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CAHIERS DE TOPOLOGIE Vol. XXI-2 (1980)
ET GEOMETRIE DIFFERENTIELLE

FIBRATIONS IN BICATEGORIES
by Ross STREET

Dedicated to the memany ag (ymfzmn eﬂanﬂm gﬁmmann

INTRODUCTION.

Consider a monoidal category C which, for simplicity, we shall
suppose is symmetric, closed, small complete and small cocomplete. For
C-categories 4, B, a U-module from B to A amounts to a C-functor
A°P@B 5> U (these have also been called bimodules, profunctors and
distributors in the literature ). In the first instance it seems that in order
to speak of C-modules one needs the extra operations ( )°P and @ on
the 2-category 0-Cat of small C‘-categories, and also the O-category O
itself which lives outside of C-Cat .

It is shown here that this first impression is false and that O-mo-
dules are accessible purely from the bicategory 0-Cat and certain limits
and colimits (in the sense appropriate to bicategories) therein. Further-
more, it is shown that composition (or tensor product) of C-modules is
also accessible and behaves well due to a certain commuting property
between these limits and colimits.

More precisely, given a bicategory K satisfying certain finitary
completeness conditions, it is possible ( purely from these limits and co-
limits ) to construct a bicategory B such that, when H s O—Gai, B is
essentially the bicategory O-Mad of C-modules.

In Street [12,13], a construction on a 2-cate gory K was given
which generalized the construction of Set-modules from the 2-category
Cat. This involved defining the notion of two-sided fibrations in a 2-cat-
egory. Perhaps surprisingly the same basic idea leads to a solution of
the present problem: two variants are needed, one minor and one radical .

The minor variant is forced by the replacement of «2-category» by
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«bicategory» (although a solution to the corresponding problem for 2-cat-
egories can be obtained from our work too). Functors which are equival-
ences of categories are not necessarily fibrations or opfibrations in the
sense of Gray [4]. Isomorphisms of categories are both. This indicates
that the notion of fibration (or fibred category) presently in use is a 2-
categorical and not a bicategorical notion. In Section 3 we introduce the
notion of two-sided fibration relevant to a bicategorical approach to cat-
egory theory; that is, we define what it means for a span in a bicategory
to be a fibration (this is quite different from the question of fibrations
between bicategories which is not relevant here ).

In recent years it has become even more obvious that, although
the fundamental constructions of set theory are categorical, the funda-
mental constructions of category theory are bicategorical. Since the paper
Bénabou [1] in which bicategories were introduced, little has been pu-
blished on them explicitly. Much more has been written on 2-categories
and there has been an attempt to introduce as few «pseudo-concepts» (ter-
minology of Kelly-Street [6]) as necessary to convey the ideas of a giv-
en situation. Thus we have found it necessary to show systematically
(Section 1) how the ideas of 2-category theory must be modified for bi-
categories. Little use is made here of general morphisms of bicategories
(lax functors). It has been shown in Street [14] that lax limits can be
calculated as indexed limits; we avoid lax limits for bicategories by con-
sidering what are called here indexed bi-limits. These are the limits per-
tinent to bicategories.

Doctrines on bicategories are dealt with in the second section.
Problems of coherence are avoided by taking a global approach: a doc-
trine M on a bicategory Kisa homomorphism of bicategories from the
simplicial category A to the endo-bicategory K which preserves the mo-
noid structures. After all, the simplicial diagrams that a monad (= stan-
dard construction) provided were the most important consideration in the
work in which they were introduced ( Godement [3] ). Doctrines on bicat-
egories generalize monads on categories. The doctrines which appropriate-

ly generalize idempotent monads are here called KZ-doctrines (see Kock
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FIBRATIONS IN BICATEGORIES

[7] and Zsberlein [17] ). The theory of KZ-doctrines is simplified by the
observation (which becomes our global definition) that a doctrine M is
such precisely when it extends from the category A to the 2-category
of finite ordinals.

The condition that a span should be a fibration is that it should
bear a structure of algebra for an appropriate KZ-doctrine on the bicate-
gory of spans with the same source and target. The KZ-doctrine is defined
in terms of finite indexed limits (and so is first-order). With minor chan-
ges the work of Street [14] carries over to bicategories.

Recall that profunctors can be regarded as spans in Cat , and they
are composed by first composing the spans using pullback and then form-
ing a coequalizer. Fibrations in a bicategory are composed by first form-
ing a bipullback and then a bicoequinverter. The details of this composi-
tion are made explicit in Section 4. The composition works best in a fi-
brational bicategory.

Section 5 gives the interpretation of fibrations in Cat and the
proof that Cat is a fibrational bicategory.

The radical variant referred to in the fourth paragraph of this in-
troduction is met in Section G : instead of looking at fibrations in C-Cat ,
we should look at fibrations in (C-Cat)°P ; that is, at cofibrations in
C-Cat. The C-modules turn out to amount to the bicodiscrete cofibrations
in C-Cat. The (not necessarily bicodiscrete ) cofibrations are also iden-
tified (they amount to what we call @-gamuts : certain diagrams in @-mod)
and this is used to show that (C-Cat)?P is a fibrational bicategory. This
means that cofibrations can be composed and that the composition amounts
precisely to the usual composition of C-modules.

The solution to our problem is then to take H°P to be a fibrational
bicategory and to take B to be the bicategory with the same objects as
H and the bidiscrete fibrations in }°P as arrows.

Two solutions to the problem have thus appeared for the case
where O is Set so that C-Cat is Cat. The contradiction between these
two solutions is resolved by the observation that Cat possesses a very

special exactness property: every ( bi Jcodiscrete cofibration in Cat is
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a (bi Jcocomma object. This is why det-modules can be captured by either
starting with spans or starting with cospans in Cat .

This work also clenches the case for working with two-sided fi-
brations. For the example where C is det this is not so obviously im-
portant. After all a fibration from B to A in Cat corresponds ( somewhat
unnaturally) to a fibration over 4 X B°P and the former is (bi)discrete iff
the latter is. Cn the other hand, the one-sided cofibrations 4 » S under
A in Cat, which were considered in Gray [4], do not subsume the two-
sided cofibrations in a similar way at all. A one-sided cofibration under
A in Gray's sense is essentially a cofibration from the empty category
0 to A in our sense; this amounts to a det-module with target A . Such
a cofibration is bicodiscrete iff the corresponding det-module is the unique
one 0 > A . So there is essentially only one bicodiscrete cofibration under
A. This means there is no hope of capturing two-sided bicodiscrete co-
fibrations from their one-sided counterparts.

Note that we agree with Gray [4] that the fibrations in Cat“P
should be called cofibrations in analogy with topology. Beware, however
that the term «cofibration» is also used in the literature (after Grothen-
dieck) for fibration in Cat®®. The two-sided approach avoids the need

for a special terminology for the latter concept: if
Ae-Pt _E__ 4 . B

is a fibration from B to A then p: £ > A is a fibration from 1 to A and
q: E> B is a fibration from B to I ; in Grothendieck's terminology, p

is a «fibration» and ¢ is a «cofibration».

The C-module aspect of this work was presented during February-
April 1977 in colloquia at the Universities of Chicago, Illinois (Urbana),
and Montréal, and at Tulane University (New Orléans). The bicategorical
aspect has been available in preprint form since February 1978.

Partial support was provided by a grant from the National Science
Foundation of the United-States (1976-77) which enabled the author to

spend his study leave at Wesleyan University (Middletown, Connecticut).
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FIBRATIONS IN BICATEGORIES

1. BICATEGORIES.

(1.1) Most of our terminology will be that of the introductory paper of
Bénabou [1]. Suppose T, S: @~ K are morphisms of bicategories as
described in [1] Section 4. A transformation a: T S consists of the

data displayed in the diagrams

T4 a4 ~SA
ry af | Sf
TB 5 ~SB

in K as f: A> B runs over the arrows in (I, satisfying coherence con-
ditions. A modification s: a => 8 between transformations a, B: I' > Sis

a family of 2-cells
sA:aA=>BA suchthar Bf.(Sf) (sA)=(sB)(Tf).af.

With the obvious compositions we obtain a bicategory %iw{(@,x) of
morphisms, transformations and modifications. Morphisms of bicategories
can be composed (Bénabou [1] Section 4.3), and we write Bicat for the

category of bicategories and morphisms.

(1.2) Categories will be regarded as special 2-categories with only iden-
tity 2-cells ; 2-categories will be regarded as special bicategories inwhich
composition of arrows is strictly associative and the identity arrows are

identities. If K is a 2-category, then so is ﬁiwa((f,K) .

(1.3) For bicategories (@, X, our main interest will be in homomorphisms
T:{> K ; these preserve composition of arrows and identity arrows up
to natural coherent invertible 2-cells. A transformation a: I'> S of homo-
morphisms is called strong when the 2-cells af are invertible for all ar-
rows f in (. Write Ham({®,X) for the bicategory of homomorphisms,
strong transformations and modifications. Write Hom for the category of

bicategories and homomorphisms.

(1.4) Recall the construction of the classifying category C® of a bi-
category  (Bénabou [1] Section 7.2, page 56). The objects of C{ are
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the objects of ( and the arrows of C{ are isomorphism classes of ar-

rows of & . In fact, we have a functor C: Ham » Cat.

(1.5) Adjunction in a 2-category has been discussed for example in Kelly-
Street [6] Section 2. The adjustments necessary for a bicategory in order
to allow for associativity of composition of arrows only up to isomor-
phism are minor (see Gray [5] page 137) and will not be made explicit
here. An arrow u: 4> B in a bicategory ( is said to be an equivalence
when there exists an arrow f: B> A and invertible 2-cells Ip = uf and
fu= 14 . The invertible 2-cells may be chosen so as to obtain an adjunc-
tion f4 u in @; so [ is unique up to an invertible 2-cell. When there
exists an equivalence from 4 to B we say that A and B are equivalent

and write 4 =~ B.

(1.6) Homomorphisms of bicategories preserve adjunctions and equi-

valences.

(1.7) An object 4 of a bicategory K is called groupoidal when each

2-cell
x ] 4

is an isomorphism. Call 4 posetal when for each pair of arrows u, v: X~ 4
there is at most one 2-cell u=> v. Call 4 bidiscrete when it is both
groupoidal and posetal. The groupoidal objects of R form a full sub-bi-
category of K denoted by GK . Note that GX is a local groupoid. The
bidiscrete objects of K form a full sub-bicategory of K whose classify-
ing category (1.4) is denoted by DK . For example the groupoidal objects
of Cat are the groupoids and GCat is the 2-category of groupoids; the
bidiscrete objects of Cat are those categories which are equivalent to

discrete categories, and DCat is equivalent to the category Set of sets.

(1.8) A category is called trivial when it is equivalent to the category
1 with one object 0 and one arrow I, . An object K of a bicategory @ is
called biterminal when, for each object A of {, the category @c4,K)

is trivial. Biterminal objects are unique up to equivalence. A biinitial ob-
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ject of (@ is a biterminal object of @°P (we write @°P, ({°°, @°°°P for
the duals @%, @°, @ of Bénabou [1] page 26 in accord with the notion
of Kelly-Street [6] page 82 for 2-categories ).

(1.9) Yoneda Lemma for bicategories. For a homomorphism T : @ Cat of
bicategories, evaluation at the identity for each object X of ( provides

the components
Hom (d, Cat) (A(X,-),T) —=TX
of an equivalence in Ham ({, Cat).
71.10) Grothendieck construction. For two bicategories @, B and a homo-
morphism R: {@°Px B > Cat, we shall describe a bicategory &R (or,

more correctly, &0 (€, R,B) ). The objects (A,r, B) consist of objects
A, B,r of &, B, R(A,B), respectively. The arrows

(a,p,b): (A,r,B)~> (A',r", B')
consist of arrows
a:A->A', b:B>B', p:R(A,b)r>R(a,B")r'
of @, B, R(A, B'), respectively. The 2-cells :
(a,B):(a,p,b)=>(c,0,d)
consist of 2-cells a: a= ¢, B:b=>d of @, B such that
o.R(A,B)r=R(a,B')r".p.
Composition of arrows is given by
(a',p',b')(a,p,b) =(a’a,r,b'b)
where 7 is the composite
R(A,b'b)r = R(A, 6" )R(A, b)r R(A:0")p  Rea, b")R(a, B )1’ =
R(a,B")R(A", b")r" R(a:B")o_ R(a, BYR(a",B")r"~R(d' a,B")r"

in R(A,B"). The other compositions are the obvious ones. First and
last projection give strict homomorphisms P: &R~ &, Q: &R B . 1f
®, B are 2-categories, so is &R, and P, Q are 2-functors. Write éﬂoR
for R when € =1, and write &{; R for &R when B =1. An arrow
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(a,p,b) of 6fi1{ is called i-cartesian (i = 0,1 ) when p is invertible.
Write éﬂf R for the locally full sub-bicategory of éfiR consisting of all

the objects and the i-cartesian arrows.

(1.11) A birepresentation for a homomorphism T : @ > Cat of bicategories
is an object K of a together with an equivalence
&(K")—;—"T in }(om((f,eai).

Using (1.9), we see that a birepresentation of T precisely amounts to an
object K of @ and an object k of TK such that:

- for each object 4 of ( and obiect @ of T4, there exist an arrow
u: K> A in @ and an isomorphism (Tu)k=a in TA ; and

- for arrows u, v: K> A4 in @ and a:(Tu)k->(Tv)k in TA,

there exists a unique 2-cell o: u = v in { such that (To )k =a .
This implies that (K, k) is a biinitial object of @[’8 T . It follows
that birepresentations for T are unique up to equivalence in &78 T . Call

T birepresentable when it admits a birepresentation.

(1.12) Suppose ( is a small bicategory and /: ({»> Cat, S: (> K are
homomorphisms. A J-indexed bilimit for S is a birepresentation (K, k)
for the homomorphism

Hom (A, Cat)(J, K(1x,S)): RoP 5 Cat.

A particular choice of K is denoted by {/, S} and is characterized up to

equivalence by an equivalence

which is a strong transformation in X.

(1.14) When K is a 2-category, both sides of (1.13) are 2-functorial in
X and it sometimes happens that {J, S} can be chosen so that the equi-
valence is in fact a 2-patural isomorphism; in this case, we will write
psdlim(J,S) instead of {/,S} and call it a J-indexed pseudo-limit for
S. Of course, if K=psdlim(J,S), then K is a /-indexed bilimit for S.

(1.15) PROPOSITION. For any small bicategory & and homomorphisms
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I,S: @ Cat, a J-indexed pseudo-limit for S exists and is given by:
psdlim(J,S) =~ Ham ({,Cat)(/,S). o

(1.16) There is another type of limit for bicategories which may appear
to give some new constructions but in fact does not. For morphisms of
bicategories J: (- Cat, S: @ K (1.1), it is natural to ask for an ob-

ject L of R satisfying an equivalence
(1.17) KiX,L) =~ Bicat(@, Cat)(],X(X,S)).

Such an object can in fact be obtained as an indexed bilimit; this will
not be needed here so we shall not give the details except to note that
bicategorical versions of Street [14] Section 4 and Gray [5] pages 92-

94 are relevant.

(1.18) There are important 2-categories (for example, }(m(@,@ai) and
topoi over a base topos) which admit certain indexed bilimits which are
not indexed limits or even indexed pseudo-limits. Therefore, in the ab-
sence of a coherence theorem allowing the replacement of a bicategory
and its indexed bilimits by an equivalent 2-category and its indexed limits
we are forced (even for 2-categories) into the more involved (yet more
natural ) context. Fortunately, the theory of Street [14] is altered only
slightly by the need to insert isomorphisms in diagrams which previous-

ly commuted.
(1.19) A homomorphism F: X > &£ is said to preserve the J-indexed bi-
limit (K, k) for S: @5 K when FK together with the composite

Ik X(K,s) L €(FK,F5)
form a J-indexed bilimit for F'S. By abuse of language we express this
as an equivalence F{/,S} = {J,FS}. An indexed bilimit is called ab-
solute when it is preserved by all homomorphisms.
(1.20) Combining (1.13), (1.11), (1.15), we obtain:

PROPOSITION. Birepresentable homomorphisms from a bicategory ( into

Cat preserve whatever indexed bilimits that exist in q.
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(1.21) The analogue of the representability Theorem (Mac Lane [10] page
118; Schubert [ 11] page 88) will not be needed and is left to the reader.

(1.22) For a category C and an object A of a bicategory K regarded as
homomorphisms 1 - Cat, 15K, we call {C, A} when it exists, a co-

tensor biproduct of C and 4 ; then there is an equivalence

(1.23) When /J: (> Cat is constant at the category 1, a J-indexed bi-
limit is just called a bilimit and we write bilimS in place of {/,S}.In
particular, if 4 is a set and S a family of objects of a bicategory K the
bilimit of S is called the biproduct of S and denoted by [/EISA (the sym-

bol IIl is to be read «bi-pi»). The notions of biequalizer, bipullback, bi-
kemel pair, ... are now self-explanatory. (Scme authors use «limit» for

«bilimit», and some use «2-limit» in the case of 2-categories.)

(1.24) We can construct the indexed bilimit {/, S} as the biequalizer of

a pair of arrows

M{/A,SAY X M {{(A,B)xJ] A, SB}
A A,B

provided the biequalizer, cotensor biproducts, and biproducts involved

exist.

(1.25) In a 2-category, indexed pseudo-limits (and hence indexed bili-
mits) can be constructed from cotensor products, products and equalizers.
For, pseudo-equalizers can be constructed from cotensor products and
pullbacks; so, if we replace the biproducts and cotensor biproducts in
(1.24) by products and cotensor products and then take the pseudo-equal-

izer, we obtain psdlim(/,S).

(1.26) For homomorphisms /: (@or5 Cat, S: @5 K, we write J*S for
{7,5°P} and call it the J-indexed bicolimit of S in X .

(1.27) A bicategory X will be called finitely bicategorically complete
(«finitely bicomplete» would be misleading! ) when it admits cotensor

biproducts with the ordinal 2, biequalizers, biproducts of pairs of ob-
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jects, and a biterminal object 1. There is a notion of finitary homomor-
phism J: @ Cat which satisfies the appropriate version of Street [14 ]
Theorem 9, page 163. For example, with such finite bicat. completeness,
any monad (4,t) admits an Eilenberg-Moore object A" satisfying the

equivalence

(1.28) Kex, 4t) = Kex, 4)Rex o)

(1.29) For a finitely bicat. complete bicategory K, cotensor biproduct
provides a homomorphism of bicategories {, }: @ai%’x]( > K, where
e“ifp is the full sub-2-category of Cat consisting of the finitely present-
ed categories (1.e. coequalizers of pairs of functors between free cat-

egories on finite graphs). For Ce Gaifp, AeX, the homomorphisms
fc,-}: K- K, {-,A}:Ga,{]q; - K

preserve finitary indexed bilimits (1.19).

(1.30) A left bilifting of an object X of £ through a homomorphism
T:KX-> & of bicategories is a birepresentation of £( X, T-): K+ Cat

(1.11); that is, an object SX of X and an equivalence
(1.31) KeSx,-) =~ 8&cx,71-).

If each object of £ has a left bilifting through T the axiom of choice
allows us to extend the function X b SX to a homomorphism S: L5k
such that (1.31) becomes a strong transformation in X . This S is unique
up to equivalence in Hom(£,X) . When such a homomorphism S exists

we say that T has a left biadjoint and write S 7)4 T.

(1.32) A homomorphism with a left biadjoint preserves indexed bilimits.

(1.33) A homomorphism T:K5 & of bicategories is said to be a biequi-
valence when:

- for each object X of £, there exists an object A of K such that
TA=~ X (1.5); and

- for each pair 4, B of objects of K, the functor

Typ:X(4,B)» £(TA,TB)
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is an equivalence of categories.
Clearly a biequivalence T has a left biadjoint S which is also a biequi-

. . . . . . 9
valence. So biequivalence is an equivalence relation written: K-£.

(1.34) For bicategories «, B, G, there are natural biequivalences:

Hom(ExB,C) - Ham(A, Ham (B,C)), Hom(1,d)-{.

(1.35) The biequivalences (1.34) show that Hom is a weak kind of car-

tesian closed category. There are canonical homomorphisms
1o Hom((d,A), Hom(B,C)> Ham (Hom (A, B), Hom (U, C)).
(1.36) There is a canonical natural isomorphism
Hom (@, Ham (B, C)) = Ham (B, Ham (&, C))

in Ham which is in fact the restriction of a strict isomorphism

%Lwi(@op,%kai(%,@)op)op ] %ioai (%.%&wi(&OP,GOP)OP) .

2. DOCTRINES.

(2.1) The simplicial category. The full sub-2-category Ond‘; of Cat con-
sisting of the finite ordinals is generated under composition by the co-

simplicial complex :

9o
(2.2) do o
do W e
0.9% , 1.9 o 91 b3 o U 4
d; B ‘1 a,
a2 ty
ds

and the natural transformations d,, <d,, 47, ;1< ¢y 5 the functors ¢,
are distinct epimorphisms and the functors d, are distinct monomor-
phisms. Furthermore, the complex (2.2) is generated by adjunction and

pushout in Cat from the two unique functors

(2.3) 0
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For, at each stage in (2.2) we have the string of adjunctions

(2-4) 80—| LO"I 81-| LI"'|62-’L2—+ .es

where the unit of d,, -} ¢,, and the counit of ¢, - d, 4 are identities;

and for n > I , the squares

0
n-1 9 > n
(2.5) an_ll a,
0
n 0 >n+1

are pushouts. The cosimplicial identities :
aras = as+]ar and (gt = ar‘s-l—] for r<s,

0,5y for r<s
(2.6) t,d

s0; 1 for r=s or s+1

for r>s+1,

d

r-1ts
are consequences of these facts. The 2-category O"‘iﬂ is locally partially

ordered, and there is a 2-functor

(2.7) +:®nd£><®md£-—> @ndfz
given by the ordinal sum which enriches Gndg with a structure of monoid

in the category of 2-categories and 2-functors. The simplicial category

A is the underlying category of O/‘uiﬁ .
(2.8) The pushouts (2.5) are also bipushouts in Cat.

(2.9) The arrow (5 :2 -1 is an absolute bicoequalizer (1.19) of the pair
tg> t;7:3-2 in the subcategory of A consisting of the objects 1,2,3

and the last-element-preserving arrows (and hence in A and Cat ).

(2.10) Doctrines on a bicategory XK. The bicategory Hom (K,K) with
composition as multiplication and the category A with ordinal sum as
multiplication are monoids in Hom . A doctrine on K is a homomorphism
of bicategories M:A > Ham(K,X) which preserves the monoid struc-
tures. If we put M, n, p equal to the respective images under M of 1,

dp:0-1, (4:2-1, then it follows that the image of (2.2) under M is
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the diagram

M
(2.11) W —

7
I e M M2 MTIM>M3JWM m4
M uM MyM2
——e P .
r)M2‘ _uM
M

in }(M(K,K) . The identities (2.6) are converted in }(am(K,K) to in-
vertible 2-cells which are coherent; for example, there are the invertible

2-cells r, I, a given by the composites :
rely = MI1p =M(350y) =~ Ml ) M(9y) = .My,
LrponM =MCy))M(;) = M(pa;) =MIp = 1y
a:p.Mp =M IMC) = Megep) =Mpep) = MO MO =pp M

and all the other invertible 2-cells can be obtained from these three. In

fact, all the data for M are determined by M, n, pu, r, [, a.

(2.12) Let Gndiuc denote the sub-2-category of Ouig consisting of the
non-empty finite ordinals and the last-element-preserving arrows. Let ASHe
denote the underlying category of OxdS“. As pointed out in Lawvere
[8] page 150, A®“® is the Eilenberg-Moore category of algebras for the
successormonad suc on A described as follows. The category A is a
strict monoidal category with ordinal sum as tensor product. The data
(2.3) describe a monoid structure on the object 1 in this monoidal cat-
egory. Thus a monad suc on A is induced with underlying functor:

-+1:A > A . Clearly AS%C is generated under composition by the diagram

Lo
- (;0 d; N
[4
(2.13) T " 0
(9, Ll 2
> -+ —_——

(2.14) The monoids A, Hom (K, X) in Hom act on the left on the bicat-

. s . . .
egories A4, K, respectively, by ordinal sum and evaluation.

12%
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(2.15) An algebra for a doctrine M on a bicategory Kisa homomorphism

of bicategories A:AS%¢ 5 K such that the following square commutes.

A x ASue Mx A > Ham (K, X) x X

+ eval

Asuc A - K

Let A, a be the image of 1, ¢y:2>1 under A. Then commutativity of

the above square implies that the image of (2.13) under A is the diagram
M2q
~7
Ma My A
Mu A
As2 ya _Mnd _y2y  Mpd  y3y
n4 < b A M nMA
MA pMA
_n - - T
M2 4
in K. The identities (2.6) which do not involve 00 's are converted in
K to invertible 2-cells, which are coherent; for example, there are the
2-cells
l:aend =1y, a:a.Ma ~a.pA

obtained from the equations
Loal =1, =t
all the other such 2-cells can be obtained from these two and those for M.

Given M, all the data for A are determined by 4, a, [, a.

(2.16) A morphism f: A> B of algebras for M is a transformation of mor-
phisms of bicategories such that f+ =eval. (Mxf). A 2-cell 0:f> g
between such morphisms is a modification such that & + = eval. (Mxao).

A morphism f is determined by f = fl: 4> B and a = f¢;:

MA Mf  ,usB
a a“ B
A f ¢B,
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and a 2-cell 0: f=> g is determined by 0 =51 : f= g.

(2.17) Write K&V’ for the bicategory of algebras for M, morphisms between

these, and 2-cells between these.

(2.18) A strong morphism of algebras for M is a strong transformation
f: A> B which is a morphism of algebras for M ; this amounts to saying

that a: B.-Mf= f.a is invertible.

(2.19) Vrite KM for the bicategory of algebras for M, strong morphisms

and 2-cells. Alternatively, KM s the equalizer of the two homomorphisms
Hom(AS#¢ Ky =5 o Hom (A xASEC K)
M\ Aal*
s
Hom (A xAS4e, Ham (K, K)xK)
in the category Hom (see Bénabou [1] 7.4.1, page 57).

(2.20) A doctrine M on K induces a doctrine M« on Haom ((‘f,}() , namely

the composite
A —W*KW(K,K)—ZTW}(W(}(M(@,K),HW(G,K)),
The isomorphism (1.36)
Hom (A€, Ham (€, X)) = Hom (@, Hom (AS2¢, K ))
induces an isomorphism
(2.21) Hom (@, K)M* < Hom (@, KM)
in Hom.
(2.22) Fvaluation at 1 provides a homomorphism U: KML K . For each
X of K , the composite

l
ASuc L A M }(W(K,K)—f——————-»vax

provides a left bilifting (1.30) of X through U ; so we obtain a left bi-
adjoint F: K> KM for U.

(2.23) For each algebra A for M, (2.9) yields the absolute bicoequalizer
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Ma

MMA “MA—2 4

HA
in K.

(2.24) The functor + : AS*¢ > [A®"¢,AS%C] corresponding under the car-

tesian-closed adjunction to ordinal sum induces a homomorphism

Hom(Asue Ky __(1.35)) Hom( [ASU#¢,AS%C], Hom (ASYe,K))
+*l
Ham (AS%¢, Ham (AS2¢,K))
which restricts to a homomorphism
(2.25) KM — - Hom(AS#e, KyMs
Thus we can regard each algebra A for M as an algebra for Mx (2.20)
on Ham(AS“¢,K). Applying (2.23) to A regarded as an algebra for My

we obtain an absolute bicoequalizer

———

(2.26) FMA__— S FA —— 4
in }(M(ASUC,K),

(2.27) A KZ-doctrine (Kock [7], Zsberlein [15] ) on X is a doctrine M

on X for which there is a homomorphism of bicategories
M: @ndf“c — Hom (X, K)

such that the following square commutes (2.12).

Asuc ____,@ndiuc
i i
A M Hom (K, X)

Since all the 2-cells in Gadfuc correspond under adjunction to equalities
and M must preserve adjunction (1.6), M is unique if it exists. The im-
age of (2.13) under M is just (2.11) with all the top arrows M" 7y omitted.
Moreover, in this image diagram each arrow is a left adjoint for the one
below it (if it has one) (1.5), (2.4). In fact, it can be seen that M is a

KZ-doctrine iff - nM with counit L:p.qM = Iy .
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(2.28) Any algebra A for a KZ-doctrine M has a unique extension to a
homomorphism A :Ondéuc > K. To see this, first note that evaly M pro-
vides the unique lifting of each «free» algebra F X (2.22). Then the bi-
coequalizer (2.26) can be used to define A on 2-cells giving an exten-
sion A which is unique since all the 2-cells in Gndf"'c correspond under

adjunction to identities.

(2.29) It follows from (2.28), (1.5), (2.15) that, for any algebra A for
a KZ-doctrine M, there is an adjunction @ 4 n 4 with counit /, and the

isomorphism @ is uniquely determined.

(2.30) The homomorphism U : W > R given by evaluation at 1 is fully
faithful ( = local isomorphism) when M is a KZ-doctrine. For algebras
A, B andan arrow f: A > B, the 2-cell a: B.Mf= fa which corresponds
under the adjunction a - n4, B+ nB to the isomorphism

nf:Mf.qnd =>nB.f
enriches [ with a structure of morphism f: A-> B which is unique with
the property that Uf = f. Any 2-cell a: f= g will clearly respect such
a's and so be a 2-cell in K@" .

3. FIBRATIONS.

Throughout this section we shall work in a fixed finitely bicateg-

orically complete bicategory K (1.27).
(3.1) Aspan (u,S,v) from B to A is a diagram

Y S v »B.

When u, v are understood, (u,S,v) is abbreviated to S. Identify 4 with

the span (14, 4,14 ) from 4 to A.

(3.2) A homomorphism (b, fo )z (u, S,v)> (u',S',v") of spans is adi-

agram

e o v
Tl
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in which the 2-cells ¢, ¢y are invertible. When ¢, ¢y are understood
(¢, f>¢) is abbreviated to f. When ¢,y are identities, [ is called a

strict homomorphism (or an arrow of spans ).

(3.3) A 2-cell o:(,f,) =>(y,g,«) of homomorphisms of spans is a
2-cell o: f=> g such that

uo.p=y, vie.y=x.

(3.4) Let (San)(B, A) denote the bicategory of spans from B to 4,
homomorphisms, and 2-cells, with the obvious compositions. When K is

understood we write Opn( B, 4).

(3.5) For each list of objects AO,...,An , we have a homomorphism of

bicategories

empn: ig]Spn(Ai+1,Ai) - Spn(An,AO)

called composition whose value at S, ..., S; is the bilimit of the diagram

/sl S, S, S,
¥ \ / \ / \\
4, A; 4, A

denoted by SI 0ees0 Sn . Of course, it is understood that, when n =0,

n

the span A, from A4, to Ay is picked out by @n\po , and, when n =1,

empl is the identity homomorphism.

(3.6) Suppose n;,...,n;, is a list of integers and put

m; =ny+...+n; for j=0,..,k.

For any list AO RO | of objects, there is an equivalence

my,
empm
I Spn( 4415 4;) : = dpn (4, 5 4y)
Lfmk k
a uz
I Spn( 4, ,{)
je k jtl1 j

and any diagram involving expanded instances of a and a! commutes
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up to a unique canonical invertible modification.

(3.7) For a span (u, S,v) from B to A and arrows a: X~> A4, b: Y- B,
the composite span (3.5)

(]X,X,a)o(u,S,v)O(b, Y>]Y)
from Y to X is denoted by S(a, b) and called the fibre of S over a, b.

The notion of «fibration» below arises from the question: for what S is

S(a,b) functorial in a, b?

(3.8) For each object 4, we write H A for the span (dy {2, A}d; ) from
A to A, where

dO = iaoal}, d] = {31,1}-
Forarrows a: X> A, b: Y> A, the span 1 A(a, b) (as defined in (3.7)
with HA for S) is called the bicomma object of a, b. The canonical

arrow HA(a,b)>12,4} corresponds to a 2-cell

HA(a,b) ————Y
g A, b
X > A

a
and HA(a,b) can also be characterized as appearing in the biuniversal
such diagram with a, b fixed.

(3.9) In gpn(A, A ), there is an equivalence
(HA)o ..o (HA) = ({firstelt, I},in+1,4),{ lastelt,1})

(n terms)

which is unique up to a unique isomorphism. Thus the functors ¢y :2-1,

0;:2 -3 induce homomorphisms of spans

(3.10) A4 a4 (HA)o(HA)

for which there are unique canonical invertible 2-cells

TA.’]HAZ(‘I,A)(HAOT]A), lA.‘([J.A)(T]AoHA)z ]HA’
aA.'(l,LA}(HAop.A}z(#A)(PLAOHA).
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These data uniquely determine a homomorphism of bicategories
HA: A > Spn(4,4)

which preserves the monoidal structures; in particular, the image of (2.3)

under HA is (3.10).

(3.11) A more global description of HA is as follows. First observe that
A is isomorphic to the dual of the category of non-empty ordinals and
first-and-last-element-preserving functors (leave off the top and bottom
d's from (2.2) and what remains is the dual of (2.2) after renaming ). So

we have a full monomorphism A - A°P given by
H“"l’l'*‘l, a]FL], L]}—>8]+1

Refer now to (1.29) and consider the diagram

A
\\
——
1('\" (firzt__elr)* A°P (1as__t_’31t>* 1
\l{ -,A}
X

This induces a homomorphism of bicategories A - Spn( A, A) which is

equivalent to HA.

(3.12) Composition of spans emPZ (3.5) determines a homomorphism of
bicategories
and composition of this homomorphism with HA yields a doctrine L on
Spn( B, A) . Dually (replacing K by K°°), we obtain a doctrine R on
Spn(B, A) using HB . Composition of spans Gmp3 (3.5) determines a
homomorphism of bicategories

Spn( B, B)X8n( A, 4)—=Hom(Spn( B, 4), Spn(B, 4))
and composition of this homomorphism with

HB
[HA].- A—=3pn(B,B)xX8n(4,4)
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yields a third doctrine M on Sen( B, A) (which is the «composite» of
L, R in the sense of «distributive laws» whose theory we do not develop
here).

(3.13) Write

(FR)(B,4), (Fink)(B,4), (Fi4K)(B,4)

for the bicategories of algebras for L , R, M, respectively, where in each
case the arrows are the strong morphisms (2.19). The objects of these
three bicategories are respectively called left fibrations, right fibrations,
fibrations, from B to A . For a given span E from B to A, a structure

E of (left, right) fibration on E is called a (left, right )cleavage for E.

(3.14) The adjunctions ¢y~ d; - ¢; between the two ordinals 2,3 give

rise to adjunctions
HBonB 4 uB 4 nBoHB

with unit for the first being rB, and counit for the second being [B.

From (2.27), (3.12), we obtain:

(3.15) R is a KZ-doctrine in Spn(B,A). It follows from (2.29) that
a right cleavage for a span E from B to A is unique up to isomorphism,

if one exists at all.

(3.16) For each span (p, E,q) from B to A, there is an arrow (3.8)
Gg:HE > HB(q,1p) which is unique up to isomorphism with the property
that A § = gA . In fact, G can be regarded as an arrow in Spn(],/l) where

the necessary amows into 4 are
d d
HE —9% E_P oA, HB(q,1g) 2> E_P 4.

(3.17) Chevalley criterion. There exists a right cleavage for the span
(psE,q) from B to A iff the arrow g: HE>HB(q,1p) in Spn(1,4)
has a left adjoint with invertible unit.

PROOF. Since 19,,1}:{2,B}> B has a left adjoint {¢g, 1} with in-
vertible unit, so does

dy:HB(gq,15)~ EocHB > E.
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The counit of the latter adjunction is a 2-cell beween endo-arrows of

HB(q,Ip). This 2-cell yields an arrow
k:HB(q,1g5) > {2,HB(q,15)}.
If (£,1,a) is a right cleavage for £ then the composite

is a left adjoint for § with invertible unit. Conversely, if A+ § with

invertible unit then the composite

é:EoHBzHB(q,]B) A HE dl‘E

is a left adjoint for £ oy B with invertible counit [ ; this leads to a

right cleavage ({,!,a) for E. O

(3.18) It follows from (3.14) that L is a «dual» KZ-doctrine on
Spn( B, A). In particular, left cleavages lead to right adjoints to n Ao E

with invertible units. So left cleavages are unique up to isomorphism.

(3.19) The doctrine M (3.12) is a «composite» of the KZ-doctrine R
and the dual KZ-doctrine L, yet it is not in any sense a «KZ-doctrine»
itself. However, cleavages on a span are unique up to isomorphism as

can be deduced from the following:

(3.20) PROPOSITION. Suppose ({,l,a) is a cleavage for a span E
from B to A. Then:

(i) composition with nAocl:EcHB>HAocEoHB vyields a
right cleavage ({y, 1y, ap) for E ;

(ii) composition with lonB:HAoE>HAoEoHB yields a left
cleavage ({;,1;,a;) for E ;

(iii) there are canonical invertible 2-cells

104’0

HAocEoHB — [{ Ao E

<1

ol
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which, together with ly, ag, l;, a; uniquely determine I, a. ©

(3.21) Suppose f: E > E' is a homomorphism of spans from A to B.
From (2.30) we see that right cleavages for £, E' give rise to a unique
structure of morphism of R-algebras (2.16) on [ ; when this morphism is
strong (2.18), we say that [ is right cartesian. The arrows of Fis(B, A)
are precisely the right-cartesian homomorphisms. Cually, the arrows of
F(B,A) are called left-cartesian homomorphisms. Cleavages for E,
E' give rise, by (3.20), to right and left cleavages for £, E'. The unique
structure of morphisms of R-, and L-algebras on [ yield a unique morph-
ism of M-algebras on f. When this morphism is strong we say that [ is
cartesian ; this amounts precisely to saying that [ is both left and right

. (T . .
cartesian. The arrows of Ji(B, A) are the cartesian homomorphisms.

(3.22) Suppose (p, E,q) is a right fibration from B to A . For each ar-
row e: Y> E and 2-cell B:qe=b, an arrow Y1 B(q,1p) isin-
duced (3.8) (it is unique up to isomorphism), and composition with a
left adjoint h of (‘1' (3.17) yields an arrow Y > HE . This arrow corres-
ponds to a 2-cell CB e= f,(e), called the direct image of e under 3
with the following properties :

(i) pCB: pe=>pRyle) is an isomorphism;

(ii) there is an isomorphism y: b= ¢fB,(e) such that y-ﬁ=q§B

and, for all 2-cells
(re=>e', B':b=gqge' with ¢&=B'B,
there exists a unique 2-cell
¢':By(e)= e’ such that f'gﬁ =¢ and ¢é'.y=8";
(iii) for all y: ¥Y'> Y, the canonical 2-cell (By)ey)= B, (e)y

is invertible.

Notice that the notion of direct image contains the heart of the Chevalley
criterion (3.17); the left adjoint for § corresponds to the direct image of

dy: HB(q,1g)~> E under A: qdy=d; (3.8).

(3.23) Dually to (3.22), for a left fibration (p,E,q) we have the no-
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tion of inverse image {*:a*(e)= e of an arrow e: X > E under a 2-

cell a:a=pe.

(2.24) PROPOSITION. For arrows a: X> A, b: Y-> B, if £ is a (left,
right) fibration from B to A then the fibre E(a,b) (3.7) is a (left,
right) fibration from Y to X.

PROOF. Consider the diagram which follows:

HXoE(a,b)

If £ is a left fibration we can apply inverse image (3.23) to the part of

the diagram obtained by ignoring the dotted arrows. This yields a 2-cell

/’\
HXoFE(a,b) h E

which corresponds to an arrow HXo E(a,b)~ E. This, together with

the canonical arrows

HXocE(a,b)> X, HXocE(a,b)- Y,
gives a left cleavage {:HXo E(a,b)> E(a,b) for E(a,b). Dually,
if £ is a right fibration we obtain a right cleavage for E(a, b).If E is

a fibration, it can be seen that the left and right cleavages so obtained

yield a cleavage (3.20) (iii). O

(3.25) For a left fibration £ from B to A, we shall now describe a ho-

momorphism of bicategories

E(-,B): K(X,A)°P 5 (B, X).
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Fora: X»> A, put E(-,B)a=E(a, B), the fibre of E over a, Ig.For
any 2-cell a:a=>a', we obtain a left cartesian homomorphism denoted

by E(a,B): E(a',B)> E(a,b) as follows. Apply inverse image to the

diagram
E(a’,B)
/.// \
X* ~ E
» =
a
= p
a
A

to obtain a 2-cell whose source is an arrow E(a’, B)-> E | which, together

with E(a’, B)> X, determines the required arrow E(a, B).

(3.26) Dually, a right fibration £ from B to A determines a homomor-

phism of bicategories

E(A,-): R(Y,B)> Su(Y,A).

(3.27) A fibration £ from B to A determines a homomorphism of bicat-

egories

E(-,-): K(X,A)°PxK(Y,B) > $ib(Y,X)
(as foreshadowed in (3.7)). By (3.24) we may take
E(-,-)(a,b)=E(a,b).
Fora:a=a', B:b=>0b', wetake E(a,B): E(a’,b)>E(a,b’)tobe

isomorphic to the composite

E(a',b)~ E(a", B)(X,b)_E(a’ B)(X,B), Era', B)(X,b")
~ E(A,b")(a", V) LN Y) Fea b )a, Y) = E(a, b)

(or the dual isomorphic composite ).

(3.28) The bicategories dpn(B, A), $il(B, A), Fin(B,A), $ik(B, 1)
are finitely bicat. complete (1.27). For a span (u, S,v) from B to 4,
the cotensor biproduct {2, (u, S, v)} in Spn( B, A), denoted by {2, S}g ,

is the bilimit in X of the diagram
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{Loal} {Q,A} {.Z,u} {2’5} {]:U} {Z,B} {l.oa-l%

The biterminal object of Spn(B, 4) is (pr;, AN B, pry) (1.23). The
biproduct S[HgT of spans S, T from B to A is the bilimit in K of

f

- T

A B.

the diagram

—_—— >

™ —— W

The biequalizer of two homomorphisms [, g: S> T of spans from B to
A is just the biequalizer of f, g in K made into a span in the obvious
way. Any bicategory of algebras and strong morphisms for a doctrine on
a finitely bicat. complete bicategory is finitely bicat. complete and the

underlying homomorphism preserves the indexed bilimits.

(3.29) A (left, right) fibration £ from B to A is called groupoidal, po-
setal or bidiscrete according as the underlying span has the property in
the bicategory dpn( B, A) (1.7). Clearly (as is more generally true for
bicategories of algebras of a doctrine) this amounts to saying £ has the
property in the appropriate bicate gory $U(B,A), Fi(B,A), $i8 (B, A).

We have locally groupoidal bicategories

(3.30) GCIL(B,A), GFir(B,A), GFibh(B, A)
and categories

(3.31) DF&(B,A), DFin(B,A), DFi(B,A)

in the notation of (1.7).

(3.32) PROPOSITION. Any homomormphism of spans (3.2) from a (lef,
right) fibration to a groupoidal (left, right) fibration is automatically
(left, right) cartesian (3.20 ).

PROOF. If f: E> E' is a homomorphism between right fibrations, then
the unique structure of morphism of R-algebras on f (3.21) is a 2-cell
between homomorphisms of spans from Eo HB to E'. So, if E' is group-

oidal, this 2-cell is an isomorphism and hence f is right cartesian. Left
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cartesian follows dually and cartesian conjunctively. O

(3.33) COROLLARY. The forgetful homomorphisms from the bicategories
(3.30) and the categories (3.31) to épn(B, A ) are fully faithful (that is,
local isomorphisms ).

(3.34) Let Iso denote the category with two distinct objects and an iso-
morphism between them; and let Ppr be the category with two distinct
objects, two arrows between them in one direction and no arrows in the

other direction (the only other arrows being identities ). The functors
2-1, Ppr->2, Ppr- Iso
(the latter two being bijective on objects) induce arrows
A-1{2,4%, 12,4} - { Ppr,A}, {Iso,A} » {Ppr,f“

for each object A of K. The object A is respectively groupoidal, po-
setal, bidiscrete (1.7) iff the first, second, third of these arrows is an
equivalence (1.5). This shows the bilimit-nature of these conditions and

applied in the bicategories of spans yields the next two statements.

(3.35) The bicategories (3.30 ) are finitely bicat. complete and the cat-
egories (3.31) are finitely complete; the bilimits and limits are cons-

tructed as for spans (3.28).

(3.36)If S is a groupoidal, posetal, bidiscrete span, then so is any fibre
S(a,b)(3.7)of S.
(3.37) There is a homomorphism of bicategories
DFif: RoP x Keoor . (Cai
described as follows. For objects B, 4, the category DF¥ib(B, A) is

the category of bidiscrete fibrations from B to A (3.31). For arrows

a: X»>A, b: Y- B, the functor
DFib(b,a): DFib(B,A)> DFB(Y,X)

is given on objects by DFib(b,a)E =E(a,b) and on arrows by using
the biuniversal property of the fibre. For 2-cells a:a=>a', B: b= 1b",
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the natural transformation D(fi,ﬁ(a,ﬁ) has E(a,B) (3.27) as its comp-

onent at F.

(3.38) Of course, for objects A4, B, there are homomorphisms of bicat-
egories
Dcfiﬂ(B,-): Keoor , Cu, D?u(-,A): Ker Gai,

described similarly.

(3.39) REMARK. The 2-category Cat appearing in (3.37), (3.38) is bas-
ed on a category of sets large enough to contain the set of 2-cells of K

as an object.

(3.40) Yhen dealing with spans from B to I we write (S,v) instead of

(u,S,v) since u is unique up to isomorphism. Note also that

$in(B,1)=%ik(B,1), Fil(B,1)=8n(B,1).
(3.41) PROPOSITION. 4 span (p, E,q) from B to A is a right fibra-
tion iff (E, q) is a fibration from B to A and /p) (E,q)- (ANl B, pr.)
tq :

is a cartesian homomorphism. O

(3.42) PROPOSITION. Suppose r:(E,q)> (E’, q') is a homomorphism
from B to 1 and that (E', q') is a fibration from B to 1. Then (E,r)
is a fibration from E' to 1 iff (E,q) is a fibration from B to 1 and
r:(E,q)>(E' q') is a cartesian homomorphism. Under these condi-
tions, ((E,q),r) is a fibration from (E',q') to 1=(B,1g) in the
bicategory $8(B,1). o

(3.43) PROPOSITION. For each object A, the span HA from A to A
is a bidiscrete fibration. The cleavage is {9;9;,A4}:{0,4} {2, 4}.

(3.44) Each bicomma object (3.8 ) is a discrete fibration (combine (3.24),
(3.36), (3.43)). In general there are bidiscrete fibrations not equivalent

to bicomma objects (see (4.10)).
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4. FIBRATIONAL COMPOSITION.

(4.1) The set of path components of a category 4 can be constructed in

Cat as the coidentifier of the 2-cell

(2, 4] | A
\_’/

(see Street [14] page 153 for the notion of identifier). This construction
is not bicategorical. The most obvious analogue which comes to mind is

the bicoinverter of

[2,4] A ﬂ A
\/
but this only gives the reflection of A into the 2-category of groupoids.
Further investigation leads one to see that the reflection of 4 into the
2-category of bidiscrete categories can be obtained as the biuniversal

A - n A which renders the two birepresenting 2-cells

\v/

equal and invertible. This leads us to the following definition.

(4.2) Let 25 denote the 2-category whose distinct non-identity arrows

and 2-cells are depicted below

Let /: 2§P—> Cat denote the 2-functor which assigns the natural isomor-
phism

Iso//—ii\l

~_

(either non-identity such will do; see (3.34)) to both the non-identity

2-cells of 23 . Any pair of 2-cells

in X determines a homomorphism of bicategories S: 23> K. A J-indexed

1%0
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bicolimit J/ xS (1.26) of S is called a bicoequinverter of o, r ; itam-
ounts to a biuniversal arrow w: B> C such that wo, wr are equal in-

vertible 2-cells.

(4.3) The following lemma on bicoequinverters will be of use in our dis-

cussion of fibrational composition. Consider the data displayed in the

diagram

/’/’—\\

X o“ru Y —h L7
\/

u v w
— T X

X' O'UT’H Y' > Z'
v/

together with invertible arrows
(0,00 :0'u=>vo, (,dN:r'u=>vr in [2,K(X,Y")]

and an invertible 2-cell ¢ : A'v=> wh. Suppose that the top row is a bi-

coequinverter and, for each object K, the functor
Ktu,K): R(X'",K)> K(X,K)

is fully faithful (as is the case for example when u is the bicoequinver-
ter of some pair of 2-cells). Under these conditions, the bottom row is a

bicoequinverter iff h', w, ¢ form a bipushout for h, v.

(4.4) Suppose E is a right fibration from B to 4 and F is a left fi-
bration from ¢ to B (3.13). Let {y: EcHB>E, {;: HBo F~ F be
right, left cleavages for £, F, respectively. The Chevalley criterion

(3.17), (3.22) gives 2-cells

which compose with

prI:EoHBoF» EocHB, prz:EoHBoFe HBoF

to yield two 2-cells which induce (using the bipullback property of £ o F)
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/m

(4.5) EoHBoF I EoF
Nt

a 2-cell

in dpn(C, 4 ). Composition of (4.5) with the arrow
EonBoF:EoF >~ EcHBoF

yields a 2-cell canonically isomorphic to the identity 2-cell of the identi-

ty arrow of Eo F. Next, form the bilimit of the diagram

o E
EoHBoF S NSULIS B
éoN ‘%F

EoF

which yields two arrows pry, pro: Ec F 5> Eo HBo F and invertible 2-

cells
(Eoly)pry = (Eol;)pry, (LgoF )prp=(Lyo F)pry.

Composing with each of pr;, pry yields two 2-cells

(4.6) ESF ﬂ “ EoF
\_/'/
Po
where

p1=(Eol1)pri=(Eo{y)pras pg =L F )pry =(Lgo F)pry.

(4.7) The fibrational composite EQF of E, F is the bicoequinverter of
the two 2-cells (4.6) as a span from C to 4 ; it is unique up to equival-

ence when it exists. There is a canonical homomorphism of spans

c=cy:EoF > E@QF.

(4.8) PROPOSITION. (a) For any left fibration F from B to A, the fol-

lowing diagram is an absolute bicoequinverter.

//\
HASF Jc46) | HAo F-——él-—> F.
\\_—/
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(b) For any right fibration E from B to A, the following diagram is
an absolute bicoequinverter

T

— T éb
ESHB  |(46)] EoHB——E.
\___/

(c¢) A fibration (p,E,q) from B to A is bidiscrete iff a cleavage

for E induces an equivalence
HA(A,p)Q®HB(q,B)= E

in 511“(8, A). Furthermore, in this case, the following diagram is an

absolute bicoequinverter.
T
HA(A,p)SHB(g, B) (46 HA(A, p)oHB(q,B)—S + E.
\_——/

PROOF. Let

denote any of the diagrams in (a), (b), (c¢). In case (a), one finds ar
rows < . <> and coherent isomorphisms
ws=1, ut=1, vt=sw suchthat ot =rt;

these equations together with the fact that wo = wr and is invertible
yield the bicoequinverter property which must thus be absolute. Case (b)
is similar. In case (c ) one sees that wo = wr and is invertible precisely

when £ is bidiscrete, and one always has arrows

L. S

- L - i =1, 2,3,

with coherent isomorphisms
ws=1, uty=1, Vi = sw

and 2-cells {; => ty = t3 such that v inverts the first of these 2-cells,

u inverts the second and each ¢; equalizes g,7. O

(4.9) In the situation of (4.8) (a), for any arrow a: A'> A, bipullback
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along a preserves the bicoequinverter, so there is a canonical equival-
ence

HA(a;, A)Q F =~ F(a,B).
Similarly, in the situation of (4.8) (b), for any arrow b: B'> B, there

is a canonical equivalence

EQHB(B,b)~ E(A,b).

(4.10) As pointed out in (3.44), not every bidiscrete fibration is a bi-
comma object; (4.8) (c) shows that every bidiscrete fibration is a fi-

brational composite of two bicomma objects.

(4.11) Fibrational bicategories. A bicategory K will be called fibra-
tional when it is finitely bicategorically complete, each pair of 2-cells
with the same source and target has a bicoequinverter, and bipullback

along a leg of a fibration preserves bicoequinverters.

(4.12) It will be assumed for the remainder of this section that we are

working in a fibrational bicategory K.
(4.13) PROPOSITION. If E is a (right) fibration from B to A and F is
a fibration from C to B then EQF is a (right) fibration from C to A.
PROOF. The bicoequinverter of (4.6) is taken to a bicoequinverter by
-oH B from (4.11). The right cleavage of F induces an arrow
(EoF)oHB » EoF
whose composite with Eo F > E@F renders equal and invertible the two
2-cells obtained by applying =0 # B to (4.6). So an arrow
(EQF)ocHB - EQF

is induced which is a right cleavage for EQF. O

(4.14) Suppose E is a right fibration from B to A, F is a fibration from
C to B, and G is a left fibration from D to C . Define the span £ QF@G
from D to A by the following bipushout, which exists by (4.3) and
(4.11).

E2]
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EoFoG .. (¢col)a _(EQF)oG
|
(1oc)a = L

Eo(FRG) > EQF QG

Moreover, the equivalences a of (3.6) induce equivalences
ab of EQF QG with (EQF)QG and EQ(FQG)

which are left cartesian when E is a fibration and right cartesian when

G is a fibration.

(4.15) More generally, for each list of objects AO""’An , we have a

homomorphism of bicategories
?iﬁcmpn.‘ il;[n ?LK(AL-+], Al) - fhﬁ(An’Ao)

called n-fold fibrational composition. For n = 0, the homomorphism picks

out the fibration /Ay from A, to Ay . For n =1, the homomorphism is

the identity. For n = 2, the value at F,E is EQF (4.7). For n = 3,

the value at G, F,E is EQFQG (4.14). For n> 3, the value at

En”"’EZ is the bicolimit of the following n-1 arrows with common

source:
Elo”'OEn g Elo"'o(EiOEi+1)°"‘OEn
110(301
Elo...o(EiQEi+1)o...oEn.

Vrite E1@ ...QEn for ?Lﬁcmpn(En, vers El ). There is a canonical homo-
morphism of spans
¢, El 0 ...0 En > EIQ...@En;
these provide the components of a strong transformation
cpt @mpn - ?iﬁcmpn (3.5).
(4.16) The equivalences a of (3.6) lift through the underlying homomor-
phisms ffj,ﬁ(Ai , A]-) > Spn(Ai, A]-) to yield equivalences:
ab: g:i,gcmpmk = .Cfigcnlpk.]nﬁiﬁunpmi .
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Any diagram involving expanded instances of these equivalences and their

inverses commute up to a unique canonical invertible modification.

(4.17) A fibration £ from B to A is said to be Cauchy (inspired by
Lawvere [9] page 163) when it has a right biadjoint E* ; that is, a fi-
bration E* from A to B such that, for all objects C, the homomorphism
of bicategories £ @-: $i8(C,B)>FiB(C,A) is a left biadjoint (1.30)

for E*€ -. Thus there are equivalences
(4.18) FB(C,A)(ERQF.G)=~ $:8(C,B)(F,E*QG ).
In more elementary terms, we have arrows

n:HB->E*QE, ¢: EQE*> A

in Si8(B,B), $ib(A,A), respectively and coherent invertible 2-cells

E~EeHB_E®n_rer+er E*-HBeE*NCE] pxgrer+
o — J ~.
(4.19) >~ ~ «QF
Y

HAQE

E *Qe

E*QH A
It thus follows that we also have equivalences
(4.20) FB(A,D)(PQE*, Q) =~ $ib(B,D)(P, ORE)

which also determine the biadjunction E <5| E*,

(4.21) PROPOSITION. Cauchy fibrations are bidiscrete.

PROOF. From (4.20) with § = HA we obtain the equivalence
$ib(B,A)(P,E)~ Fib(A, A)(PRE* HA).

From (3.29), (3.43), the right-hand side is equivalent to a discrete cat-

egory whence the left is, for all P . By (3.29), E is bidiscrete. O

(4.22) A fibration £ from B to A is said to be convergent when there
exists an arrow f: B >4 and an equivalence E=HA(A,f) in F8(B,A).
By (3.44), convergent fibrations are bidiscrete, but we can go further

and prove :

(4.23) PROPOSITION. Convergent fibrations are Cauchy.
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PROOF. We claim that HA(f,A) is a right biadjoint for HA(A,f) .
The identity 2-cell of f induces an arrow HB->HA(f,f) whose com-

posite with the equivalence
HA(f,f)~HA(f,A)@HA(A,)
(4.9) yields an arrow
n:HB > HA(f,A)QHA(A,f).
The free M -algebra on the span (f, B, f) from A to A is
M(f,B,f)=HA(A,f)oHA(f,4),

so the isomorphism of spans (9 A4)f: (f, B, f)> HA induces a cartesian
homomorphism HA(A,f)o HA(f, A)> H A which can be shown to equal-
ize and invert the appropriate two 2-cells (4.6). Hence a cartesian homo-

morphism

e:HA(A,f)QHA(f,A) > HA

is induced (4.7 ). Properties (4.19) for these 7, ¢ can be verified. O

(4.24) An object 4 is said to be Cauchy complete when, for all objects

B, all Cauchy fibrations from B to A are convergent.

(4.25) The Cauchy extension R of the bicategory R is the bicategory
whose objects are the objects of X, whose hom-categories K(B, A) are
the full subcategories of the categories D($8K)(B,A) consisting of
the Cauchy fibrations from B to A, and whose composition is fibrational

composition (4.7). We can identify X with the sub-bicategory of X con-

sisting of the convergent arrows.

5. FIBRATIONS BETWEEN CATEGORIES.

(5.1) The 2-category Cat of small categories is the example for which
the theory of Sections 3 and 4 is essentially folklore [4, 12]. However,
the familiar results do require minor alterations owing to our insistence
that Cat should be dealt with as a bicategory for our present purposes,
although it does enjoy a strictly associative composition of course. The

main point of deviation is that we are unable to capture bicategorically
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the strict fibre of a functor p: £ > A over an object @ of A, and we must
settle for the bipullback of @a: I > A and p. To this extent our terms
«fibre» and «fibration» differ from common usage. The advantage of our
fibrations is that an equivalence of categories is both a left and right fi-
bration. On the other hand, every left (right) fibration over 4 is isomor
phic to a composite of an equivalence and a ( co-)fibration over A in the

sense of Grothendieck.

(5.2) Write Cat/pB for (8pnCat)( B, 1). For a left fibration E from B

to A in Cat, we have a homomorphism of bicategories (3.25)
E(-,B): Cat(X,A)°P 5 (FsCat)(B, X)

which yields, on setting X =1 and using (3.40), a homomorphism of

bicategories

E(-,B): A°P > ea/f/bB.
Similarly, when £ is a right fibration, respectively, fibration, we obtain
(3.26), (3.27) the homomorphisms
E(A,-): B> Gai/bA, E(-,-): A°PX B 5 Cat.
These assignments of homomorphisms to fibrations are the object func-

tions of biequivalences; this result is the appropriate modification of

Grothendieck's result ( see Gray [4] page 32) for our fibrations.
(5.3) For categories A, B, there are biequivalences of bicategories
FU(B,A) ~Ham( AP, Ga/t/bB), $in(B, A) ~Ham (B, Gai/b/l),
$ib(B,A)~Ham(A°Px B, Cat ).

We shall indicate the first of these, the other two are similar. Suppose
E, E' are left fibrations from B to A. Fach homomorphism of spans
f: E> E' induces a functor

fla;B): E(a,B)~E'(a, B) for a: 1-4
by the property of bipullback. When f is left cartesian (so that it com-

mutes with inverse images) these are the components of a strong trans-

formation f(-,B): E(-,B)=> E'(-,B) (3.25). The remainder of the
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definition of the homomorphism
F4(B,A) > ]‘(o/m(AOP, eai/bB)

is easily supplied and it may be checked that is is a local equivalence.
It remains to see that it is surjective on objects up to equivalence. A

homomorphism R: A°P - Gai/bB gives a strong transformation

AP R CayyB
l 7 Jl lDO
1 B > eai

Apply the Grothendieck construction (1.10) to Dy R to obtain a category
E= éfl(DoR) and a projection p: E> A which can be seen to be a
left fibration. Then 7:DyR=B induces a functor ¢: E~> B which
makes (p, £, q) a left fibration from B to A for which there is an equi-
valence E(-,B) = R.

(5.4) Let Ypd be the 2-category of small groupoids and let Set be the
category of small sets. The biequivalences of (5.3) restrict to biequi-
valences of bicategories
GFil(B,A)~Hom(A°P,G(Cat/B)),
GEin(B, A)-Ham( B, G(Cat/4)),
CFiB(B,A)-Ham(A°PXB, Gpd ),
and restrict further to equivalences of categories
D¥il(B,A) =~ [A4°P, D(Cat/} B)l,
D¥in(B,A)=[B,D(Cat/y 4)],
DSiB(B,A)~[ AP x B, det],
where the square brackets on the right-hand sides denote the functor cat-
egories. In fact, if CRT is a 2-category of categories based on a cat-

e gory 869 of sets which includes the set of 2-cells of Cat (3.39), this

last equivalence enriches to an equivalence in

Hom (Cat®P x Ct00P, CHAY)
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between the homomorphism D(Fi8Cat) (see (3.37)) and the 2-functor

CotOP x Caqgfo0p > Cat®P x Cat®P — 5 CatP x CosOP
1X(-)opP twist
Gat".PX -
0= 8e
cag

(5.5) THEOREM. Suppose q: E - B is a fibration from B to 1 in Cat.

The homomorphism of bicategories
Em-:Cat B - eai E
@ /p /b
obtained by bipullback along q has a right biadjoint.

PROOF. In fact what we shall prove is that the 2-functor

Eﬂé‘.’ eai/B - eai/bE

obtained by pseudopullback along ¢ has a right adjoint whose value
(X,dq) at an object (X,u) of Gai/b E has the property that the inclusion
(56) (Cat/B)((Z,w)s(X,i))~ (Cat/yB)((Z,w),(X,ii))
is an equivalence for all w: Z » B.

An object (b,x,0) of X consists of an object b of B, a func-

tor x: £Eb> X (where Eb is the pseudopullback of b: 1> B along ¢ ),

and a natural isomorphism 0 :

Eb X ~ X
- u
E

An arrow (B,E): (b, %,0) > (c,y,0) in X consists of an arrow B:b> ¢

in B and a natural transformation

Eb EB > Fc
\f /
x == y
X

such that the following equality holds:
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Eb\\ EB > Fc Eb E‘/~Ec
o > ly = l é 0 ly
2 ~ u\x E‘IB/ . -~ X

The functor & : )‘(—> B is givenby i(b,x,0)=b, i(B,&) = . Then we
have an arrow
(Eyepq):(Eng,prl)—> (X,u)
in Gai/bE given by
6(8,#7 b7x’6):x(e9ﬂ)’

(A BLE) = (nleyp) E(B)L yEB) e, ) XN y(d,v)),
for

(A,B,f):(e,#, b,x,e) —’(d,V’C;}’,G)

in Eig 3(, where X:(EB)(G,’L)*(d,V) is induced by A using the un-
iversal property of direct image (3.22) (ii).
The arrow (e, 0 pr; ) induces a functor
w: (Cat/B)(Z,w),(X,0)) > (Ga,t/bE)((E%rZ,prl), (X,u))
which we shall describe explicitly and prove is an isomorphism. For
f:(Z,w)-(X,q), put
fz =(wz,x,,0) and f§=(wé,né—)
for each object z and arrow {:z->z' in Z . Define h: E7gZ~> X by
hiesp,z)=x,(e,pn) and
h()\,g)=(xz(€,!l) %Z;U xsz(ng(e,u) xz.fxz'(e”#’))’
Then
w(f)=(h,y) where ¢(e,p,z)=0(e,p):e~ux,(e,p).

The value of w at o:f= g is described as follows. For each z put
oz =(1,£,): (wz,%x,,0) > (wz,y,,0);
then the components of wo : w(f)=>w(g) are the arrows

é‘z(e’p’):xz(e’“) I YZ(G’#)-
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With this description one sees clearly that ® is fully faithful and bi-

jective on objects ; and so @ is an isomorphism.

It remains now to prove that (5.6) is an equivalence. It is clear-

ly fully faithful. Take an object (h, ¢ ):

Z\ h >~ .3(
NS
B
of the target of (5.6). For z¢ Z, suppose hz =(b,,x,,0). Then the
diagram
Elwz)— (E(pz)1)t %z X

_
_u

S
~—.

gives an object (wz,x.,0')=h'z of X and an isomorphism hz ~h'z

\ LS.

in X . Cefining h' on arrows in Z in the obvious way, we get
B':(Zyw)>(X,5) in Cat/B

and an isomorphism (A, )= (h', 1) in (Cat/y B)((Z,w),(X,6)). ©

(5.7) COROLLARY. Cat is a fibrational bicategory (4.11).

PROOF. If (p, E, q) is a fibration from B to A4 in Cat, then p: E > 4
is a fibration from I to A and ¢: £ > B is a fibration from B to I . So,
by (5.6) and its dual (obtained by applying ( P, bipullback along p
and bipullback along ¢ have right adjoints and so preserve all bicolimits

including bicoequinverters. O

(5.8) The results of this section for Cat generalize to the 2-category
Cat(€) of categories in (d where € is a finitely complete, finitely co-

complete, and internally complete [ 16] category.

6. HOM-ENRICHED CATEGORIES.

(6.1) The base monoidal category 0O will be assumed to satisfy the fol-
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lowing conditions :
(a) U is finitely complete and locally small;
(b) C has all small colimits and, for each object X, the functors

XQ-, -X preserve them.

(6.2) Under these circumstances the 2-category C-Cat of small C-cat-
egories is finitely complete and small cocomplete. It follows from (1.14)

that C-Cat has finite bilimits and small bicolimits.

(6.3) Our intention in this section is to interpret the work of Sections 3
and 4 in the case where R is the 2-category (C-Cat)®P . For this it is
convenient to use dual terminology so that we can really work in C-Cat

instead of K .

(6.4) A span in H°P is called a cospan in H . Write (CospnH)(B, 4)
for (SpnHOP) (B, A)°P, or simply Cospn( B, 4) when } is understood.
A fibration from B to A in H°P is called a cofibration from B to A in
H (in agreement with the terminology of Gray [4] rather than with that
of Grothendieck). Write (Gaﬂiﬂ.}()(B, A) for (FiBHOPY(B, A)°P ; it is
the bicategory of coalgebras for a codoctrine M on (Caapn})( B, 4 ).

(6.5) Posetal, groupoidal and bidiscrete objects in H°P are called co-

posetal, cogroupoidal and bicodiscrete objects in H. We write CogH,
CodH for (GHOP)oP (DHOP)oP respectively.

(6.6) For C-categories A, B, we recall the definition of a C-module
6 from B to A (called «bimodule» by Lawvere [9] - we drop «bi» be-
cause two-sidedness is already apparent from «from B to A» ; other au-
thors have used the terms «distributor» and «profunctor»). The basic data

involved in @ are objects 6(a, b) of C and arrows
A(a',a)®0(a,b)>0(a’'yb), 0(a,b)&B(b,b"')>0(a,b")

in C satisfying the appropriate five axioms. Write C-Mod(B, A) for the

category of C-modules from B to 4.

(6.7) Recall also that tensor product of modules provides a functor
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“-m@d(B, A)X@-mad(C,B) - C-mad(c,A)

whose value at (¢,¢) is denoted by ¢ €. This is the composition for
a bicategory C-Mod whose objects are small C-categories and whose ar-

Al
rows are U-modules.

(6.8) There are two homomorphisms of bicategories
( )y: C-Cat » OMad, ()*: (C-Cat)?P 5> CMad

which are the identity on objects, locally fully faithful, and, for f: B> A
in C-Cat, the module fx from B to A consists of the objects A(a, [b)
and the module f* from A to B consists of the objects A(fb,a). Re-
call that f, 4 f* in C-Mod .

(6.9) Suppose 4, B are C-categories. A C-gamut from B to A is a dia-
gram (0,X,&,E,m):

X

3 ¢

"

0 =~ A
in C-Mod . An arrow

(t9f,zs‘z-)-'(6ax’§,é’m)"’(6';)("{:':5””2')

N . N
of U-gamuts consists of a C-functor f: X > X' and arrows

t:0=>0", z:£{=>¢&'8f,, 2:]‘.*85—95'

of C-modules such that:

. X ~ X
f \ {j ‘f \‘\f
B/{Urlf* F\\\A i B/ Im \;A
' tU
"y

0'

In this way we obtain an obvious 2-category C-Gam(B, 4) of C-gamuts.

(6.10) There is a locally fully faithful 2-functor
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S: C-8am(B,4) > Caspn(B, 4)

described as follows. For each @-gamut (Q,X,{",é,m), the 2-functor
2 gives a cospan S from B to A . The set of objects of S is the dis-

joint union of the sets of objects of 4, X, B. For a, a'e 4, x,x"e¢ X,

b, b'e B,

Sta,a') =A(asa’), S(x,x")=X(x,x"), S(b,b')=B(b,b"),
S(a,b)=6(a,b), S(a,x)=E&(ayx), S(x,b)=&(x,b),
S(b,a)=S(x,a)=S(b,x)=0 (initial object of C ).

Composition in S is given by composition in 4, X, B, the actions of
A, X, B on the modules 6, &, 5, and the arrow of modules m . Routine
diagrams show that S is a C-category. There are fully faithful C-functors
u: A~ S, v: B> S which are given on objects by inclusion and which
have identity components for their effects on homs. A strict homomorphism
h of cospans is assigned by 2 to each arrow (t,f,z,%) of @-gamuts; h
leaves the objects of A, B fixed and applies f to the objects of X ; the
effect of A on homs is obtained from the effect of { on homs and from

t, z, Z.

(6.11) For any cospan S from B to 4, the cospan M S from B to 4 (as
described in (3.12) with K = (C-Cat)°P) can be obtained by applying
2 to the C‘-gamut

/S\
4 ]ﬂ\u\*&
B/ > A

u*Qu

*
In fact, if we take 2*A4 to be the tensor product of 2 with A in O-Cat
(and not just any tensor biproduct), one easily sees that 3 applied to
this C-gamut appears in the following diagram of pushouts in C-Cat.
Furthermore, these pushouts are also bipushouts (this is not a general
phenomenon: pullbacks in Cat are not bipullbacks in general!) so that
MS is the MS of (3.12) for this K. The objects of MS are elements of

the disjoint union of the sets of objects of A, S, B ; it is convenient
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BN
\/\/

\MS/

to denote the elements in the copy of 4 by (0,a) and in B by (1,b)
where ae A, be B. Similarly, the objects of L S will be taken to be of
the form (0,a) forae A and s for se S.

The counit and comultiplication for the codoctrine M are actually
strict homomorphisms of cospans ¢S: M S-S, 6S: MS->MMS and the
2-cells r, I, @ (2.10) are identities. Indeed, M induces a comonad on

the 2-category of cospans from B to A and strict homomorphisms.

(6.12) The 2-functor X of (6.10) factors through the forgetful 2-func-
tor Gaﬁiﬁ(B, A)- Gaa,pn(B, A). For each cospan S from B to A cons-
tructed as in (6.10), we obtain a coalgebra structure x: S-> MS which
takes objects a, x, b to (0,a), x, (1,b), respectively, and which has
identity components for its effect on homs ; the 2-cells {, a of (2.15) are
identities. Clearly & as constructed in (6.10) is a strict morphism of co-

algebras (that is, @ as in (2.18) is an identity).

(6.13) THEOREM. For small @-categan'es A, B, the 2-functor X of

(6.10 ) induces a biequivalence :
C-SGam(B, A4) - Cafib(B, 4).

P ROOF. Let S denote a cofibration from B to A with M-coalgebra struc-
ture x:5-MS, 1, a. By (3.20), (3.18), (2.29), the composite

x;: S X MUS—>1LS

is a left adjoint for the counit €3 S: LS~>S of L at S. So there is a

@ . .
-natural isomorphism

LS(XIua,(O,a')) = S(ua, €g(0,a'))
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which can be seen to be the effect of u on homs A(a,a’)> S(ua,ua’).
So u, and similarly v, is fully faithful.

Suppose S(s,ua’) is not initial in C. If X;S = s’ for some
s'e S, then

S(s,ua’) = LS(XIS’(O’ a'))~ (LS)(s',(0,a')) =0,
a contradiction. So X ;s =(0,a) for some a€ 4 ; so

s = (eOS)X]s =¢(0,a) = ua.

So s is in the replete image of u.

Similarly, if S(vb',s) is not initial in C, then s is in the re-
plete image of v.

Let X denote the full subﬁ-category of S consisting of those

objects which are not in the replete image of u and not in the replete

image of v. Let 0, £, é denote the C-modules made up of the objects
0(a,b)=S(ua,vb), &(a,x)=S(ua,x), &(x,b)=S(x,vb),

with obvious actions. Composition in S gives an arrow of modules:

m: f@é’=> 0. So we have a C-gamut (6, X,(f,é,m) whose image under

2 is now easily seen to be equivalent to S.

The remainder of the proof is routine. O

(6.14) The codiscrete objects of Cospn( B, A) are precisely those co-

spans

A Y _» S <2 B

for which each object of S is isomorphic either to an object of the form
ua or an object of the form vb. This follows easily from (6.5), (1.7).
Then (3.29), (6.13) give:

(6.15) A C-gamut (O,X,f,g,m) from B to A is bicodiscrete in
C-Sam( B, A) iff X is the empty C-category. So a bicodiscrete C-gamut

amounts precisely to a C-module.

(6.16) COROLLARY. For small C-categories A, B, the 2-functor = of
(6.10 ) induces an equivalence: C-Mod(B,A) » CodCofib(B,4). o
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(6.17) PROPOSITION. Suppose j: A~ C is a fully faithful C-functor such
that, for each ae A, ce C, the object C(c,ja) is initial in C. The
pushout of j and any C-functor u: A > X is obtained by applying the con-
struction % to the codiscrete C-gamut arising from the C-module u, @*

from C to X. Furthermore, this pushout is also a bipushout. ©

(This generalizes the bipushout constructions used in (6.11).)

(6.18) PROPOSITION. For a @-functor j:A>C as in (6.17 ), bipush-
out along j, as a homomomhism of bicategories
Caspn(B, 4) > Cospn(B,C),

preserves biequinverters.

PROOF. The biequinverter of a pair of 2-cells

in Caspn( B, A) can be obtained as the full sub-C-category R of S con-
sisting of those objects s of S for which 0s =rs and os is an iso-
morphism. With the description of bipushout along j given in (6.17), one

now easily verifies the result. O

(6.19) The last two propositions with their appropriate duals yield the
fact that bipushout along a leg of a cofibration in C-Cat preserves bi-

equinverters. This is what is needed to complete the proof of :

(6.20) THEOREM. For U as in (6.1), the 2-category (C-Cat)°P is a

fibrational bicategory. O

(6.21) PROPOSITION. Fibrational composition of bidiscrete fibrations in

(O-Cat)op corresponds, under the equivalence of (6.16), to tensor pro-
duct of C-modules.

The proof of this is left to the reader.
(6.22) It is therefore possible to construct the bicategory @-mod, up to

biequivalence, purely from the 2-category C-Cat by internal bicategorical

constructions.
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