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STRUCTURE OF ADDITIVE CATEGORIES*

by Karlbeinz BAUMGARTNER

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DI FFERENTIELL E

Vol. XVI-2(1975)

INTRODUCTION

The first effort generalizing the theory of rings to additive cate-

gories was made by L E D U C [10], [11]. Using homological method s

(small) additive categories have been investigated by MITCHELL [13],
and by the french school (DARTOIS [2], HARARI [5], WEIDENFELD

[17], [18] , etc..).

The structure theory developed in this paper (being completely
different from L E D U C’s theory) depends on the concept of the centrali-

zer of a set U={Ui:B-&#x3E;CliEI} of parallel functors and the correspon-

ding evaluation E . In order to establish our theory we need the YONEDA-

Lemma only. The key results (see 1 until 6 or 7) from which the whole

theory flows are a generalized MORITA Theorem characterizing the ge-
nerators in Clk B and a generalized BOURBAKI I density theorem descri-

bing the evaluation of semisimple 93-modules for a (small) category

iÎ3 . Afterwards we present a more detailed study of the theory which does

not reflect all aspects in the special case of rings. The main reason of

this is that the D.C.C. for left ideals does not imply the D.C.C. for ideals

in general ( see 8 until 14). Further developments of the theory including

categories of quotients and also generalized G O L DIE theorems would be

desirable. On the other hand let us remark that perhaps the investigations
in the beginning of the paper are of more common interest. So only these

things should be consulted by the reader who is not mainly interested in

rings and generalizations or in the study of the structure of categories.

This presentation of the theory was last made possible by the

discovery of the isomorphism theorem essentially due to my student L .

* Conf6rence donnee au Colloque d’Amiens 1973
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SC H U M AC H E R. The whole theory might also be stated for so called K-

categories over a commutative ring K (see MITCHELL [13]) using
the category ModK of K-modules instead of the category (fg of abelian

groups as base-category. Expecting later on a consideration of the non-

additive case and a generalization to closed base-categories, the restric-

tion to this more concrete presentation which is probably improvable in

its technic may be justified.
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PRELIMINARIES

Let f8 be an additive category. A cosieve or a le ft ideal in an

object B of S is a subfunctor of the additive Hom-functor HB : B-&#x3E;Clk. 

By an ideal in B we mean a subfunctor of the additive Hom-bifunctor

Hom B (-,.):BapxB-&#x3E; Ak (see also [13]). Let I be an ideal in iÎ3 .

Then

defines a congruence in the abelian group Hom (B1, B2) for each B1,
B2 E 1931. In a very natural manner one gets the factor category B/I
with the canonical additive funct or S:B-&#x3E;B /I. Let us mention that for

every additive functor ’U: 93 -+ e the ideal Ker’l1 (kernel of U) is defined

by

Moreover there is a unique faithful additive functor U’ such that the tri-

angle 

commutes..

Following the french terminology a $3-module is an Ak-valued ad-

ditive functor U: B-&#x3E;Ak. Considering the category AlB of 93-modules

(B small ), the usual forgetful functor V: AkB-&#x3E; Ens|B| is monadic see

[2], [13]). Note also that V(S)B is the underlying mapping of the

Ak-homorphism S(B). The free B-module over M = ( ... , MB , ... ) is

just

Finally let us recall that natural transformations between free B-modules

can be described by row-finite matrices over the category 93 . Some further
remarks on left ideals resp. ideals generated by a set of morphisms are
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needed and developed in 10 .

I

I. BALANCED FUNCTORS

1. Centralizer, bicentralizer, evaluation.

Let 93 be a small additive category and

a set of parallel additive functors. Note that the functors Ui need not

be different. Moreover let us consider the additive functor-category CB
of additive functors and the full (small) subcategory 11 (C) of the

UiEU, with the inclusion IU:U(CB)-&#x3E; CB. Denoting now by VB:
CB-&#x3E;C the forgetful functor (defined by VB(f)=f(B) with BElBl)
the set

C(U)={VBoIUlBE |Bl}
of parallel additive functors VBoIU:U(CB)-&#x3E;C is called the centra-

lizer of U. The centralizer CC(U) of C(U) is called the bicentralizer

of U . If 93 is not small but the (large) set U still isomorphic to a class,

then 11 (e 93) may also be isomorphic to an additive category. The centra-
lizer C(II) is again isomorphic to a class and so C(U)(CU(CB))
may also be isomorphic to an additive category (see 7 until 13).

Now we consider the following fundamental diagram :
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Then it is very easy to verify the following

THEOREM 1. Let be the additive (on objects
surjective ) functor defined by E ( B ) = VB 0In and

Then U = Vcu o Ie (u ) o E holds for every if E U.
REMARK 1. The functor

and the restricting evaluating functor E*: BXU(CB)-&#x3E;C ( see SC H U B E R T

[15]) correspond by the equations

and

So E will be called the evaluation o f U.

In this paper we are mainly interested in the question under what

conditions the evaluation E of the set U is (almost) an isomorphism

( see FAITH [3],LAMBEK [9], SUZUhI [16], etc... ). just this situa-
tion will be called the bicentralizer-pro perty of U. In this case we also

say that 11 is balanced. If E is only full, 11 is called weakly balanced.

Futhermore U is f aithful if n Ker9d, = 0 holds.i EI 

A classical principle for structure theories is the following: Find

axioms in order to characterize a «constructive» defined class of objects
of the theory. So balanced functors seem to be an appropriate machinery

developing a structure theory of additive categories. The «constructive »

obj ects are full subcategories domCC(U) of functor-categories. Axioma-

tic characterizations are obtained by finding conditions for the existence

of a certain balanced set 11 . of functors.

2. A criterion for balanced 93-modules.

We consider a small additive category 95 and a set

of 93-modules. Note that for every object B E IS I there is the natural
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YO N E D A -isomorphi sm

OB : H (HB) -&#x3E; VB defined by OB (U) ( ç) = ç ( B) ( 1B) = X

for 93-modules 11 and natural transformations 6 : HB -&#x3E;U.

TH E O R E M 2 . The (faithful) set U={Ui :B-&#x3E;Ak 1 i E I} of B-modules

Ui is weakly balanced if and only if for every B , B’ E 1931 l every natural
B B’

trans formation between the restrictions H(HB ) and H hH ) on
B B’

U (Ak B) o f H(HB) and H ( H )) can be extended to a (unique) natural
transformation between H(HB) and H(HB’). Hence every containing
all B-Hom-modules HB :B-&#x3E;Ak ( or, more generall y, every defining a
dense ( see [41, [15]) subcategory in AkB) is balanced.

B B’
PROOF. Let f’:H(HB)-&#x3E; H(HB’) be a natural tran sformation and OB’,
r4asp. (D’ . B the restriction on U(AkB) of (D B I resp. (DB.. If U is weak-

ly balanced, then for

there exists a B:B-&#x3E;B’ such’that g’ = E (B) holds.. Then g(U)=U(B)
for any B-module U:B-&#x3E;Ak defines a natural transformation g:VB-&#x3E;VB’
which extends g’. Hence f: = O-1B’ o g o OB is an extension of i’. Our

condition is also sufficient. Si nce every g’:E(B)-&#x3E;E(B’) is induced by

a g:VB-&#x3E;VB’ we must show the existence of a B:B-&#x3E;B’ satisfying

for every

( i.e. with g’ = E (B)). Let us now consider an element x E U(B) and the

following abbreviations :

Then holds :
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and hence g (U) = U(B) holds for every B-module 1f. So an extension

g , resp. f , of each g’ , resp. f’ , is unique if and only if 1 is faithful.

If now U contains all B-Hom-modules HB : B-&#x3E; Ak the evaluation E is

full and U faithful. Moreover the equations U=VU°IC(U)°E for all
U E U show that E is faithful and (because of U= HB) injective ( hen-
ce bijective) on objects. So E is an isomorphism. Using SCHUBERT

[15] the last statement is routine. This completes the proof.

3. An lsomorphism Theorem. 

We consider additive categories with coproducts satisfying
the following condition

(B) Let Tj :Cj-&#x3E; II Ci be the canonical coproduct morphisms, 6i, k:
Ci-&#x3E;Ck the KRONECKER morphism and TTk defined by 8i,k=7Tk °7j for

i E I - Then 1Tk 0 f = TTk o g for all k E I and arbitrary parallel f , g implies

always f=g .

Now let us state the following «Isomorphism Theorem » : 

THEOREM 3. Let 93 be a small additive category and C an additive ca-

tegory with coproducts satisfying the condition (B). Moreover let us con-

sider a set 11 = f Ui :B -&#x3E; e liE I} of parallel functors. Then there is an

isomorphism T making the diagram

commutative.

PROOF : Let be 6i,k: Ui-&#x3E;Uk the KRONECKER morphism and TTk defined

by 6i,k=TTkoTi for all i E 1. Denote U: = 11 ’U. and consider the fol-

lowing diagram :
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Choosing and one gets

and

Hence for f: E II(B)-&#x3E; E II(B’) we have

Now Tf(Ui)=fi,i defines a morphism Tf:E(B)-&#x3E;E(B’). By taking

S =Tk o Si,k oTTi we have namely :

and ( since ’U(B ) is a coproduct in C and ri, j = 0 holds for i=l)

Using f o S(B) = S(B’)of and applying (S) and (f) a «diagram-cha-

sing » shows us what we wanted. Now let us define the functor

in the following way. Each object of domCC(U) has the form EII(B)
for B E lBl. If EII(B)=EII(B’) holds, then f =1 shows fi,i=1. 
Hence T 1 = 1 and hence T(EII(B)) = E(B) is really a mapping of

objects. Now for f: EII(B)-&#x3E;EII(B’) define T f as before. Then the
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condition (f) implies that T is an additive (on objects surjective ) func-
tor. We show that T is full and faithful. For an f’:E(B)-&#x3E;E(B’) let

us write:

and

Since Si,l(B’)o fi,i=fl,l oSi,l (B) and the condition (f) imply a lways

the morphism f : = IIfi,i Z belongs to dom CC(U) (trivially f’ = T f
i EI 

holds). Then the condition (B) implies that T is full and obviously
also faithful. Since T-1 (1)=1 holds, the functor T is injective (hen-
ce bijective) on objects and so an isomorphism. This completes the

proof.

REMARK 2 . If C=(U holds and if U contains all 93-Hom-modules HB:

, then U and hence 11 u. is balanced (Theorem 2 and Theorem

3 ) . This immediately shows the existence of full embeddings of small

additive categories B into a category ModR of R-modules over a ring
R ( R is the ring of endomorphisms of IIU). Moreover it can be shown

that dom C C (U) consists of cyclic, projective III -modules in

the case of a free B-module U.

4. A generalized M O R IT A-Theorem.

A characterization of generators It in AkB (fll small) is given
by

THEOREM 4 (see also FAITH [3]). Let B be a small additive cate-

gory. Then the following conditions are equivalent :
(1) ’lI: 93 --+ (jg is a generator in Ak B. 
( 2 ) It is balanced and the centralizer C(U) consists of finitely ge-

nerated projective [U, U] -modules.

PROOF: (1)=&#x3E;(2): Since {HB/BE lBl} is balanced by Theorem

3 , also II HB is balanced. Since It is a generator there are epimor-
BE|B|

phisms EB:UI(B)-&#x3E;&#x3E; HB. As is well known the morphisms 88 ( B’ ) are

epimorphic (i.e. surjective) in (fg for all B, B’ E |B|. Then the YONE-
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DA-Lemma implies that always EB and hence

is a retract. Let us also note that for each B E f 93 I the copower I( B )

can be choosen as a natural number (each element of an (M-coproduct
has only finitely many components unequal zero! ). Now clearly

holds, because this is true « pointwise ». Since {W} U {HB 1 B E |B|}
is balanced by Theorem 3 , we conclude that UI and hence that U is

balanced. Now let us consider a decomposition Un=HB+WB for a

B E |B| I and a natural number n - - Denoting S: = [U,U] then in (Tg
holds :

By left-composing with o- E S every such abelian group can be considered

as an S-module and moreover all such Ak-isomorphisms can be considered
as Mods-isomorphisms. By the Y O N E D A -Lemma we have the Ak-isomor-

phism

with

Again by left-composing with o- E S the groups [HB, U] and II(B) can
be considered as S-modules and the above (ù -isomorphism f l-&#x3E; f(1B)
can also be considered as ModS-isomorphism. Hence [U(B)]SE C(U)
is finitely generated projective. Now we prove ( 2 ) =&#x3E;(1): Let be

[U(B)]SEC(U) a finitely generated projective S-module. Then there

is a natural number n and a ModS-isomorphism Sn= [U(B)]S+NS.
In (tg we have :

Obviously all Ak-isomprphisms are natural in B’ . Since U is balanced

we have for each B’ E|B| the Ak-isomorphism :
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which is natural in B’ . Hence Un=HB+WB holds. Since every M in

Ak B is an epimorph of a free 93-module (i.e. a coproduct of certain f8-

Hom-modules HB , HB , ... ) , we conclude that 11 is a generator in AkB. 
This completes the proof.

REMARK 3. Of special interest are conditions such that U=HB:B-&#x3E; (îg
is balanced. G AB RI E L-P O P E SCU’s Theorem is an example for such a

situation. Applying Theorem 4, we state further examples (simple ca-

tegories S) later on, specially in 13 . Note that for the full subcategory
B’ (of an additive category B) consisting of the retracts, resp. core-
tracts, of an object B E 1931 I the functor HB is a generator in Ak B’, 
and hence balanced. So additive categories 93 are always retract-colo-

cally small, resp. coretract-locally small.

II. SEMISIMPLE B-MODULES.

5. Simple and semisimple objects.

An object 0 = Do of an additive category is called simple ( or

irreducible) if only the trivial subobjects ( i.e. 0 Do’ 1Do) exist. A co-
product. D = IIDi of simple objects D. (with coproduct morphisms

i EI 

d.:D i - D ) is called semisimple ( or completely reducible).

Let us first consider the case C=Ak B (B small). If the 93- 

Hom-module HB :B-&#x3E;Ak is semisimple, then even HB = n + Qi holds

for a natural number n and simple 93-modules Qi (because of the YONE-

DA-lemma and the Cù.-coproducts! ). Since (again the YONEDA-Lemma)
a simple B-module Q with Q (B)=0 is an epimorph of HB , there is only
a set of (non-isomorphic) simple 93-modules. We shall call now an ad-

ditive category B artinian if every HB (B E B931 ) is an artinian obj ect
in AkB (and not every B E|B| in B!).

Then ARTIN-WEDDERBURN’sTheorem is true, namely:



180

TH E O R E M 5 . For a small additive category 93 the following conditions
are e qui val en t :

(1) For each B E |B| the 93-Hom-module HB : B-&#x3E;Ak is (finitely)

semisimple.
(2) The set {Qi |i E I} o f non-isomorphic simple T)-modules Qi is

balanced (and 93 is artinian ) .

PROO F . Obviously (1) implies that B is artinian. Since by ( 1 every
HB is a direct summand and hence epimorph of a copower of U= II Qi

ieI
we conclude that is a generator. Hence by Theorem 4 and Theorem 3

the set {Qi |iE I} is balanced. Conversely by the so called SCH UR-

Lemma (see also 7), the [Qi’ Qi J are divisionrings and for i 54 i clear-

ly [Qi, Qi I = 0 holds. Since by ( 2 ) the category

is obviously isomorphic to a full subcategory of a product category of

vectorspace categories Vec [Q l " Q. l J ’ condition (1) follows immediately
( see also 7 , Lemma 2 ) . This completes the proof.

Now let us consider an arbitrary additive category having pull-
backs (hence also finite biproducts ! ) and consider the diagram :

Then obviously f:=BPB+ypC is a monomorphism if and only if

(i.e. BnC = 0 ) holds.

Given now a semisimple object D= 1_ Di and a monomorphism

B:B-&#x3E;D, for J C I let be ’8 J: 11 Di-D the canonical morphism in-
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duced by the dj : Dj -&#x3E; D (j E J). If J C I is maximal with the property

that the canonical morphism

induced by 8 and 6j is a monomorphism, then f factorizes over each

di=fodi. For i E j this is clear. For i E I -J the pullback of f and

di must not be zero (because of the choice of J!), hence it must be

isomorphic to Di . So f is finally a monomorphic retract and so an iso-

morphism. Hence B is a direct (co-) factor of D .

Summarizing we have the following

THEOREM 6. Let C- be an additive category with pullbacks. Then for
a semisimple object D =IIDi being only a finite coproduct of simple

i EI

objects Di every subobject is a direct (co-) factor ( since the existence

of an above maximal J C I is clear! ) . 1 f the index set I is not finite one

can get the same result using an «AB5 -like’ll condition (by Z 0 R N’ s-Lem-

ma again the existence of an above maximal J C I can be established ! )

(see also [2] , [17], etc..).

6. A generalized B O UR B AKI density theorem.

Let us begin with the following

LEMMA 1. Let 93 be a small additive category and C- an additive cate-

gory with ( finite ) coproducts. Furthermore let be

and

for additive functors p,Q.o93-e and T: P l-&#x3E; P ® Q resp. TT: P+Q-&#x3E;&#x3E; P
the canonical injection, resp. projection. Denoting by E : B -&#x3E; B the eva-

luation o f P ® Q, then by : 

( as natural morphism), a unique subfunctor P o o f P ® Q : B-&#x3E; C is de-

termined.

PROOF : For an f:EB-EB’ belonging to B we have
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Then obviously by Po (f): =TTB, o P ®Q (f)oTB a subfunctor Po is de-

termined. Now consider the category ModR of R-modules. Each set

HomR (X, Y) becomes a topological space defining for f :X -&#x3E;Y and fi-

nitely many elements x1,X2,...,xnEX a base-neighbourhood by

This so called «finite topology» makes ModR to a topological category
(note using elements xl ,..., xn by a similar procedure arbitrary categories
can be topologized ! ) . Now a subcategory of ModR is (topological-)
dense, if always HomC(X , Y ) is a dense subspace of HomR(X, Y ) .
Then we can state a generalized BOURBAKI 1 density theorem namely:

THEOREM 7. Let U= II Ui:B-&#x3E;Ak be a semisimple ( on objects injec.
tive ) 53-module. Then the additive category E(B) is dense in domCC (U)

resp. Mod [U,U] ( E is the evaluation o f U!). 

PROOF, We must show that always Hom E (B) (EB, EB’) is dense in

Hom [U,U] ( E B , E B’ ) . Since the additive functor E is injective on

objects, we see that E (B) is really an additive category. Let us take

now an f : EB -&#x3E; EB’ belonging to dom C C (U) and elements

with

Consider furthermore the n-th «pointwise» copower Un of U. Then

(x1,..., xn) EUn (B) holds. Using the isomorphism T-1 of Theorem 3,

we see that the n-th copower f n of f belongs to dom CC(Un). Obvious-

ly by

a B-submdule S of ’U" is determined. Since U is semisimple so is

If" , hence S is a direct summand of 11 nby Theorem 6. Now Lemma 1

implies that the S(B")’s also determine a dom C C(Un) -submodule of

Un ECC (Un). Hence also

So there must be a B: B - B’ satisfying

for
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Hence E (B) is dense in dom CC(U) resp. Mod [U,U] and the proof 
is complete.

7. Simple 93-module. 

For a small additive category B. and a simple B-module Q:
B-&#x3E;Ak the very well known SCHUR-Lemma states that dom C(Q)=

[ Q, Q] is a divisionring. Since C ( Q ) contains a (faithful) [Q,Q]-
space which is not the zero-space, the injective ring homomorphism

(for a certain B E |B|)
shows that [ Q, Q I is also a (small) divisionring even if B is not

small.

Now let us characterize simple 93-modules as follows :

LEMMA 2 . Let 53 be a (not necessarily small) additive category and Q:
93 -.. (îg a B-module. Then the following conditions are equivalent:

( 1) Q is simple.
( 2 ) Q gk 0 and for arbitrary B , B’ E |B| I and arbitrary elements 0 =

nB E Q(B), n B’ E Q(B’) there is a B: B-’B’ with Q (B) (nB) =nB,.
(3) Q=0 and for each BE|B| with Q ( B );/= 0 there is a maximal

B-submodule SB of HB such that the (on objects injective) simple

factor B-module HB/ SB is isomorphic to Q .

PROOF. By the additivity of Q obviously

is a subgroup of Q ( B’ ) . Since for B’ : B’-&#x3E; B" also

holds, we have

Hence S is a B-submodule of Q . Since 0 AnBES(B), i.e. S/:= 0 holds,

(1) implies (2). The converse is evident. Now let Q be a simple.5-k-
module with Q(B)=0 for a certain BE |B| . The YONEDA-Lemma

assures us the existence of a natural transformation 0 =T: HB -&#x3E;Q . Then
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it is clear that SB = Ker T is maximal and that Q = HB/SB holds. Con-

versely Q = HB/SB is simple if SB is maximal. Hence (1) =&#x3E; (3)

is true.. Since HB (B1) and HB (B2) are disjoint (B1=B2) every fac-

tor-93-module HB/SB must be injective on objects. This completes the

proof of Lemma 2.

Now the condition (2) in Lemma 2 leads to two further lemmas

(Lemma 3, Lemma 4), which are useful in order to investigate the bi-

centralizer-property of a simple 93-module Q independently of Theorem

7 . The following notations are used : For B E |B| suppose 03BCB = VB o I Q
in C (Q) with the underlying group Q (B). Moreover SB is the underlying

group of a [Q,Q] -subspace of 03BCB. The finitely many elements n1B, 
..., niB E Q ( B ) are called [Q,Q] -linear independent modulo S B, if

with

always implies A1 = ... =Ai = 0 . For a 93-subfunctor ( cosieve ) NB of

HB :B-&#x3E;Ak we also consider

being obviously the underlying group of a [ Q, Q I -subspace of 03BCB.

LE MM A 3 . Let Q be a simple (B-module and NB a J9-submodule ( cosi-

eve ) o f HB : B-&#x3E;Ak for a B E.I93I. Furthermore l et n1B, ...,niBEQ(B)
be [Q, Q I -linear independent modulo ( 0 : NB ) and define the cosieve

NB_ 1 by :

Then for each B’ E |B| and each nB’ E Q (B’) th ere is a

such that Q (B)(niB)= nB’ holds.

PROOF : We proceed by induction. For i = 1 we have NB0=HB. Hence
NB0 n NB = NB holds. Because of n1BE(0:NB) there is a B: B -&#x3E; B in

NB(B) satisfying Q(B)(n1B=0. By Lemma 2 (2) we have a B:B-&#x3E;B"
in NB ( B’ ) such that Q (B) (n1B) = nB, holds. So the case i = 1 is clear.
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Using again Lemma 2 ( 2 ) for a B’ E fl ) | with Q ( B’ ) i 0, we only must

verify the existence of a

with

Assume the contrary. Then for each B’ E |B| and each morphism

with

always Q (B)(ni*B) = 0 follows. By the induction hypothesis for each

nB. E Q ( B’ ) there is a

with

So for each B’ E |B| and each BENBi-2 (B’)n NB(B’) the correspon-

denc e Q(B)(ni-1B) l-&#x3E; Q(B)(BniB) is an endomorphism

of the abelian group Q ( B’ ) . Since obviously for each 8": B’- B " the

diagram : 

commutes, T E [Q, Q I holds (i.e. T is a natural transformation of Q ! ) .

So we have

hence also 

for each /3 in N? -2 ( B’ ) n NB (B’) and each B’ E |B| . Since there is

a B’ E |B| I with Q (B’) # 0 (e.g.Q(B)=0), by the induction hypothe-
sis we have

and hence also  n1B ,..., niB &#x3E; must be [Q, Q I -linear dependent modulo
( 0 : NB). By this contradiction the proof is complete.
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L E MM A 4 . Let Q be a simple B-module and NB a CJ3-submodule ( cosi-

eve) of HB:B-&#x3E;Ak for a B E Ici3l. . Furthermore let n1 ,..., niB E Q (B)
be [Q, Q I -linear independent modulo ( 0 : NB ) . Then for each B’ E 1 J9 |
and arbitrary elements ql ,..., qi E Q (B’) there is a f3: B -+ B’ in NB ( B’ )
such that Q (B) (niB) - qj (j = 1 , 2 , ... , i ) holds.
PROOF : Considering NBi-1, k defined by :

Lemma 3 gives us a

with

Hence

has the desired property and the proof is complete.

REMARK 4. For the important case NB = HB obviously our Lemma 3

and Lemma 4 follow by Theorem 7. In spite of that the above separate
consideration seems to be useful.

III. STRUCTURE THEORY

8. Primitive categories.

A (not necessarily small) additive category 93 is called primitive
if there is a faithful simple B-module Q:B-&#x3E;Ak. Let us mention that

together with 93 each equivalent category is primitive and that together
with Q: 93..... (jg each isomorphic B-module is faithful resp. simple (but
not necessarily injective on objects! ). Moreover let us note that L E-

Du c’s definition of the primitivity (see [10], [11]) is equivalent
to our definition above.

Now we state the following density Theorem describing the struc-

ture of primitive categories, namely:

THEOREM 8. Let 93 be a (not necessarily small) additive category.

Then the following conditions are equivalent :
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( 1) B is primi tive.
(2) B is isomorphic to a dense additive subcategory (j: 0) o f a vec-

torspace category VecK .
PROOF. (2) =&#x3E; (J): The restriction Q : B-&#x3E;Ak on 3 ’ of the forgetful 
functor VecK - (U is a faithful B-module. Since QL 0 holds and since

B is a dense subcategory of V ecK , we have for each 0 = nB E Q (B) ,
nB’ EQ(B’) even a 93-morphism f3 : B -. B ’ with Q (B)(nB) =nB,. By
Lemma 2 (2) then simplicity of Q follows. lIenee 93 is primitive.

( 1. ) ==&#x3E; ( 2 ) : Now let 93 be primitive and Q: 93 -&#x3E; (fg ( without

loss of generality ! ) an on objects injective, faithful, simple B -module
(see also Lemma 2 (3)). Trivially Q (B) is an additive subcategory

(isomorphic to B) of ft. Hence E (B) is an additive subcategory (iso-

morphic to S ) of Vec [Q, Q] ( E is the evaluation of Q ) . Since Q is

an embedding (i.e. faithful and injective on objects) so is E which is

moreover by Theorem 1 surjective (hence bijective) on objerts. We show

that E is dense, i.e. that E (B) is a dense subcategory of dom C C (Q)

resp. Vec (relative to the finite topology!). Suppose f : 
EB-&#x3E;EB’ is a [ Q, Q ]-linear mapping and f|n1B ,..., nB &#x3E; a base-

neighbourhood. Then by Lemma 4 (for NB = HB ) or by Theorem 7 there
is a f3: B -. B’ satisfying

I for

This completes the proof.

RE M A R K 5. Let 93 be a primitive category. Then Lemma 2 (2) implies
that each non-zero object B E |B| is a generator. By Theorem 8 one ea-

sily sees now that each non-zero object B E |B| 1 is also a cogenerator.

Each full subcategory 3’ (=0) of $3 (hence also the ring Hom B (B,B)
for each non-zero object B E |B| is again primitive by Lemma 2 ( 2 ) .

Let us mention that for a simpl e 93-module Q there is a G A L O I S

correspondence between the cosieves and the subspaces of a [6.6]-
space 03BCB = E B in dom C C (Q). By the well known « annihilating prin-

ciple » SB C Q(B) corresponds to
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and NEB C HEB corresponds to

The proof of the following result is quite similar as in III , p. 43 . We
have namely:

THEOREM 9. Let Q:B-&#x3E;Ak be a simple 93-module and NB a B-submo-

dule (cosieve) of HB :B -&#x3E;Ak. for a B E 1931. . Then for each B’ E |B| 
the closure ( relative to the finite topology ! ) of

is

R E M A R K 6. If dom C C ( Q ) contains only finite-dimensional [Q, Q]-
spaces, by Theorem 9 and Lemma 3 we conclude that the above GALOIS

correspondence is strict, i.e. that

and

hold.

9. Primitive ARTIN-categories.

The previous Remark 6 also gives us a foundation for a catego-

rical, i.e. « axiomatic» characterization of (primitive) additive catego-

ries being isomorphic to full subcategories (,;?-’ 0 ) of finite-dimensional

vectorspaces of VecK, i.e. to certain « constructive » defined categories
( see also Corollary 6 ).

Now we can state the following

THEOREM 10. For a ( not necessarily small) additive category B (A 0

the following conditions are equivalent:
(1) ’J3 is isomorphic to a full subcategory of finite-dimensional vec-

torspaces of VecK for a divisionring K .

(2) B is simple (i.e. 93 has only the trivial ideals) and artinian.

(3 ) (J3 is artinian and each non-zero object B E |B| is a generator
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and a cogenerator. Moreover the endomorphism ring Hom 93 (B,B) o f a

( hence o f each ) non-zero object B E |B| is simple (artinian).
(4) 93 is a primitive A R T IN-category.

So any primitive (simple) ARTIN-category B has a small ( even counta-
ble ) skeleton and the divisionring K determined by (1) is unique, up

to isomorphisms.

PROOF. (1) =&#x3E; (2): The canonical forgetful functor Q: B-&#x3E; (îg is faith-

ful and simpl e. Hence 93 is primitive. Now [Q,Q] is a divisionring

satisfying K C [Q,Q]. Considering a K-space 0= B E |B| by Remark

2 immediately K = [ Q, Q] follows. Hence B = 03BCB holds for each B of

|B|. S o Q is balanced and B artinian by Remark 6 (using the strict

GALOIS correspondence ! ) . Consider now an ideal I=0 of 93. Using the

generator and cogenerator property of the non-zero objects B E |B|, there
is a 0 =B:B-&#x3E;B in I. Since (as is well known) Hom 93 (B 1 B) is simple

( artinian ) , 

I (B, B)=HomB(B,B), hence I=HomB(-,.)
follows. So 93 is simple. Obvious is (1)=&#x3E; (3). Now let us prove

(2 ) ==&#x3E; (4 ). Consider a minimal cosieve 0 = NB C HB for a non-zero

object B6 |B| . Clearly NB is simple and injective on objects. By the

simplicity of B it is clear that NB is faithful. Hence 93 is primitive and

(4) is true. (3) =&#x3E; (4): Let B E |B| be a non-zero object having a

simple endomorphism ring Hom B(B,B) and consider a minimal cosieve

0=NB C HB. Clearly there is a B’ E |B| with NB (B’)=0 . Since every
non-zero object B" E |B| I is a cogenerator, we have immediately

NB(B")=0 for every non-zero object B" E |B|
As before NB is simple and even injective on objects. Now we shall

show that NB is also faithful. So let us consider a 0 = f : B1-&#x3E; B2. We
must assure the existence of a B E NB (B1) with f o B=0. Since B1
is a cogenerator, there is a 0 = g : B2 -&#x3E; B1 with g o f =0. Since B is a

c ogenerator and a generator, there is a 0 =b : B1 -&#x3E; B with h o g o f = 0 and

with

Now NB (B) is a left ideal (= 0) in Hom B (B,B). Assume
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Then the ideal I left-annihilating NB ( B ) is unequal zero. On the other

hand (by simplicity of Hom B (B,B)), I=Hom B (B,B) is impossible,
since 1B o NB (B)=0 holds. Hence x o NB (B) =0 holds and so there

is a B’ E NB (B) satisfying x o B’ = 0. Then B = f’ o B’ E NB (B1) and

fo B=0 is true. Hence NB is a simple embedding and B is primitive.
So (4) is true. (4) =&#x3E; (1): Let Q: B -&#x3E;Ak be a simple embedding. Con-
sider the underlying group SB of a finite-dimensional subspace of the

[Q,Q] -space J.L B (with the underlying group Q ( B ) ) for a non-zero

obj ect B E |B I and the equation

Obviously NB is a 93-submodule of HB . By Lemma 3 each proper ascen-

ding chain of subspaces resp. the underlying chain of abelian groups

SB = S1BCS2BC ... corresponds with a proper descending chain of cosi-

eves NB = NB1D NB2D ... which has only a finite length. So fL B must be

finite-dimensional and Q balanced by Theorem 8. Hence (1) is true.

If an (arbitrary) primitive category 93 has a minimal cosieve LB°=0
for a faithful simple B-module Q, we have Q(Bo)=0 since Q is faith-

ful and Bo=0 holds. Then for a 0=AELBo(B’) there is a 0=u E Q ( B o)
satisfying Q(A)(u)=0, since Q is faithful. Hence

causes a natural transformation 0=T:LBo-&#x3E;Q. Hence T is an isomor-

phism (see the beginning of 7) and LBo=Q holds. So all faithful simple
B-modules are isomorphic and all minimal cosieves are faithful (and iso-

morphic ). Hence all divisionrings [Q,Q] must be isomorphic and so

even more than the last statement is proved. This completes the proof.

REMARK 7. If S is an A R T IN -category, then each faithful (on objects

injective) simple B-module Q is balanced. This also can be proved more

easily by Theorem 5 using a further result (Theorem 16). Finally let us

mention that by Z O R N’s Lemma every (not necessarily artinian) simple
additive category B (=0) is primitive (see also Theorem 20).
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10. The radical.

An ideal I of a (not necessarily small) additive category IJ3 is

called primitive if B/I is primitive. By Lemma 2 ( 2 ) only the kernels

Ker Q of simple fl-modules Q are primitive ideals in 93. As usual, the

radical rad 93 of the category 93 is defined to be the intersection of all

primitive ideals in 93 .

THEOREM 11 (see [13]). Let 93 be an additive category. Then for

every non-zero object BEt 931 I the cosieve rad ( B ,- ) is the intersection

of all maximal cosieves SB C HB .

PROOF. Let S B be a maximal cosieve. Then Ker (HB/SB) is a primi-
tive ideal in 93. Since Ker(HB/SB)(B,-)C SB holds, by our definition

of the radical,

follows. Let now Q:B-&#x3E;Ak be a simple 93-module. By the Y O N E D A-Lem-
ma 1B l-&#x3E; 0=xEQ(B) induces always a surjective natural transformation

S:HB-&#x3E;&#x3E; Q with SB’(B:B-&#x3E;B’)=Q(B)(x). Clearly Ker S = SB is a ma-

ximal cosieve. So for f3 E n SB always Q (B) = 0 holds. Hence

is true. This completes the proof.

The following « internal» characterization of rad3 shows that

the (not necessarily primitive! ) ideal rad B of iÎ3 coincides with K E L-

L Y’s radical ( see [7]).

T H E O R E M 12 (see [7], Lemma 6). L et B b e an additive category.

Then f E rad B (B1,B2) holds i f and only .i f for each g E Hom B ( B2 , B1)
always fg = 1B1 -g o f has a (multiplicative ) le ft inverse f’ 9 in the ring

HomB(B1,B1) (i.e. f’g o fg= 1B1).
PROOF : Let f : B1-&#x3E;B2 satisfy fE rad B (B1, B2). Then there is a sim-

ple B-module Q :B -&#x3E;Ak with Q (f)= 0 , i .e . there is a 0 = u E Q ( Bi
with Q (f) (u)=0. By Lemma 2, (2) there is a g:B2-+Bl satisfying:
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Hence Q(1B 1 -g o f)(u) = 0 holds and so there is no

with

Our condition is also necessary. For f = °B l’ B 2 this is clear. Consider

now 0 = f E rad B (B1, B2 ) . Then for each morphism g E Hom B (B2, B1)
always g 0 f E rad B (B1, B1 ) holds. Since ( 1 B F 0 ! ) obviously 1 B is

1 1
not in rad B(B1, Bl) (see also Theorem 1 J ), one has also

Assume there is a cosieve with
12

Then

there must be also a maximal cosieve
12

with

But by Theorem 11 we have g o f E S. Hence 1 B c s- implies S1= 
HB1, a contradiction. So (by S = HB1) there is a ’ with

This completes the proof.

COROLLARY 1 (see [7]). Let 93’ be a full (additive) subcategory of
an additive category B. Then

(and specially radHom,B(B1, B1)- radB(B1, B1)) holds.

COROLLARY 2 ( see [7], Theorem 1). The radical rad53 of an addi-

tive category 53 is the largest ideal I in 53 satisfying

I ( B, B) C r ad Ham 53 ( B , B) for each B E |B| .

PROOF : If I(B, B)C radHomB(B, B) holds, then also for f EI(B,B’)
and g E Hom B (B’,B) always gofEI(B,B)CradHomB(B,B) holds.

Hence 1B -g o f (by Theorem 12 for Hom B (B,B)) has an inverse and
hence (by Theorem 12 for ?) finally f E rad B(B,B’) is true. So

holds and the proof is complete.

COROLLARY 3. I f Bap is the dual category of B, for objects 81’
B2 E |B|= |Bap|, always: rad Bap(B1, B2)=radB(B1, B2) holds.

Hence rad’l3 =0 is equivalent to rad Bap= 0 .
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PROOF. First let us show that rad Bap (B,B)= (B,B) (by co-

rollary 1 and the well known result for rings this is clear! ) . VIe need

only verify rad Bap (B,B)Crad B(B,B). So suppose f E rad Bap (B,B).
Since for each g E Hom Bap (B,B) always f.g E radBap(B,B) holds,
there is a fg ( Theorem 12 ) with fg.(1B-f.g) =1B. Hence 1B-fg
(with fg . f . g ) belongs to radBap (B,B). So there exists x satisfying

W e have also 1B -f.g|=x and hence g E Hom Bap(B,B)=Hom B(B,B)
implies

Then by our Theorem 12 it follows immediately f E rad B(B,B). Obvious-

ly writing

resp.

we define an ideal I in 93 resp. J in Bap. Since

Corollary 2 and Corollary 1 imply Ie rad53, resp. J C rad Bap. Hence

we have

and the proof is complete.

REMARK 8. Corollary 3 generalizes results about the equivalence of

«left and right semisimplicity» of (small artinian) additive categories
(see [2] , [l3] , [17] ).

Theorem 12 implies also

COROLLARY 4. I f U:B-&#x3E;C is a full additive functor, then

The radical of ART IN-categories has another interesting charac-

terization, which will be obtained in the sequel after some preliminary

investigations.
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Let us start with classes Mi of morphismes of a category 93 . Con-
sider now

with

A class M of B-morphisms is said nilpotent if there is an n such that

with

is a subclass of the zero-ideal in B. Moreover M is said discrete nil-

potent if for each (full) subcategory B’ (of B) having only a finite num-
ber of objects, M n 93’ is always nilpotent. Finally let us denote by
{ M }B= { M} the ideal in 93 generated by M (i.e. {M} is the smal-

lest ideal containing M ! t ).

LEMMA 5 . Let 93 be an additive ARTIN-category. Then rad93 is nil-

potent if and only if there is an n such that

PROOF (see also [1] , [6]): Trivially our condition is necessary.

Assume that radfl is not nilpotent. Then there are

with

Denote B = dom f1. Then the cosieve LB ={rad nB}(B,-) shows that

there are cosieves LBC HB:B -&#x3E;Ak satisfying

and

because

and

Assume that LB is already minimal. Then there is a B : B-&#x3E; B’ in L B,
with {rad nB}oB=0. U sing

there are finitely many with

So there are x,y E radnB with x o y o B=0 and hence
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is also a cosieve ( fl 0 ) with the above property. Since LB C LB holds,

by the minimality of L B it follows immediately L B = LB . So there is

an

with

By Theorem 12 , we have an

with

Hence by the contradiction

the proof is compl ete.

RE M A R K 9 . The ringoid S of the A R T IN-rings (with a unit) shows that

there are (not small) A RT IN-categories such that the radical rad$3 of

93 is not nilpotent.

In order to characterize now the radical of an A R T IN-category

we need some further material which we have already announced at the

end of our « Preliminaries » .

Let B’ be an (additive) subcategory of an additive category

B and M C HB’ a class of 93’-morphisms with domain B’ . Considering
HB’: B’ -&#x3E;Ak resp. HB’:B -&#x3E; Ak as additive functors, then

’ 

there is x. E M, y. E 93 with

resp.

there i s n such that f or e ach i n

there is xi E M, yi E B with

is just the cosieve in B’ resp. B generated by
20 a cosieve in S containing M also contains
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is a cosieve in 93’). Similar results hold for ideals. Clearly

is always true. But one can verify immediately the following better re-

sult, namely :

LEMMA 6. Let S’ be a full subcategory o f an additive category B and
M C HB’. Then we have even

Let us note that the same result holds for ideals. Now we have

LEMMA 7. A full subcategory B’ of an ARTIN-category B is again
artinian. I f B’ has onl y a finite number o f objects, then the D.C.C. for
ideal s holds in B’.

PROOF : Let LB’1DLB’2D... be a descending chain of cosieves in S

and { Li}B’ the cosieve in J) generated by L i By Lemma 6, we
have LB’i=B’n{Li}B’. But {L1}B’D {L2}B’D... terminates

after the n-th step. Hence the same holds for LB’1D LB’2D.... Further-
more let I1DI2D ... be a descending chain of ideals in $3’ . Since for

each BE 93’ I the chain of cosieves I1(B,-)DI2(B,-)D ... termi-

nates after a finite number of steps, there must be an n such that

terminates after the n-th step for each B E |B’| . This completes the

proof.

Now we can state the following characterization of the radical

of AR T IN-categories.

THEOREM 13. The radical rad B o f an ARTIN-category B is the largest
discrete nilpotent ideal o f 93. 1 f the D.C.C. for ideals holds in B, then

rad93 is the , largest nilpotent ideal and each discrete nilpotent ideal is
nilpotent.

PROOF : Let S be a full subcategory of 93 with only finitely many ob-

jects. Since B is artinian by Lemma 7 , also B’ is artinian. Moreover

the D.C.C. for ideals holds in 93’ . Then Lemma 5 implies that rad B’= 
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J) n rad B is nilpotent (see also Corollary 1 ). Hence radflll is discre-

te nilpotent. Now let 1 be a discrete nilpotent ideal. Since 1 ( B , B ) is

nilpotent by Theorem 12 , we have

since there is an n such that

is true, for all zE I (B,B) and gEHom53(B,B). Hence Corollary 2

implies I C rad B. The last statement follows from the fact that there

is an n such that {radn B}={radn+1B}=... holds. Hence by Lem-

ma 5 radB is nilpotent. Since every discrete nilpotent ( hence special-

ly every nilpotent) ideal 1 is contained in rad B, we see that I is nil-

potent and rad 53 is the largest nilpotent ideal. This completes the proof.

11. Semiprimitive categories and subproducts.

A (not necessarily small) additive category 53 with rad B= 0

is called semiprimitive. This is equivalent to the fact that there is a

( large ) faithful set U = {Ui|iEI} of simpl e 53-modules. Without loss

of generality we can assume that the Ui’s are not isomorphic (by pairs ),
and injective on objects. Furthermore each category which is equivalent
to a semiprimitive category is again semiprimitive.

Now let VecK , be topologized by the finite topology. Relative

to the product topology the product category I1 VecK is also topologized.

Then the following structure’theorem characterizes semiprimitive

categories.

THEOREM 14. Let 53 be a (not necessarily small) additive category.
Then the following conditions are equivalent :

( I ) 53 is semiprimi tive.

(2) 53 is isomorphic to a dense additive subcategory of a (large)
product category I1 Vec K i Eli

P RO O F. If 53 is semiprimitive ( i.e. rad B=0), there is a faithful ( large )
set 1 x ( Ili |i E I} of non-isomorphic, on objects injective, simple cJ3-
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modules. Denote Ki = [Ui, I Ili I , then damCC(l1) is the full subca-

tegory of i rl 6 VecKi 1 consisting of objects Ell (B) for B E J9 | having
iEI i

the object EU.(B) as its i-th component. Then for U:= II ’11. ) the
I i EI 

i

isomorphism T : dom C C (U) -&#x3E; dom C C (U) is obviously topological
(dom C C (U) resp. Mod [U,U] are topologized by the finite topolo-

gy ! ). Since by the B O U R B A K I density Theorem (Theorem 7) EU(B)
is dense in dom C C (U), the category EU(B)= (ToEU)(B) (isomor-
phic to B) must also be dense in dom C C (U) resp. I1 V ecKi . Conver-

i EI z

sely let 93 be a dense additive subcategory of I1 VecK and PU. : i EI z I

93 -+ V ec K. the restriction on 93 of the 9di-th canonical product functor,
and Vi : VecKi. -&#x3E;Ak the usual forgetful functor. By the density our Lem-

ma 2 ( 2 ) implies the simplicity of Vi o PU. :B-&#x3E;Ak. Clearly

is faithful. Hence 93 is semiprimitive and the proof is complete.

Note that by Lemma 2 ( 2 ) a full subcategory of a ( large ) product

category P=TT Pj of primitive categories Pj is always semiprimitive
j e J 

( see also Corollary 1). A further characterization of semiprimitive cate-

gories by primitive categories is possible using so called subproducts of

categories.

A subproduct 7T Aj of categories Aj is a subcategory J9 7T of the
i EI 

(large) product category 11 (f. such that the restriction P’j: BTT -&#x3E; (i
of the canonical product functor Pj : P (Ti on 93 7T is full.

It is easy to verify the following

LEMMA 8. An additive category 93 is isomorphic to a subproduct BII= 
7T Aj= B i f and onl y i f there is a set ( isomorphic to J ) o f full additive

i ej 

functors R .: B-&#x3E;Aj with n Ker’R . = 0 such that for Bi B2 E /93/ I the

j EJ 
equations Rj(B1) = Rj( B2) for j E J always imply Bl = B2 .

Call a subcategory Bo of 5 j (f. reduced if all P’j:Bo -&#x3E; Aj
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with j E j are non-isomorphic to zero. Then we have the following cha-

racterization of semiprimitive categories:

THEOREM 15 (see al so LEDUC [11]). An additive category B (=0)
i s semi primi tive i f and only if B is isomorphic to a subproduct o f pri-
mi tive categori es.

PROOF : Suppose rad B=0 . Since there is a non-zero object, there is a

non empty set of primitive ideals Ij of S with n L=0. Then Rj =jEJ j 
S.:B-&#x3E;B/I. satisfies the condition of Lemma 8 , and so B is isomor-

phic to an obviously reduced (Rj= 0 ) subproduct BTT = jEJ TT (B/Ij) of

the primitive categories B/Ij (j E J). Now let S - 77 Pj be a reduced

subproduct of primitive categories Pj. Then there is of course a non-

zero object in $ 7T . Now we consider faithful simple Pj-modules Qj:
Pj-&#x3E; Ak. Since 0=P’j: BTT -&#x3E; Pj is full and Qi maps non-zero objects
to non-zero obj ects by Lemma 2 (2), QjoP’j: BTT -&#x3E; Ak is simple. Since
for primitive ideals Ker( Qj o P’j) always

and

hold, obviously BTT is semiprimitive and the proof is complete.
As in JACOBSON [6] p. 15, we can prove :

LE MMA 9 . A subproduct 93 = 1T (i. is dense in the product categoryTT 
i EJ 1

P = IT A. ( relative to the product-to pology in p) i f and only i f for each
j j

finite subset {j1 ,..., jn} o f J : 

: for

12. Semiprimitive ARTIN-categories.

We start with the following 

THEOREM 16 ( see MITCHELL [13], p. 19-22 ). A (not necessarily small)
additive category 93 is artinian and semiprimitive if and only if H B :

B-&#x3E; (ifa is (finitely) semisimple for each non.zero object B E 1931. .

PROOF : Suppose HB e TiB ( T. i simple) . Then S.Bj = n + Ti B is max-
i = 1 z i+i=i 

i
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imal and obviously n n i=1 SjB=0 holds. Then by Theorem 11 it follows

rad B=0. Clearly each descending chain HBDRB1DRB2D... has a

finite length ( at most length n ! ) and so fl is artinian. Conversely con-

sider finite intersections of maximal cosieves SB ( in HB). Let LB =

S1B n ... n SBn be a minimal cosieve with this property. Assume now

LB = 0 . By Theorem 11 we have

and so there must be a maximal cosieve SBn+1 such that

be a proper subcosieve of LB . By this contradiction,

must be true. Without loss of generality we may assume that no SB is

superfluous in the above intersection. Denote by T B - D B- Then
i j =- i=1 

HB = SBj +TBj holds (TBj simple). Now if we take QB = nk SB we cank i=1 
prove

for

For k = I this is clear. By the noetherian isomorphism theorem

holds. Since also for k  n in is

superfluous, the Qf n SBk+j are not only maximal but also are unequal
to Q B. Hence again :

So together with k  n also for k + 1 our statement is true; hence also

for n . Since QBn =0, finally

follows and the proof is compl ete.

REMARK 10 . Consider a semiprimitive ART IN-category 93 and a 93-sub-

module NB of



201

( T’B simple). Then there is a maximal (perhaps empty) subset

such that

By the maximality of {i1,..., ir} we get immediately

( see again Theorem 6 ) . If now specially NB = TB ( simple ) , it follows

r = n -1 and TB= TBi (for a certain i ) . Hence by induction we see that

always implies n = n and TBi= Tf ( taking a certain choice of indices

i ).

R E M A R K 11. The structure of Hom B (B1,B2)= Nat (HB 2,HB1) (Yo-
NEDA-Lemma) can be described more exactly using Theorem 16 and the

SCHUR-Lemma. In this way ( also very well known in ring theory ! ) MIT-

CHELL (see [l3], p.20) established the famous ARTIN- WEDDERBURN
structure theorem for (small) additive categories ( see also D A R T O IS

[2J p. 19-26). This theorem, already considered in 5 (Theorem 5), will

be obtained again in a more concrete and detailed form by our general

theory ( see especially Theorem 17 and Theorem 22).

Let us consider a set {Bj|jEJ} of ideals B. of an additive

category 93. If each B E B has a unique representation f3 = ¿ f3. with
j EJ

Bj E S. and only finitely many Bj’s unequal to zero, we say that 93 splits
into a direct sum B= 0 B, of ideals Bj. In fact this is equivalent tojEJ 
say that Hom B(-,.) :Bap x B-&#x3E;Ak is a coproduct of the ideals

(where S is considered as a functor and as a class of morphisms si-

multaneously ! ). Obviously the Bj’s are additive categories having the

same objects as 3 , but they are not subcategories of 93 because the

identity of B E |Bj| is (1B)j. Clearly Bk=B/ +k=j Bj holds. Now

let us call an obj ect B o E 1930 | of a subc ategory Bo of P = TI 8. dis-
i E j 1
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crete if only finitely many of its projections

are non-zero objects. If Bo has only discrete objects, we call Bo dis-

crete.

LEMM A 10 . An additive category 93 is isomorphic to a full (reduced)

discrete subcategory 93 of T - II (t. i f and only if B splits into theTT 
i,ej j

direct sum B= ® 93. o f ideals 93. (= 0) being ( category ) isomorphic
EJ I 

to full subcategories o f Aj. 
PROOF: Obviously

is an ideal in P (category) isomorphic to (fk. Then A"k=A’kn 93 7T is

an ideal (=0) of BTT which is also a full subcategory of Qk , since 93 7T
is full. Since BTT is discrete, BTT=+jEJ (1’.’ . Then B=BTT shows that ourj 

condition is necessary. Conversely consider the full (reduced) subcate-

gory Bo of y°= II B. con sisting of objects A 0 with P°j (A°)=BE |B| .
jEJ 1 

Then B° is discrete, since 1 B =E (1B)j holds. Now by the equations
EJ 

for and

an isomorphism R :B -&#x3E;B° will be defined. Since Bj has a full embed-

ding in (11. , there is a full embedding of po in P = I1 Aj which transforms
Bo into a full (reduced) discrete subcategory BTT of ? being isomorphic
to So resp. $3 . This completes the proof.

Using primitive (i.e. simple) A R T IN -categories, the structure of

the semiprimitive ARTIN-categories (=0) can be described by the fol-

lowing

TH EO R E M 17. Let 93 be a (not necessarily small!) additive category.

Then the following conditions are equivalent 
(1) 93 splits into the direct sum e Bj o f ( as categories) pri-

mi tive ( i. e. simple) artinian ideals Bj (i.e. Hom B (-,.): Bapx B -&#x3E; Ak
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is semisirnple and 93 artinian ).
( 2) J9 is artinian semiprimitive and has a non-zero object.
(3) 93 is isomorphic to a full reduced discrete subcategory 93 7T of

P= ri ,P . with primitive ( i. e. simple) ARTIN-categories Pj. 
i ej i 

PRO OF : (1) =&#x3E; (2 ). Clearly B has a non-zero object. Since

holds, Ik = ® B is a primitive ideal in 93. Since n Ij =0, it follows
k=j j EJ 

rad B= 0. A cosieve TB : B-&#x3E;Ak. induces now a cosieve

Obviously there are only finitely many j1,..., jn E J with f3j1) ft 0 (v =1, 
2 ,..., n ) for each BETB . Hence all cosieves TBj (=TBjv) are zero !

Consider now a (proper) descending chain TB = TB1DTB2D.... Then

for each v the (not necessarily proper) descending chain of cosieves

(TB1)jv D(TB2)jv D... in Bjv terminates at the rv-th step, since 93. 1 is

artinian. Hence TB =TB1D TB2D ... terminates at the max rv -th step
and so 95 is artinian. 

v=1,...,n

Using now Theorem 16, Theorem 5 and Theorem 10, the conclu-

sion ( 2 ) =&#x3E; (3) is evident. But here we shall prove this in the following

way. First there is a set of primitive ideals Ij with n Ij=0. Obviously
j EJ 

the primitive factor categories Pj=B/ I. 1 are artinian ( together with B! ).

By Lemma 8 ( f or

B is isomorphic to a reduced subproduct Bn =njEJ Pj of the primitive AR-7r EJ 11
TiN-categories ?.. Let now Qj:Pj-&#x3E;Ak be a faithful simple Pj -module.
Then QjoP’j ( for P’j:Bn-&#x3E;Pj) is simple and Ker(Qjo P’j) = Ker P’j is

true (see proof of Theorem 15 and Lemma 2 (2)). Since P’j(Bn)=Pj is

primitive artinian (i.e. simple by Theorem 10), the ideal Ker Pi must be

maximal.

Case 1 : j is finite. Without loss of generality we can assume that no
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L is superfluous. Then by Lemma 9, Bn is dense in P= TT Pj and hence
i jEJ

f8 is a full (reduced) and discrete subcategory of P.
Case 2 : J is infinite. Then again by Lemma 9, BTT, is dense in T and Re-

mark 10 shows that Bn is discrete. So 1.6 7r is again a full (reduced, dis-

crete ) subcategory of ? = Il T and ( 3 ) is proved.
icj J

Finally ( 3 ) =&#x3E; (1) follows immediately by Lemma 10, Lemma 7 and Re-

mark 5. This completes the proof.

REMARK 12. Theorem 17 is apparently a more detailed form of A R T IN -W E D-

D E R B U R N’s theorem for additive categories ( see again Theorem 5 ).

ARTIN-WEDDENBURN’s theorem is also a consequence of:

COROLLARY 5. L et B (= 0) be a (semiprimitive) ARTIN-category. Then

(there is) a faithful set U o f non-isomorphic on objects injective simple B-

moduies h (which) is balanced.

PROOF : Since 11 is faithful, EU is an embedding which is bijective on

objects ( i.e. B=EU(B)). Since (Lemma 4) E% ( 3 ) is dense in dom CC (U)

Lemma 3 ( see also the proof of Theorem 10, (4) =&#x3E; (1)) implies that for

for h E 1 always EU(B) =domCC(’lI) (the finite topology becomes the

discrete one ! ) . By Theorem 14, resp. Theorem 7, or by Lemma 9 and Theo-

rem 10, E(B) is dense in domCC(l1). Then Theorem 16, resp. Remark

10, shows that dom C C(U) is a ( legal ! ) discrete subcategory of a product
of vectorspace categories. Hence EU(B) = dom C C (U) holds and the proof
is complete.

Since by Theorem 10 primitive and simple A R T IN -categories coin-

cide, we shall prove, as an addition to Theorem 17 , the following result

(which is much stronger than the similar result mentioned in Remark 10).

THEOREM 18 ( see [1], page 83). Let

be two sum-decompositions of a ( not necessarily small) additive category

B in ( also as categories ! ) simple ideals 93; resp. B’k. Then the sets of
the ideals 93j resp. 93k coincide. Hence there is a b ijection f: J-&#x3E; K such
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that B’f(j) = Bj holds for all j E J . The cardinal number

is call ed the dimension of 93.
PROOF : If 1 is an arbitrary ideal of B = + B. (where 93,’ is not necessa-

jEJ 

rily simple! ), then Bj o I = IoBj coincides with the ideal

of Bj. Consider now B = + Bj = + B’k for simple ideals (= 0 ) $3. , resp.
jEJ 1 ke K 

93¡ . Since

Bjo S? =0 cannot be true for all k E K . Let us choose k E K with 93j 0 B’k 
not 0 . Then Bjo B’k is an ideal (= 0 ) in Bj and B’k. By the simplicity of

93j and B’k, it follows immediately that we will have Bj= Bjo B’k = B’k. 
Hence each (of the different! ) Bj coincides with one (of the different! )

B’k. Since vice versa the same argument is true, both sets of ideals $3j , 
resp. B’k, coincide. This completes the proof.

Now let us mention that dim $3 and the classes of non-isomorphic

divisionrings

determined by Theorem 10 are invariants for a semiprimitive ARTIN-cate-

gory B. If N denotes the set of natural numbers and f:J-&#x3E; N a discrete

mapping (i.e. there are only finitely many j E J with f (j) = 0), then each

B E 193 | induces (Theorem 17 ( 3) or Theorem 5 ) a discrete mapping

defined by

Again E denotes the evaluation of

and
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the j -th projection functor. So a semiprimitive ARTIN-category 93 is uni-

quely determined ( up to isomorphisms ! ) by the following system of inva-

riants :

. divisionrings

discrete J 

Finally let us also state :

THEOREM 19. A ( not necessaril y small) semiprimitive A R T I N -category

93 satisfies the D.C.C. for ideals i f and only i f dim B is finite.

P ROO F : First, dim 93 = 0 means 93 = 0 and here the D.C.C. for ideals is

true. If the D.C.C. for ideals is satisfied in 93, then one sees by the proof
of Theorem 17, case 1, that dim 93 is finite. Now suppose finally

dim fl = n = 0 finite.

n

i.e. 93 = 0 Bv, a direct sum-decomposition into simple (artinian) ideals.
v =1

Then an i deal I of 93 induces an ideal

Iv = {Bv E Bv I BEI}
of Bv. Now we consider a proper descending chain of ideals 11 D 12 D ...

, 
in 93. Since the Bv are simple, In = 0 follows and the proof is complete.

REMARK 13. Theorem 19 shows that a semiprimitive A R T IN -category 93

having only finitely many objects ( e.g. a ring with unit ! ) has a finite di-

mension dim 93. On the other hand dim 93 may also be a (large) cardinal

number representing a class. Contrary to Theorem 10, semiprimitive ARTIN-

categories need not have a small skeleton ( e.g. the corpoid-subcategory of
the ringoid in Remark 9). One can easily verify that $3 has a small skele-

ton if and only if dim 93 is a small cardinal number. For this, consider a

( full ) equivalence from $3 to a skeleton I and apply Theorem 17 (3) and

Theorem 10. Especially ( by Theorem 19) semiprimitive A R T IN-categories

satisfying the D.C.C. condition for ideals have a small ( even a countable)
skeleton.
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13. Simple categories.

Let $3 be a (not necessarily small) additive category. If there are

no non-trivial ideals in 93 ( i. e. HomB(-,.):BopxB-&#x3E;Ak is simple ),
we say that 3 is simple . Generally let us consider a cosieve ( left ideal):

and the ideal { SB I generated by SB in B. Then

such that : 

there is n such that for all i  n there is
n

and with

If 3 is simple, by we have hence

for some

Let now ( SB )n be th e n -th copower of SB . Then by

an epimorphic ( surjective ) natural transformation q6: (SB.)n -&#x3E;&#x3E; HB1 is de-

fined. This implies that SB is a generator. Hence SB is balanced ( Theo-

rem 4). It is easy to verify that each full subcategory B’ of a simple cate-

gory 93 (specially each ring Hom93 ( B, B ) ) is again simple; one must only
use Lemma 6 for ideals.

Now we can state the following structure theorem for (not neces-

sarily small) simple additive categories, namely:

THEOREM 20. Let 93 be a ( not necessarily small) additive category. Then

the following conditions are equival ent :
( 1 ) 93 is simple.

( 2 ) 93 is isomorphic to a full subcategory ( f- 0 ) of ModR consisting
o f finitely generated projective R -modules over a simple ring R . ( Hence

3 has always a small skeleton.)

PROOF: Let 93 be simple. Since HB : B-&#x3E;Ak, is a generator and since:

[ HB, HB ] =HomB(B, B ) is simple, by Theorem 4 immediately (2) fol-

lows. Using FAITH [3], p. 209, each finitely generated projective module
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It over a simple ring R is a generator in ModR and moreover Hom R ("1 ’ll)
is a simple ring. If now ( 2 ) holds and I = 0 is an ideal in B, then there is
0 = B : B1-&#x3E;B2 in I . For an arbitrary 0 = B E |B| there is a cardinal

number v with Bv-&#x3E;&#x3E; - B2. Hence

By the product property of FIB there is also a 0 = B": B1 -&#x3E; B in 7 and a
v

0 A B’": B - B in I ( B i s a generator! ! ). Since HomB( B , B ) is simple

I(B,B)= HomB(B,B) and hence also I=HomB(-,.) follows. So 93 is

simple and the proof is complete.

COROLLARY 6 (see also Theorem 10). Let be a (not necessarily small )
additive category. Then the following conditions are equivalent :

( 1) B is simple with a minimal cosieve (left ideal) SB:B-&#x3E; ft.

( 2 ) 93 is isomorphic to a full subcategory ( 1= 0) of VecK consisting

o f finite dimensional K -spaces over a divisionring K . (Hence 93 has al-

ways a countable skeleton. )

PROOF: Since SB is a generator and since [SB, SB] is a (small) divi-

sionring ( see again 7), (1) implies ( 2 ) by Theorem 4. Conversely by The-

orem 20, clearly ( 2 ) implies (1). If now 0 = B E |B| I has dimension n ,

and if Rn-1 C B is a subspace of dimension n-1, there is a minimal cosieve

SB : B-&#x3E;Ak such that SB(x) ={B:B-&#x3E;:X|Ke BDRn-1}.
14. Semisimple categories.

We call a (not necessarily small) additive category 93 semisimple
if Hom93 (-..) is semisimple; i. e. 93 splits into the direct sum of (also
as categories ! ) simple ideals. Now we have:

THEOREM 21. Let 93 be a ( not necessarily small) additive category. Then

the following conditions are equival ent :
(1) J9 splits into a finite direct sum of ( also as categories! ) simple

ideals J9 ilz

( 2 ) 93 satisfies the D.C.C. for ideals and the zero-ideal is the inter-

section of maximal ideals.
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PROOF: Clearly (1) =&#x3E; (2) holds. Conversely we proceed similarly as

in the proof of Theorem 16. So let us consider finite intersections of max-

imal ideals Iv. Let I = lin ... rl In be a minimal ideal with this property;

then 1 = 0 must hold. Without loss of generality let us assume that no Ii is
n 

superfluous in 0 = i1 n ... rl In . Define 93. = , n Ii; then I = Ij+ 93. withj=i=1 

Bj simple ( also as category). Writing Rk=knIi, we sh all prove
i=1 

For k = 1 this is clear. By the noetherian isomorphism theorem we have

Since for k  n in no is superfluous, likewise

the RknIk+j are not only maximal in Rk but also unequal to Ttk . Hence
again we have

So together with k  n our statement holds also for k + 1, hence for n . So

Rn = 0 implies 93 = B1+... (D 93n and the proof is complete.

Now, the following structure theorem characterizes (not necessarily
small) semisimple categories, namely:

T H E O R E M 2 2. L et B be a ( not necessarily small) additive category. Then

the following conditions are equivalent :
(1) 93 is semisimple.

(2) The zero-ideal of 93 is the intersection of maximal ideals and each

subcategory Bo of B having onl y finitel y many objects satisfies the D.C.C.

for ideals.

( 3 ) ill is isomorphic to a full and discrete ( reduced) subcategory of
a product category T = II Aj o f simpl e categories Aj.

;EJ 1 
So a semisimple category 93 is also semiprimitive.

P RO O F: Assume (1). Then clearly the zero-ideal of fl is the intersection

of maximal ideals. Let Bo be a subcategory of B = E) 93. (Bj simple)
jEI 
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having only finitely many objects. Then obviously So = ® (BjnBo). Sin-
ce only finitely many Bj nBo are not the zero-ideal in So and since these

Bj r)o must be simple ( by Lemma 6 for ideals! ), immediately (2) follows

( see also Theorem 21). Now let us assume (2). Then (2) holds also for

each full subcategory S’ of B ( Lemma 6 for ideals! ). Hence by Theorem

21 a So , resp. So ? from ( 2 ) splits into a finite direct sum of ( also as cat-

egories ! ) simple ideals. Suppose So D So and let Bo,i be a simple ideal
in %o - We shall show that the ideal {Bo,i }B’o generated by Bo,i in So is
also simple. Consider a direct sum B’o=+ B’o,j of simple ideals $0’,i in

B’o; then there is obviously r  n with $o. }B’o= (D .. Hence
o k=1 l o,/.r

Since Bo,i is simple in Bo, there is an i with J9 I = n B’o,i. Since we
have Bo,i CB’o,i C{Bo,i}B’o, we conclude B’o,i={Bo,i}B’o.So{Bo,i}B’o 
is really simple. Now let Bo,i be again a simple ideal in a subcategory
So mentioned in (2). We consider the ideal Bi={Bo,i IJ9 generated by

J90, i in B Let B’i be an ideal (=0) in S with B’i C Bi. Then there is ob-

viously a subcategory So D Bo ( like in (2)) satisfying B’on B’=0 in So.

Clearly {Bo,i}B’o CBi n B’o. By

(and Lemma 6 for ideals ! ), we have

Hence

Since {Bo, i}B’o 0 is simple ( see above ), Bi rl B’o= B’i rl B’o and so

(Lemma 6 for ideals! ). By Bo,i CB’i CBi immediately B’i=Bi follows.
So Bi = {Bo, i ljg is ( together with Bo, i ) simple. Hence HomB(-,.) is

generated by its simple ideals and hence ( by the usual arguments using the

ZORN-Lemma) also semisimple. So (1) is true. By Lemma 10 obviously
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( 1 ) =&#x3E; (3). This completes the proof.

REMARK 14. By Theorem 18 we see that for .a semisimple category B the
direct sum decomposition 93 = . E) J9 i into ( also as categories!) simple id-

j e j I

eals 93. T (=0) is unique. The cardinality I j I of J is an invariant and is

called the dimension dim B of 93 . As in Theorem 19, dim 93 is finite if and

only if the D.C.C. for ideals holds in 93 . As in Remark 13, dim 93 is a small

cardinal number if and only if 93 has a small skeleton, etc.... Of course,

Theorem 22 also implies Theorem 17. Moreover one notices that semisimple

A R T IN-categories and semiprimitive A R T IN-categories coincide.
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