z) =p(zg) tu(z,) and so it
must exist a morphism hJ:G(S)->G, defining a homotopy from
the cocycle (fg,fy) to (sge'egdg.@'sg). Then, the morphism
g':G(S)>G; given by g'(z)=u(z)hJ(z) factors through eg since
for any (zg,z¢) « G(S)xgG(S):

g(2)=u(zg)h(zy) = ulzg) f1(zg,z)h§(zy) = p(z)Dh(z)) = g'(z)

and so there will exist g:G(S)—>G; such that gzg= g! It is plain
to see that q;g = f and dgg =¢, i.e., geT(S,G) and q.(g)= f

The exactness in HG(S,G'): Let f «I'g(S,G") and yXf)=[(f,fg)]
with fg= dqp and f(zu,z1) ulzg)” 1H(21) for a homomorphism
u: G(S) > Gy verifying qiu- feg and dgu=¢ecg. Then i,xXf) is the
@-neutral class in H%(S,G) since hJ=u defines a homotopy
from (sgpegdg.peg) to i [(f1,f )1.

Reciprocally, if [(f{,fg)le HL(S,G") is such that i,[(fy,fg)] is
the ¢-neutral class, there w1ll exist a homomorphism hJ:
G(S)-G, such that dgh§=¢cg, d{hJ= fy and for any (z4.z) in
G(S)xgG(S). hi(zg) filzg,zy)= h¥(z,). Then the morphism gq;hg:
G(S)»G'] factors through eg so that there will exist f:S->Gj
such that feg= g hd and f ¢T4(S,G") since

dofes = doqih§ = podohd = poots
and consequently dgf = pge. Now. recalling the definition of x1,
it is clear that the coc_\cle associated to f via the choice of p=
h3 is just (fi.fg).
The exactness in H&(S,G): Let [(fy,fg)l¢Hg(S,G"). Then
q*i*[(fi,fg)] = [(QIfl ,pufu)]

and since pgf, factors through ¢g, there will exist a morphism
¢":S->G"y such that pyfg=¢“cg. Moreover, since f; has codo-
main G,
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qify = sgpofoedg = sg@ esdp
so that q,i,[(f{.fg)] is the ¢"-neutral class.
Reciprocally, let [(g; ,g)1< H§(S,G) be such that

q.l(g1,80)] =1(q181,Po&0)]

is the ¢"-neutral class. Then there will exist a morphism hg:
G(S)—~>G| defining a homotopy from (gy,g4) to the neutral cocy-
cle (sge"egdg,¢"eg). Now, since q is a precofibration there
exists a morphism o: G(S)-G; such that (g, dgla=(hg,gg).
Then the pair (f,fg) where

fg= dia and fy(zg,z9) = alzg) Ygy(zg,z2Palzy),
defines a 1-cocycle of Z'G(S,G) since
qi1fi(zg,29) = qalzg) " 1qig1(zg,2¢) qralzy)
= hQ(zg) Yq81(z 9,2 h3(2z) = sge eglzy),
and
Filzg,z) Filzy,25) = alzg) gz g.z)alz)alz) 1g(zy,25)alz,) =
oz tg(zg,20) alzy) = Filzg,z5).

It is clear that h§=a defines a homotopy from (gygg) to
ix(f{,fg) and so the proof is finished. "

2. NON-ABELIAN H3 WITH COEFFICIENTS IN CROSSED MO-
DULES. THE 9-TERM EXACT SEQUENCE.

As we said in the Introduction, the object of this section
is to define for any algebra X and any crossed module @ a
3-dimensional cohomology set H3(X,®), functorial in both varia-
bles, such that it allows to obtain a 9-term exact sequence
associated to a short exact sequence of crossed modules, exten-
ding the Dedecker-Lue's 6-term exact sequence and reducing to
the usual abelian one in the case the short exact sequence of
crossed modules corresponds to a short exact sequence of ze-
ro-algebras.
Since the notion of H3(X.®) is given using the monadic
'c non-abelian cohomology with coefficients in hypergroupoids
we start in the next paragraph recalling, in an algebraic category
C, some results about the monadic non-abelian cohomology H%
which was studied in more generality in [9].

2.1. Non-abelian cohomology H%;.
DEFINITION 12 [23]1. A 2-hypergroupoid in C is a simplicial ob-
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ject G. in C such that for O<i<m and all m> 2 the morphism
(dﬂ! ‘ 17 ) I+ 1 d ) Gm — AII'TI(G.)

is an 1somorphlsm. The full subcategory of Simpl(C) whose
objects are 2-hypergroupoids is denoted 2-HYPGD(C).

A canonical example of 2-hypergroupoid is given by the
Eilenberg-MacLane complex K(M,2) for M an internal abelian
group in C, which is defined as the 3-coskeleton of the trunca-
ted simplicial object

0 for m=0,1
KM,2),, = M for m=2
M3 for m= 3

with d;: M3-M, i= 0,1,2 the projections and

d 3(xg,x1,X3) = Xg—Xxq+Xxo.

In [17], Duskin proves that the usual monadic cohomology
of an object S with coefficients in the internal abelian group M.
HZ%(S,M), is isomorphic to [G.(S),K(M,2)1, the group of homoto-
py classes of simplicial morphisms from the standard cotriple
resolution of S to the 2-hypergroupoid K(M,2). This fact and
the equivalence of Corollary 9 suggested the definition we give
in [91 of the cohomology sets with coefficients in arbitrary
hy pergroupoids as:

DEFINITION 13. Let G. be a 2-hypergroupoid in C and Se¢ C. The
second cotriple cohomology set H%(S,G.) of S with coefficients
in G. is defined as the set of homotopy classes of simplicial
morphlsms in C from the standard cotriple resolution of S into
G., i.e.,, H%(S.G.) = [G.(S),G.1.

A 2- coqc]e of S with coefficients in G. is by definition a
simplicial morphism from G.(S) to G. and the set of 2-cocyycles
is denoted Z%(S,G.).

In the more usual algebraic categories (Groups, Associative
algebras, Lie algebras,...) any 2-hypergroupoid G. has associated
a sub-2-hypergroupoid defined as the simplicial subobject of G.
generated by the degenerate 2-simplices. A  2-cocycle
f.¢Z%(S,G.) which factors through that 2-hypergroupoid will be
called neutral and so H%(S,G.) is a set with a subset of "neu-
tral classes”, i.e., contammg a neutral 2-cocycle. Let us note
that every morphlsm ©:S>Gy determines the neutral 2-cocycle

(s89esdd™ D pao-
Clearly HE is functorial in both variables.
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Just as in the 1-dimensional monadic cohomology, 2-cocy-
cles and homotopies between them are determined by their
2-truncations verifying appropriate “cocycle” and “homotopy”
conditions. In fact, any simplicial morphism f.¢(E.,G.), with G. a
2-hypergroupoid, is completely determined by its 2-truncation
(fo,f{,fg) since for n23 and ve¢E,:

Fov) = (KB)“UF,_4do(V) oo, Frqdp{V),-),
and conversely. a 2-truncated simplicial morphism (f,,fy.fg) ex-
tends to a simplicial morphism iff the “"cocycle condition”
(CCZ) d3(K33)—1(f2du,f2d1,f2d2.—) = f2d3

is verified (see [9]).
Also, any homotopy h.: f.- g. for f.,g.<(E.,G.) is com-
pletely determined by its truncation (h3,h},h§) since for m=2

AT = (K'Y UF,,, - R dy,..., kT 1d,,),

hm =
(KT_,.l)—l(ht}’_ldn,..., h’l??'ldi—l’dih?l‘l’-’ him_ldi*i,...,h{n_idm),

hf:j = (Kn;’+1)—1(h%_1d0,..-,h%_ldm_l, dmb%—l!—)’
and conversely, a truncated homotopy (h{, h},h§) extends to a
homotopy from f. to g. iff, with

hZ = (KA~ Ufy-, hddy, hidy), hE = (KD Whddg dih3.-. hildy)

and b22 = (K%)—l(hlidu,hlldl,dzhzl,‘)
then the homotopy condition
(HC2) dsh% = g,

is verified (see [9]).

The following proposition shows that in the more usual
algebraic categories the homotopy relation between 2-cocycles is
an equivalence relation.

PROPOSITION 14. Let G. be a 2-hypergroupoid in C which is a
Kan complex (i.e.. the canonical morphisms K{™ are surjective).
Xe¢C and 2-cocycles f.,g., t.<(G.(S),G.).

(@) If h.: f.» g. and h'.: g.» t. are homotopies. there exists a
homotopy h: f.—> t..

(b) If h.: f.» g. and h': f.= t. are homotopies. there exists a
homotopy h'.: g.— t. .

PROOF. (a) Since the canonical morphism K{£:G,=AZG.) is sur-
jective, there is a morphism V:G%S)-»G, with KZV=
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(dyhd,-,h'§ dy. Then we define

h"gu = d1VSn, h"u1 = d1(K13)_1(h1,‘,V,VSnd1)
and B = do(K3) " UVsqedy,Y,-, h'H
where Y=d{(K) Xh}l-,V,h'd. Thus

doh"8 = dgd{Vsg = dgdgVsg = dgdihgdsg = fy,

djh"g = d1d1Vsu = d1d2VSn = dlb'on = to,

duh"u1 = d,,h,,1 = fy, dph"} = d{Vsgyd; = h"%d1 ,
doh"y = d;Vsgdy = h"2d,,

dih"} = d;Y = dyV= dlh"U‘, dzh"} = dzh'} = ty,

h"}sg = dyspVsg = sih"§
(since (K) " Nhg,-,V,Vsgdy)sg= s5Vsy),
h"Ysg = dysgVsg = sgh"§
(since (K~ Yh}-,V,h'{)sg = s;Vsy and so
(K3) " UVsgdy,Y,-,V,B'}) sg = sgVsp).
Then (h"d,h"1,A"9) defines a truncated homotopy

which extends to a homotopy from f. to t. since the homotopy
condition is verified: In fact, let

h'2 = (KA~ Wfp, -, h"ddy, h"Lds),
h'Z = (KD Uh"{dy, dyh"§,-, h"1d))
and h"2 = (K~ Wh"1dg, h'l1d,, dah"E,-).

The homotopy condition is d3h"% = t,. To prove that consider
the morphisms
Xy = (KA Xhd-,V,Vsgdy) . Xp = (KA Un},-, v, 0,
X3 = (K UVsqedy,Y,-, A1), L = (KD Whddy,dih"§,-,Yd,),
L = (K~ UhE h"2,-,X,d;, X do), Ly= (KO~ UhZ,L,dyLy,-,X0d5),
Ly = (K$) " 1X'dy,L, b"2,-,X3dp),

Ly = (KD~ Nh2,-,Xdy,d3L,,h'3),
Ls = (K3~ UX,dy.diLy,-.d3ls. h'P).
and Le = (K3 UXzdg.X3dy,dsLls,-, 3.

It is straightforward to see that d;d3Lg= d;h"3 for i =
0,1,2, so d3Lg= h"% and therefore

d3h"22 = d3d3L6 = d3d4L6 = dsh'zz = t2.

The proof of b is analogous. =

The well known Moore's Theorem [29], assuring that every
group complex is a Kan complex. allows us to establish the
following
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COROLLARY 18. For any 2- hypergroupoid G. in the category of
algebras V and X<V, the homotopy relation in the set (G.(X),G.)
is an equivalence relation. =

As we saw in 1.2, HY can be calculated using cocycles
from Cosk®(Tr®(G.(S)); the following is the corresponding 2-di-
mensional analogous result.

LEMMA 16. Let be a 2-hypergroupoid in C and S¢C. Then
[G.(S),G.] = [Cosk(TrXG.(S))),G.1.

PROOF. We will show that every 2-cocycle f.¢(G.(S),G.) has a
factorization, which is necessarily unique, by the canonical sim-
plicial epimorphism q.: G.(S)=>Cosk¥Tr¥G.(S))). Given f., consi-
der .
F.oor = Fo o TrHG.(S))=TrXG.) and f,: A%(G.(S))>G,

as follows:

Since G.(S) is aspherical, the morphism g,: G3S)>A%(G.(S)) is
a surjective epimorphism and for each (x,)')eG3(S)XA2(G.(S)Q3(S)
we have that f,y(x) = fy(y). In effect, as

(s1dg(x), s1di(x),x,3) e AXG.(S)),

there is a z ¢ G* such that dj(z)= s;d{x), i=0,1, dy(z)= x and
ds(z) =Y. Then d;f3(z) =d;s,f5(x), 0<i s 2, and as G3~A3(G.)
we deduce that d3f3(z)=d3s,f,(x), that is, fy(x)=Ff5(y). Thus
there is a unique morphism f'5 from A%G.(S)) to G, such that
f2q5=f;.

It is plain to see that f'.=(f5,f{,fg) is really a 2-truncated
simplicial morphism which satisfies the cocycle condition and
therefore it has an extension f":CoskX Tr%G.(S)))=G. which sa-
tisfies f'. q.= f. as required.

As q. is an epimorphism, the correspondence f. |» f. defines
a bijection (G.(S),G.) =(Cosk XTr¥G.(8))),G.).

Finally. if h.: f.» g. is a homotopy between 2-cocycles f. and
g., the 2-truncated homotopy h...=(h{,hY, hg) from f... = ',
to g.¢r = &' ¢ also verifies the homotopy condition for f. and
g. and so it extends to a homotopy h': f.- g.. Clearly if f.
and g are homotopic, then q.f. and q.g" are homotopic too. =

The following lemma will allow us to give a general re-
sult which will be used to establish the 9-term exact sequence
in non-abelian cohomology of algebras.
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LEMMA 17. Let S<C and let q.:G.=»G" be a morphism between
Kan 2 -hypergroupoids in C which is a Kan-fibration. If
g.<Z%(S.G.) is applied by the canonical map

Gx:Z2%(S,G.)~Z2%(S,G")

into a 2-cocycle homotopic to a 2-cocycle f.<ZE(S,G") then
there exists another 2-cocycle g'.«Z%S,G.) homotopic to g. such
that q.g.= f. .

PROOF. lLet h. be a homotopy from gq,g. to f.. We find the
2-cocycle g. with the required conditions as follows: Since the
canonical morphism G{=G" 4 xq,Go is surjective there exists a

morphism HJ: G(S)=>G, such that gsHJ= hJ and dgHJ= g,. We
consider the morphism g'g= djH§. Now, for z ¢G(S) such that z
is not in ng(S) let v,¢G, be such that

qz( Vz) =h(]1(T]G(S)(Z)), dn( Vz) = gl(T]G(S)(Z))’ dz( VZ) = Hgdi(nG(S)(Z))

(this element exists since ¢q. is a Kan-fibration). Then we define
the morphism Hd: G%(S)>G, as the unique one verifying

H&(T]G(S)(Z))= VvV, if Zngs(S) and HgnG(S)T]S = Sng Ns-
Now we define H}:G%(S)>G" as the unique morphism verifying
HlinG(S)nS = So]‘igns and for =z SG(S), z an(S)' H}(T]G(S)(Z)=
w, where w,e¢G, is such that
gz(Wz) = h}(nG(S)(Z))’ dn(Wz) = Hgdu(T]G(S)(Z))
and di(w,) = diHd(ngs)(2))
(this element w, exists since q. is a Kan-fibration). Let g'=
d,H} and g%:A%(G.(S))=>G, given by
g5 = d3(K3)"Y(Hdg, Hid,,
d>(K3) " YH{dg, di(K3) ™ Ugs,-,Hdd,Hidy) .-, H{ido),-).
It is tedious but straightforward to see that (g, g%,8%) is a
2-truncated simplicial morphism, which is really a 2-cocycle and
(HLHLHY) is a truncated homotopy defining a homotopy from
g. to g.. Moreover g' is applied by g, into f. since
qog€o = 9odiHf = dyqiHE = dihf = fy

and analogously q;g%=dshi=f; and qog%=d3h3=f, and so the
proof is completed. .

2.2. Non-abelian H3(X,0).

Now. we will use the general monadic cohomology with
coefficients in 2-hypergroupoids for our purpose of defining an
adequate 3-dimensional cohomology of an algebra with coeffi-
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cients in a crossed module. The key for that is the observation
that just as a crossed module ®=(3: B-A,u) in V has canonically
associated an internal groupoid in V (i.e., a {-hypergroupoid)

G@) = ... BMAT_—=3Z3 A

having in fact an equivalence of categories XM(V) =~ GPD(V) (see
Prop. 2), it also has associated a 2-hypergroupoid in V, denoted
Qz((b), in such a way that one has a full and faithful functor

G2(-): XM(V) — 2-HYPGD(V)

and so there is an equivalence between XM(V) and a certain full
subcategory of 2-HYPGD(V). We will use this functor to define
H3(X, ).

The 2-hypergroupoid G?(®) associated to a crossed module
® is defined as

= S —
G2(®) = Cosk2((Bx sBx5sB) 3 A == (Bx zB)2XA=—5 BA=——=A)

where BX A is the semidirect product algebra, (Bx,B)2x/A is the
R-submodule of B%*PA whose elements are those 5-th uples
(bg,by,by.by,a) such that 3(bg) =3(by) and 5(by) =8(b3) and who-
se structure of algebra is given by the product
(bg.by. by, by,a)(b'g, by ,b'5,b'3,a") = (b, by,b%, b5, aa’)
where b = b;bj+b2 +2b,, i=0,1.2.3,
(BxsBx4B)3x/A is the R-submodule of B°®A which consists of
those 10-th uples (by,..., bg,a) satisfying
3(bg) = 8(by) = 8(by), 8(bz)= §(by) = 8(bg), §(bg) = 8(by) = §(bg)
and whose product is given by
(bg,..., bg,a)(by,..., bg,a’) = (b"y,...,b'g, aa’)
where b = b;b;+b2 +3b,, i=0,....8,
the face and degeneracy operators are given by:
dg(b,a) = a, dy(b,a) = §(b)+a, sgla) = (0,a),
dg(bg,by. by, by,a) = (by,a), dy(bg, by, by, bz, a) = (bs,a),
do( bg,by, by, bz,a) = (by-by,a),
sg(b,a) = (b,b,b,b,a), sy(b,a) = (0,0,b.b,a),
dgy(by,...,bg,a) = (by, by, by, bjy,a),
dy(bg,...,bg,a) = (by,by,bs,bg.a),
dy(bg,...,bg,a) = (by,b3,bg,bg.a),
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dz(bg,...,bg,a) =
= (bu—b4_+ b7“b3+b2“b1,b2“b1, b2‘b1+ b8" b3, bs’bi,a),
Su(bn,bi,bz,b&a) = (bn,b,,bz,b&bn,bz, b3,b3,b3,a),
Si(bo,bi,bz,b3,a) = (b1’b17b17 bn,bz,b3,bo,b2,a),
Sz(bo,bi,bz,b3,a) (0,0,bl,bi,O, b3, b3,b0,b2,a)‘
It is straightforward to see that G2(®) really is a 2-hypergrou-
poid in V and besides, if (py,pg): ®>®" is a morphism of cros-
sed modules one has an induced morphism of 2-hypergroupoids
q.:G®)>G2(®") determined by qg= pg, qi(b,a)=(py(b),pgla))
and

q2(b0’ bi’ bz, b3,a) = (Pl (bo),pl( bl)’ Pl( bz),Pl(b:;),Pn(a)) .

So that G2(): XM(V)-»2-HYPGD(V) is a functor. This clearly
is a full and faithful functor and it is not difficult to observe
that it gives an equivalence between XM(V) and the full subca-
tegory of 2-HYPGD(V) consisting of those 2-hypergroupoids G.
satisfying:

i) The canonical morphism G.-Cosk(Tr¥G.)) is a split epi-
morphism;

i) -

Trl(G.) = Gl —_— Gu

is a groupoid (with the only one possible multiplication mor-
phism, see 1.2):
iii) ©4(G.)=0 and m5(G.) ~ 1 (TrXG.)) as Gg-modules.

DEFINITION 18. The third cohomology set of an algebra X with
coefficients in a crossed module ®. denoted H3(X,®), is defined
as H3(X,®) =H<23(X,C~;2(<D)).

Clearly H3(X,®) is functorial in both variables.

REMARK 19. As we observed in general in 2.1, a 2-cocycle
g.¢Z%(X,G%(®)) is equivalent to a truncated simplicial morphism
(g2,81,89) from CoskXG.(X)) to G2%®) satisfying the condition
(CC2); now, if we express gy(z), zeG3(X), as an element of
Bx A by (g4(z),gpdgl(z)), to give gy is equivalent to give the
godg-derivation g;: G(X)»B and the simplicial identities reduce
to & must verify §3,(z)+godg(z)=ggdi(z) for z<¢G*X) and
£i5o(x)=0 for xeG(X). Likewise, the simplicial identities imply
that for any (zg,zy,z2) ¢A%G.(X)), ga(zg,zy,25), as an element
of (BxAB)leA, has the form

(gz(ln,zi,ZZ),gI(Zu),g1(2n+22),g1(21),gud0(20))
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and the fact of g, being a morphism of algebras is equivalent

to that of the map £,:A%(G.(X))-B being a gyd@-derivation, re-

ducing the simplicial identities on g, to the equalities
ng(Zu,Zl,Zz)"'ggdo(lg) = gﬂdl(zﬂ)’ g2(2,2,50d1(l))= gl(Z)

and Bolsgdylz),z,2)=0

and the condition (CC2) takes the form:

82(zg,21,25)- E2(zg,y1,)2) +8alzy, 1, W2) - 8alz2,52,W2)

=g(z)-g(25)
for all 81'Z21)-81\Z2

(20,21,22), (Zu,)'i,)'z), (Zl,)'i,Wz), (Zz,)'z,Wz) €A3(COSkl(G(X))

Consequently we will identify a 2-cocycle g. with the sys-
tem (gg: G(X)—>A, &: GAX)-B; g»: A%G.(X))>B).

In the same way, if g.=(gg,8,.82) and g.=(g,81,.85%) are
2-cocycles, a homotopy h.: g.— g'. is determined by its trunca-
tion hJ:G(X)->BxA, hd h!:G3X)>(Bx,B)2xA satisfying the
homotopy condition (HC2). Now, if we express hJ(x)=
(hg(x),ggdu(x)), xe¢G(X), as an element of BXA, to give hg is
equivalent to give the gg-derivation hJ:G(X)->B verifying
SA3(x)+go(x) = gg(x). Likewise, the simplicial identities imply
that, for any z ¢G%X), hJ(z) and h(z) take, as elements of
(BxAB)zxu\, the form

h}z) = (A}{2),8(2),8(2)+ h§dy(2),W(z),gqdq(2)),

AMz)=(ANz),hJdg(2),8(2)+ h)dg(2),W(z),g'adg(2))
and the fact of ~hui,h11 being morphisms of algebras is equivalent
to that of Ad, hf!, W:GAX)>B being ggdg-derivations, reducing
the simplicial identities on h{, h{,W to the equalities

Sh}z)+godg(z) = gody(z), §AMz)+ gody(z) = &odp(2),
SW(z)+godg(z) = gadi(2), Af(sg(x)) = 0
and Wi(sg(x)) = Af(sg(x) = AJ(x) for z ¢GAX), xeG(X),

and the homotopy condition (HC2) takes the form
Bolzg,21,25)-8x(zg,24,25)
= Az g-z1*zo)-h{z g-z1+22) + B1(zo-2) - A d(z o) + E{(z o)
for all (zg,z1,22) ¢ A%(G.(X)).

Consequently we will identify a homotopy h. between
2-cocycles g. and g with the system

(h:G(X)-»B, hY, A}, W:G3(X)»B). =
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The cohomology set H3(X,®) reduces to the usual mona-
dic abelian cohomology when one considers the crossed module
(M-0) defined by a zero algebra M according to [17] (3.7) and
the following lemma:

LEMMA 20. Let M be a zero algebra, then the 2-hypergroupoid
G2(M-0) is homotopically equivalent to K(M,2).

PROOF. Consider the natural inclusion i.:K(M,2)=G2(M-0):

R

KM,2: ... M=/ 0 0
i
3
Go(M-0): ... M*—//—/——= o0 0

where iy(x)=(x,0,0,0), and the simplicial morphism «. from
G2(M-0) to K(M,2) determined by

ax(Xg,X1,X2,X3) = Xg=X{+Xo-X3.
It is clear tha a.i. = 1g(ng,2). Moreover it is plain to see
that the morphisms h§=0:0-M and h{,A!: M->M?* given by

h01=0 and hf(x)=(x,0.\',0), determine a homotopy from i.a. to
1g2(M—0); that K(M,2) is a deformation retract of G2(M-0). =

Let us recall now that, in general, a 2-cocycle g. in
ZzG(S,G.) is neutral if it factors through the simplicial sub-
object of G. generated by the degenerate 2-simplices. Now, for a
crossed module @ in V, we are going to analyze in more detail
the neutral 2-cocycles with coefficients in G2(®) using for this
the canonical morphism

X

Ner(G(®)= ... (BxA)ggxq(BXA) ———= BxA A
J. j
N
GA(D) = (BxaBP XAT”/——=SB4A ————A

determined by
j2((bu.3),(b1,8(bu)+a)) = (bu,bn,bu+b1,bu+b1,a).
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In fact, it is plain to observe that the subalgebra of G2(®) ge-
nerated by the degenerate 2-simplices has as 1-truncation

BX|A —_— A
and it consists in those 2-simplices which are of the particular
form (b,b,b’,b’,a); thus clearly one has that a 2-cocycle
g.«Z%(S, G2(<I>)) determined by the system (gg,81,82) is neutral
iff for any (zg,z1,z5) ¢ A2G.(X)),

8o(zg,24,2z5) = g(zg) and Zy(z4-2z4+z,) = 0
i.e., iff it factors through Ner(G(®)), but the simplicial mor-
phisms under Ner(G(®)) are just the 1-cocycles under G(®) or

equivalently the Dedecker-Lue's 2-cocycles with coefficients in
®. So we have

PROPOSITION 21. The canonical morphlsm j.: Ner(G(D))— G%(d)
induces a bijection between Z%(X,0) ~ ZG(X G(D)) and the set of
neutral 2-cocycles over X under G2(<I))

In order to establish the 9-term exact sequence it is ne-
cessary to point out two larger subsets than that consisting in
the neutral cocycles which, recalling the terminology used by
Dedecker in [13], will consists of “"null cocycles”. We introduce
these cocycles as follows: The simplicial morphism j.:
Ner(G (®))— G2(®) has two factorizations through the simpli-
cial algebra Cosk G (D))

Ner(G(®)) —L— G2(0)

1) \ %
Cosk (G(D))
where the simplicial morphisms i..r. and t. are determined by:
iu=l'0=tu=1A, 1'1=r1=t1=1B,<|A,
ix((bg,a),(by,8( bg)+a)) = ((bg,a),(bg+by,a),(by,3(bg)+a)),
rz((bu,a),(bl,a), ( bz,s( b0)+a)) (bl'bz, bu,bn*'bz, b1,a)
and tz((bn,a), (bi,a),(bz,s(ba)"‘a)) (bu,bo,bn+b2,b1,a).
Then we introduce the r-null 2-cocycles (resp. t-null 2-cocycles)
under G%(®) as those which factor through r. (resp. t.). A class

in H3(X,®) is called r-null (resp. t-null) if it contains an r-null
(resp. t-null) 2-cocycle.

"
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Let us observe that Im(r.) is just the simplicial subalge-
bra of G2(®) generated by those 2-simplices (bg, by, by, b3,a) in
(BxAB)2><IA such that bg-by+by~-b3=0 and Im(t.) is the simpli-
cial subalgebra generated by those 2-simplices (bg,by,by,b3,a)
such that bg=by. So, a 2-cocycle g.¢Z&(X,G%(®)) represented
by the system (gg,£,82) is r-null iff gy(zq,zy,z5) =
81lz)-8(z5) and it is t-null iff g,(zg,z4,z5)= g(z4) for any
(20,21,22) € AZ(G-(X)) .

Since to give a simplicial morphism from Cosk¥G.(X)) to
Cosk (G(®)) is equivalent to give its 1-truncation, we have

PROPOSITION 22. There is a canonical bljeCthn between the set
of r-null 2-cocyles (t-null 2-cocycles) and C{(X,G(D)). =

REMARK 23. Because Cosk!(G(®)) is aspherical, any simplicial
morphisms f.,g. from CoskXG.(X)) to Cosk G(®)) inducing the
same morphism between the augmentations are always homoto-
pic; likewise, any morphism g:X->A/3(B) has a "lifting” to a
simplicial morphism g. from Cosk!(G.(X)) to CoskXG(®)) and
therefore the set of r-null elements (¢-null elements) in
H3(X,®) is bijective to the set Hom(X,A/8(B)) by the map which
associates to each r-null (t-null) class the induced morphism
between the augmentations by any 2-cocycle representing it.

It is clear that every neutral 2-cocycle is an r-null 2-co-
cycle and also a t-null 2-cocycle, and the following proposition
expresses a necessary and sufficient condition to the coincidence
among neutral, r-null and ¢t-null classes.

PROPOSITION 24. Let ®=(5: B> A,y) be a crossed module in V.
For each Xe¢V let nyx:ZG(X,G(®))->Hom(X,A/8(B)) be the map
which associates to a cocycle the induced morphism between the
augmentations

«

G2 (X) —/———=3 G(X) > X

81 & g ’_)ﬂ'x g
T~

BYA_——3 A — A/§(B)

(such a map corresponds to that called "crest” by Dedecker-Lue
in [161). Then the following conditions are equivalent:
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i) For each X<V an element in H3(X,0) is neutral iff it is
r-null.

ii) For each Xe¢V an element in H3X,®) is neutral iff it is
t-null

iii) For each Xe¢V, my is surjective.

iv) The morphism IA/S(B) is in the image Of TA/S(B)-

v) There exists a commutative diagram

o B E A/8(B) — O

| |

B— A— A/3(B) —> O

representing a ®-extension of A/3(B).

Note that this last condition expresses that the class of
2-fold extensions

0 — M=Ker(d) B 8 A A/8(B) — O

of A/8(B) by the A/38(B)-bimodule M in HZ(A/8(B),M) is zero
(see [7]1 Prop. 8.15, [9]), i.e., the obstruction to the abstract
kernel (§: B-A,1, ,5(B)) vanishes.

PROOF. The equivalences i) «iii) and ii) «iii) are immediate con-
sequences of the above remark; iii)=iv) is trivial and iv)=iii)
is proved as follows: since for any f ¢ Hom(X,A/8(B)) the com-
position of G.(f): G.(X)>G.(A/8(B)) with a 1-cocycle

gEZh(A/S(B),Q(‘D)) such that nA/S(B)(g') =1A/8(B)

gives a 1-cocycle over X under G(®) which is applied by my into
f. Finally iv) and v) are clearly equivalent. .

It is clear to observe that the diagram (I) is natural on
the crossed module @ and this fact allows us to use the notion
of r-null 2-cocycle to define a "2-hypergroupoid kernel” of the
2-hypergroupoid morphism G2(p):G3®)->G2%®") induced by a
short exact sequence of crossed modules

o — o —L o
Let us note that the groupoid kernel of G(p): G(®)->G(D"),G(D),
is just the simplicial subalgebra of G(®) consisting of those
1-simplices (b,a)< B4 A such that p,(b) =0.

DEFINITION 26. Let
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(py,pg)
= (8 B>A,u) — @=(5:BoA,u) LLLPO, g (5 B AT 0
be a short exact sequence of crossed modules. The 2-hypergrou-
poid kernel of G2(p), denoted G%,(®"), is defined as the simpli-
cial subalgebra of G2(®) generated by those 2-simplices which
are applied by G2(p) into the image of r.:Cosk HG(D"))>G2(D").

Explicitly, G o(®) has
BX| A——-——.—) A

as l-truncation and consists of those 2-simplices
(bg,by,by,bz,a)e GA®) such that py(bg-by+by-b3)=0
For an algebra X we will denote
H3(X,0) ~ HE(X,G%(D)).

The definition of G%(®") is justified by all the following
development; see especially the following remark, the definition
of the connecting map and the proof of the exactness in the
sequence.

REMARK 27. In the case of
= (M=0) — 0 = (M=>0) — @" = (M"=0)

being the short exact sequence of crossed modules associated to
a short exact sequence of zero-algebras M'->M-M", it is easy to
observe that the homotopical equivalence a.:Qz(fb)-ﬁK(M,Z) esta-
blished in the proof of Lemma 20 restricts to an equivalence
between G (®) and K(M',2) so that H> 2(X.®) is the usual abe-
lian cohomology with coeffncnents in M".

2.3. The 9-term exact sequence.

In this paragraph we establish the 9-term exact sequence
in non-abelian cohomology of algebras, using for that the des-
cription of Dedecker-Lue's 6-term exact sequence in the simpli-
cial way shown in 1.3, i.e., that obtained as example of Proposi-
tion 11 when one considers the sequence of groupoids in V,
G(®)->G(P)>G(d") associated to a short exact sequence of
crossed modules ¢'>0->0":

¥ — T,(X.G(D)) — T, (X,G(0) — TH(X,G(0")

HL(X,G(®)) — HG(X,G(®)) — HL(X,G(D).
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Obtaining the elongation will necessitate a restrictive con-
dition on the sequence of crossed modules since we will need
that a cocycle under G(®") has a lifting to a cochain under
G(®). The following proposition shows a sufficient condition for
that.

PROPOSITION 28. i) If q,:G—-G" is a morphism of groupoids
which is a quotient map in the sense of Higgins [25], i.e., qq is
surjective and the canonical morphism

(q1,(dg,d1):G1=G (ay, dy)=(qgxag (Co*Go)

is surjective. then any cocycle f.<Z'G(X,G") has a lifting to a
1-cochain under G. i.e.. there exists (g{,g9) ¢CH(X,G) such that
qigi= fl" i=0.1.

ii) Let

O'=(8:B-A,u) — ©0=(3:B->A.y) O =(8":B">A",u")

be a short exact sequence of crossed modules. Then G(Q)->G(D")
is a quotient map iff Ker(pg) =Im(§). Such a sequence verifying
this condition will be called a "short strongly exact sequence of
crossed modules”.

PROOF. Given f.¢Z%(X,G") let gg:G(X)>Gy be any morphism
satisfying qggg=fg. For each z ¢G(X) such that z gny(X) let
v,¢Gy be an element verifying

P=(py,pg)

ql(Vz) = fl(nG(X)(Z))’ do(Vz) = ngB(Z) and dl(vz) = g0d1(Z);

then we define g;: G3(X)>G, as the unique morphism satisfying
EMgoonx(X) = sggonx(x) and gyngx)(z)=v, for each z¢G(X)
and z Znx(X).

It is straightforward to see that g g;= f; and (gq,gq) is
a truncated simplicial morphism from G.(X) to Ner(G) and so i)
is proved.

ii) In these conditions, G((py,pg)) is a quotient map iff for
each b"¢B" and ag,aj;¢A such that §"(b")+pglag) = pgla,), there
exists be¢B satisfying p;(b)= b" and 5(b)+ag=ay; but, since p,
is surjective, that condition is verified iff for each a ¢Ker(py)
there exists beKer(py) =B such that &b =a, i.e. Iiff
Ker(pg) =Im(8"). .

If
=(py.pg)
O =(5:B>A,u") — ®=(5:BoA,p) 2—PLPO, g o (57 B s A", u)

is a short strongly exact sequence of crossed modules, there
exists an adequate "connecting map” y2: H3(X,0")->H%(X,®) de-
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fined as follows: Each 1-cocycle f.¢Z{(X,G(®") has a lifting to
a 1-cochain under G(®), say (gy, gu)eC (X G(®)), i.e., a trunca-
ted simplicial morphism from Tr%G.(X)) to Tri(Q((I))) such that
q181= f1 and pggo= fg:

T
G2(X) —=G(X)
81
& fy

BNAT—= A

f
N‘i ‘)"A\
R e —

which in general is not a 1-cocycle, but according to Proposition
22 it canonically defines through t.: CoskG.(X))=G?%®) a t-null
2-cocycle g. under G(®) (explicitly, g. is the 2—cocycle corres-
ponding to the system (gn 81, 81dg). This 2-cocycle g. is carried
by composition with G 2(p) into an r-null 2-cocycle under G2(0")
(really into a neutral 2- -cocycle) and so it factors through
G%(D).

We claim that the class of g. in H} (X,®") only depends
on the class of f. in H3(X,0"). In effect, let h.: f.- f. be a
homotopy between 1- coqcles under G(®") and g. and g' the as-
sociated 2-cocycles under G (®) as above. Then a homotopy H.:
g£.— g’ is built as follows: Smce G(p): G(P)->G(P") is a quotient
map of groupoids there exists HJ: G(X)»>Bx A such that

qH§ = hg. dgHg= go and d{Hf = g¥:

denoting .
HJ(x) = (H3(V),gg(¥) e BxA

we define HJ. H: GA(X)->G%(0"), by
H{(z) = (8,(2).81(2).8(2)+A8dy(2),8{(z)+HJdg(2),gqdg(2))

and Hf(z) =
(A8dg(z) A3 dg(2),8{(2)+Hidg(2).2{(2)+HJdy(2), ggdg(2)

(note that . _ .
Pt(g{(ZHHng(Z)): fi(2)=hgdn(l)

= F(z)+h8d(2) = py(g(z)+HFd(2))

the last equality by the homotopy condition).
It is easy to see that (HJ,H{ ;HJ) is a truncated homoto-
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py from g. to g verifying in addition the homotopy condition
(HC2) (see Remark 19) and so it extends to a homotopy H. as
required. Therefore, the correspondence f.|> g. according to the
previous construction induces a well defined map

x2: H3(X,0")>H%(X,0).

The following proposition expresses that y%([f.1) is preci-
sely the obstruction to [f.] being in the image of p,:
H2(X,0)->H*(X,0").

PROPOSITION 29. Let
=(py,Pg)
D= (5 B=A,u) — O=(5:B=A.p) —PLPO, g o (57 B > A", u")

be a short strongly exact sequence of crossed modules and X

an algebra. The sequence
2

HAX,0) -2 H2(X,0") —— H3(X.0)

is exact in the sense that an element is in the image of p, iff
it is applied by y? into a neutral class.
PROOF. Let g.¢Z(X,G(D)) be a 1-cocycle: then x?p,lg.] is re-
presented by the 2-cocycle which belongs to Z%(X,G%(0") de-
termined by the system (gg,8{,81dg) which is neutral since g. is
a 1-cocycle and so g(zg-z4+z5) =0 for all (z4,z4,25) ¢ AXG.(X)).
Conversely, let f.eZIG(X,Q((D")) be such that y2[f.1 is a
neutral class in H%(X,0). To prove that [f.1¢eH%X,®") is in
the image of p. let us suppose (g;,g0) ¢ CL(X,G..®)) is a 1-co-
chain lifting of f. and g. = (gg,&y,8dg) ¢ ZL(X,G%(®)) the cor-
responding 2-cocycle such that y2[f.1= g.; since [g.1 is neutral
there will exist a neutral 2-cocycle g'.=(g'y.&{.8;dgy) (so veri-
fying &,(zg-z1+22)=0, (zg4,24,22)¢A%G.(X))) and a homotopy
h.=(h3,hd At W) from g. to g'. Then, using this homotopy, we
build the following 1-cocycle f.¢Z%(X,G(D)): take f5 = go and
fi:G3(X)>Bx A given by
Fi(z)=(hM2)-h¥2)+g(2)- hdi(2)+ §{(2),g0dy(2)), z ¢GAX).
One has
S(AMz)-hE2)+8(2)-h§d(2)+8{(2)) = ggody(2)-gadgl2),
Alsg(x))-Ad sg(x))+g1(sg(x))-Afdi(sg(x))+E{(sg(x)))
= h§(x)-h8(x) = 0.
1;11(2U—Z1+Zz)'501(20‘21"’22)*‘?1(20‘21*22)‘Egdl(la)+ggd1(21)
-h8d(zo)+B{(zg-21+25) = B{(zg)-(z o)+ Bz g)-B{(zg) = O
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(using the condition (HC2)) and
pilAMZ)-hf{z2)+ g (2)- R di(2)+ g{(2)) = p g (z) = Fy(2)
(since hd, he (G%(D)),); from where (f;,fy) defines a 1-cocycle

f. ¢Z'5(X,G(D)) such that p,(f.)= f. so that the proof is com-
pleted. =

Now, recalling the definition of y2, it is clear that i,yx?
maps any element of H2(X,0") into a t-null element of
H3(X,®). Really one has:

PROPOSITION 30. In the same conditions as in the previous

proposition, the sequence
2 .
H2(X,0") —— HE(X.0) —— H3(X,0)

is exact in the sense that an element is in the image of Y2 iff
its image by i, is a t-null element.

PROOF. Let g.=(gg, 81, 85)¢Z%(X,G%(®")) be such that i,[g.] is
represented by a t-null 2-cocycle g'.=(gg,£(,.81dg) and let
h.=(h§,h{ h!.W) be a homotopy from i,(g.) to g.. Using this

homotopy we define the following ¢t-null 2-cocycle g"=
(g5.81" & dy): Take
go= go and g"(z)= h}{z)- hz)+ hdd(2)

(note that 3(g,'(z))= ggdij(z)-ggdg(z) and g{'(sy(x))=0). Since
P1(g1"(ln-21*22))= pl(ﬁol(lu-Zr"Z?_)‘511(20—21'*22)+i’)gdl(Zg))
= p,(gz(zo,zl,22)-g{(zu)+§1(zz-zi)+g{(z0)) =
= Pt(gz(lu,ll,lz)+g1(22)’g1(l1)) =0
(using successively (HC2), see Remark 19, and the fact that
g2(29,2z4,z5) is in G%(®)), we have that g" factors through
G%(®) and the pair (qg{",pggo’) defines a 1-cocycle over X
under G(®") whose class in H%X,0") is clearly sent by ¥2 to
[g"]1; but g" represents in H%(X,QY) the same element that g.

since the system (hAJ,HJ} H!, W) where
I:IJ(Z) = EOI(Z)"EII(Z)"'Eng(Z), ﬁil(l) = Egdo(Z)s
Wi(z) = A}z)-hMz)+hldy(2)+ Afd (2),
determines a homotopy from g. to g" so that the proof is com-
pleted. L]

The following is a consequence of Lemma 17 and the de-
finition of G%(®").
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LEMMA 31. If

=(py,pg)
0= (5:B=A,u) — O=(5:B-A,p) L—LLPU, o (57 B oA, uY)
is a short exact sequence of crossed modules such that the in-
duced morphism pq:Ker(8)—>Ker(8") is surjective (or equivalently

that the induced morphism Ker(pg)/8(B)~>A/8(B) is injective) the
sequence

H3(X,0) —*— H3X,0) —2*— H3(X,0")

where i, is induced by the inclusion Q%D(CD')-)G2((D) and p, b
G2(p) is exact in the sense that an element is in the image of
ix Iff it is applied by p, into an r-null class.

PROOF. The condition of p,:Ker(§)—-Ker(8") being surjective is
equivalent to that of G2%(p): GA®)->G2(®") being a Kan-fibration;
then if g.¢Z%(X,G%(®)) is such that p.(g.) is homotopic to an
r-null 2-cocycle, Lemma 17 implies that there is another 2-cocy-
cle g. homotopic to g. such that p,(g') is an r-null 2-cocycle,
but then g factors through G%(®)and so the class of g. is in
the image if i,. That p,i, carries all element into an r-null
class is obvious. .

COROLLARY 32. In the same conditions as in Proposition 29 the
sequence

H3(X.0) —=— H3(X.0) —2=— H3(X,0")
is exact in the sense that an element is in the image of i, iff it
is applied by p, into an r-null class.

PROOF. The condition Ker(pg) =Im(8’) implies that the map py:
Ker(8)=>Ker(8") is surjective. L]

In summary, by Theorem 1, Propositions 29 and 30, Corol-
lary 32 and Remarks 23 and 25, we have:

THEOREM 33. Let

.o e . _ p=(py.pg) . faw Ty .
O =(@:B-A,¢u) — 0=@:B2A,p) ——— 9" =(§": B"=>A",u")
be a short strongly exact sequence of crossed modules in V (i.
e.. such that Ker(pg)=Im(8) ). For any algebra X and any ho-

momorphism ¢: X—>A there exists an exact sequence. extending
Dedecker-Lue’s 6 -term exact sequence

r —ZL(X0) —5 ZLX,0) £ z21 (x,0 LoH2AX0)

«__i*_,//’/uy//
2

H2(X,0) 2% H2(X,0") 25 H3(X,0) = H¥(X,0) 2% H3(X,0")
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whose exactness in the three last points is as follows: An ele-
ment is in the image of p, iff its image by Y2 is neutral; an
element is in the image of Y2 iff its image by i, is t-null; an
element is in the image of i, iff its image by p, is r-null.

Moreover, if there exists a ®-extension of A/8(B) with
crest 15 ,5(g) then neutral =t-null =r-null and the exactness is
established in the sense that an element is in the image of a
map in the sequence iff its image by the following map is neu-
tral. m

In the particular case of ® being the crossed module of
inner bimultiplications in B and @"=(B"—Ig/3(B’)) the exactness
in the 3 last points is established in terms of pointed sets.

Finally, by Lemma 20 and Remark 27, the sequence of
Theorem 33 reduces to the usual abelian one when the sequence
of crossed modules is that corresponding to a short exact se-
quence of zero-algebras.
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