CAHIERS DE
TOPOLOGIE ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

SYED A. HUQ

A note on generators in categories

Cahiers de topologie et géométrie différentielle catégoriques, tome
13, n°4 (1972), p. 393-395

<http://www.numdam.org/item?id=CTGDC_1972__13_4_393 0>

© Andrée C. Ehresmann et les auteurs, 1972, tous droits réservés.

L’acces aux archives de la revue « Cahiers de topologie et géométrie
différentielle catégoriques » implique I’accord avec les conditions
générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CTGDC_1972__13_4_393_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

CAHIERS DE TOPOLOGIE Vol. XIII-4
ET GEOMETRIE DIFFERENTIELLE

A NOTE ON GENERATORS IN CATEGORIES

by Syed A. HUQ

The aim of this note is to give a new definition of generators in
categories and to show that in certain cases this is the usual definition.
Obviously our definition is not necessarily equivalent to the usual one.
The author thanks Max Kelly for valuable suggestions for the generali-
zation of the author's original ideas, which was done for «one generator»

instead of a generating set. For notations and other useful definitions we
referto [17], [2].

1. Preliminaries.

Suppose Cis a category with coproducts. Given any set Q of

objects, there exists for any object C €C, a canonical map
eci2g @ Hom(G,C)® G—C,

where for a set X, X®G denotes the coproduct of X copies of G. We
notice that the (G, [)- component, where G €& and feHom(G,C) is to
be [ itself.

Next we define a functor H from C to 5, the category of sets
by HCZZGeQ Hom (G, C).

LEMMA. If the set G reduces to a single object A, then H is the re-

presentable Hom functor, denoted by HA.

2. Reflecting definition of a generator.

DEFINITION 2.1 (Classical Definition ). If & is any class of morphisms
of (‘,’, we say the set 9 is generating with respect to g, if for each C,
ec isin &.

DEFINITION 2.2 (New Definition). The set § is said to be generating
with respect to & if, for any [, f€ & whenever H[f is a regular epimor-
phism, i.e. H reflects regular epimorphisms to &. Note that in the catego-

ry of sets, every epimorphism is regular, being a retraction.
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2 Syed A. HUQ

The advantage of the new definition is, that it does not require
the existence of coproducts in the original category C, even. However

if the category has coproducts, we have

PROPOSITION 2.1. Every generating set in the sense of Definition 2.2

is in fact a generating set in the sense of Definition 2. 1.

Proof. We notice that, in sets, H €c is an epimorphism as such a retrac-

tion, thus by Definition 2.2, e €6.

In the classical situation, when & consits of all epimorphisms,
and § consists of asingle object A, and even the category does not have

coproducts, we have

PROPOSITION 2.2. In categories with equalizers the following conditions
are equivalent:
(i) A is a generator,
(i) HA : C—=S§ is faithful,
(iii) HA reflects epimorphisms.

Proof. Since (i) =>(ii) =>(iii) is trivial, we prove (iii) = (i): if D :f: B

is a parallel pair of morphisms, let (C, &) be their equalizer. 8
Then for all :A = D, such that fu=gu, i must be of the form

Ou' for some U'; i.e. HA(6):Hom [A,Cl—=Hom [A,D] is an epi-

morphism, hence by (iii) & is an epimorphism, so f=g-

Next we answer the question when is the new definition exactly
equivalent to the original Definition 2.1.
PROPOSITION 2.3.(*) If the class & satisfies the conditions:
a)if €&, and g is aretraction, then g€,
b)if fge®, ge&, then [€b,
the new definition is the same as the original one.

Since the new definition implies the original one, we prove the

converse.

(*) The author thanks Professor G.M. Kelly for suggesting this improvement of
Proposition 2.3. Originally this was known to the author only for regular epi-

morphisms.
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So let each e, €&. Let f:C —D be such that H/ is regular,
that is Z; Hom( G, f) is epimorphism. Then each Hom(G,f) is an epi-
morphism in sets and as such a retraction.

Therefore in the commutative diagram

ZGHom(G,f)®G
ZG Hom(G,C)®G —_— ZGHom(G,D)x)G

€
C €p

C —- D

f

the top line is a retraction. Thus SD(ZG Hom(G,f)®G)eb by (a), i.e.

/SC €& since the diagram was commutative by naturality; hence, /65
by (b). Q.E.D.
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