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CAHIERS DE TOPOLOGIE Vol. XXVIII-3 (1987)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

FINITE OBJECTS AND EXTENSIONAL RELATIONS
BY Osvaldo ACUNA-ORTEGA

RéSUMé, Dans cet article, on caractérise les cardinaux
finis dans un topos arbitraire au moyen des relations
extensionnelles (Corollaire 11 du Theoréme 10>. On y démontre
aussi que l'objet N des nombres naturels est bien ordonné dans
le sens suivant:

E Vxeanv X € 28 A 3,0 2 € X
D 3pen be XA Vaen (neX =2 b < n»d

(Corollaire 4 du Théoreme 3).

This paper presents a characterization of the finite cardinals
in any topos by means of extensional relations. In the process we
prove that N the natural numbers object is well ordered in the fol-
lowing sense:

PVX‘QN (XEzNAEacNaEX
D Toen Yoen (e X A D¢ b2 n= Db A be .

In the boolean case this was proved in [5].
If E is an arbitrary topos, Y e IEI, K> is the smallest
subobject of Q¥ that contains
{Ivi ¥ 2 QY "ghr 1 9 QY
and is closed under binary unions. K* (¥) is the smallest subobject of

Q' that contains {Jv: Y 4 Q¥ and is closed under binary unions.

OBSERVATIOKS.
@ K> = {W e K(Y) | 3y x € W),
) K+ C KW 21 is a coproduct diagram: K(Y) = K*(Y)+1.
(1ii) If Y is decidable

(= Vipev (x =y V x 2y)
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then K(Y) is decidable. K(Y) is a boolean subring of 2¥, and moreover
K() is an ideal of 2.

The first is obvious, the second is Proposition 3.8 in (1], and
the third is the union of Corollary 3.7 and Corollary 3.9 of [1].

DEFIRITION. Let E be an arbitrary topos, Y € IEl, ¢ C YxY a partial
order. If < = ¢ N({MAv), then:
(a) (Y,9) is extensional if r: Y - Q' is monic, where
I=rx ={ye¥Y !l y< x.
(b) (Y,8) is strongly inductive if:

F Vieay (Vaey ({ye Y 1 y< x> C Xy 2 xe Xy) 3 X =7Y).

() «,9) is strongly transitive if it is extensional and
strongly inductive.

(d)> If X is a variable of type Q' and x is a variable of type
Y, then "x minimal X, " denotes the formula

Vv (g xA yeXi 3 y=x A xe Xy,
analogously define "x maximal X. ".
(e) L(Y) and Le*(Y) denote
X e 2| Vigeavr X1 C X A X1 € K*(Y) 2 3wy x minimal X))
and
e 2] Vegeat Xy C X A Xy € K*(Y) 2 3uv x maximal Xi))
respectively.
(f) "X. is l.or." denotes the formula:
Vipov 5,y € X1 2 x= yV x< yV y< x
LEMNA 1. Let E be an arbitrary topos, (Y,8) a partially ordered
object, Y decidable. Then K(Y) C L{(Y)NLer(Y).
PROOF. It suffices to prove that L(Y) is closed under binary unions

and contains
"$: 1 2 Q* and {Iv: Y 2 Q.
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FINITE OBJECTS AND EXTENSIONAL RELATIONZ 3

(1) It is clear that "g': 1 3 Q' factorizes through L(Y).
(11> {v: Y 9 Q" factorizes through L(Y):

= xe " Y'AX: C D AX e KX 2 X = {x)
3 Vv yeXi Ay$xay=0ANxc s
3 F,.v y minimal X..
Therefore

= xe Y 3 Vear 1C x> A Xy € KNCY) 3 3,0y y minimal X2,

(Y is decidable: = {x} € 2¥) 23 {x) € L)
(111> L) is closed under binary unions:

= a,be LAY ATC aubaleK (D

4

abelLd)AanNICaAbDICbATeXK()AICLaub
abe L) A aNleK(Y)YVaNl =" > AanlICa~nbnl
CbhbAaleXkKr¥o)AICaub
(a,be LYY AanNlekK (M AanNICanbnNlC b
VAC bATeK Y)ADbelLN AICaub
a,be LY) AL anNleK-W)AaDllCaaAnbnNIChB
V 3zv z minimal D A I C au b
2 (3wev X minimal a NI A Hyv y minimal bOI A I C aub)
V 3zv z minimal I
3 (Gwev 3yer (X minimal a NI A y minimal NI A IC aub
V 3zv z minimal I
2 (3x,5ev X minimal a NI A y minimal DNI A ({s e a NI | s< y} = ¢
Vi{iseaN!ls< yeK@)AICaub V 3z, zminimal I
3 B, pev Yy minimal I V 3. ,ev ¥ minimal a NI A y minimal b NI
A {sealNlls¢yreK®DAICaub V F3u zminimal I
2 (EBx,y,wvy X minimal a NI A y minimal b NI
A wmninimal {se€ aNl | s y» A I C aub) V 3zv z minimal I.

4

4

4

On the other hand:

E ¥ minimal a NI A y minimal b NI A w minimal (s ¢ a NI | 5 ¢ »
AICanbAarswharel
2 x minimal a NI A y minimal b NI A w minimal {s € aNI | s ¢
ArswhanreanNlVreb0OD
2 r=wV (¥ minimal a 0I A y minimal b NI
A wminimal (s aNl | s ¢ Y} A r<wAre bl
I r=wV atwAwsSyAr=y
ar=wV (r=w) 3 r=ow

Then we have
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= x minimal a Nb A y minimal b NI A w minimal {s ¢ aNI | s ¢ y

3 w minimal I.
Therefore:

F abeld AICaubATle K (YD) 23 Fwy wminimal I.
Then:

F abe L) 2 View dCaubAleK(Y) 2 Fuv wninimal D.
3 aUbe LY.

Ve have proved that K(Y) C L(Y). Replacing ¢ by
¢or (= {G,y) | (y,x) e )
and applying the previous argument we have
K> C Lee(Y), and so K@) C LNLr).
COROLLARY 2. If E is an arbitrary topos, Y € IEl decidable, ¢ C YxY a

partial order. Then:

(a) If (Y,9) is linearly ordered then there exist f,g: K* () 4+ Y
such that:

I= Xv € K*() 3 (f(X4) € X1 A g‘(X1) € Xa
AVuy (xe Xy 3 FX) € x A x ¢ gDl

(b) If r:' Y » Q' 1s such that
I=r¢) ={xeY | x< y)}
and r factors through K(Y) then:

I= Y, e &% 23 3y x minimal Y,
where

I= @M = X1 € 2¥ | 3y x € X1 ).

PROOF. (a) It follows immediately from Lemma 1.

) I= ¥1v e @)% 3 Fyev Yo €2Y A ye Yy
D v Yi €2 A {x 1 x ¢y e KD A ye ¥y
3Ty yeVh NAx Il x ¢ AYN{x T x €y e KD
AN xlx<y e Kr() A ye Yo
3 Swv X minimal ¥, D {x | x ¢ ) A ye Y,
3 3wy ¥ minimal Y,
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FINITE OBJECTS AND EXTENSIONAL RELATIONS 5

THEOREX 3. If E Is an arbitrary topos, Y € IE| decidable, ¢ C YxY a

linear order and if r: Y - Q' factors through K(Y). Then there exists
f: 2" 4+ Y such that

= Yy e @M% 3 £ € Y A Viey (xe ¥y 3 £ ¢ X

Proof. Immediate from Corollary 2.

COROLLARY 4. If E is an arbitrary topos and X € |El is a finite
cardinal or the natural numbers object and ¢ C XxX is the canonical
order. Then there exists f: (2*)* -+ X such that:

E Ae @9 23 fA)eAAVaex (n e A 3 fA) ¢ m.

PROOF. Obvious.

Corollary 4 shows that the natural numbers object is well
ordered in the classical sense when E is boolean, this result was
proved in [5].

PROPOSITION 5. Let E be an arbitrary topos, Y € I|El, K-finite,
decidable and ¢ C YxY a partial order. Then:

= VxpeaY (Vv (€Y [ y< 0 C X1 2 xeX) 23X = YD,

PROOF.
E X e2Y AVuevr {ye Y 1 y< x> CXy 3 xe Xv)
X2 A Vv ({ye Y1 y< 0 CXv 3 xe X)
A O =TV Y-X o gD
33X =Y AVwey {yeY 1 y<x»CXi 3 xeX)
A Fzev z minimal (Y'-X1)
3% =WV Ve HyeYl y< x» CXe 2 xeXi)
Adzy {ye Y1 y< 220 X0 A z¢ X
"Y'V zeXis Azg¢g X 2X: =YV false
Y.

3 X,
3 Xy

i

COROLLARY 6. Let E be boolean, Y € IEl, K-finite and ¢ C YxY a partial
order. Then (Y,) Is strongly inductive.

PROOF. Apply Proposition 5.
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PROPOSITION 7. Let X be decidable, ¢ C XxX a partial order. It r:
X » Q* factors through KX) and (X,$) is extensional then

ExeXAye X"A{zl z¢xris lor. A {z | z ¢y} is l.or.
3 xyVy<xVy=x

PROOF. Consider

= xe "XV A pminimal X' 3 xe X' A {y |l y< p =g
Uy ly< D= Viyly< 0 eK X Ayl y< p=7g

4

3 %= pV Gax g minimal {y | y< x> Ao {y | y < pr = """
3 x=pV Hyly< @ ="A{yly< p =T Arqg<x0
3ax=pV@g=pAglx 3ax=pV pdlx

Therefore

F xy e X A pmninimal X" 3 (p< xVp=x) A(pLyVp=wy
I P XAPE MV y< xVx<yVx=y
3 Goex P XA PSP Vyl xV x<CyVx=y
3{z1z< xAz P eKADVy{ xVx{yVx=y
3 @eex rmaximal (z 1 z< x Az yH V y < xV x<{yV x=y

On the other hand

= a minimal {(z! r<{ zA z ¢ x} A bmninimal {z| r< zaA z¢m
Azl z¢xris lior. A {zl z ¢y is lor. A b < a
3 aminimal {z1 r< zA z¢$ X Ar<{ bAh<aAnr<a
3 amninimal (z1 r<zAz¢x» Ar< b
A<<rVvr<mMHhAh-h<Stanbhz#a
2 h< bV (aminimal {z1 r< zA z ¢ x}
Ar< hAN h<$xAh<t<anh#a
3 h< bV <(h=aANAh#a =3 h< bV false =2 h < b.

By symmetry we obtain that .
= aminimal {z |1 r< zA z ¢ x} A bninimal {z | r< zA z ¢y
Azl z¢x) is loor. A {z ] z ¢ y} is l.or.
2 {h 1 A< b =+{rlth<a =3 a=b
Then:
I=xe XA yeYA pmninimal 'X> A {z | z ¢ x) is l.or.
Azl z<¢ ) is lor.
2 (Erex rmaximal {z 1 z2< XA z<
A 3a,eex @aminimal {z1 r< zA z¢x} A bminimal {z | r< zA z < »
Azl z¢xris lor. A{zl z¢y is lor. Vx< yVy< xVx=y
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2 (3r,a,0ex rmaximal {z | z< xA z< yp A a=b
Ar<anatxAr<bAabty) VL yVy< xVx=y
2 (3r,aex rmaximal {z 1 z< xA 2z

Ar<canasxhrhasyp Vx<yVy<xVxs=y
3 (Ar,aex rmaximal {z 1 z< xA 2P A @a=x Val x
AGa=yVa< npAr<aiVvx<yVy<xVx=y

3 (Frax rmaximal {z 1 2z xA 2z Aal x Aaly
Artanrza Vx=yVx<yVy<xVx=y

3 @raxr=anrza VxyVylxVx=y

3 false Vxy=yVx<yVy<x

3 x=yVx<yVyd<x.

Resuming all the preceding arguments we have:

l=xeXAyeXAand{zlz¢xtis lor. A {z]
3xeXAyeXAAzl z¢xr is lor. A {z |

¢ y» is l.or.

¢y} is l.or.
Azl z<y e KrQD

3 xeXAyeXAA{zl z¢xislor. A{z | z ¢y} is lor.
A Fpex p minimal {z | z ¢ y}

3 xeXAyeXA{zl z¢xis lor. A {z | z ¢ y} is lor.
A Zpex p minimal X7

FFHax x=yVx<yVy<x 23x=yVx{yVy<x.

z
z

LEMNA 8. Let X be decidable, ¢ C XxX a partial order. If r: X + &
factors through K<X) and X,$) is strongly transitive then:

1= Veeex (x < 2A y< 2z 3=y V x<yVy<d .

PROCF. If
S=A{yeXl {xeX |l x< y is lor.}

we want to prove that S = X :
= {z1lz< W CSAx< wAYL< w
3 xeXAyeXAad{zl z< xis lor. A {z1| z< y} is l.or.
3 x=yVx<yVy<lx,

Therefore:

= {z 1 z2< wKD'3 Vupex (,ye {Zz12< W 3x=yV x<yVycx
3 {z | z< w is l.or. 3 we IS,

Since X,©) is strongly inductive we have that S = X.
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THEOREM 9. Let X be decidable, ¢ C XxX a partial order. If r: X » @
factors through KX) and (X, is strongly transitive, then (X,© Is
linearly ordered.

PROOF.
= xeXA yeX
3{zlzdxxe S Azl z pe/STAxeXnyeX
3ax=yVx<{yVy<ux.

The converse 1is also true. Since complemented non-empty
subobjects of X have a minimum, X,$) is extensional. Let Z be the
image of

idxr: XxX - XxQ@*

since 1 = prat Z is a finite cardinal in E/X by Corollary 9 of [3], 1

is strongly inductive. It is easy to prove that if 1 is strongly ind-
uctive so is X.

Let Exra be the full subcategory of K-finite decidable objects of
E. This category is a boolean topos, see [4].

THEOREM 10. Let X be K-finite decidable and ¢ C XxX a partial order.
If r: X » @ factors through KX) then the following propositions are
equivalent:

(a) (X,) Is linearly ordered in E.

(b) (X,$) is extensional in E.

(¢) (X,$) Is strongiy transitive in E.

PROQF. (¢c) 3 (a): Theorem 9.

(@) 2 (c): X is a finite cardinal and by Corollary 9 of [3] we
have that (X,00 is strongly inductive. Since (X,$) has a successor
function (Proposition 2 of [3]), then it is extensional.

(b) 3 (a): by Proposition 1 of (21 we know that &X,© is
linearly ordered in E iff it is linearly ordered in Exrs. On the other
bhand applying Proposition 5§ to <X,) in E.rs we have that X,0 is
strongly inductive in E«ra and by Theorem 9, X,$) is linearly ordered
sinc: KX> = 2* and X,9) is extensional in Eira.

(@) 3 (b): already proved.

In [2] we defined X to be a finite cardinal when K is K-finite,
decidable and linearly ordered.
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FINITE OBJECTS AND EXTENSIONAL RELATIONS 3

COROLLARY 11. Let X be a K-finite decidable object of E. The
following propositions are equivalent:

(a> X is a finite cardinal.

(b) There exists ¢ C XxX a partial order such that &,O Is
extensional in E and r: X -+ Q* factors through K(X).

(c) There exists ¢ C XxX a partial order such that X,© Is
strongly transitive and r: X - Q* factors through K.
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