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CAHIERS DE TOPOLOGIE Vol., XXVII-4 (1986)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

A GENERALIZED GLOBAL DIFFERENTIAL CALCULUS. I
APPLICATION TO INVARIANCE UNDER A LIE GROUP
by Joseph JOHINSON

RIESUMIE. Dans la premiére partie de cet article (publiée
dans le Volume XXVII-3 des "Cahiers", la théorie du Calcul Diffé-
rentiel sur les variétés différentiables a été généralisée (sans
1'affaiblir) en utilisant des fonctions localement définies C®
(ou analytiques réelles, ou analytiques complexes) de 1, 2, 3, .
variables comme opérateurs, et en introduisant des relations de
commutativité appropriées et des axiomes qui permettent de
recoller les informations locales en une information globale. On
a montré que les principales propriétés de l'algébre commutative
sont encore valables dans ce cadre, en particulier la possibi-
lité d'ajouter des indéterminées et de résoudre des systemes
d'équations; de plus, on peut prendre des limites et colimites
aussi générales (mais petites) que l'on veut.

Dans la seconde partie, cette théorie est appliquée pour généra-
liser les theorémes de Lie aux espaces de dimension arbitraire
(méme infinie) et sans restriction sur la nature des singula-
rités qui peuvent intervenir.

INTRODUCTION.

In the introduction to Part I of this paper (cf. [13], preceding
issue of “Cahiers") the subject matter of this concluding statement
was briefly explained. Here, for the reader's convenience, a second
summary of these concluding pages of the paper is given.

The basic notion used here is that of a "universe group", an
object U of K with a given factorization of (U, ): K - sets through
the category of groups (cf. 8§12). We then define what it means for a
universe group U to "act" on C € K. Then if c € C and U acts on C, we
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J . JOHNSON

define what it means for ¢ to be "invariant" (cf. Definition following
(12.0.2))> and "locally invariant" (cf. Definition following (12.5)).

The essence of what is proved in the paper can now be stated,
confining ourselves, for simplicity, to the case where U = As, G a Lie
group. Our first main result is (12.6), which shows the relationship
between the notions "invariant" and "locally invariant". Next, we have
1) of (13.1), which says that ¢ is locally invariant if and only if ¢
is "infinitesimally invariant". Finally, we have 2) of (I13.1) which
says that the Lie bracket of the Lie algebra ' of G is compatible
with the Lie bracket of derivations associated to elements of g.

12, ACTIONS OF A GROUP UNIVERSE ON A
UNIVERSE,

In these final sections we shall work almost exclusively with X.
“Universe" will mean "object of K ", and all limits and colimits of
universes will be taken in K except when stated otherwise. The theory
will be valid for all senses of the word "admissible", even though we
may refer for motivation to the differentiable case. (For the
complex-analytic theory, "Lie group"* will mean complex-analytic Lie
group.)

A universe group consists of a universe U, a functor
F: K- groups and an isomorphism (U, )« = IFI (where | | denotes
underlying set). It will usually be convenient to simply say that “U
is a universe group". For instance, if S 1is any set, Ao(S) is a
universe group, since it represents the functor

V 1 (S, Vo) = a group,
as Vo = {veVli Ov=20

is a group under + . If U is a universe group, we have a natural
transformation (U, >x(U, > » (U, ) given by the multiplication, hence
M: U 2 UUU. Also we have 1y: U - Ao such that for each V ¢ K,
Ly, VIt Ao, V) » (U, 1)
sends the unique element of (Ao, V) to the identity element of the
group U, V). Ve also have r : U 4 U such that (r, V) is the map of
LU, V) into itself that sends each g e (U, V) to g~'. Conversely, if

u: U - UUU, 1v: U 2 Ao, r:U-10
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are given a priori so as to satisfy *’
O p = iUy, (ly UUp = UrAolU, (ry, Wp = (Aot 1y,

then it is routine to show U has a unique structure of universe group
that returns p, 1y, r in the manner that was just indicated.

In what follows, G will denote a fixed (admissible) Lie group, e
the identity of G. Then multiplication gives us

B Ae - Asxs = AcllAs

(cf. (7.9)). Ve also have e™ As 3 Ao (e"(f) = f(e)) and r : As — Ae,
given by the inverse map of G. The required identities hold, so Aes is
a universe group.

Let U be a universe group, C a universe, y : C - UIC. Ve shall
say that y 1s an action of U on C - even though "co-action" would be
more standard terminology - provided the identities <*>

(12.0.1 (uIC)y = WUlyy,
(12.0.2) (1yUC)y = CtA.lC
hold. Of course if G acts on the manifold X so that
8gx) = (ghox, g heG xeX and ex = x,
Ax is canonically acted upon by Ae. If f € Ax, g€ G, x € X, we have
) (g,x)= fgx).
One always has the canonical map CtClIC whatever U and C. It is
an action of U on C that we shall refer to as the trivial action of U
on C. Ve shall denate it by o or w,c. If y is any action of U on C,
¢ € C will be called an invariant of y if yc = uc. The main purpaose
of these final sections is to prove (12.6) and (13.1). The reader

should note (12.9) which shows how one can put an admissible struc-
ture on the orbit space of a group action.

<*> The reader should draw the appropriate commutative diagrams,
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It helps to develop some notation that is oriented toward a
more geometric point of view. Let C € K be given. If U € K, define
SWC = (C, U) (so that SC = 8a,C). If x € S, define ¢ '&x) = x(c) for
all ¢ € C. This definition extends one of our previous uses of "™
Let U be a universe group that acts on C. For any V ¢ K, we can def-
ine a "multiplication"

SU xSC +8&C by gx=(gx)yeC if ge SU, xe SC.

If G acts on the manifold X, g€ G, x € X, then g°x" = (gx)” since if
C € Ax,

®x)) = (g ,xV(Yc) = (g,x)"(Yyc) = (Yol (g,x) = c(gx) = (gx) ().
If g h e S/U, define

ghe SU by gh = (ghp

Of course if g, he G, gh” = (gh>)" . If As acts on C, g € G, x € SC,
we shall define
gx = gvx € §C where gv = (AotV)g".

Ve shall use this notation to reformulate (12.0.1)> and (12.0.2) (cf.
1z.1n.

In what follows, U will denote a universe group that acts on a
universe C. In some instances it will be necessary for U ta be more
specifically Ae itself. For the time being it will generally be
considered that the presence of G within a given paragraph will
suffice to indicate when that is so. In all instances C remains a
general object of X, and it is mainly this generality of C that
justifies the often meticulous attention to detail that follows.

The identification AJUC = C, though natural, seems to generate
confusion and must be resisted for purposes of exposition. When

x £ S«V and the context selects an element A of (V,Z)k in some un-

ambiguous way, we shall let xx = bhox, For instance, if W = Ao
(x € 8Y), the meaning of x is clear since #(fo, 2) = 1.
Let e = 1v.

LEMNA (12.1). Let V € K.
1) (gh)x = gthx) 1if g, h e SW, x € SC.
2) ex = x 1f x e S.C.

Indeed,
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(ghox = (ghx)y = ((ghop, x)y = ghx)(PUC) vy
®,h,x)Ully)y = (g, (hx)Py = (@g,hx)y = ghx).

Also
ex = (ay,x¥ = (AotV, x) @Oy = (AotV, x) (CTA0NC)

"
o

COROLLARY (12.1.1). (gh)x = gthx) if g, h ¢ G, x € C. Also
ex = X.

If g€ ScU and c € C, define cg = (g, C)yc € C. Ve note that if x
is in SvC, then xg = xog € SvU, so (xg)x € SC is defined.
LENNA (12.2). (cg) (x) = c*({xg)x) if ce C, x e SC, g € SU.

Indeed,
(cg) (x) = x(cg) = x((g,C) yo) = (xg,x) yc = [ (xg)x) (c) = c " ((xgrx).

We shall often write the identity of (12.2) as
(cg) " (x) = c (gux), 8 = Xg.
In particular, when g € C, let cg = cge. Then we obtain
(12.2.1) (cg)(x) = c™(gx), g€ G, ceC, xe SC

since xgc = gv.

LENKA (12.3). (cg)h = c(gh) if ce C, g, h e G. Also ce = c.

Let x = idc. Then
(cg’h = x((cg)h) = ((cg)h)"(x) = (cg) (hx) =
c(ghx) = (c(gh)) (x> = c(gh).
Also

ce = x(ce) = (ce) ' (x) = c'(ex) = ¢*(x) = x(c) c.

Given g € G, define pgec = cg for ¢ € C. Then p;, = (g ,0)y is
in (C,0C). Ve have

PrPs = Pon, & h €G, pe = Idec.
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Lemma (12.4) below will allow us to "move around" on SU and SC.
Ve need some preliminary definitions. If g € SU, let xg: U » U be
defined by Xy = (U, gu)p. A proof entirely analogous to that of (12.3)
yields

(12.3.1 gthuw = (ghou if g, he SU, wveU.

We shall consider ); for g € SU as defining
A\g IC: ULC - UUC,
and write XlIC also as )y Similarly we have
py = Ullpy : UIC -~ TUIUC.

For the following lemma, one needs to refer to the remark pre-
ceding (6.8).

LENMA (12.4). Let g, h e SU, x ¢ SC, Then:
1) Ay = pgy: C 5 UIC ;
2) x7pg = (pgdx(gX)~;
3) B, O nhg~.

i

Ve get 2 from
Xpy = x@,0y = (xge,x)y = (gx)y = g%
and 3 from
ha; = hU,g)p = (h,gp = hg.
For 1 we have
OGOy = ((U,gulC)y = U,gu,0) (IC)Y =
U,gu,C) ULy) y = (ULH(gu,0y) y = WUlpy y.

If fe Cg define fg e Cx if g € SU by fg = (py).f. Similarly, if
8 h e SU, u e Ung define gu = Opdnu e Uy

COROLLARY (12.4.1). Let ¢ € C, v e U, g, h e SU x e SC.
Then:

1

1) gy(c) = y(cig ;
2) (cglx (o) g
3) (gwWa = gung.
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The following will turn out to be an important application of
(12.4). Recall o = CtAslC is the trivial action of Ae on C.

LENXA (12.5). Let c € C, x € X, g € G. The following are equivalent:
1) (Yeleg,x» = @CGI ey, x5
2) (yc)tg,gx) = (TC)ce, gxre

By using successively 1, 3 of (12.4.1) on AclC and 2 of (12.4)
we get ,

(VC)(g,x) = (8‘~1(‘,0)g)(g,x) = g-‘,((‘(\,C)g)(e,x)) = g”’ ((VC)(c,gx)g)-
Similarly we get

(U(Cg))(g,x) = ('8‘"‘"15(’08'))(g,x) = 8‘" (@ (Cg’))(e,x)) =
g ((@elglce,x1) = 877 (©@C)ca,9x1 8.

Therefore clearly 2 = 1, and conversely, since Xy-; and p, are isomor-
phisms.

If ¢c € C and (Yyole,x» = (HCIce,x» for every x € X, we shall say
that ¢ is locally invariant. Obviously c¢ invariant (yc = wec) implies
¢ is locally invariant. In the case of an action of G on a manifold,
¢ locally invariant means ¢ has a constant value on U0 dom c for
every orbit O C X of the action of G on X. If ¢ is locally invariant,
if G is connected and if furthermore for each orbit 0,

UONdom c#@ =3 UC dom ¢,
then ¢ is invariant. Thus, for connected G, we can say that locally

invariant with "invariant domain" implies invariant. We now see that
this is true in general.

THEOREN (12.6). Let ¢ € C be locally invariant with Oc Invariant, and
assume that G is connected. Then ¢ is invariant.

From (12.5) and local invariance, (yclcg,«» = (@(cglle, . for all
g € G, x € X. Therefore

(Yol G = cgl(AedliC, g € G,
Since y (0c) = u(0c), (g, x)(0Hc)) = x(0c), g € G. Thus (yc) ¢y, x> nOt a
phantom means c. not a phantom. Let us identify GxX with S(AeUC> for

the moment. Then given x ¢ X, we have

95



¥ . JOHNSOM

@g,x) e dom (yc)" & (g'x) e dom (yo2, g, §'¢€ G.

Let us now use the general result (12.6.1) below with U = As, w = yc.
Ve obtain yc = uc’ for some c¢' e C. Then

@%C) yc = ¢ = (e~ C)ch = ¢,
s0 yc¢ = oc. Thus we only need to show the following.

LENNMA (12.6.1). Let U, C € K with M = SU connected. Let w ¢
VIC, and assume that w satisfies the following conditions:

1) me M 23 wiUlC = w(m, JIUMC where w(m, ) = (mc,C)w.

2) (mx) € dom w* 2 Mx{x} C dom w", me M, x € SC.
Then w € im wy,c.

This lemma is vacuous when M is, so we shall assume M # 0.
Let mo ¢ M and define ¢ = w(mo, ). We shall see that w = uc, where
g = du,c.
Let X = 8C, x ¢ X. For f e UlC, let f« = AUUC.. Assume that
(12.6.1) is valid when C is local. Let

Ox = Ou,cxt Cx 2 Ua llC,, and wx = wlULC..
If me M,
wilUICx = wi (m, JIULC..

Also dom (w” M or it is empty, so 1 and 2 of (12.6.1) hold for
w«. The special case of (12.6.1) where C is local implies that w« €
im 4. so

Wi = Ux Wxlllo, ) = O.Cx = TE) ..

This being so for all x € X, we shall have w = uc.

Ve can now assume that C is local in completing the proof of
(12.6.1>. From 2, Ow = 0 or Ow = Buc, and so we can assume Ow = 0.
Ve need to show that w = ueg, i.e., that wa = (uc)s for every m e M.
Let

Z=Ame X | wa = (@eiawd.

Clearly (by 1) and the definition of ¢), me € Z, and Z is open. To
prove (12.6.1), we only need to show that Z is closed.
Let z € ¢l Z. Ve have w. = [O(w(z, ))].. Take p ¢ OU such that

p@ =0 and w+ p=uwz ) +p
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(which is possible since Ow = 0 2 w: # 0,). Choose m ¢ Z such that
p (m) = 0. Then

el = wa = [BW(z, ))la.

As on: C 2 U, TIC is an injection, we see that w(z, ) = c. Therefore
w: = @(w(z, )z = ©EC)s,

so z € Z and Z is closed.

Let Ls = (Asde (= the localization of Ae at &), and define y.:
C 2 LelIC to be (e UCdy. Let po: L - LUL be defined by p. = (e~lemp.
This defines a "local action" of G on C in the sense of the following
definition.

DEFINITION (12.7). A morphism y: C + LslIC is a local action of G on C
if

(Lellydy = ()  and  (eMC)y = CrholC.

Ve shall call y., as defined above, the local action associated
to y. In (12.6) we have seen that when G is connected, ¢ € C is in-
variant iff besides y.c = ts,cc we have also that

dom ¢" = {xe X | x(@) # Qo)

is an invariant set under the action of G. Thus the question of the
invariance of c decomposes into an analogous question about y. and a
purely set-theoretic one about the action of G on X. In what follows,
we shall only be looking at local actions y: C 9 LelC. Of course Le is
a universe group.

The Lie algebra 3 of G is commonly defined as the set of left
invariant vector fields on G. We shall find that because we have
generalized left actions of G on a manifold, it will be convenient to
define @ to be the set of right invariant vector fields on G with Lie
algebra "bracket" given by [8,x] = 8y - x8 for 8, y € w. Thus

% C Ader As, [O,x1f= 8D ~ y@H if f ¢ Aa.
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Since any element 8 of g is uniquely determined by its value 8, at e,
where 8,f = (0f) (e), f € As, it follows also that g C Ader Ls. In the
sequel we shall tend to consider that @ C Ader Le.

We shall need to know, in terms convenient for our theory, how
to formulate the idea that a vector field 6 is right invariant. Let
fe Aoy, heG, with f(h) # Bo. Let g(t) be any differentiable curve in
G such that g0) = e, g'(0) = 8.. Then

@/dt)emo £(gtIR) = (d/dt)lemo (PL) (g (t),h) = [(BUO) (W] (e,h).
Because (e,h)” = h”"(e™As), this can be written
[ (e™Aq) ((BLIO) (M) (h).

Using the right invariance of 6, we can calculate this same quantity
as
({drn) @.))f = 8nf = ®OF) (h).

Thus, for right invariant vector fields 6 on G, we have the identity
(12.7.1 8 = (e%Aa) (BUOOp.

It is easy to see that conversely (12.7.1) implies that & is right
invariant.

DEFINITION (12.8), Let U be a universe group. We shall say that
6 € Ader U is right invariant if 6 = (a,U)(6U0)u.

Let 7 GxX » X be the multiplication map gx) b gx of
S(AGlIC) = GxX into 8C = X. Let p: GxX -+ X be such that p(g,x)
= x. Ve shall define X/G to be the coequalizer in the category of
sober spaces of the pair (r,p) (cf. 88). Thus if Y is the space of
orbits of X with the quotient topology derived from X -~ Y, then X/G
is the soberization of Y. Ve shall let Inv C denote the set of
invariant elements of C.

The following is a routine consequence of the definitions and
8.5).

FROPOSITION (12.9). For any action of G on C € K :
1) Inv C e K ;
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2) X/G is homeomorphic to S(Inv C).
The many writings on group actions as well as examples from
the qualitative theory of ordinary differential equations show us how

very perplexing the space X/G can be (cf. [121). Therein lies the
significance of 1 of (12.9).

13, ACTION OF A LOCAL GROUP UNIVERSE ON A
UNIVERSE,

Ve continue the conventions of §12. Ve let L be a group universe
such that L is local. Ve let p: L - LUL be the comultiplication, and
we shall assume that an action y: C 9 LIUC of L on a universe C is
given. The goal of the remainder of this paper is to demonstrate
Thearem (13.1) below.

Define y. to be the 'set of all right invariant elements of
Ader L. If 6 € ¢ = 4., define

De = (ec,C)(®U0)Y € Ader C.
If 6 e g and c € C, define 6¢c = Do (c) € C.
THEOREN (13.1). Let ¢ € C and assume that L = Ls acts on C. Then:
1) ¢ is invariant iff 8c = 0 for all 6 € gu ;

2) If 8, x € g, then Die,x1 = [De,D,]J.

If 6 € ¢ and fe LIC, define 8f = (OIOYf, i.e., we just let B
operate in this instance on the first summand of LUC.

LENMA (13.1.1), Let 8 € g, ¢ € C. Then Byc = yfBc.

To prove (13.1.1), we shall first need to establish the following
identities:

13.1.2) ({e,LXIUC) (BUOLO) (uUC)> = BII0.

(13.1.3) (e, LYUC))> BUOLO0) (LUy) = y(e,,C) (BLO).
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To establish these, we notice first that replacement of 610 and
6100 by LUC and LULUC <(considered as identity maps) gives us
correct equations

(¢e ,LOUC) (ulIC) = LUC  and (e ,IHDUC> Aly) = ylec,O).

Indeed, the first of these is obvious. Write the second as § = .
Let U e kK, ge (LI, ce (C,U). Then (g,c) is an arbitrary element of
(LIIC, U) and

gl = g, ooy = ge,gC) Ly =
gev, @) = (ec,cg).
Also
(g.c)r = (cg)lec,C) = (Bucg),

so &= r

It follows that both sides of (13.1.2) are in Ader(LIC) and that
both sides of (13.1.3) are in Ader (y(ec¢,0)). Thus to establish these
identities, we only need to show that both sides of the equation in
question agree on L C LIC and on C C LUC (cf. (9.8)). On C, the two
sides of (13.1.2) are just multiplication by 0. Equality on L amounts
to the identity (e .,L> BU0)y = 6, which is so because 6 is assumed to
be right invariant. On C, both sides of (13.1.3) are multiplication by
0. On L they give e.w® = ye B, which is true since yec = eruc.

The proof of (13.1.1) is now possible. If c € C,

Bye) = GUO(yo) = (e, LYUC) BUOLOY (UUC) (ye) =
(Ce ,L)IC(BLOLO0) (LUy) (yo) = y(ec,C) BU0 (yo = YOO,

We can now prove 1 of (13.1). If 6¢ = 0 for every 6 € &, then
6yc = y8¢c = 0 for every right invariant 6 ¢ Ader L. Pick coordinates
z1, ..., zn for G in the neighborhood of e, and write

L = Akzr, vy 200,
Let R be the local ring of L (so L = RU{@x}). Then 3/3z, is a linear
combination over R of right invariant elements of Ader L. If r e R
and D, E ¢ Ader L, we have

rD)f = r®H and (D+E>f = Df + Ef

for every f e LIC, where D acts on LUC as DUO, E as EUO. Thus
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@Rz ye) = Oyec for 1 =1, ..., h

By (10.2.2), this implies yc € C, so ¢ is invariant.

14,LOW ORDER TERMS IN THE POWER SERIES
EXPANSION OF vy,

Let xi, ... % € Ae be the functions of a coordinate system of G
centered at e € G. Since we shall be working in the neighborhood of 0
in K" we shall write e as 0 and assume x;(0) = ... = x.(0) = 0. Ve
have Ls = Ao<x:, ..., Xx»>. Let us apply (11.3) ("Taylor's Theorem") to yc.
Ve can write

Y(C) = (YC)(O) + (x1cir + .0 F XnCin) + (A/2)L,, 5 X1 (C2)iixs + chyC)

where Rz{(yeo) is an infinitesimal of order > 2. Furthermore, since c:
is given by partial derivatives, it is a symmetric hxh-matrix. Its
entries (cz)i, € C and satisfy 0¢z):; = 0c. Also Ocis = Oc, for

1<Jj<h

Until stated otherwise, we shall steadfastly ignore all
infinitesimals of order > 2. Setting x = 0, we get (yo)(0) = c. Let us
therefore use matrix notation to write

yc = ¢+ xcr + (1/2)xczx,

here considering x as the "row vector" [x; ... x»], with ¥ the "column
vector" transpose of x. For any set S we shall let M., .(S) denote the
set of uxv matrices over S.

We need to do some technical work that will lead to the proof
of 2 of (13.1). Let us lock at the i-th component ci. of c: € Ma, /(C)
in

yc = ¢+ xc; + (1/2)xcaxT,

and apply y to it to get
‘,(C”) = ¢c1s t x(@Cri>1 + (L/2)x(C1:)2x .

Ve shall be needing the specific formula that one can obtain for
these (ci;)1 € C by using the relation (uliC)y = (LlUy)y. For this
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note that (cs.)r € Ma,,(C) and so has entries (cri)1y, for 1 { j £ h. It
is convenient to define (cr)1 in Ma,a(C) by
((01)1)11 = (Ctt)f.l.
To derive the formula for (c;)y, we shall first need to consider the
Taylor expansion of p at e (ignoring infinitesimals of order > 2). Ve

shall write

LaldLn = AokX1, ooy Xnp Y1, ooy Ja> = Aokxp 0.

LENNA (14.1), For 1 =1, ..., h we have
BXs = X2 + y1 + xbsy" where  bi € Man(K).
Ve have
(ux) (x; 0) = x¢ and (ux:2€0; y) = ya.
Thus

Bx: = Xi + yi + xa:xX" + xbsyt + yciy'

for appropriate a:, bi, ¢: € Ma,n(K), and a: and ci; can be taken to be
symmetric. But then

xa:x = 0 = yeuy* for all x, y e Kb

s0 a1 = 0 = cu.

LENNA (14.2). Let by be defined as in (14.1), 1 = 1, ..., h. Then
(©1)7 = Limi? biCrs + Cz2.
Use the relation (uliCd)y = (LUy)y on ¢, writing

LULUC = Ao<x>1fAo< y>1IC.
Ve have
LUy (yod = (Lly) (¢ + xcr + (A/2)xc:x’) = ye + xycr + (1/2)xy (C2)X
= ¢+ yo, + (12 yczy’ + x(ertCiny’) + (1/2)xc:x,
as one sees by writing

xycr = xay () + ... F Xay (Cin)
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and noting that
Xay (Cr1i) = Xg(Cie+ Lymt® (€10 15y4)

Let br € My, nMpn,n(K)) be defined by bs = [b: ... bnl. Then also

(UUC) (yo> =

UUC) ¢ + xcv + (1/2) xczx")
c+ (x + y + xbey)or + (1/2) (xtylcz (x+y)T.

In view of (8.18), the expressions we have obtained for (LlUy)(yc) and
(ulC> ¢ye) must equal each other. Equating the two expressions and

performing cancellations we get
x(ci1)1y" = xbey'ci + (1/2) (ycoX¥ + XC2 R

As ¢z is symmetric,
1/2) (yc2x™ + xczy™) = xcCzy°.

Alsa
Xba}"Cv = Lieh (Xb,tyT)Cu = (%= beu)‘Yr,

so (12.2) follows.
Let 8: € ¢ be defined by 6.f = Qf/dx.)(e) for f e L. Abbreviate

Des by Di.

LENNA (14.3). Let c € C. Then:
1) Dic = €11

2) DAD:e) = (ciedry
3) IDyDid () = Rgumi? U (bgliy = (bgliilcCrq.

For 1,
(Dd.[O) (c + 2;-1" chlj) = Cti1.

Dic = (DA yo

Then, because of 1, D, (D:c) (c1:)1,, proving 2. From 2 and (12.2),
[Lc11)iy = Zgar? (bglijcrqg + (C2)44,

D;Maic) =
so 3 follows immediately from the fact that c: is symmetric.

At this point we shall discontinue our practice of ignoring

infinitesimals of order > 2. VWrite Ls = RI{B).
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LENNA (14.4). Let 1 = 1, ..., h. Then in Ader L we have
B, = 3/dx: + XV, 3/3x

where Wi € Ma,n(R) and 3/3x is the "column vector" with entries 3/dx.:,
vv.y 8/3Xn. Furthermore V,; satisfies

Wil ) = (bylie , 1< i, v £ h,

Ve can write
¥Yxy = X5 +t ys 1t XE-J}"'

where b; € Ma,»(R) and b,(e) = b;. If 8 is any right invariant element
of Ader L,

Bxs = (aIL) BUO0) (xs + ys + xbsy™) = Bexy + Bex)bix".
In particular,

8:X; = 1y * Lumt? (Bidsvxe.
Thus

0; = Ejalh (eix‘,)@‘/a}[.j) = 3/dx: + X Wja/ax,

where (V,),; = (b,):. This proves (14.4).

LENNA (14.5). For 1 = 1, ..., h,

[04,804] = Lgmi™ ((bglsi — (bglis) Bg.

From (14.4),

[6:,0,] = [3/3x:, xN,3/3x) + [XW; 3/x, 3/3x;] + [xW;d3/3x, xW;d/dx].
Thus, since x(e) = 0, ‘

0.0 = (Vi) B/3%)a)s ~ (Ny(e)d/3x)e)s =
Lami P [(Wy(@))iqg — (Wi(@))1d Bgde = Lamt [ (badyi = (bed1sl®gder

Therefore the equation of (14.5) holds, for it is an equation between
right invariant vector fields that agree at e

We can now prove 2 of (13.1). From 3 of (14.3) we have

[DsDilc = Zg=t? ((bglss — (bgliilCigq,
from (14.5) that
[68:1c = Lg=1" ((bglis — (bgli:) 840,
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and by 1 of (14.3), 84c = Ciq SO [DsDil = Dresess. Then 2 of (13.1),
[Dg,Dy] = Dep,xa is an immediate consequence of the K-bilinearity of
this equation.
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