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OPEN COVERS AND INFINITARY OPERATIONS IN C*-RINGS 1)
by Eduardo J. DUBUC

INFINITE ADDITIONS.

In the C”-ring C®(R") of smooth real valued functions, one can
define elements (functions) by adding certain infinite families. A typical
application of this method is the following: Suppose M- R" is a closed
smooth submanifold, and let A: M > R be a smooth function defined on M.
By definition this means that there are open sets Ua CR", a eI", such that

they cover M , and smooth functions ha: U,~R such that
YpelUynM, ho(p)=h(p).

Let U, be R™-M, and take any function (e. g. the zero function) hy: Uy~R.
We then have an open covering U, a ¢ ' +{0}, of the whole space R”,

and functions h : U, > R such that

VpelU,nM, h (p)="h(p).
(since UynM =@ ). This family does not agree in the intersections
UaﬂUB ; thus it does not define a global function f: R" > R which extends
h . However, we can construct an extension of h. Let W, be a locally finite
refinement of Ua , for each i take g such that Wi C Ua , and let 8;: W,» R
be equal to h_ | W, . Let ¢, be an associated partition of unity. The func-
tions f;=¢; g are defined globally, f;: R” > R, and have support cont-
ained in W, . (This is so since support(¢$,;)C W, by definition.) It follows
that the equality f = LE[L defines a function f: R" » R such that

VxeR™, f(x) = 3fi(x)

(which is a finite sum on an open neighborhood of x ). If we compute f at

1) Partially supported by the Danish Natural Science Research Council,
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E. DUBUC 2

a point p ¢ M, we have:

f(p)=2f(p) =2 fi(p)=_Z &;(p)gp)
i lpeWi zpeWi

=) 2 $,(p)h(p) =h(p) Zh,(P) = h(p).
i peWt. i

Thus [ is an extension of A.
Two questions arise:
I. Which is the algebraic meaning of these infinitary additions ?
Il. To which extent can they be defined and performed in arbitrary C*-
rings of finite type A = C*(R")/[?
In particular, can we give a meaning to expressions of the form
a :g,aa, a, ¢ A ? In a way such that if a, = [fa], fae C*(R™), and
the fa can be added in C*(R") defining a function f = Zfa (as before),
a
then @ =[f] (where brackets indicate equivalence class modulo /). That

this is not always possible is seen as follows: Let
[ =(h |k is of compact support)
and let ¢, be a partition of unity such that bq el forall q. Let
a, =[q5a] and a = g.aa .
Then a =1 since ] =3¢ in C*(R"). But also a_ =[0] and then
a @ a
a=0 since 0 =20 in C*(R™), Thus I =0 in A, which is impossible
a
since 1 ¢ I. We see that a condition is needed in the ideal that presents
A. Namely, that if [ ¢/ and the [ can be added in C*(R") defining

a function [ =§la (as before), then [ ¢]. This leads to the notion of

ideal of local character (cf. Definition 6, iv).

ANSWER TO QUESTION II.

The first step is to define the open cover topology in the category
@}’.Pt, dual of the category of C*®-rings of finite type. Given a C™-ring A
and an element a¢ A, we denote A > A {a"!} the solution in @ to the
universal problem of making a invertible (cf. [1, 2]). The following is

straightforward :
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OPEN COVERS AND INFINITARY OPERATIONS IN C’-RINGS 3

1. PROPOSITION. Given any morphism ¢: A~ B and element ac¢ A, the

diagram
A Afal}
: |
B Cc

is a pushout diagram iff C = B{¢p(a)!}.
We recall the following

2. PROPOSITION. Let UC R" be anopen set, and let f be such that U =
{x | f(x)#£03}. Then C*(R™) » C®(U)=C®(R"){f1}.

PROOF. The basic idea is to consider the map

U->R"1:p bp,fp)l)

which makes U the closed sub-manifold of R**! defined by the equation
1-x,,,f(p)=0. Then use the fact that this equation is independent to
deduce that the equalizer is preserved when taking the C™-rings of smooth
functions (cf. [1, 2] ). A different proof of the preservation of this equaliz-

er is given in [4].
3. DEFINITION. The open cover topology in &?6 is the topology generated
by the empty family covering {0}, and families of the form
C”(R") > C*(U,), forall n and all open coverings U, of R™.
It follows from Propositions 1 and 2 that basic ( generating) covers

of an arbitrary C™-ring of finite type 4 are families A » A} a;l} which can

be completed into pushout diagrams

C*(R%) C°°(Va)
o
A A{a&l}

where V, ={=x| 8qa(x)#0 } is an open cover of R® and b(8,)=04-
The morphism ¢ can be chosen to be a quotient map. Let 4 = C* (R™)/[;

then, since C™ (R®) is free, there is a smooth function f: R” » R® making
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E. DUBUC 4

the following triangle commutative :

C2(R)y— L co(r™)

b

A

One checks then that the following diagrams are pushouts:

C>(R™) c*(U,)
A Ataz 1}

where
— -1 — -
Uy = [UV) = x| fo(x)2 03, f,=g,f,

is an open cover of R" and a, =[f,].

Open covers C* (R")> C®(U, ) are effective epimomphic families.
This just means that given a compatible family fa € C°°(Ua) (meaning
that they agree in the intersections), there exists a unique fe¢ C(R")
such that f|U = f. (Remark that C“(UaﬂUB) is the pushout of C*(U, )
with C“(UB) over C”(R").) However, they are not universal. Open
covers of an arbitrary 4 will not, in general, be effective epimorphic fa-

milies, For example, let as before | be the ideal
I=(h | Pk is of compact support),

and let b4 be a partition of unity such that bq el for all g. Then the

diagrams

C*(R™") c=(u,)
- -1
A ———{0} = 4la ]}
are pushout diagrams for all ¢, where U, is the open covering
Uy, =tx| ¢g(x)#0}, 4=C*(R")/I, and a, =[6,]=0.

On the way we see that the empty family covers A since it covers {0}
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OPEN COVERS AND INFINIT ARY OP ERATIONS IN C™-RINGS 5

(use composition of coverings).

Consider now an open covering of an arbitrary C®~ring A = C*(R")/]

C™(R™")

|

A——— - Alaly

U, =tx | f,(x)#£0} and a,=[f,].
For be A, we denote b‘a its image in A{a;ll. Suppose b, b'¢ A are
such that bla = b'la forall q.Let b =[f] and b’ =[f"']. Then

[1Ug1= by, and [f*]U,1=0",.
Thus [f'Ua]=[f'|Ua], which means that (f-f')|Ua el|Ua.If the cov-

ering is going to be effective epimorphic, it should follow that (f-f")el.

C*(U,)

This leads to the notion of ideal of local character ( cf. Definition 6, ii).

We recall the following elementary facts in order to fix the notation.

4. PROPOSITION. Let A bea C™-nng and p: A> R a momphism into R,
which we will also call a point of A. We denote A- Ap the solution in
the category of C™-rings to the universal problem of making invertible all
the elements ac¢ A such that p(a)# 0. There is a factorization of p ,
A4- Ap—> R, and Ap is a C™-local ring. If a e A, we denote a|,¢ AP its
image in A,. Suppose A= C™(R™)/I, let UcC R" open, [ such that
U={x|f(x)#0}, and a =[[].Consider the following diagram (where

the upper square is a pushout ) :

C*(R") —C*>(U)

- P
A“ !
Ap > R

Given apoint p of A, p:A-> R, since C*(R") is free, p can be iden-
tified with a point of Zerws(l)C R" which we will also denote p. When
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E. DUBUC 6

there exist factorizations (necessarily unique ) as shown in the dotted ar
rows, p can be identified with a point of Ata™1}, which we will also de-

note by p. Then

p isapointof Alal} < p(a)#0 < pel.
It follows thatif A - A{a;li is an open cover and p is a point of A then
there exists a such that p is a point of At aa"I} (since there exist a

such that p e U, ).
PROOF. This is all rather straightforward. For a proof, cf. [2, Exposé 11].

Suppose now b, b'¢ A are such that blp = b'|P for all points p
of A.Let b=[f] and ' =[f']. Then
b1P=[f'P] and b"p:[f’lp].
Thus [f’p]=[f"p], which means that (f-f')lp el,p. If we want to
deduce that b = b’, it should follows that (f-f’)el. This leads to the

notion of ideal of local character ( cf. Definition 6, 1).

5. DEFINITION. A family [, e C* (R™) (indexed by an arbitrary set) is
locally finite if there is an open covering U, such that, for every a,
L U, =0 except fora finite number of i. Equivalently, if each point p
of R" has an open neighborhood U such that [;| U = 0 except for a finite
number of 7.

Given a locally finite family [, , the finite sums %li\ Uy € c*(U,)
form a compatible family. Thus there exists a unique

le C®°(R™) such that ! ‘Ua =§li‘Ua .

We denote this [ by the formula [ = lEli .

6. DEFINITION. An ideal [ ¢ C*(R™) is of local character if it satisfies
any one of the following equivalent conditions :
i) (flpellp forall pe Zeros(l)) = fel.
it) (f|Ua ell U, for some open cover U, ) => fel.
iii) ¢, fel for some partition ofunity ¢, => fel.

iv) L el forall i = (lzll. )el for every locally finite family [;.
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OPEN COVERS AND INFINITARY OPERATIONSIN C*-RINGS 7

PROOF OF THE EQUIVALENCE. The antecedents of the first three im-
plications are themselves equivalent, cf. [1], Lemma 10, and for detailed
proof, [2] Théoréme 1.5; thus the equivalence of the first three conditions.
That iv=> iii is immediate since ¢ f is a locally finite family and f =
3¢, f. Finally, it is evident that ii=> iv. Notice that the implications in

the first three conditions always hold in the other sense,

It is clear that any ideal |/ has a «closure» of local character;

namely
1=1{f] flpellp VpeZers(l)}.

i can also be seen as the closure of | under additions of locally finite fa-
milies. Let B be the category of C™-rings presented by an ideal of local

character, Let
A = C*(R")/I and rd = C®(R")/I.

Then we have a canonical (quotient) map A > rA and the passage 4> r 4
is clearly a left adjoint for the inclusion B - @f,t . Thus B is closed under
all inverse limits and has all colimits, These colimits will not coincide in
general with the respective construction in @f.t' We remark that, since

Zeros(l) = Zeros(i), A and rA have the same points,
7. EXAMPLES. lo Let 4 = CJ(R), B =C*(R). Then 4, BeB. By
construction, 4® B = C® (R2)/I, where
I={f|39>0, f(x,y)=0 Vx| |x]| <qpl.
This ideal is not of local character:
i ={f| f=0 on an arbitrary neighborhood of the y-axis }.

The coproduct of 4 with B in B does not coincide then with the one per-
formed in @f_t'
2 Let A = C‘;’(R) and a = xlo. Then

ataly = cF(R) Lz} = C®(RY)/),
where R*=R-{0} and
J=1f13U0eU, fIU=0}C C”(R*).
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E. DUBUC 8

We see this because the following is a pushout diagram:

C®(R)— = C®(R*) = C(R){ x™!}

Cy(R) C®(R*)/] = C5 (Rt =, )

( cf. Proposition 1). Now, the ring A1 a"1} has the presentation
Atal} = C®(R?)/(1,1-xy),

where | is the ideal in 1 above. Thus the localization Af{a™!} in B does
not coincide with the one performed in (Tf't. Since Zeros (1,1-xy) = 0,
we have that ] e(I,1-xy)". Thus Afa™!} = {0} in B. This means that
if ¢:Cy(R)~> B is any morphism, B is in B, and q’;(x‘o) invenible,
then B ={0} . This is not so if B isnotin B.

In what follows we will utilize the same notation as in @f.t for the

constructions performed in $ . Since they are defined by the same universal

properties, we have:

8. PROPOSITION. Propositions 1 and 4 remain valid for the category B .
In addition, since all finitely generated ideals are of local character (cf.
[1, 21), if A is of finite presentation, then for any a ¢ A, Al a1} cons-
tructed in &f,z is already in B. Thus Proposition 2 remains valid also for

the category B. Furthemore, if Aisin B, then for any elements b, b’¢ 4,
b=2b"iff b|P = b'lp forall points p of A.

9. PROPOSITION. The open coverings are universal effective epimorphic
familie s in the category B°P .

PROOF. The proof is essentially a repetition of the argument given at the
beginning of this article, Let A = C*(R") /I, I of local character, Ua an
open cover of R", f  such that U ={x|f,(x)#0} anda e, a,=

[f,]. We consider the pushout diagram in B -

C°°(1R”) c=(U,)
4 Ataz 1}
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OPEN COVERS AND INFINITARY OP ERATIONS IN C™-RINGS 9

Let ba e Af a;l} be a compatible family. This implies that for all points
of A a;l’abll, ba!p = bB lp- Thus, for all p in A thereisa well defined
b(p)e Ap, b(p) = ba!p for any g such that p is in Aa' We shall cons-

truct an element
be A such that b|p =b(p) forall p in 4.
Let ha € C°°(Ua) such that ba = [ha] , let W; be a locally finite refine-

ment of Ua’ for each [ take g such that W C Ua, and let g, e C™( W)
i

be equal to k| W,. Thus, for all p in v, [gi|p] =b(p). Let ¢, bean

associated partition of unity. The functions li = ¢'i g; are defined globally,

li € C”(Rn"), and have support contained in W.. Thus, given any p in 4,

ifp*Wi, lilp =0, andifpeWi,
U0 =L, 1 60p),

Since the family li is locally finite (Definition 5), we have a function [ =

21l. Let b=[I]. Then, forany p in 4,
12

bp =[34 ‘p]=i|pZ€Wi[li|p]= bp)2lei|, 1=0(p).

Given any g, bla = b, since for all p in A{a;li s b|p =b, Ip and
A{a(’ll} isin B . In the same way one checks the uniqueness of such a, b,

since all points of 4 are in some A4 {a;l}. This finishes the proof.

10. DEFINITION - PROPOSITION. Given any C™-ring A presented by an
ideal of local character, a family bi ¢ A (indexed by an arbitrary set) is
locally finite if there is an open covering 4 » Af a;li such that for every
a, bila = 0 except for a finite number of i. Given such a family, the fin-
ite sums Lz.bil o € A {a;l} form a compatible family. It follows then from

the previous proposition that there exists a unique

be A such that b|a= Lzbihz‘
We denote this b by the formula b = Z; b,. Given any morphism ¢: 4> B

in B, the family #(b;) e B is also locally finite, and ¢ 2b,=3¢(b;).
1 i

This finishes the answer to Question II. Infinite additions of locally

finite families make sense and can be performed in certain C*-rings. The
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E. DUBUC 10

C®-rings which have this extra structure are precisely those presented by
an ideal of local character, Before passing to Question I, we make a final

remark on the open covering topology.

11. PROPOSITION. Given any C*-ring A e &ft and a family a €4,
A - Al a&l} covers in the open covering topology iff for all points p in A
there exists a such that p isin Af a;l }. Thus any C°*-ring without points

is covered by the empty family.

PROOF. One of the implications has already been seen (Proposition 4).
Suppose then that for all p in A there is a such that p is in 4 fa;l},
Let A =C™(R")/I, f,eC>(R") such that

ag = [fg) and Uy =t=x[f (x)#01.
The hypothesis means that for all p ¢ Zeros(l)C R" there is q such that
peU,.1f p¢Zems(l), thereis

lel suchthat pelU;={c|l(x)#0}.

Thus the U, together with the U, form an open cover of R". Let b,e 4,
by =[1]. Then 4 - A} a&l} together with 4 > A{ b I} form an open cover
of A. But Af b'll} ={0}; thus it is covered by the empty family. By com-

position of coverings, it follows that 4 » A{ a;l } is an open covering of 4.

ANSWER TO QUESTION I.

We consider the free C*tring in )\ generators, \ ¢ I', cf. [2].This
ring, which we denote C“(RF), is the ring of functions R 5 R which
depend only on a finite number of variables, and which are smooth on these
variables. Clearly, this is a ring of continuous functions ( for the product
topology in Rl ). If we take a locally finite family of functions rl' 5 R
in C‘.’°(RF), and add it up, we get a continuous function which will not
be in general in C°°(Rr) . However, every point will have a neighbothood
in which this function will coincide with the restriction of a function in
C”(RF). We consider all functions ¢ which locally depend on a finite

number of variables, More precisely, functions for which there exists an
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OPEN COVERS AND INFINITARY OPERATIONS IN C*-RINGS 11

open cover Ua C RF, finite sets ]a , smooth functions ha and factoriza-

tions as indicated in the following diagram (where p is the projection):

U,———=R'

0l Jqs

I
Re__hg _ R

for all ¢ . Thus we add to CN(RF) all the functions needed to render the
open covers of RU effective epimorphic families, We will, for the lack of
a better notation, denote this ring by MC“(RF). Thus a function ¢ is
in t>°C°"(Rl—‘) iff for each point p ¢ RF, there is an open neighbothood U
of p, a finite set of indices { ApAgseesdy } and a smooth function of n

variables A such that for all (x)\) elU, MeT,

B(xy) = h(xy semyny ).

n
We leave to the reader the proof of the following (where I" and A are any

sets, including finite):
12. PROPOSITION. Given any ¢ e, C*( RD) anda T-tuple
by € CZ(RM), (4,): RN 5 RD,
the composite ¢(py) e, C( rM).
It follows then that there is an infinitary algebraic theory in the
sense of Linton (cf. [3]) which has as ["-ary operations the rings WC“(RF)_
We shall call this theory the infinitary theory of C™-rings. Its finitary part

C®(R™) = C®(R™). Thus, this ring is

still free on n generators for the infinitary theory. ( The action of a I'-ary

is the theory of C*-rings, since _
operation on C™ (R") is given in Proposition 12, with A =n.) All _C*-
rings of finite type are then quotients of C* (R") presented by  C*-

ideals, that is, ideals | such that the congruence
f-& = f-gel

is an _ C*-congruence, Recall that this congruence is always a C™-con-

gruence (cf. [1, 2]).
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E. DUBUC 12

13. PROPOSITION. Let A = C*(R") /] be a C™-ring presented by an id-
eal | of local character. Then, A is an _C°*ring. Or, equivalently, [ is
an C*-ideal.
PROOF. Let ¢ emC“‘(RF), and let

8\ f)\ e C”(R™), XeI', such that 8\ '[)\ el.
Let p be any point of R” and let U C RL be an open neighborthood of the
two points (g (p)), (fA(p))g Rl where ¢ depends on a finite number

of variables:
d(xy) = h(x)\l,...,x)\k) over [,
for some h ¢ C* (R¥). Let WC R” be an open neighborgood of p such that
(gA)(W)CU and (fA)(W)C U.
Then
(SCEN-S(NIIW=(hey roerty Joh(fy sy DWW,
because

BE w1, ) By ey el

since all ideals are C*-ideals. Thus the term (¢(g, ) -d)(f)\))lp is in
llP . Since [ is of local character, this implies ¢( gy )-b(f))el.

The converse of this proposition says, in a way, that there are en-
ough operations in the infinitary theory of C*-rings to force any _C™-
ideal to be of local character. This is actually the case, and we prove it
by showing that given any locally finite family l)\ e C®(R™), there is an

infinitary operation that adds it up.
14. PROPOSITION. Let Iy ¢ C*(R"), X e[, be any locally finite family.
Then, the following function :

L: R* xRl R, L(xl,...,xn,x,\) = %l)\(xl"“’xn)x)t
isin C¥(R"*1),
PROOF. Given any point p ¢ R"+F, p= (al,...,an,a)‘), take an open
neighbothood U C R" of (aj,...,a,), where all but a finite number of [
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OPEN COVERS AND INFINITARY OPERATIONS IN C™-RINGS 13

are zero, Then the open set UxRl isa neighborhood of p where [ de-

pends on only a finite number of variables,

Let h]’hz""’hn and fy be any (n+I )-tuplet of smooth func-
tions in k variables. The family (indexed by T") [, (h;,...;h,)f) is a
locally finite family in C*°( Rk), and it follows from Proposition 12 (with
k =T ) that the action of L for the _ (C* -ring structure of C°°(Rk) is

given by the formula

L(h],..., hn’f)\) = %lh(hl’".’hn)fh'

We have

15. PROPOSITION. Let L) and L be as in Proposition 14.
i) Given any n-tuple hj, ..., hy € C°°(Rk), L(hiyeeshpn,0)=0.

i) Given any _C®-ideal IC C°°(Rk) and any n+D -tuple hy,...,
hus fy € C(R™), if fy e forall \, then %l,\(hb...,hn)f)\ el.

iii ) Given any _C™-ideal 1C C* (R") and any I'-tuple fye C(R™)
i I forall A, then 31 el.
flyel f S0 /)

iv) Given any _C*-ideal 1 C C*(R") and any locally finite family
fre CZ(R™), if fy el forall A, then %f)\ el.
PROOF. i is clear, and ii follows clearly from i . We get iii by putting

k=n and h, =g, the projections.

Finally, observe that given any open set U C R" and any smooth function
f with Supp(f)C U, then there exists a function [ with supp(l{)CU and
such that f= fl. To prove iv, we apply this observation to each of the

functions f)\ . The family l)\ so obtained is also locally finite; thus it has

an associated operation L. iv follows then from iii.

16. COROLLARY. Let A be a _C*™-ring of finite type. Then A is a C™-

o0

ring presented by an ideal of local character.

PROOF. Immediate from iv in the previous proposition and Definition G, iv.

Thus, the ideals of local character are exactly the congruences for
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E. DUBUC 14

the infinitary theory of C™-rings. Remark that we have also proved that
given any locally finite family f, in C*(R"), Ae I, thereisa(n+T)-

ary operation [ such that

L("l’"-’nn’f)\) = %f)\,

where 7; are the projections. Suppose now [ is an ideal of local character,

let A = C*(R")/I, let e; =[m;] be the generators of A, and let

bA :fA(el,..., en) = [fA]-
Then, by Definition-Proposition 10, b)\ is a locally finite family, and

o C-ideal, we also have

[}%‘f)\] = )%b)\. But since | is a

[L(TTIJ"" ﬂnyfh)]z L(el,...,en, b)\).
Thus, given any locally finite family by = [f)\] in a C”-ring A presented
by an ideal of local character, 4 = C*(R")/I, if f)\ is locally finite in

C>(R"), there is an infinitary operation L such that

where e,,..., e are generators of 4. With this we finish the answer to

1 2
Question I.

n
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